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IN most plant species in which reproduction is effected both by cross-
and seif-fertilisation, the relative contributions from these two kinds
of matings depend to some extent on climatic and other environ-
mental conditions and so vary from one generation to the next.
In the present article, however, we shall confine our attention to the
simplified but fundamental situation in which these contributions
bear a constant ratio to one another throughout all generations.

Consider a large population of plants reproducing in non-over-
lapping generations in such a way that there is a constant probability s
that any plant will be self-fertilised and a probability i —s that it
will cross with some plant chosen at random from the population.
We shall suppose that all crosses are equally fertile and all genotypes
equally viable. With this system of mating, gene frequency clearly
remains constant. Suppose A and a are the genes present at some
locus and p(A), p(a), [p(A) +p(a) = i] their frequencies in the
population. If p,,(Aa) denotes the frequency of occurrence of the
genotype Aa in the nth generation, we have

p,,1(Aa) = sp,,(Aa)+2(i—s)p(A)p(a)
and for the genotype AA,

p,,1(AA) = s[p,,(AA)+jp,,(Aa)]+(i—s)P(A)2.
Hence, if we put

K,, =p(Aa)— 4:)p(A)p(a),
then

K,, = (s)K,,.
At equilibrium, K = o,

i.e. (Aa) = limp,,(Aa) = p(A)p(a)

andp,, (AA) =limp,,(AA) =P(A)[x_ 2(I_S)P(a)]2—S

=p(A)2-- _----p(A)p(a).

These equilibrium genotypic frequencies are those which would exist
in a composite population comprising a random mating component

supplying the proportion 2 (I) of the whole population and a
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selfing component making up the remainder. Genotypic equilibrium is
not attained in one generation as with random mating but is approached
at a rate measured by —log(s).

If B and b are two genes present at a second locus and y is the
frequency of recombination between the two loci, the frequency of
occurrence of a given chromosome or gene-combination such as AB
in the genotypes of the (n + i) -th generation is

p+1(AB) = p(AB) +y[P(AbIaB) —p(ABfab)].
It can also be shown that

p ÷1(Ab/aB) —p,÷1 (AB/ab) = (s—y) [p (Ab/aB) —p (AB/ab)]
+2(1 —s) [p(A)p(B) —p(AB)].

Hence, if we put
p(A)p(B) —p(AB)

and
v, =p(Ab/aB) —p(AB/ab),

we have

\v0
where Z stands for the matrix

I ' _____
\2(I—s) (s—2y)

The matrix Z has two positive and unequal latent roots A, which
satisfy the equation,

2Z2—(2+s—2y)+s(I—2y) = o.
The latent roots are therefore

ft

Clearly, if neither i —s nory is zero, A(> /h) is less than unity and
Jim p(AB) =p(A)p(B)
lim [p(Ab/aB)—p(AB/ab)] = o.

A measure of the rate of approach to equilibrium is given by —logA
(see table i).

Corresponding with the two latent roots A and , there exist two
principal linear components of frequency,

L = 2(I—S)u—(I—A)v =
= 2(I—s)u—(I—)v =

from which the values of u, and v, can readily be determined for any
positive integer n.

When s = r, i.e. with complete selfing, the latent roots are i
and -—y, the corresponding principal components of frequency being

(i + 2)) u, —yv = constant,
and (f—y)'.v0.
Hence, in this case,

P10 (AB) =PrI(AB/AB) = p0(AB) + [p0(Ab/aB) —p0(AB/ab)J
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giving the limiting genotypic frequencies when complete homo-
zygosity has been attained. In general, when s =

p(AB) *p(A)p(B).
With complete random mating, i.e. s = o, the latent roots are

i —y and o, the corresponding principal components of frequency
being u_yv = (j_y)n [u0—y.v0J

=0 (n>o).
Hence

p(A)p(B) —p(AB) = [p(Ab/aB) —p(AB/ab)]= (i —y)'1{p(A)p(B) —p0(AB) —p0(Ab/aB) +p0(ABIab.)1

TABLEx

Rate of approach to equilibrium at two linked lad with recombination frequency y
in a population with zoo s per cent. self-fertilization and zoo (i —s) per cent.

random mating

Recoinbination frequencyy

0'OS O'IO 015 02Q 0'25 0'30 0'35 040 0'45 O'50 0'55 o6o

'0513
0'05 '0499
0'IO '0484
020 0452
0'30 '0416
0'40 '0376
050 .033 I
o'6o '028
0'70 '0224
o'8o '0159

090 '0084
0'95

'1054
'1022
og8g
0918
'0839
.0753

'0433
•0303
'0159
'oo8i

'625
'1572
.1517
'1398
'1269
'1129

'0628
.0433
'0224
oxI4

'223!
'2152
.2069
'1894
.1705

'o8og
o55 I
0281
0142

2877
'2764
P2647
'2403
'2144
'1870

.0657'0975.1285'1584'I870'2I44'2403"
.0975

'0332
'oj66

'3567
3412
'3253
'2925
'2584
'223

I.0551.0809.1054.1285.1502.1705894'2069'223I'2382
•1129

657'O753083g
'0377
'o,88

'4308
4099
'888
'3459
'3023

'1270

04I6
o2o7

•5108
483
'4553
4002
.3459

.1398
ogi8
'0453
'0224

'5978

'5250
'4553
'3888

1'2584'2925'3253'3567'3865'
647

.1517
'og8g
'0484
'0239

'6932
1'5611'6444'7337'

5978
'5108
.4308

P2877

1625
•io
'0512
•0253

7985

6737
'5664
.4715

•3092

'1725
'1113
0538
0266

'9163
8291
'7524
'6213
'5108
4147
'3292
2523

'i8o8
'ii6
'0537
•o277

With mixed selling and random mating (s i), the genotypic
frequencies at equilibrium are given by

•fi (AB/ab) = p (Ab/aB) =
4(1—s)p(A)p(a)p(B)p(b)/[2—s+2sy(1 —y)J

p (AB/Ab) = —p11 (AB/ab) +4( x—s)p(A)p(a)p (B)p(b) /(2 —s)
p(AB/AB) =

(AB/ab) +p(A)p(B) —2(1 —s)p(A)p(B) {p(a) +p(b)J/(2 —s).

The equilibrium frequencies for the other genotypes are readily
obtainable from these expressions on making appropriate gene
substitutions. We see that when equilibrium is-attained, linked factors
are associated to an extent that depends not only on the proportion
of selfing but also on the magnitude of the recombination fraction.
In such a case, it might b possible to determine the recombination

D2
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fraction between two loci from an analysis of the population frequencies.
Wheny , as for two loci on different chromosomes,

p11, (AaBb) —p (Aa)p (Bb) ()2 p(A)p(a)p (B)p(b)

p, (AABb) —p (AA)p (Bb) =

Pcx (AABB) —p10 (AA)p10(BB) =
( )2p(A)p(a)p(B)p(b).

Two factors which segregate independently are thus not associated
at random when equilibrium is reached. There is, in fact, a positive
association between the homozygous (or heterozygous) states at loci
on different chromosomes. This association may be represented as

TABLE 2

Association between the homo,'gous and heterozygous conditions at two independent
loci in a population experiencing mixed selfing and random mating

AA Aa aa

BB

Bb

bb

i

—2

i

—2

4

—2

I

—
I

in table 2 which gives the excess of the equilibrium frequencies for
genotypes at two independently segregating loci over the product of
the equilibrium frequencies at the separate loci as a multiple of

(4—s)(2-—s) 2p(A)p(a)p(B)p(b).

For given gene frequencies, this excess has its greatest value
0 1506 p(A)p(a)p(B)p(b)

when s = o6946. (See fig. i.)
There are results analogous to these for randomly mating popula-

tions of polysomic organisms where, for our present purposes, double
reduction may be considered as equivalent to a small amount of
selfing. It has been shown (Bennett, '954) that at equilibrium in
randomly mating populations of tetrasomic or hexasomic organisms
the probability of occurrence of any chromosome or gene-combination,
such as AB, equals the product of the appropriate gene frequencies,
i.e. p10(AB)=p(A)p(B). If there is no double reduction, linked loci
will therefore be associated at random in the gametes or zygotes at
equilibrium. However, when double reduction can occur, linked loci
may not be associated at random in the gametes and zygotes at
equilibrium though loci on different chromosomes certainly will be.
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SUMMARY

In a population that experiences mixed selfing and random mating,
genes are associated at random on the chromosomes at equilibrium
but there is a positive association between the genotypic state (homo-
zygous or heterozygous) at different loci even when the two loci are
on different chromosome, i.e. there is a tendency for heterozygosis to
become concentrated in some members of the population.

45 (s—s)
(4— )(_)Z

AMOUNT OF SELF —FERTtLSTION OOS PER CENT.
FIG. x.—Excess of the equilibrium frequency of double homozygotes for two independent

loci over the product of the equilibrium frequencies of single homozygotes at these two
individual loci expressed as a multiple of the gene frequency product p(A)p(a)p(B)p(b)
and as a function of the amount of seif-fertilisation.
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