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Abstract

Accurately estimating the overlap between quantum states is a fundamental task in quantum information processing.
While various strategies using distinct quantum measurements have been proposed for overlap estimation, the lack of
experimental benchmarks on estimation precision limits strategy selection in different situations. Here we compare the
performance of four practical strategies for overlap estimation, including tomography-tomography, tomography-
projection, Schur collective measurement and optical swap test using photonic quantum systems. We encode the
quantum states on the polarization and path degrees of freedom of single photons. The corresponding measurements
are performed by photon detection on certain modes following single-photon mode transformation or two-photon
interference. We further propose an adaptive strategy with optimized precision in full-range overlap estimation. Our
results shed new light on extracting the parameter of interest from quantum systems, prompting the design of

efficient quantum protocols.

Introduction

Quantum information processing tasks are normally
accomplished by estimating specific parameters encoded
in the output states instead of the full knowledge of the
states. The estimation of the overlap ¢ = |(|)|* between
two unknown quantum states |y) and |¢) is a quintes-
sential example underlying various applications, including
relative quantum information' >, entanglement estima-
tion®~?, cross-platform verification'® and quantum algo-
rithms'"*%. In particular, state overlap estimation plays a
pivotal role in various quantum machine learning algo-
rithms'®'*, such as quantum neural network train-
ing'>™'®, quantum support vector machine’*** and
variational quantum learning®® %, in which the state
overlaps serve as cost functions or kernel functions.
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However, to date, these applications usually assume the
ability of ideal and precise state overlap estimation with-
out considering the precision and imperfections in rea-
listic experiments, which may limit the performance of
their actual implementations.

The most intuitive way to estimate the overlap is per-
forming full tomography to reconstruct both quantum
states and then calculate the overlap directly. This strategy
can be modified by only performing tomography of one
state |¢p) and projecting another state [y) onto the estimate
|¢), the success probability of which gives the overlap
between the two states. On the other hand, a widely used
strategy in many quantum protocols'”*"*732 is a joint
measurement on |)|¢) called the swap test®”. Swap test
has been realized in various quantum systems®>**, for
example, with the Hong-Ou-Mandel interference (HOMI)
of photons®~. There have been efforts to further improve
the implementation of the swap test through variational
quantum approaches to find shorter-depth algorithms®®, as
well as to estimate both the amplitude and phase of the
inner product (y|$)*. Recently, optimal strategy for
overlap estimation has been proposed, achieving ultimate
precision among all possible strategies™. Yet the optimal
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strategy involves formidable experimental costs requiring
joint measurements on all copies of the quantum states.
This gap between theoretical proposals and experimental
capabilities, which restricts the practical implementation of
many quantum protocols, necessitates benchmarking the
attainable precision of overlap estimation strategies feasible
with current technologies.

To bridge this gap, here we experimentally evaluate the
precision of overlap estimation strategies on the photonic
platform. Photonics has emerged as a promising platform
for various quantum information applications including
quantum machine learning*"*?, benefited from the devel-
opment of photonic quantum circuits that have already
matured in the implementation of optical neural net-
works**™*, The advantages in high-dimensional encoding
and programmable operations using linear optics can be
readily generalized to implement quantum-optical neural
networks at the single-photon level>*®, Developing tai-
lored overlap estimation strategies with optimized precision
and efficiency is therefore crucial for the development of
photonic quantum machine learning. Moreover, these tai-
lored strategies can be adapted to diverse quantum tech-
nology platforms, broadening their application scope.

In this work, we benchmark four practical overlap esti-
mation strategies suitable for current photonic technologies:
tomography-tomography (TT), tomography-projection (TP),
Schur collective measurement (SCM), and optical swap test
(OST), as illustrated in Fig. 1. By encoding qubit states into
various degrees of freedom (DoF) of photons, we experi-
mentally perform the corresponding measurements with
linear optics and quantify the estimation precision as a
function of the true overlap. Our results demonstrate that
different strategies yield varying overlap-dependent preci-
sion. By comparing performance across different overlap
ranges, we develop an adaptive strategy that combines TP
and SCM strategies to achieve optimized precision across
the full overlap interval. Furthermore, we quantify the con-
tributions of tomography errors or specific measurement
outcome statistics to the final precision for each strategy,
elucidating key performance factors. Extending this analysis
to higher-dimensional states, we discuss the scaling of the
performance of each strategy with respect to state dimen-
sion, highlighting the dimension-independence of SCM and
OST, and analyzing TT and TP performance under different
tomographic measurement schemes including joint and
local measurements. These findings provide insights into the
analysis of overlap estimation precision and help to design
the practical strategy with optimized performance.

Results

Overlap estimation strategy performance assessment
Given N pairs of two unknown pure qubit states |¢) and

|}, without loss of generality, these states can be expressed

as|y) = U[0) and |¢) = U (/c[0) + €v/1 —c|1)), where
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U € SU(2) and c represents their overlap. Here, we pri-
marily focus on estimating the overlap between two qubits,
with the high-dimensional cases discussed later. An overlap
estimation strategy denoted by s involves a general positive
operator-valued measure (POVM) {E ks } on all copies of
the quantum states and the estimation of the overlap as
(k) based on the outcome k. Under a specific choice of U/
and ¢, the mean squared error of overlap is given by
vle, N|U, ¢) = 324 [6(k) — P Tr[EL | @) (@], where |@)
=(|y)|¢)®N. Notably, when the estimator ¢ (k) is
(asymptotically) unbiased, vs(c, N|U, ¢) is equivalent to the
variance of ¢;(k). To compare the average performance of
strategy s over all possible quantum states, we consider
randomly sampled qubit pairs with a fixed overlap ¢, where
U is Haar-distributed in SU(2) and ¢ is a uniformly dis-
tributed phase between 0 and 2m. More details can be
found in the Supplementary Information (SI). The preci-
sion of strategy s can be quantified by the average variance

r 21T
wteN) =5 [ [N g)dudy (1)

where dU is the Haar measure. We observe that the
average variance v(c,N) for each strategy exhibits a
scaling behavior of O(1/N). To offset the influence of the
copy number N, we introduce the scaled average variance
Nvg(c), which only depends on ¢ at large N, as the
performance assessment metric of the overlap estimation
strategy s. Figure 1a illustrates the four practical strategies
for overlap estimation:

Tomography-tomography (TT)

Reconstruct the two quantum states through quantum
state tomography based on mutually unbiased bases
(MUB)Y, i.e., measuring the Pauli operators (G, Gy, 0;)
on N/3 copies of |¢) and |y) respectively. The estimate
states, 4(;’7) and |¢), yield an overlap estimator as ¢; =

(@)

Tomography-projection (TP)

Reconstruct |¢) with the same quantum state tomo-
graphy procedure in TT, project the N copies of |¢) onto
the estimate |¢) and record the number of successful
projections k. The overlap estimator is ¢, = k/N with
the expectation value p,, = |(y[¢)| .

Schur collective measurement (SCM)

Perform collective measurement on each of the N pairs
of the qubits |y)|¢) and record the number of successful
projections k onto the singlet state [¥_)= (|01) —
|10))/+/2, where the probability of successful projection is
p. = (1 — |(y|¢)|*)/2. The estimator of overlap is given
by &em =1 — 2k/N.
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Fig. 1 Schematics and experimental setups of overlap estimation strategies. a Schematics. Tomography-tomography (TT): Perform quantum
state tomography to reconstruct both states using mutually unbiased bases (MUB) and calculate the overlap between |¢)) and |$>. MLE: maximum
likelihood estimation. Tomography-projection (TP): |¢) is reconstructed by tomography, and |) is projected onto the estimate |$). Schur collective
measurement (SCM): Schur transform™® with computational basis measurements with is applied to project the joint state |¢)|¢) on the Schur bases.
Swap test: Swap test is conducted on the state |)|¢), where we realize HOMI as the optical swap test (OST). b Experimental setups. Single photons
are generated via spontaneous parametric down conversion. Qubits |¢) and |¢) are encoded in the polarization DoF of different single photons in
TT, TP, and OST. In SCM, the two-qubit state |)|¢) is encoded in the polarization and path DoF of the single photon. Tomography module (red
frame) with wave-plates and a beam displacer performs the measurements of Pauli operators &; in TT and TP strategies. Projection module (blue
frame) registers the successful projections onto @) to estimate p, in TP strategy. SCM module (orange frame) conducts Schur basis projective
measurements on [P)|¢). OST module (purple frame) utilizes HOMI to obtain the “fail” probability p; of the swap test. (E-)HWP (electronically
controlled) half wave-plate, PR liquid crystal phase retarder, QWP quarter wave-plate, BD beam displacer, NPBS non-polarizing beam-splitter, SPCM

Optical swap test (OST)

Implement a multi- mode HOMI between each of the N
photon pairs encoding the state |y)|¢) with the pseudo
photon-number-resolving detectors (PPNRD). The states
will “fail” or “pass” the test and we register k “fail” out-
comes out of N measurements (see the SI for definitions).
The overlap estimator is ¢, = (1 — 2k/N)/I’, where I is
the indistinguishability between the internal modes of two
photons (explained later).

We derive the average variances vy(c, N) for all the four
strategies (see the SI for derivations). The summary of
these strategies is presented in Table 1.

Photonic implementation of estimation strategies

We experimentally benchmark the aforementioned
overlap estimation strategies using photonic systems. The
experimental setups, depicted in Fig. 1b, consist of state
preparation modules and four measurement modules.
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Table 1 Summary of the four overlap estimation strategies
T TP SCM OST
Measurement &, 6; &, 1) (| Eo=qw_yw_| HOMI, PPNRD
Estimator ¢ ok KIN 1— 26N (1 — 2h/NT
vc, N) 4kc(1 — /N 2k + 1)1 — /N (1 — YN B = o0 — I A)/2Nr?

The average variances v(c, N) are derived in the asymptotic limit (N — oc). {6;}: three Pauli operators. k: Measurement outcome statistic in corresponding strategy.
k: scaled average infidelity in the pure qubit tomography based on MUB (see Materials and methods). HOMI Hong-Ou-Mandel interference. PPNRD pseudo photon-
number-resolving detectors. I': indistinguishability between the internal modes of two photons in HOMI

Different combination of the state preparation module
and the measurement module forms the corresponding
strategy.

In the TT and TP strategies, we encode the qubit states
|¢) or |¢) on the polarization DoF of the heralded single
photons generated through the spontaneous parametric
down-conversion process. The horizontal |H) and vertical
|V') polarizations of the photon represent the computa-
tional bases |0) and |1), respectively. In both strategies,
measurements of Pauli operators to perform the state
tomography are implemented with one half-wave plate,
one quarter-wave plate, and one beam displacer (BD). The
wave-plates are set into three configurations to implement
the three bases in MUB, followed by two single photon
counting modules (SPCMs) to register the measurement
outcomes. In the TP strategy, a set of electronically-
controlled wave-plates enables the projection of |¢) onto
the reconstructed state |¢) from the state tomography
result of |§). The clicks of the corresponding SPCM are
registered as the successful projections.

In the SCM strategy, we encode the first qubit |y) on the
path DoF of a single photon, while the second qubit |¢) is
encoded on the polarization DoF of the photon®. The
encoding basis is |00) = [so)|H), |01) = |so)|V), |10) =
|s1)|H), |11) = |s1)|V), with so (down) and s; (up) denoting
two path modes of the photon. The POVM in the SCM
strategy involves four projectors which realize the projec-
tions on the Schur J)ases49: E, =00)(00], E, = [11)(11],
Eoo= W)Wl B = [W)(¥_| with [¥,) = (o) +
|10))/+/2 and |¥_) = (|01) — |10))/v/2. It is noteworthy
that we only need the outcome probability of E_ while the
other three are need for the normalization condition (see
Materials and methods). To realize these projectors, as
illustrated at the SCM module in Fig. 1b, the first BD splits
the horizontal and vertical polarization modes of the two
path modes. The horizontal polarization of the sy path and
the vertical polarization of the s; path are detected by two
single-photon counting modules (SPCMs), which realize
projectors E; and E,. The half-wave plate and another BD,
followed by two SPCMs, implement the projectors E. and
E_ (see the SI for the details).

In the OST strategy, we encode |y) and |¢) on the
polarization DOF of two different photons, where we

regard other modes of the photon as internal modes. The
OST is implemented via a multi-mode HOMI*® for each
pair of the two photons at a balanced non-polarizing
beam splitter (NPBS). After the interference, a combina-
tion of a balanced NPBS followed by two SPCMs is placed
at each output port of the NPBS to function as a PPNRD,
the “pass” outcome of the OST corresponds to the event
that both photons exit the same port of the first NPBS,
while the “fail” outcome corresponds to the coincidence
events that two photons are detected in different output
ports of the first NPBS. Due to experimental imperfec-
tions, the two photons from the SPDC source exhibit
reduced indistinguishability even when they encode the
same qubit state, due to the mismatch of their internal
modes, primarily the spectral mode®®. We quantify this
indistinguishability as I = 0.965, which is estimated by
the maximum visibility of HOML. In the SI, we derive the
unbiased overlap estimator and its associated variance in
the presence of I. Our analysis confirms the feasibility of
performing overlap estimation using the OST strategy
even in the presence of practical experimental imperfec-
tions, though the precision is reduced.

Overlap-dependent precision of strategies

To provide a fair comparison for different overlap esti-
mation strategies, we employ the same number of quantum
states for each strategy. Specifically, we perform the
experiments for 11 overlap values equally spaced in the
range [0, 1]. For each overlap ¢, we uniformly and randomly
sample M =100 qubit pairs |y,,(c)) and |¢,,(c)), with
w,, () = c and m € {1,2,..,M}. For each
qubit pair, we collect the measurement outcomes for N =
900 copies to obtain an estimated overlap ¢,,. This data
collection and estimation process is repeated n = 20 times
to give the estimated variance v,,(c). By averaging over M
sampled qubit pairs, which is approximately equivalent to
integrate with SU(2) in Eq. (1), we obtain the measured
average variance for the strategy. To further determine the
uncertainties of the estimated variance, R = 10 indepen-
dent experiments are conducted, producing a total data set
(@ };’Zl}fn/[:l}f:l of 100x 20x 10 estimations for each
overlap value of a strategy (see Materials and methods for
details of data processing).
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Fig. 2 Experimentally measured scaled average variances Nv(c)
and the corresponding Fisher information vs the value of
overlap c. a Experimentally determined (markers) and theoretical
(solid lines) Nv(c) for four overlap estimation strategies with the copy
number N = 900. Vertical error bars represent the uncertainties of
Nv(c) over 10 runs of the experiments. Horizontal error bars denote
the standard deviation of the exact overlap values for different qubit
pairs generated in the experiments (see “Materials and methods").

b Normalized Fisher information (Fl) per state pair at large N for each
strategy. The black dashed line indicates the quantum Fisher
information (QFI)

Figure 2a shows the experimentally measured average
variances scaled by the number of copies Nv(c) for the
four strategies. The results exhibit a clear overlap-
dependent performance for all strategies, aligning well
with theoretical predictions. The average variances of the
two local measurement strategies, TT and TP, show
symmetric behaviors in the entire overlap range. Both
strategies achieve higher precision near c =0 and ¢ =1
but lower precision for intermediate overlaps around 0.5.
TP outperforms TT for all values of ¢, due to the fact that
the tailored projective measurement in TP provides more
overlap information compared with tomography. In con-
trast, the two joint measurement strategies, SCM and
OST, exhibit monotonic behaviors, i.e., they achieve lower
precision for small ¢ but higher precision for large ¢ in
comparison with TT and TP. Notably, SCM and OST are
two different experimental realizations of the destructive
swap test>®. Therefore, they are expected to exhibit the
same performance. Yet, the actual performance of OST in
our experiment worse than that of SCM. We attribute this
performance gap to experimental imperfections in the
OST setup, detailed further in the SI. The first factor is the
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use of PPNRDs, which introduce extra photon loss and
alter the outcome probability distribution, which is
especially detrimental for small overlaps. The second
factor is the limited HOMI visibility of two photons,
leading to a constant reduction in precision over the
whole range of overlaps. These two factors together
contribute to the reduced OST precision observed in the
experiment. Furthermore, we evaluate the overlap esti-
mator in each strategy by calculating the normalized
Fisher information (FI) per state pair, as shown in Fig. 2b.
The Cramér-Rao bound, defined as the inverse of the FI,
provides a lower bound on the variance of any unbiased
estimator for a parameter’’. In the large N limit, the
normalized FI is equivalent to the inverse of corre-
sponding Nv(c) for each strategy, indicating that their
overlap estimators saturate the Cramér-Rao bound.
Notably, when considering large overlaps, the FI for the
SCM strategy converges towards the quantum Fisher
information®>*?, which is the upper bound of FI for all
possible measurement strategies, indicating the SCM
strategy achieves ultimate precision for large overlaps. It
reveals that the collective measurements involving more
copies of states cannot outperform the SCM only invol-
ving a pair of states when the overlap approaches unity.

In fact, the distinct behaviors for the four estimation
strategies arise from the characteristics of their mea-
surements and estimators. Both separable measurement
strategies can be separated into two separable measure-
ment and estimation processes. Therefore, the average
variance can be decomposed into the contribution either
from two state tomography processes (ITT), or one state
tomography and the projective measurement (TP). The
contribution of each part is given as (see the SI for deri-
vations)

2xc(1l — ¢)

= @

Vtomo (C, N ) =

(1 — ¢

- )

Vproj(¢,N') =

respectively, where x denotes the scaled average infidelity
in the tomography process (see Materials and methods). It
is noteworthy that the inherent error in tomography
process is independent of the overlap ¢, whereas its
contribution to the overlap estimation variance is overlap-
dependent. Different combinations of the variances in
Eqgs. (2 and 3) lead to the overall average variance of the
two strategies, as illustrated in Fig. 3a, b. For the joint
measurement strategies, the overlap is estimated directly
from outcomes of the joint measurements on the qubit
pair. The average variance is directly related to the Fisher
information from the probability distribution of measure-
ment outcomes, as shown in Fig. 3¢, d.



Zhan et al. Light: Science & Applications (2025)14:83 Page 6 of 12
'd \
a T T %) c d
SCM osT
1.0 T 1.0 - . !
I pi+p2+p. 1 p(P)
08| Ir- 08 1pF)
2
Z 06 0.6 - ™,
El /
g o4 . 04 .
0.2 : 0.2 .
. 0.0 0.0
1.6 Uy = Wiomo 1.6 Vi = Viomo + Vprg 16 80 16 80
12 A 12 12 60 12 6.0
< Nvion, . S |
= 7z =N S = = b —
> 08 0.8 5 Nvg 0.8 40 08| 40 T
2 1q Ve ] z :
7 X . : 4 2.0
041 N 041 A Nigmo x o4 20 04 !
0.0 ¢ | | y 0.0 ¢ | 0.0 00 00°: . . 0.0
00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 1.0
c c c c
Fig. 3 Detailed analysis of the contributions to the average variance of different overlap estimation strategies. Representations of the
tomography error distributions in the Bloch sphere and their overlap-dependent contributions to the average variance in (a) TT and (b) TP strategies.
Projection error accounts for the remaining portion of the average variance in TP strategy. Outcome probabilities, scaled average variances Nv(c) and
normalized Fisher information (Fl) are presented in (c) for SCM, and (d) for OST. In (c) “p; + p, + p,." represents the sum of the probabilities of the
first three projectors, while p_ corresponds to the probability of the last projector E_.In(d) p(P) and p(F) indicate the raw detection probability of
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The aforementioned variance results allow us to deter-
mine the number of copies of states required to achieve a
desired precision in overlap estimation. Applying Che-
byshev’s inequality, an overlap can be estimated with an
error bounded by |¢; — ¢| < & and ensure a probability
exceeding 1 —# by using approximately N ~ f (c)/7e?
copies of states (see the SI for details). Here, f,(c) denotes
the scaled average variance for strategy s. Consequently,
the overlap estimation error & scales as O(1/v/N ). The
fact that different strategies exhibit same scaling behavior
for N, justifies the efforts on developing practical strate-
gies to reduce the scaled average variance.

Adaptive overlap estimation strategy

From the above experiments we can conclude that the
optimal strategy among the four investigated ones varies
with overlap value. As a detailed comparison, Fig. 4a
compares the experimentally estimated overlaps ¢ with TP
and SCM for different ¢. From this comparison and the
average variances in Fig. 2a, we identify that the average
variances of TP and SCM intersect at overlap ¢; = 4/11.In
other words, the most efficient strategy among the four
strategies is TP when the overlap c<¢; and SCM when
¢ > ¢;. Leveraging this observation, we propose a two-step
adaptive strategy that combines TP and SCM strategies, as
illustrated in Fig. 4b. Our simulation results Nv(c) for the
adaptive strategy are shown in Fig. 4c. In the first step of the
adaptive strategy, the SCM strategy is employed on aN
pairs of states to get a rough estimation ¢/, which then

determines the strategy used in the second step. Notably,
the copies of states used in the first step are not used in
tomography process when the second step involves the TP
strategy. Although the estimation variance of the adaptive
strategy slightly deviates from that of the TP strategy when
c<c; due to the resource consumption in the first step, our
adaptive strategy still achieves nearly optimal estimation
precision across the full range of overlap values compared
with the four static strategies.

Overlap estimation of high-dimensional states

The preceding analysis of the average variance of
overlap estimation strategies can be generalized to high-
dimensional and multi-qubit quantum states. Consider
estimating the overlap between two d-dimensional states
in a sufficient-copy scenario (N > d). For separable
measurement strategies, the contribution of tomography
errors to the average variance in this high-dimensional
case is (see the SI for derivations)

2xe(l — ¢
Vtamo(cyN) = (d(—il)]\[v) (4)
where x is the scaled average infidelity of the underlying
pure state tomography approach. For d = 2, this recovers
the result in Eq. (2). The factor 1/(d — 1) in Eq. (4) arises
because, in high-dimensional state spaces, the ratio of the
tomography errors projected onto the subspace spanned by
|y) and |¢) diminishes, thereby reducing their impact on
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exemplary overlaps indicated in (c). Markers represent the experimentally estimated overlaps obtained using both strategies with N = 900 copies of
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The red dashed lines in the histograms represent the corresponding Gaussian function fittings. The black dashed line ellipse in each panel, with
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b Schematic of the two-step adaptive strategy for overlap estimation. In the first step, an initial estimation of overlap  is obtained using SCM with
aN (0<a<1) copies of |)|¢). Based on the comparison between 2 and ¢, one of the TP and SCM strategies is chosen for the second step with

(1 — a)N copies of |¢)|g). The final estimation € is obtained through the maximum likelihood estimation (MLE) using the two-step overlap
estimation results. ¢ Simulation results of the adaptive strategy. N = 900 and a = 1/30 are adopted in the simulation

overlap estimation. The scaling of x with respect to d
depends on the specific tomography measurements
employed. When joint measurements across all copies are
allowed, or when arbitrary independent measurements on
each copy are permitted, x scales as O(d)>*~>°, resulting in a
dimension-independent average variance of O(c(1 — ¢)/N)
for both TT and TP strategies. This dimension-
independence holds specifically under the sufficient-copy
condition (N > d). When the high-dimensional states are
n-qubit states (d = 2"), restricting tomography to local,
single-qubit measurements leads to x scaling as
O(d*logd) = O(4™n)*°, and a dimension-dependent aver-
age variance of O(4"nc(1 — ¢)/N) for TT and TP.

For two joint measurement strategies, both SCM and
OST can be extended to higher dimensions while main-
taining precision independent of d (see the SI for details).
In the sufficient-copy scenario, allowing joint measure-
ments for tomography yields comparable performance
across all four strategies. However, SCM and OST sig-
nificantly outperform TT and TP for multi-qubit states
when the latter are restricted to local measurements on
each qubit for tomography.

In the limited-copy scenario (N ~ d), tomography
yields highly inaccurate estimations due to information

incompleteness and substantial statistical errors. There-
fore, the errors of TT and TP strategies deviate sig-
nificantly from the average variances derived in the
sufficient-copy scenario, as the bias becomes non-
negligible. Both v, and v, are then dominated by a
constant error scale as O(1) (see the SI for derivations).
This problem is exacerbated by increasing qubit number
n, leading to exponential growth in d and rendering
quantum state tomography infeasible. In these situations,
SCM and OST offer a significant advantage due to their
inherent dimension independence.

Discussion

In this work, we present a comprehensive investigation
of four representative strategies for estimating the
overlap of two unknown quantum states using a pho-
tonic setup. We compare the performance in terms of
the average estimation variance of the separable mea-
surement strategies including TT and TP with that of
the joint measurements strategies including SCM and
OST. Our experimental results demonstrate the superior
performance of the TP strategy over the TT strategy for
all overlap values considered. Moreover, although in
principle the OST strategy matches the performance of
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the SCM strategy, it exhibits poorer performance in the
presence of experimental imperfections when compared
to the SCM strategy, which indicates that high-
dimension encoded single-photon systems are more
robust against experimental errors. These results reveal
that the optimal strategy among the four varies depends
on the overlap values. To approach the optimal perfor-
mance across the full range of overlaps, we further
design an adaptive strategy combining TP and SCM
strategies. Our experiments with single qubits show that
separable measurements involving tomography achieve
precision comparable to joint measurements performed
on pairs of states. Yet, for quantum states with higher
dimensions and multiple qubits, theoretical analysis
reveals that SCM and OST benefit from dimension-
independence, providing a significant advantage,
whereas TT and TP become highly dimension-
dependent when the number of copies is limited or
only single-qubit measurements are available for tomo-
graphy. By elucidating the overlap-dependent precision
with practical setups, our work provides new insights
into designing measurement strategies for extracting
parameters of interest from quantum states, a vital task
in quantum information applications' %7731,

Several avenues exist for future research to enhance the
strategies presented here. The separable measurement
strategies, T'T and TP, can benefit from adaptive quantum
state tomography techniques® >, The SCM strategy can
be further improved by incorporating collective mea-
surements involving more than one pair of states, sur-
passing the performance of the ideal swap test, as
discussed in’°. Moreover, the SCM and OST strategies
can be generalized and applied to higher dimensional or
multi-qubit quantum systems®”’. In practice, the effi-
ciency of all strategies can be improved by utilizing faster
optical systems®"°2,

Our work provides an example of striking a balance
between optimized performance and experimental
complexity, aiming to minimize the gap between theo-
retical proposals and experimental attainable perfor-
mance in overlap estimation strategies. Given the
prevalence of overlap estimation in quantum machine
learning algorithms'’~>!, the optimized estimation
strategies can find immediate applications in quantum
algorithms involving readout of state overlaps as the
cost function or quantum kernel function'®%3. State
overlaps quantify the similarity between data points
mapped into the quantum feature space in quantum
kernel methods, which have wide-ranging applications
from data classification to training quantum mod-
els®>~%%, We anticipate that the strategies explored here,
along with the understanding of their corresponding
precision, can be applied to construct quantum kernels,
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learn quantum systems and train quantum neural net-
works, resulting in improved training efficiency and
overall performance.

Materials and methods
Precision of separable measurement strategies

In TT and TP strategies, reconstructing the qubit states
relies on the tomography based on MUB measurements
with the prior knowledge that the state is pure. The
tomography fidelity can be quantified by F = |(l//|@\2,
defined as the overlap between the true state |¢) and the
reconstructed state |f). We consider the average fidelity
F, averaged over the distribution of the reconstructed
state and the unitary U where |y) = U|0). At the
asymptotic limit (the number of copies N — o0), the
average fidelity is derived as F=1—x/N, and x =
N (1 - 1_7) is defined as the scaled average infidelity, with
the analytical value x =11/8 for MUB measurements.
Through the error analysis in the tomography process, we
can represent the reconstructed states |@> as

|¥) = cosxly) +sinye |y, ) (5)

where |y,) = U |1), x and { are two error parameters
introduced by the tomography. Furthermore, we derive
the average values for the functions of y and ( as:
((siny cos {)?) ~ ((sinysin)*) ~ (x2)/2 ~ 2x/N, where
(» and the overline denote the average over the
conditional probability distribution p(y,{|U) and the
unitary U, respectively.

In the TT strategy, the other reconstructed state |¢) has
a similar form to Eq. (5), and the variance for TT can be
expressed with the error parameters y and (. The average
variance can then be shown as

vie(e, N) = 2(x*)c(1 —¢) + O<z\%> el = ¢

N
(6)

here we keep the leading term.

In the TP strategy, we only need to consider the tomo-
graphy error of the one state |¢), but together with an
additional error introduced by the projection procedure.
The successful projection probability p,, = ||y |2 can be
shown as the function of parameters y and { in |¢). The

average variance for TP strategy is derived as vs,(c, N) =

(0 — <) + (1~ 2)/N), where ((p,, —)?) implies
the tomography error and (p,,(1 —p,,)/N) denotes the
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projection error. The final result for v, is given by

vp(e.N) = (PJe(1 = o) + 45+ 0(3)

(2k+1)c(1—¢)
N

(7)

~
~

Generalizing to d-dimensional states, the average var-
iances for TT and TP can be shown as
vele,N) & e ®)
vip(e,N) = (5 +1) %

where d denotes the dimension of a single-copy state. The
scaled average infidelity x for high-dimensional state
tomography depends on d and varies with the tomo-
graphy approach. In the SI, we provide detailed deriva-
tions of the average variances and their high-dimensional
generalizations, and also demonstrates that the estimators
used in TT and TP are asymptotically unbiased.

Precision of joint measurement strategies

In a joint measurement strategy, the overlap informa-
tion is extracted directly by performing a POVM {E;} on
the joint state |@g) = |¢)|¢), with each element E; asso-
ciated with a measurement outcome i. According to Born
rule, the probability of obtaining the outcome i is p; =
Tr (f:"i |Do) (Do|), which depends on the overlap c. Noting
that the joint measurement is static, the precision of the
overlap estimation is bounded by the Fisher information
(FI) derived from the probability distribution as I(c) =
S, pi(dlogp,/dc)*. In the SCM strategy, the measure-
ments are described by four projectors{E,, E;,E., E_},
and the corresponding probability distribution is given by

1+c¢ _1—c

5P = )

pytp,tpe=
where p; = (®g|E;|®o). By combining the first three
outcomes into one, we obtain binary outcomes where
the probabilities solely rely on the overlap c. The FI per
state pair is given by Iy, = 1/(1 —c?). The overlap
estimator ¢y, = 1 — 2k/N, where k is the number of
occurrences of outcome E_ in N measurements, saturates
the Cramér-Rao bound with the variance

1-¢2
N

Vscm(c7N) - (10)

In the OST strategy, the ideal OST vyields a binary
outcome of either “pass” or “fail” with the probability of
“fail” outcome given by p; = (1 — ¢)/2. However, due to
experimental imperfections, the outcome probability dis-
tribution deviates from the ideal case. In our experiments,
with the internal mode indistinguishability I" between two
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photons in HOMI and the PPNRD setup, the outcome
probability distribution is given by

_1+T¢
T 3-TI¢’

_2-2c¢

3-1I¢c (11)

p(P)

p(F)

where p(P) and p(F) denote the probabilities that the
PPNRD response the “pass” and “fail” outcomes, respec-
tively. It is worth noting that the PPNRD introduces
photon loss, which must be take into account in precision
comparison. On average, for N state pairs, only N’ =
(3—Tc)N/4 events are detected. To ensure a fair
comparison, we calculate that effective FI per state pair
as I¢, = 2I'*/(3 — I'c)(1 — I'*c?) to bound the precision
of OST (see the SI for detailed derivation). Using the
estimator ¢,y = (1 — 2k¢/N)/I', the variance for the
OST strategy is given by

(3—Tc)(1—T?%?)

12
INT? (12)

Vast(c7 N) =

In these two joint measurement strategies, the outcome
probabilities depend solely on the overlap between the
two states, rather than the specific states themselves.
Therefore, the variance mentioned above is equal to the
average variance in SCM and OST.

Photon source

Frequency-doubled light pulses (~ 150 fs duration, 415
nm central wavelength) originating from a Ti: Sapphire
laser (76 MHz repetition rate; Coherent Mira-HP) pump a
beta barium borate (5-BBO) crystal phase-matched for
type-II beamlike spontaneous parametric down conver-
sion (SPDC) to produce degenerate photon pairs (830 nm
central wavelength). The photon pairs undergo spectral
filtering with 3 nm full-width at half-maximum and are
collected into single-mode fibers. The pump power is set
to ~ 100 mW to ensure a low probability of emitting two-
photon pairs. In TT, TP, and SCM experiments, one of
the photon pair is detected by a SPCM (Excelitas Tech-
nologies), while the other serves as a heralded single
photon. In the OST experiment, both photons undergo
HOMI. Despite the presence of systemic errors and
interference drift, an average maximum HOMI visibility
of 0.965 +0.008 is observed.

State preparation

In the TT, TP, and OST strategy experiments, a
combination of an electronically controlled half
wave-plate (E-HWP) and a liquid crystal phase retarder
(LCPR, Thorlabs, LCC1113-B), prepares the horizontal
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polarized photon to the state

|) or @) = cos20|H) + e sin26|V) (13)

where 0 and a denote the E-HWP angle and the relative
phase between two polarizations added by the LCPR,
respectively. In the SCM strategy experiment, we firstly
encode |¢) on the polarization DoF of the single photon
and use a BD and HWPs to transfer the polarization-
encoded qubit to a path-encoded qubit. The second qubit
|¢) is then encoded on the polarization DoF of the photon
through a E-HWP and a QHQ (QWP-HWP-QWP) wave-
plate group, resulting in a two-qubit joint state

ly) @ |p) = (cos26iso) + €™ sin26,s))
®(cos 26, |H) + € sin26, |V))

(14)

Here, 8; and a; denote the E-HWP angle and the relative
phase from the LCPR used to prepare |¢), and 6, and a;
denote the E-HWP angle and the relative phase from the

QHQ group used to prepare |¢).

Data processing and uncertainty quantification

For each chosen overlap c¢ in our experiments, we have a
total data set of estimated overlaps {{{¢} };1:1}%:1}5:1'
Here, R groups of data are collected by repetitive runs of
the experiments for the TT, OST, and SCM strategies,
while in the TP strategy, the data is generated using the
Bootstrap method from a single group to reduce data
acquisition time. To obtain the estimated average var-
iances {7}521, we process the overlap data as

1 ¢ 1 &, 1<
7:— Vr,‘\jr: ?J’__ ?‘r
Mi n—ljzz1 " n}.:zlm

2

(15)

The mean and the standard deviation for the average
variance are then calculated as

(16)

Scaling the results by the copy number N, Nv and N§v
correspond to the scaled average variance Nv(c) and the
vertical uncertainty in Fig. 2a. Considering the systematic
errors in state preparation and measurements, the exact
overlaps being measured, between different qubit pairs in
state preparation, may deviate from the target overlap c.
To quantify this uncertainty, we estimate the exact over-
laps from the data for the same pairs of states in large
number of copies to obtain the exact overlap data set

() |, where ¢, = Z].JZ",": /nR. The average exact
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overlap and corresponding standard deviation are given

(17)

Here, ¢ and d¢ indicate the overlap ¢ (markers) and the
corresponding uncertainty (horizontal error bars) in Fig. 2a.

Acknowledgements

The authors thank Nengkun Yu and Penghui Yao for helpful discussions and
Zhenghao Yin for valuable comments on quantum machine learning. This
work was supported by National Natural Science Foundation of China (Grants
No. U24A2017, No. 12347104 and No. 12461160276), the National Key Research
and Development Program of China (Grants No. 2023YFC2205802), Natural
Science Foundation of Jiangsu Province (Grants No. BK20243060 and No.
BK20233001), in part by State Key Laboratory of Advanced Optical
Communication Systems and Networks, China.

Author contributions

L.Z, AZ, and HZ. conceived the project. HZ. and A.Z. developed the
theoretical analysis, numerical calculation and experimental design. H.Z.
performed the experiments, with contributions from BW., MM, and JX. HZ,
BW, LX, AZ, and LZ. analyzed the data. HZ, AZ, and L.Z. wrote the paper
with input from all authors.

Data availability
All data needed to evaluate the conclusions in the paper are present in the
paper and/or the Supplementary Information.

Conflict of interest
The authors declare no competing interests.

Supplementary information The online version contains supplementary
material available at https://doi.org/10.1038/s41377-025-01755-8.

Received: 16 April 2024 Revised: 9 January 2025 Accepted: 10 January 2025
Published online: 12 February 2025

References

1. Bartlett, S. D, Rudolph, T. & Spekkens, R. W. Optimal measurements for relative
quantum information. Phys. Rev. A 70, 032321, https//doi.org/10.1103/
PhysRevA.70.032321 (2004).

2. Bagan, E, Iblisdir, S. & Munoz-Tapia, R. Relative states, quantum axes, and
quantum references. Phys. Rev. A 73, 022341, https//doi.org/10.1103/
PhysRevA.73.022341 (2006).

3. Bartlett, S. D, Rudolph, T. & Spekkens, R. W. Reference frames, superselection
rules, and quantum information. Rev. Mod. Phys. 79, 555-609, https.//doi.org/
10.1103/RevModPhys.79.555 (2007).

4. Tsang, M, Albarelli, F. & Datta, A. Quantum semiparametric estimation. Phys.
Rev. X 10, 031023, https.//doi.org/10.1103/PhysRevX.10.031023 (2020).

5. Giordani, T. et al. Experimental certification of contextuality, coherence, and
dimension in a programmable universal photonic processor. Sci Adv. 9,
eadj4249, https.//doiorg/10.1126/sciadv.adj4249 (2023).

6. Ekert, A. K et al. Direct estimations of linear and nonlinear functionals of a
quantum state. Phys. Rev. Lett. 88, 217901, https//doi.org/10.1103/PhysRevLett.
88217901 (2002).

7. Mintert, F, Ku$, M. & Buchleitner, A. Concurrence of mixed multipartite
quantum states. Phys. Rev. Lett. 95, 260502, https//doiorg/10.1103/
PhysRevLett95.260502 (2005).

8. Walborn, S. P. et al. Experimental determination of entanglement by a pro-
jective measurement. Phys. Rev. A 75, 032338, https//doiorg/10.1103/
PhysRevA.75.032338 (2007).


https://doi.org/10.1038/s41377-025-01755-8
https://doi.org/10.1103/PhysRevA.70.032321
https://doi.org/10.1103/PhysRevA.70.032321
https://doi.org/10.1103/PhysRevA.73.022341
https://doi.org/10.1103/PhysRevA.73.022341
https://doi.org/10.1103/RevModPhys.79.555
https://doi.org/10.1103/RevModPhys.79.555
https://doi.org/10.1103/PhysRevX.10.031023
https://doi.org/10.1126/sciadv.adj4249
https://doi.org/10.1103/PhysRevLett.88.217901
https://doi.org/10.1103/PhysRevLett.88.217901
https://doi.org/10.1103/PhysRevLett.95.260502
https://doi.org/10.1103/PhysRevLett.95.260502
https://doi.org/10.1103/PhysRevA.75.032338
https://doi.org/10.1103/PhysRevA.75.032338

Zhan et al. Light: Science & Applications (2025)14:83

20.

21,

22.

23.

24

25.

26.

27.

28.

29.

30.

32.

33.

34.

35.

Consiglio, M, Apollaro, T. J. G. & Wiesniak, M. Variational approach to the
quantum separability problem. Phys. Rev. A 106, 062413, https.//doi.org/10.
1103/PhysRevA.106.062413 (2022).

Elben, A. et al. Cross-platform verification of intermediate scale quantum
devices. Phys. Rev. Lett. 124, 010504, https//doi.org/10.1103/PhysRevlett.124.
010504 (2020).

Jayakumar, A. et al. Quantum algorithm implementations for beginners. ACM
Trans. Quantum Comput. 3, 18, https.//doiorg/10.1145/3517340 (2022).
Cerezo, M. et al. Variational quantum algorithms. Nat. Rev. Phys. 3, 625-644,
https://doi.org/10.1038/542254-021-00348-9 (2021).

Biamonte, J. et al. Quantum machine learning. Nature 549, 195-202, https//
doi.org/10.1038/nature23474 (2017).

Zeguendry, A, Jarir, Z. & Quafafou, M. Quantum machine learning: a
review and case studies. Entropy 25, 287, https://doi.org/10.3390/
25020287 (2023).

Wan, K H. et al. Quantum generalisation of feedforward neural networks. Npj
Quantum Inf. 3, 36, https;//doi.org/10.1038/541534-017-0032-4 (2017).

Abbas, A. et al. The power of quantum neural networks. Nat. Comput. Sci. 1,
403-409, https//doi.org/10.1038/543588-021-00084-1 (2021).

Pan, X. X. et al. Deep quantum neural networks on a superconducting pro-
cessor. Nat. Commun. 14, 4006, https//doi.org/10.1038/541467-023-39785-8
(2023).

Beer, K. et al. Training deep quantum neural networks. Nat. Commun. 11, 808,
https://doi.org/10.1038/541467-020-14454-2 (2020).

Hubregtsen, T. et al. Training quantum embedding kernels on near-term
quantum computers. Phys. Rev. A 106, 042431, https//doiorg/10.1103/
PhysRevA.106.042431 (2022).

Rebentrost, P, Mohseni, M. & Lloyd, S. Quantum support vector machine for
big data classification. Phys. Rev. Lett. 113, 130503, https//doiorg/10.1103/
PhysRevLett.113.130503 (2014).

Havlicek, V. et al. Supervised learning with quantum-enhanced feature
spaces. Nature 567, 209-212, https://doi.org/10.1038/541586-019-0980-2
(2019).

Schuld, M. & Killoran, N. Quantum machine learning in feature Hilbert spaces.
Phys. Rev. Lett. 122, 040504, https//doiorg/10.1103/PhysRevLett.122.040504
(2019).

Liu, Y. C, Arunachalam, S. & Temme, K. A rigorous and robust quantum speed-
up in supervised machine learning. Nat. Phys. 17, 1013-1017, https/doi.org/
10.1038/541567-021-01287-z (2021).

Sentis, G. et al. Unsupervised classification of quantum data. Phys. Rev. X 9,
041029, https//doi.org/10.1103/PhysRevX.9.041029 (2019).

Tancara, D. et al. Kernel-based quantum regressor models learning non-
Markovianity. Phys. Rev. A 107, 022402, https//doiorg/10.1103/PhysRevA.107.
022402 (2023).

Hu, L. et al. Quantum generative adversarial learning in a superconducting
quantum circuit. Sci. Adv. 5, eaav2761, https//doi.org/10.1126/sciadv.aav2761
(2019).

Carolan, J. et al. Variational quantum unsampling on a quantum photonic
processor. Nat. Phys. 16, 322-327, https.//doi.org/10.1038/541567-019-0747-6
(2020).

Liang, J. M. et al. Variational quantum algorithms for dimensionality reduction
and dlassification. Phys. Rev. A 101, 032323, https/doi.org/10.1103/PhysRevA.
101.032323 (2020).

Buhrman, H. et al. Quantum fingerprinting. Phys. Rev. Lett. 87, 167902, https//
doi.org/10.1103/PhysRevLett87.167902 (2001).

Ripper, P, Amaral, G. & Temporao, G. Swap test-based characterization of
decoherence in universal quantum computers. Quantum Inf. Process. 22, 220,
https.//doi.org/10.1007/511128-023-03961-y (2023).

Agliardi, G. et al. Conditions for a quadratic quantum speedup in nonlinear
transforms with applications to energy contract pricing. Quantum Sci. Technol.
10, 025005, https//doi.org/10.1088/2058-9565/ada08c (2025).

White, S. J. U. et al. A Robust Approach for Time-bin Encoded Photonic Quantum
Information  Protocols. Preprint at https/doi.org/1048550/arXiv.2404.16106
(2024).

Nguyen, C. H. et al. Experimental SWAP Test of Infinite Dimensional Quantum
States. Preprint at https.//doi.org/1048550/arXiv.2103.10219 (2021).

Li, Y. D. et al. Swap test with quantum dot charge qubits. Phys. Rev. Appl. 18,
014047, https//doi.org/10.1103/PhysRevApplied.18014047 (2022).

Hong, C. K, Ou, Z. Y. & Mandel, L. Measurement of subpicosecond time
intervals between two photons by interference. Phys. Rev. Lett. 59, 2044-2046,
https.//doiorg/10.1103/PhysRevLett.59.2044 (1987).

36.

37.

38.

39.

40.

41.

42.

43.

45.

46.

47.

48.

49.

50.

51

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

Page 11 of 12

Garcia-Escartin, J. C. & Chamorro-Posada, P. SWAP test and Hong-Ou-Mandel
effect are equivalent. Phys. Rev. A 87, 052330, https//doiorg/10.1103/
PhysRevA.87.052330 (2013).

Zhang, A. et al. Quantum verification of NP problems with single photons
and linear optics. Light Sci. Appl. 10, 169, https.//doi.org/10.1038/541377-
021-00608-4 (2021).

Cincio, L. et al. Learning the quantum algorithm for state overlap. N. J. Phys. 20,
113022, https//doi.org/10.1088/1367-2630/aae%4a (2018).

Huggins, W. J. et al. A non-orthogonal variational quantum eigensolver. N. J.
Phys. 22, 073009, https//doi.org/10.1088/1367-2630/ab867b (2020).

Fanizza, M. et al. Beyond the swap test: optimal estimation of quantum state
overlap. Phys. Rev. Lett. 124, 060503, https//doi.org/10.1103/PhysRevLett.124.
060503 (2020).

Steinbrecher, G. R. et al. Quantum optical neural networks. Npj Quantum Inf. 5,
60, https.//doi.org/10.1038/541534-019-0174-7 (2019).

Ewaniuk, J. et al. Imperfect quantum photonic neural networks. Adv. Quantum
Technol. 6, 2200125, https//doi.org/10.1002/qute. 202200125 (2023).
Wetzstein, G. et al. Inference in artificial intelligence with deep optics and
photonics. Nature 588, 39-47, https//doi.org/10.1038/541586-020-2973-6 (2020).
Zuo, Y. et al. Optical neural network quantum state tomography. Adv. Pho-
tonics 4, 026004, https//doi.org/10.1117/1.AP4.2.026004 (2022).

Bernstein, L. et al. Single-shot optical neural network. Sci. Adv. 9, eadg7904,
https//doi.org/10.1126/sciadv.adg7904 (2023).

Chabaud, U, Markham, D. & Sohbi, A. Quantum machine leaming with
adaptive linear optics. Quantum 5, 496, https.//doi.org/10.22331/q-2021-07-05-
496 (2021).

Durt, T. et al. On mutually unbiased bases. Int. J. Quantum Inf. 8, 535-640,
https.//doi.org/10.1142/50219749910006502 (2010).

Hou, Z. B. et al. Deterministic realization of collective measurements via
photonic quantum walks. Nat. Commun. 9, 1414, https//doiorg/10.1038/
s41467-018-03849-x (2018).

Bacon, D, Chuang, I. L. & Harrow, A. W. Efficient quantum circuits for schur and
clebsch-gordan transforms. Phys. Rev. Lett. 97, 170502, https://doi.org/10.1103/
PhysRevLett97.170502 (2006).

Grice, W. P. & Walmsley, I. A. Spectral information and distinguishability in type-
II' down-conversion with a broadband pump. Phys. Rev. A 56, 1627-1634,
https.//doi.org/10.1103/PhysRevA.56.1627 (1997).

Cramér, H. Mathematical Methods of Statistics https//doiorg/10.1515/
9781400883868 (Princeton: Princeton University Press, 1946).

Braunstein, S. L. & Caves, C. M. Statistical distance and the geometry of
quantum states. Phys. Rev. Lett. 72, 3439-3443, https//doiorg/10.1103/
PhysRevLett.72.3439 (1994).

Hayashi, A, Hashimoto, T. & Horibe, M. Reexamination of optimal quantum
state estimation of pure states. Phys. Rev. A 72, 032325, https//doi.org/10.1103/
PhysRevA.72.032325 (2005).

Kueng, R, Rauhut, H. & Terstiege, U. Low rank matrix recovery from rank one
measurements. Appl. Comput. Harmonic Anal. 42, 88-116, https://doi.org/10.
1016/j.acha.2015.07.007 (2017).

Haah, J. et al. Sample-optimal tomography of quantum states. In Proceedings
of the Forty-Eighth Annual ACM Symposium on Theory of Computing 913-925
https.//doi.org/10.1145/2897518.2897585 (Cambridge, MA, USA: ACM, 2016).
Flammia, S. T. et al. Quantum tomography via compressed sensing: error
bounds, sample complexity and efficient estimators. N. J. Phys. 14, 095022,
https.//doi.org/10.1088/1367-2630/14/9/095022 (2012).

Bagan, E, Baig, M. & Mufoz-Tapia, R. Optimal scheme for estimating a pure
qubit state via local measurements. Phys. Rev. Lett. 89, 277904, https.//doi.org/
10.1103/PhysRevLett89.277904 (2002).

Mahler, D. H. et al. Adaptive quantum state tomography improves accuracy
quadratically. Phys. Rev. Lett. 111, 183601, https//doi.org/10.1103/PhysRevLett.
111183601 (2013).

Qj, B. et al. Adaptive quantum state tomography via linear regression esti-
mation: theory and two-qubit experiment. Npj Quantum Inf. 3, 19, https//doi.
0rg/10.1038/541534-017-0016-4 (2017).

Wang, X. W. et al. Generalized quantum measurements on a higher-
dimensional system via quantum walks. Phys. Rev. Lett. 131, 150803, https//
doiorg/10.1103/PhysRevLett.131.150803 (2023).

Zhang, C. N. et al. Hong-ou-mandel interference linking independent room-
temperature quantum memories. Photonics Res. 10, 2388-2393, https//doi.
0rg/10.1364/PRJ463404 (2022).

Ichihara, M. et al. Frequency-multiplexed hong-ou-mandel interference. Phys.
Rev. A 107, 032608, https//doi.org/10.1103/PhysRevA.107.032608 (2023).


https://doi.org/10.1103/PhysRevA.106.062413
https://doi.org/10.1103/PhysRevA.106.062413
https://doi.org/10.1103/PhysRevLett.124.010504
https://doi.org/10.1103/PhysRevLett.124.010504
https://doi.org/10.1145/3517340
https://doi.org/10.1038/s42254-021-00348-9
https://doi.org/10.1038/nature23474
https://doi.org/10.1038/nature23474
https://doi.org/10.3390/e25020287
https://doi.org/10.3390/e25020287
https://doi.org/10.1038/s41534-017-0032-4
https://doi.org/10.1038/s43588-021-00084-1
https://doi.org/10.1038/s41467-023-39785-8
https://doi.org/10.1038/s41467-020-14454-2
https://doi.org/10.1103/PhysRevA.106.042431
https://doi.org/10.1103/PhysRevA.106.042431
https://doi.org/10.1103/PhysRevLett.113.130503
https://doi.org/10.1103/PhysRevLett.113.130503
https://doi.org/10.1038/s41586-019-0980-2
https://doi.org/10.1103/PhysRevLett.122.040504
https://doi.org/10.1038/s41567-021-01287-z
https://doi.org/10.1038/s41567-021-01287-z
https://doi.org/10.1103/PhysRevX.9.041029
https://doi.org/10.1103/PhysRevA.107.022402
https://doi.org/10.1103/PhysRevA.107.022402
https://doi.org/10.1126/sciadv.aav2761
https://doi.org/10.1038/s41567-019-0747-6
https://doi.org/10.1103/PhysRevA.101.032323
https://doi.org/10.1103/PhysRevA.101.032323
https://doi.org/10.1103/PhysRevLett.87.167902
https://doi.org/10.1103/PhysRevLett.87.167902
https://doi.org/10.1007/s11128-023-03961-y
https://doi.org/10.1088/2058-9565/ada08c
https://doi.org/10.48550/arXiv.2404.16106
https://doi.org/10.48550/arXiv.2103.10219
https://doi.org/10.1103/PhysRevApplied.18.014047
https://doi.org/10.1103/PhysRevLett.59.2044
https://doi.org/10.1103/PhysRevA.87.052330
https://doi.org/10.1103/PhysRevA.87.052330
https://doi.org/10.1038/s41377-021-00608-4
https://doi.org/10.1038/s41377-021-00608-4
https://doi.org/10.1088/1367-2630/aae94a
https://doi.org/10.1088/1367-2630/ab867b
https://doi.org/10.1103/PhysRevLett.124.060503
https://doi.org/10.1103/PhysRevLett.124.060503
https://doi.org/10.1038/s41534-019-0174-7
https://doi.org/10.1002/qute.202200125
https://doi.org/10.1038/s41586-020-2973-6
https://doi.org/10.1117/1.AP.4.2.026004
https://doi.org/10.1126/sciadv.adg7904
https://doi.org/10.22331/q-2021-07-05-496
https://doi.org/10.22331/q-2021-07-05-496
https://doi.org/10.1142/S0219749910006502
https://doi.org/10.1038/s41467-018-03849-x
https://doi.org/10.1038/s41467-018-03849-x
https://doi.org/10.1103/PhysRevLett.97.170502
https://doi.org/10.1103/PhysRevLett.97.170502
https://doi.org/10.1103/PhysRevA.56.1627
https://doi.org/10.1515/9781400883868
https://doi.org/10.1515/9781400883868
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevLett.72.3439
https://doi.org/10.1103/PhysRevA.72.032325
https://doi.org/10.1103/PhysRevA.72.032325
https://doi.org/10.1016/j.acha.2015.07.007
https://doi.org/10.1016/j.acha.2015.07.007
https://doi.org/10.1145/2897518.2897585
https://doi.org/10.1088/1367-2630/14/9/095022
https://doi.org/10.1103/PhysRevLett.89.277904
https://doi.org/10.1103/PhysRevLett.89.277904
https://doi.org/10.1103/PhysRevLett.111.183601
https://doi.org/10.1103/PhysRevLett.111.183601
https://doi.org/10.1038/s41534-017-0016-4
https://doi.org/10.1038/s41534-017-0016-4
https://doi.org/10.1103/PhysRevLett.131.150803
https://doi.org/10.1103/PhysRevLett.131.150803
https://doi.org/10.1364/PRJ.463404
https://doi.org/10.1364/PRJ.463404
https://doi.org/10.1103/PhysRevA.107.032608

Zhan et al. Light: Science & Applications (2025)14:83

63.

65.

Schuld, M. Supervised Quantum Machine Learning Models are Kernel Methods.
Preprint at https://doi.org/1048550/arXiv.2101.11020 (2021).

Bowie, C, Shrapnel, S. & Kewming, M. J. Quantum kernel evaluation via
Hong-Ou-Mandel interference. Quantum Sci. Technol. 9, 015001, https:/doi.
0rg/10.1088/2058-9565/acfbad (2024).

Paine, A. E, Elfving, V. E. & Kyrilenko, O. Quantum kernel methods for solving
regression problems and differential equations. Phys. Rev. A 107, 032428,
https://doiorg/10.1103/PhysRevA.107.032428 (2023).

66.

67.

68.

Page 12 of 12

Liu, J. G. & Wang, L. Differentiable learning of quantum circuit born
machines. Phys. Rev. A 98, 062324, https://doi.org/10.1103/PhysRevA.98.
062324 (2018).

Sancho-Lorente, T, Roman-Roche, J. & Zueco, D. Quantum kernels to learn the
phases of quantum matter. Phys. Rev. A 105, 042432, https.//doi.org/10.1103/
PhysRevA.105.042432 (2022).

Roncallo, S. et al. Quantum Optical Classifier with Superexponential Speedup.
Preprint at https.//doi.org/10.48550/arXiv.2404.15266 (2024).


https://doi.org/10.48550/arXiv.2101.11020
https://doi.org/10.1088/2058-9565/acfba9
https://doi.org/10.1088/2058-9565/acfba9
https://doi.org/10.1103/PhysRevA.107.032428
https://doi.org/10.1103/PhysRevA.98.062324
https://doi.org/10.1103/PhysRevA.98.062324
https://doi.org/10.1103/PhysRevA.105.042432
https://doi.org/10.1103/PhysRevA.105.042432
https://doi.org/10.48550/arXiv.2404.15266

	Experimental benchmarking of quantum state overlap estimation strategies with photonic systems
	Introduction
	Results
	Overlap estimation strategy performance assessment
	Tomography-tomography (TT)
	Tomography-projection (TP)
	Schur collective measurement (SCM)
	Optical swap test (OST)

	Photonic implementation of estimation strategies
	Overlap-dependent precision of strategies
	Adaptive overlap estimation strategy
	Overlap estimation of high-dimensional states

	Discussion
	Materials and methods
	Precision of separable measurement strategies
	Precision of joint measurement strategies
	Photon source
	State preparation
	Data processing and uncertainty quantification

	Acknowledgements




