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Abstract

Frequency combs show various applications in molecular fingerprinting, imaging, communications, and so on. In the
terahertz frequency range, semiconductor-based quantum cascade lasers (QCLs) are ideal platforms for realizing the
frequency comb operation. Although self-started frequency comb operation can be obtained in free-running terahertz
QCLs due to the four-wave mixing locking effects, resonant/off-resonant microwave injection, phase locking, and
femtosecond laser based locking techniques have been widely used to broaden and stabilize terahertz QCL combs.
These active locking methods indeed show significant effects on the frequency stabilization of terahertz QCL combs,
but they simultaneously have drawbacks, such as introducing large phase noise and requiring complex optical
coupling and/or electrical circuits. Here, we demonstrate Farey tree locking of terahertz QCL frequency combs under
microwave injection. The frequency competition between the Farey fraction frequency and the cavity round-trip
frequency results in the frequency locking of terahertz QCL combs, and the Farey fraction frequencies can be
accurately anticipated based on the downward trend of the Farey tree hierarchy. Furthermore, dual-comb
experimental results show that the phase noise of the dual-comb spectral lines is significantly reduced by employing
the Farey tree locking method. These results pave the way to deploying compact and low phase noise terahertz
frequency comb sources.

Introduction proven to be compact and high power terahertz radiation

Frequency combs are generated by mode-locked pulse
trains in the time domain and manifest as a series of
equidistant spectral lines in the frequency domain'. The
frequency comb offers advantages such as a broad spec-
trum and high coherence, making it a powerful light
source in spectral detection, imaging, and communica-
tions>®. In the terahertz (THz) frequency range
(0.1-10 THz), semiconductor-based and electrically
pumped quantum cascade lasers (QCLs) have been
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sources’ %, The self-started frequency comb operation in
free-running THz QCLs can be obtained due to the four-
wave mixing locking mechanism, and its performance can
be improved by optimizing the gain curve, waveguide loss,
etc., to obtain a flat group velocity dispersion (GVD), and/
or implementing dispersion compensators in laser struc-
tures, e.g., Gires-Tournois interferometer (GTI) mirrors,
to compensate the laser’s GVD'' ™2,

To further improve the stability of THz QCL frequency
combs, active locking techniques have been widely
employed. For example, the resonant microwave injection
which was traditionally used for active mode locking of
semiconductor diode lasers'* was also successfully adap-
ted for active locking of the repetition frequency (f..p) of
THz QCL combs. By employing the resonant microwave
injection technique, the repetition frequency of the QCL
can be firmly locked to the injection microwave frequency
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and the optical spectrum can be significantly broa-
dened'>*°, Moreover, the off-resonant microwave mod-
ulation with a frequency detuning of ~200 MHz was also
demonstrated to broaden the spectrum of QCL combs by
introducing phase matching and then enhancing the
nonlinear four-wave mixing locking effect®®. To further
lock the offset frequency of THz QCL combs, phase
locking and femtosecond laser based locking techniques
have been reported* ~>*, Although the above-mentioned
active locking methods show effective stability improve-
ments for THz QCL combs, they simultaneously show
obvious drawbacks, such as introducing large phase noise,
which is detrimental to the further deployment of dual-
comb sources, and requiring complex optical coupling
and/or electrical circuits. Therefore, it is urgent to
develop a locking technique that is easy to implement and
at the same time introduces low phase noise in THz QCL
combs.

The competition between two frequencies in a non-
linear system results in their eventual locking at a parti-
cular rational number®>?®, which provides a new
approach, i.e., Farey tree locking, to lock the comb’s
repetition frequency by modulating the laser at a lower
frequency. Under the locking conditions, the frequency
ratios (or the winding numbers) are always fixed at the
rational numbers. The collection of all rational numbers is
represented by the Farey tree in math theory. The nodes
in the Farey tree, known as Farey fractions, are infinitely
generated downward along hierarchies and are always
accompanied by the devil’s staircase fractal structure®.
The relationship between frequency competition and
locking was first observed by Huygens in the 17th century
when a pair of clocks were mounted back-to-back on a
wall. Recently, this phenomenon has been observed in
additional nonlinear optical systems, such as radio fre-
quency (RF) injection in external-cavity semiconductor
lasers®®, picosecond pulse sequence-driven micro-
resonator soliton frequency combs®, and breather
lasers®®. Semiconductor-based QCLs, which possess
strong nonlinearity and current modulation properties®’,
show promising potentials to achieve Farey tree locking
by employing the current modulation at a Farey fraction
frequency.

Here, we demonstrate the Farey tree locking of a THz
QCL frequency comb under microwave injection. By
tuning the modulation frequency step by step, the locking
of the repetition frequency of the THz QCL comb at Farey
fraction frequencies is observed. The winding numbers
corresponding to the locking states are a series of Farey
fractions within the range between 0 and 1, which can be
accurately anticipated based on the downward hierarchy
of the Farey tree. The locking bandwidths under the Farey
tree locking conditions reveal the commonly observed
Arnold tongue®*?*® structure in nonlinear optics. By

Page 2 of 13

distributing the observed Farey tree locking states along
the modulation frequency, 10 plateaus are obtained. The
width of each plateau decreases as the corresponding
Farey tree hierarchy deepens. It is worth noting that as the
measurement precision is improved, a new filial plateau
can be discovered between two parental plateaus, vali-
dating the fractal structure resembling the devil’s stair-
case. Furthermore, by employing the Farey tree locking
method, a THz dual-comb experiment is performed and
the result shows that the phase noise level of the dual-
comb lines under the Farey tree locking condition is sig-
nificantly reduced, compared to that measured in free-
running mode.

Results
Experimental setup and laser performance

Figure 1a shows the experimental setup employed for
the Farey tree study in THz QCLs under microwave
injection. To detect the intermode beatnote signal (or
repetition frequency) and confirm its locking condi-
tion, the QCL itself is used as a fast THz detector®>%,
To facilitate the high frequency signal transmission, a
microstrip line is mounted close to the QCL chip. The
self-detected terminal current signal is transmitted
through a microstrip line and the AC port of a Bias-
Tee, and then passes through a microwave circulator,
which is used to isolate the RF injection signal and
intermode beatnote signal. Finally, the electrical
intermode beatnote spectrum of the THz QCL comb is
displayed by a spectrum analyzer. For the microwave
injection, an RF generator is employed to provide
stable microwave signals with the expected power and
frequency. The microwave signal goes via the circu-
lator, bias-Tee, and microstrip line and is finally
injected into the QCL chip.

THz QCL chips are fabricated by using traditional
semiconductor laser processing methods (see Methods).
The typical light—current-voltage (L—I—V) characteristics
measured in continuous-wave (CW) mode are shown in
Fig. 1b. It can be seen that at 15 K the laser can output a
maximum CW power of approximately 0.75 mW with a
threshold current of 700 mA. Note that the power values
shown in Fig. 1b are the measured ones displayed on the
THz power meter without considering any corrections of
water absorption, window transmission, mirror reflec-
tions, etc. The emission spectra of the free-running THz
QCL measured at different drive currents are shown in
Supplementary Fig. S1. Figure 1c shows the intermode
beatnote map of the THz QCL by changing the drive
current. One can see that at most current pump condi-
tions (>850 mA), single and narrow fundamental inter-
mode beatnotes around 6 GHz are obtained, clearly
indicating the frequency comb state. In this work, in order
to observe the Farey tree locking states, the QCL is
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Fig. 1 Experimental setup and laser performances. a Experimental setup. A microstrip line is mounted close to the QCL to facilitate the
microwave injection (modulation) and intermode beatnote signal extraction. The microwave circulator is used to isolate the transmissions of
microwave injection (red line) and intermode beatnote (blue line) signals. The entire RF signal is finally displayed on the spectrum analyzer.

b Light—current-voltage curves of the THz QCL measured at a heat sink temperature of 15K in CW mode. The THz QCL ridge is 150 um wide and
6 mm long. ¢ Intermode beatnote map of the free-running THz QCL at a heat sink temperature of 15 K, measured with a resolution bandwidth (RBW)

#WAMWWLMW

Spectrum analyzer

;

RF generator

operated in the frequency comb state and a drive current
of 1025 mA is chosen.

Farey tree in THz QCLs

To investigate the Farey tree locking effect in the THz
QCL comb, as shown in Fig. 1a, we tune the modulation
frequency (or injection frequency) generated from the RF
generator and monitor the fundamental intermode beat-
note signal using a spectrum analyzer. Under the Farey
tree locking condition, the Farey fraction is defined as m/n
with m being the modulation frequency (f;,04) and n being
the fundamental intermode beatnote frequency (or repe-
tition frequency, fi.,) of the THz QCL comb. In this
experiment, the ratio m/n is always equal to or smaller
than 1. Based on the downward prediction of the Farey-
sum operation, new Farey fractions can be generated (see
Eq. 1 in Methods). Figure 2a shows a part of the Farey tree
observed in the THz QCL under microwave injection. We
start the microwave injection from the fractions of 1/n
located at the top hierarchy of the Farey tree. Initially, the
frequency-locked phenomenon is observed under the
resonant microwave injection with a Farey fraction of 1/1
(finod = frep)- Then, the locking of f,.,, is also obtained at

the Farey fraction of 1/2. A new Farey fraction 2/3 is
generated by following the Farey-sum between the known
upper-hierarchy fractions of 1/1 and 1/2, and it extends
further to deep layers. Following this branch, the Farey
tree locking stops at fractions with a denominator of 7.
Note that the RF generator used in the experiment cannot
output >30 dBm power, and therefore, we are not able to
go deeper following the Farey tree branch. This can be
proved by the temporary locking at Farey fraction of 5/7.

To clearly demonstrate the Farey tree locking effect, in
Fig. 2b—d, we show the locked intermode beatnote spectra
at three typical Farey fractions of 2/3, 3/5, and 4/7,
respectively, together with the free-running spectra for
reference. By comparing the beatnote spectra in the Farey
tree locking state with those recorded in free-running, a
significant narrowing of the spectral linewidth and an
approximate 10dB improvement in the signal-to-noise
ratio (SNR) are observed. This indicates that when mod-
ulating the THz QCL at the Farey fraction frequencies,
the repetition frequency of the laser comb can be firmly
locked. It is interesting to note that when the Farey tree
locking takes effect, the first locked f., is always located
on the left side of the free-running f.,. This frequency



Liu et al. Light: Science & Applications (2025)14:147

Page 4 of 13

D Locked

Temporarily locked
.* Unlocked
b c d
x —
Locked Locked
Bk 75 -75 '
— Free-running — Free-running . Free-running
£ € =
m & E
= =100 — —100 ~ —100
[} o) 5
(o) ) 2
o & S
-125 -125 -125
. h . ) i A LA L S L
6.0669 6.0672 6.0723 6.0639 6.0642  6.0723 6.0657 6.0660 6.0723
Frequency (GHz) Frequency (GHz) Frequency (GHz)

Fig. 2 Farey tree of the THz QCL frequency comb and typical intermode beatnote spectra under the Farey tree locking conditions. a Farey
tree structure of the THz QCL comb under microwave injection. The Farey fractions outlined by solid rectangles, dashed rectangles, and dashed
rectangles with crosses represent firmly locked, temporarily locked, and unlocked states, respectively. b—d are measured intermode beatnote spectra
at Farey fractions of 2/3, 3/5, and 4/7, respectively. The red curves are recorded under Farey tree locking conditions, while the black ones are obtained
in free-running mode. The RBW and VBW are set as 300 Hz and 30 Hz, respectively. The microwave injection power is 30 dBm

red-shift phenomenon results from the frequency pulling
effect induced by f,.q. As the modulation frequency is
increased, the locked f., will then increase in the locking
range.

Returning to the top hierarchy of 1/n and continuing
the attempts, a new Farey tree branch with Farey fractions
of 1/3 and 1/2 can be obtained, as shown in Fig. 2a. In this
new branch, the deepest layer with a Farey fraction of 3/8
is obtained. In Supplementary Fig. S2a, we show the
comparison of the intermode beatnote spectra recorded in
free-running mode and at a Farey fraction of 3/8. Similar
to what we observed in Fig. 2b—d, the linewidth narrowing
and SNR enhancement are clearly obtained due to the
Farey tree locking. The dynamics of the Farey tree locking
process are shown in Supplementary Fig. S2b and a
locking range of 90kHz at the Farey fraction of 3/8 is
obtained. It is worth noting that in Fig. 2a, we also show
some fractions outlined by dashed rectangles with crosses.
For these winding numbers, the Farey tree locking states
cannot be obtained. For example, the Farey tree locking at

the winding number of 1/4 was not observed. However,
the numerical simulation in ref. ** showed that the locking
at 1/4 should work even better than the locking at 3/8.
Actually, in practical experiments, it shows that the Farey
tree locking is not achieved for all rational numbers and
only partial branches of the Farey tree can be
observed*®* 2, This may be related to various factors, e.g,,
injection power limitations, impedance mismatch, ther-
mal effects, current modulation, changes in the initial
polarization state of lasers®’, and so on. The unlocked
state observed at 1/4 winding number also rules out the
possibility that Farey tree locking states arise simply from
resonance coupling between higher harmonics of the RF
modulation signal and the repetition frequency. It has to
be mentioned that in the current experiment, the max-
imum RF power that we can apply is 30 dBm. If we can
further increase the RF power, probably the locking states
can be obtained at these Farey fractions.

In Fig. 3, we present a typical Farey tree locking at a
Farey fraction of 2/5. In this situation, the THz QCL is
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is 26 dBm. b Spectra of the signals shown in (@) measured with an RBW of 1 Hz and a VBW of 1 Hz. The spectrum shown in the top panel is the
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modulated at f,,q =2.4249196 GHz which corresponds
to a Farey fraction of 2/5 (fioa/frep). When the Farey tree
locking is achieved, f..p, is firmly locked at 6.062299 GHz,
as shown in Fig. 3a. Due to the strong nonlinearity in the
THz QCL cavity, other frequency components can be
observed. For example, fyoq can beat with f., and gen-
erate fi; moreover, f; mixes with f;,,q and finally generates
f>. The mixing processes are schematically shown in Fig.
3a. Since fioq and frp, are stable, the generated f; and f,
are also very stable. Figure 3b plots the beatnote spectra of
the four signals, i.e., fnods freps fi» and f5, under the Farey
tree locking condition, measured with an RBW of 1 Hz
and a VBW of 1Hz. For a clear comparison, the free-
running fy, is shown in the top panel of Fig. 3b. In free-
running mode, the broad peak of f., spans over 400 kHz,
while once the Farey tree locking is activated f, is
immediately locked and a narrow peak with a linewidth of
approximately 100 Hz is obtained. Simultaneously, from
Fig. 3b we can see that f; and f, show similar narrow peaks

as the locked f.p, which further proves that the locking is
achieved. In Fig. 3¢, we compare the phase noise spectra
of free-running f., (dashed line) and locked f, (solid
line). It can be seen that the phase noise of the locked fep
is significantly improved. At the offset frequencies of
100 Hz and 10 kHz, the measured phase noise values of
locked fep, are dramatically reduced by approximately 72
dBc Hz ! and 42 dBc Hz}, respectively, compared to
those measured in free-running mode. Note that the
phase noise spectra are measured using the phase noise
analyzer with the low pass filter of a cutoff frequency of
10 MHz (see Methods).

We further investigate the locking bandwidth at typical
Farey fractions by changing the modulation power and
the main results are shown in the lower panel of Fig. 4a. In
Fig. 4a, one can see that as the denominator of the Farey
fraction increases, the threshold modulation power
required for the Farey tree locking increases, and at the
same time, the achievable locking bandwidth decreases.
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outlined by the Farey tree structure in the inset. Upper panel (top-x and right-y): Plots of Arnold tongues corresponding to the results shown in the
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(25 dBm), respectively

At 10 dBm RF power, we obtain the locking bandwidths of
14.9 MHz and 1.6 MHz for Farey fractions of 1 and 1/2,
respectively. To achieve Farey tree locking for Farey
fractions with larger denominators, a large RF power close
to the maximum of 30dBm is needed. The measured
maximum locking bandwidths for Farey fractions of 1/2,
2/3, 3/4, and 3/5 are 16.2, 7.5, 1.4, and 0.6 MHz, respec-
tively, limited by the maximum RF power of 30 dBm of
the RF synthesizer used in this work. The characteristics
of modulation power versus locking bandwidth can also
be depicted by plots of Arnold tongues as shown in the
upper panel of Fig. 4a. The shaded areas indicate the Farey
tree locking regions, revealing the Arnold tongues similar
to those described in ref. >, In most cases, the tongues
demonstrate that as the modulation power increases, the
locking bandwidth or its corresponding modulation fre-
quency range also increases. However, it is worth noting
that for the Farey fractions of 1/2, a sudden decrease in
locking bandwidth is clearly observed as the modulation
power exceeds 26 dBm. The reduction in locking band-
width with RF power was also observed in a diode laser
system®>, However, the phenomenon is not clearly
observed at other Farey fraction frequencies. It can be
understood as follows: For other Farey fractions, the
threshold RF power to activate the Farey tree locking is
much higher. And in the RF power range investigated

here, the locking is still in its initial state. If the RF power
can be further increased, the reduction in locking band-
width with RF power can be predicted. In Fig. 4b—d,
locked intermode beatnote spectra for three Farey frac-
tions, i.e., 1, 1/2, and 2/3, at different modulation power
levels are shown. For each Farey fraction, two typical
spectra at the left and right locking boundaries are dis-
played and the distance between the two peaks indicates
the locking bandwidth. It is worth mentioning that the
measured locking bandwidths under resonant injection
condition shown in Fig. 4a were roughly determined by
monitoring the free-running intermode beatnote signal.
For example, in Supplementary Fig. S3, we show the
intermode beatnote map under resonant RF injection
condition (Farey fraction of 1/1) measured with an
injection RF power of 20 dBm. Because the injection RF
signal is much stronger than the free-running intermode
beatnote, we observe a bright line in the map. We assume
that the so-called “locking status” is achieved when the
free-running intermode beatnote disappears. So, the two
dashed vertical lines in Supplementary Fig. S3 show the
left and right boundaries of the locking bandwidth.

Note that under the resonant RF injection (Farey frac-
tion of 1/1), the locking status and locking bandwidth, in
principle, cannot be experimentally confirmed by the
intermode beatnote spectra. It is because of the frequency
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overlap between the reflected driving RF signal and the
intermode beatnote signal generated from the laser, which
makes it is impossible to distinguish these two signals.
The strong reflection of the driving RF signal is due to the
impedance mismatch between the external circuit and the
THz QCL. We also quantitatively evaluate the reflection
effect by employing an experimental setup shown in
Supplementary Fig. S4. The experimental data are sum-
marized in Supplementary Table S1. It can be seen that
for each input RF power, the reflection (or Sy;) is around
—7 dB, demonstrating that the impedance mismatch
causes significant RF reflection. By assuming that the
power of the resonantly locked intermode beatnote signal
is at a comparable level to that under the Farey tree
locking condition (between —80 and —60 dBm), we can
estimate that under a 0dBm RF driving condition the
power of the reflected RF driving signal is at least 42 dB
higher than the power of resonantly locked intermode
beatnote signal (see Table S1). Because of the big power
difference and frequency overlap between the reflected RF
driving signal and the intermode beatnote signal of the
comb laser, we are not able to distinguish the two signals
and judge whether the resonant locking is achieved or not.
However, the dual-comb measurement can solve the
frequency overlap issue and offer an efficient method to
judge the locking status by showing the spectral lines at
different frequencies (not at the intermode beatnote fre-
quency). It is worth noting that as shown in Supple-
mentary Fig. S5, under resonant injection conditions line-
resolved dual-comb spectra disappear immediately when
the injection power is greater than 10 dBm. It is because
under the high RF power injection, the large phase noise
of the RF synthesizer (see Supplementary Fig. S5a, b) will

be transferred to the comb’s intermode beatnote and
finally destroy the comb and/or dual-comb operation. In
view of this, the measured locking bandwidths under high
modulation power (>10dBm) are represented by grey
squares and these data are not included in the plot of
Arnold tongue in Fig. 4a.

In addition to the locking bandwidth measurement, we
also investigate the RF signal around the repetition fre-
quency as a function of modulation frequency in unlocked
regions and the results are shown in Fig. 5. Enlarged
repetition frequency maps for Farey tree locking at 3/5, 2/
3, 3/4, and 4/5 are shown in Supplementary Fig. S6 to
clearly demonstrate the distinction between locked and
unlocked regions. To accurately describe the influence of
the microwave injection signal on the unlocked repetition
frequency, we perform a measurement by finely tuning
the modulation frequency and automatically monitoring
the unlocked repetition frequency. In Fig. 5a, between the
two locking states with Farey fractions of 3/5 and 2/3, one
can see a clear unlocked region from 3.6347 to 4.036 GHz.
In the unlocked region, the repetition frequency shows a
periodic oscillation with modulation frequency, and the
period is measured to be 38.3 MHz. Similar oscillation
and a period of 38.3 MHz are also observed for the
unlocked region between 3/4 and 4/5 locking states, as
shown in Fig. 5b. It is worth noting that when we switch
off the QCL and tune the modulation frequency, the
measured power of the modulation frequency also
demonstrates an oscillating behavior with the modulation
frequency and the period is equal to 38.3 MHz again (see
Supplementary Fig. S7a). These oscillating behaviors with
an identical period of 38.3 MHz observed in Fig. 5 and
Supplementary Fig. S7a result from the nonideal
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microwave transmission in the entire circuit loop due to
the impedance mismatching. This causes the periodic
change of the effective microwave power as the modula-
tion frequency is varied under the same injection power
level. Furthermore, the increase in injected RF power
introduces significant current modulation and thermal
effects, directly leading to a monotonic increase in the
repetition frequency, as shown in Supplementary Fig. S7b.
Finally, the combined effects bring about periodic oscil-
lations in the repetition frequency with modulation fre-
quency. Because of this oscillating behavior, it is
challenging to achieve the broadband Farey tree locking,
and especially as the hierarchy deepens in the Farey tree
the locking becomes more difficult.

Farey tree locking plateaus

The transition from unlocked to the Farey tree locking
state is of great importance for understanding the
dynamics of the locking process in THz QCL combs. In
the following experiment, we again employ the automatic
instrument control and data acquisition program. In this
measurement, the modulation frequency starts from
2GHz. As the modulation frequency is increased, the
winding number increases accordingly. When the winding
number is close to a Farey fraction, the Farey tree locking
occurs. In the modulation frequency range between 2 GHz
and fep, 10 Farey tree locking plateaus are observed as
shown in Fig. 6a. The width of each plateau corresponds to

the locking bandwidth at the given winding number (or
Farey fraction). The measured locking bandwidths for the
10 plateaus are summarized in Supplementary Table S2.
Similar to what we showed in Fig. 4a, for the 10 plateaus,
the locking bandwidth shrinks with the denominator of
the winding number increases. To clearly show the Farey
tree locking dynamics, in Fig. 6b the intermode beatnote
maps under microwave modulation around different
winding numbers of 2/5, 2/3, and 4/5 are shown. For each
case, as the modulation frequency, foq, increases, fr., will
be firstly pulled to lower frequencies; when the winding
number (fioa/frep) is very close to Farey fractions, side-
bands can be clearly observed, which refers to the strong
interaction between the two frequencies, i.e., fyod and frep;
then the Farey tree locking of f., is achieved, and in the
locking bandwidth f.., increases linearly with the increase
of fioa and the slope is equal to the inverse of the Farey
fraction; finally, as fi,0q is further increased beyond the
locking range, fi, can be no longer locked and broad
peaks occur again. The left and right boundaries of the
Farey tree locking range can be clearly observed in Fig. 6b.
The locking bandwidths for Farey fractions of 2/5, 2/3, and
4/5 are 12MHz, 55MHz, and 500kHz, respectively,
measured using an RF power of 30 dBm.

Dual-comb operation under Farey tree locking condition
In order to further validate the effect of Farey tree
locking, a dual-comb experiment is implemented. The
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Fig. 7 Dual-comb operation with Farey tree locking. a Experimental setup of the dual-comb measurement. Comb 1 and Comb 2 are mounted on
a Y-shape sample holder. The Farey tree locking of Comb 1 and Comb 2 is achieved by modulating the two lasers at frequencies with Farey fractions
of 2/3 (24 dBm) and 1/1 (—20 dBm), respectively. b, ¢ Dual-comb and intermode beatnote spectra recorded in free-running and Farey tree locking
states, measured using an RBW of 10kHz and a VBW of 1 kHz. The insets show the corresponding high-resolution spectra of fie,» (left) and fieps

(right), measured using an RBW of 300 Hz and a VBW of 30 Hz. d Phase noise spectra of different lines marked in (b and c). The offset frequency range
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schematic of the dual-comb experimental setup is shown
in Fig. 7a. Two THz QCL frequency combs, i.e., Comb 1
and Comb 2, are mounted on a Y-shape cold finger®*. The
two comb lasers are configured face to face and no mir-
rors are used for optical coupling between the two lasers.
The two laser combs have identical nominal device
dimensions, i.e., 150 um wide ridge and 6 mm long cavity
length. To operate the two lasers in frequency comb
regimes, the applied drive currents are 990 and 930 mA
for Comb 1 and Comb 2, respectively. The heat sink
temperature is stabilized at 18.6 K. The multiheterodyne
dual-comb signal resulting from the beating between
Comb 1 and Comb 2 is measured using Comb 2 as a fast

THz detector which shows a potential detection band-
width up to 20 GHz*?. The dual-comb spectra are finally
displayed by a spectrum analyzer. The Farey tree locking
with Farey fractions of 2/3 and 1/1 (resonant microwave
injection locking) are applied to Comb 1 and Comb 2,
respectively. In this experiment, the microwave power
used for 2/3 Farey tree locking is 24 dBm, while it is set to
be —20dBm for 1/1 Farey tree locking to avoid large
phase noise introduced by the resonant microwave
injection®’.

Figure 7b shows the measured dual-comb spectrum and
its corresponding intermode beatnotes (frep,1 and fiep,2)
when the two laser combs are operated in free-running
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mode. Since the entire signal is measured using Comb 2
as the detector, the intermode beatnote of Comb 1 (frep,1)
shows a much lower intensity than that of Comb 2 (fep,2).
The high-resolution spectra of free-running frep1 and frep,»
are shown in the inset of Fig. 7b measured with an RBW
of 300 Hz and a VBW of 30 Hz. In free-running mode,
Jrepa and frepo show the frequency drift of 9 and 78 kHz,
respectively. The free-running dual-comb spectrum
clearly shows 10 lines with a line spacing of 5.1 MHz
which is equal to the difference between the two repeti-
tion frequencies. Figure 7c shows the dual-comb spec-
trum under the Farey tree locking condition. Under the
Farey tree locking condition with Farey fractions of 2/3
and 1/1 for Comb 1 and Comb 2, respectively, the two
intermode beatnotes f.p1 and fip, are firmly locked
which can be proved by the high-resolution spectra shown
in the inset of Fig. 7c. Benefiting from the Farey tree
locking bandwidth, we are able to slightly tune the repe-
tition frequency of the QCL combs, as shown in Supple-
mentary Fig. S8. Compared to the dual-comb spectrum in
free-running mode, we can see that under the Farey tree
locking condition, the dual-comb bandwidth is not
extended. This can be expected because the resonant
microwave injection is relatively weak (—20 dBm) to avoid
large phase noise.

Although the dual-comb bandwidth is not broadened by
implementing the Farey tree locking, the stability of the
dual-comb signal should be significantly improved. To
systematically evaluate the stability of different signals, we
perform the phase noise measurements by employing a
phase noise analyzer (see Methods). Figure 7d sum-
marizes the phase noise spectra measured for different
lines marked by scatters in Fig. 7b, c. First of all, it can be
clearly seen that the locked signals, e.g., fip,1 and dual-
comb line in Farey tree locking, always demonstrate much
lower phase noise than their counterparts measured in
free-running mode. Specifically, at 10 Hz, 100 Hz, and
1kHz, the measured phase noise levels of the Farey tree
locked dual-comb line marked by the star in Fig. 7c are
—50.9, —73.6, and —96.1dBc Hz ', while the free-
running dual-comb line marked by the square in Fig. 7b
shows phase noise levels of 51.3, 10.1, and —11.2dBc
Hz !, respectively. More than 100dBc Hz ' improve-
ment in phase noise is obtained at 10 Hz. The lower the
offset frequency, the higher the improvement in the phase
noise. Note that in Fig. 7d the phase noise of f..p» under
resonant injection locking condition is not reported. As
we explained previously, under the resonant RF injection
condition, the frequency overlap and big power difference
between the reflected injecting RF signal (due to the
impedance mismatch) and the intermode beatnote signal
of the laser comb (these two signals are at the same fre-
quency) make it impossible to purely measure the phase
noise of the comb’s intermode beatnote. However, as
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described in ref. '°, under the resonant RF injection with
low RF power (0 dBm), the phase noise of the RF syn-
thesizer will be transferred to the comb’s intermode
beatnote, causing the comb laser to show a comparable
phase noise to that of the RF synthesizer. To show the
general effectiveness of the Farey tree locking, in Sup-
plementary Fig. S9 more phase noise spectra of different
dual-comb lines in free-running and Farey tree locking
mode are shown. It is demonstrated that once the Farey
tree locking is switched on, all dual-comb lines show
improved phase noise levels than the dual-comb lines in
free-running.

Discussion

In Figs. 2-7, we demonstrated that the Farey tree
locking can be observed in THz QCL frequency combs
and it can be further applied for the stabilization of dual-
comb operation. Concerning the Farey tree locking
method, we can summarize its advantages over the reso-
nant injection locking.

First of all, the resonant injection locking normally
works at relatively low RF power, because under high
power RF resonant injection the large phase noise of the
RF synthesizer will be transferred to the comb laser, and
therefore, the comb and/or dual-comb operation will be
destroyed. This effect can be proved by the experimental
data shown in Supplementary Fig. S5. However, the Farey
tree locking proposed in this work can be successfully
implemented without the RF power limitation. Because
the Farey tree locking works at Farey fraction frequencies
which are much smaller than the fundamental intermode
beatnote frequency of the comb laser, the large phase
noise of the RF synthesizer especially under a high RF
power operation condition won't affect the comb or dual-
comb operation. As shown in Fig. 7c, even if the RF
injection power is as high as 24 dBm, the Farey tree
locking functions well and the low phase noise dual-comb
signal is obtained.

Secondly, because the operation frequencies of the
Farey tree locking are smaller than the fundamental
intermode beatnote frequency of the comb laser, in
principle the Farey tree locking technique can sig-
nificantly lower the bandwidth requirement for the
microwave components and/or measurement facilities
(e.g., amplifier, spectrum analyzer, RF synthesizer, etc.)
used in the system. In our experiment, we lower the fre-
quency from 6 GHz (fundamental FSR) to 2 GHz (1/3
Farey fraction frequency). If we consider some short
cavity THz QCL frequency combs, the fundamental
intermode beatnote frequencies can be up to 35 GHz'>"®
which exceeds the operation frequency of most micro-
wave components or measurement facilities. So, the
bandwidth requirement for the resonant injection locking
of these lasers is really high. However, the Farey tree
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locking can lower the operation frequency from 35 GHz
to 10 GHz or even lower, which can dramatically alleviate
the bandwidth burden for the locking and measurement.

Thirdly, the resonant injection locking results in the
frequency overlap between the reflected RF injection
frequency and the intermode beatnote frequency of the
comb laser. Due to the frequency overlap, we are not able
to distinguish the two signals under the resonant injection
condition. This will make it difficult to evaluate the
locking status and locking bandwidths. As we explained
previously, we have to perform the dual-comb measure-
ment to verify if the coherent comb operation is main-
tained especially when the RF injection power is large.
However, by implementing the Farey tree locking, because
the injection frequency and fundamental intermode
beatnote frequency are well separated, we can easily judge
if the locking is successfully achieved and comb coherence
is obtained.

Fourthly, regarding the RF injection locking of a dual-
comb system that has a slight difference in repetition
frequencies, if the resonant double injection technique is
employed the RF crosstalk and strong phase modulation
between the two combs won’t be avoided. This crosstalk
effect can be more critical for an on-chip dual-comb
system'®?“%’, However, by employing the proposed Farey
tree locking, we can intentionally separate the two injec-
tion frequencies (different Farey fraction frequencies) to
avoid the RF crosstalk for the stable dual-comb operation.

Finally, as shown in Figs. 4 and 6, we demonstrate the
Arnold tongues and the fractal structure (or devil’s
staircase) in THz QCLs. These phenomena are closely
related to the nonlinear effects of the semiconductor
devices. Therefore, the Farey tree locking can provide a
tool to study and comprehend the nonlinear and fractal
dynamics in THz QCLs.

Apart from the advantages mentioned above, we have to
point out that there is still room to improve the Farey tree
locking technique. In principle, the fractal structure
depicted in Fig. 2a should extend to infinite deep layers.
However, in this experiment, we can only reach a rela-
tively shallow layer with a denominator of the Farey
fraction of 8. One reason is that for the RF generator used
in the measurements, the maximum output power is
30dBm which strongly prevents us from reaching the
deeper layers of the Farey tree structure. This can be
clearly evidenced by the temporary locking observed for a
Farey fraction of 5/7 (see Fig. 2a). In this situation, due to
the limited injection RF power, the laser is working in a
temporary locking state, i.e., jumping between locked and
unlocked states. Improvements can be obtained by adding
a high power microwave amplifier to further increase the
injection RF power onto the THz QCL chip. It can be
expected that after the effective injection power is
enhanced the Arnold tongue plots for 3/4 and 3/5 Farey
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fractions shown in Fig. 4a will reveal the “tongue” shape.
On the other hand, it is worth noting that the impedance
mismatching in the entire circuit loop leads to strong
transmission line reflections (see Fig. 5). The impedance
mismatching results in the difficulty of achieving broad-
band Farey tree locking. Therefore, by increasing the
microwave injection power and optimizing the impedance
matching, extensions of the Farey tree structure can be
revealed. Note that even under the current power and
impedance mismatching conditions, we can explore the
deeper fractal structure of the Farey tree by further
reducing the frequency tuning step size. For example, as
shown in Supplementary Fig. S10, when the step size is
reduced to 20 Hz, the expected 4/11 plateau is observed. It
is foreseeable that more fractal structures can be revealed
with improved measurement accuracy.

Normally, the devil’s staircase always accompanies the
Farey tree. The Farey tree locking plateaus in Fig. 6
resemble the fractal structure of the devil’s staircase, with
step widths decreasing as the hierarchy of the Farey tree
descends. By calculating the Cantor set formed by the
plateaus in Fig. 6a, the fractal dimension D is determined
to be 0.999 + 0.0008 which shows a pronounced deviation
from the theoretical fractal dimension of 0.87 for the
devil’s staircase®®*’. The deviation is originated from the
fact that the measured plateau width shown in Fig. 6a
does not reach its maximum values due to the limited
injected power and imperfect transmission of the RF
signal due to the impedance mismatching.

In conclusion, we have demonstrated the Farey tree
locking in THz QCL frequency combs under microwave
injection. These Farey tree locking states were obtained by
modulating the comb laser at Farey fraction frequencies
which can be anticipated precisely. Under the Farey tree
locking condition, the linewidth, SNR, and phase noise of
the repetition frequency were significantly improved,
indicating a firm locking of the repetition frequency of the
THz QCL comb. The observed locking plateaus corre-
sponding to the Farey tree also reveal the existence of
fractal structures in the THz QCL frequency comb. To
further validate the Farey tree locking effectiveness, a
dual-comb experiment was carried out. The experimental
results showed that significant low phase noise of the
dual-comb lines can be obtained by implementing the
Farey tree locking technique: 100 dBc Hz ' improvement
in phase noise at an offset frequency of 10Hz. The
demonstrated Farey tree locking approach provides
alternative ways to stabilize THz QCL frequency comb
and dual-comb sources.

Materials and methods
THz QCLs

THz QCLs employed in this work are based on a hybrid
active region design that exploits the bound-to-
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continuum transition for THz photon emission and
resonant phonon scattering for depopulation in the lower
laser state for population inversion. The detailed layer
structure of the proposed active region can be found in
ref. '°. The entire active region of the QCL was grown on
a semi-insulating GaAs (100) substrate using a molecular
beam epitaxy (MBE) system. Then, the grown wafer was
processed into single plasmon waveguide laser ridges with
a ridge width of 150 yum. Finally, 6-mm-long laser bars
were cleaved and indium-bonded onto copper heat sinks
for wire bonding. The CW output power of the THz
QCLs was measured with a THz power meter (Ophir, 3A-
P-THz) using two parabolic mirrors for THz light col-
lection and collimation. The power values shown in Fig.
1b were displayed values on the screen of the power meter
and no corrections were taken into account. During the
power measurement, the lasers were operated in constant
current mode.

Farey tree

The Farey tree is a specific sequence of rational num-
bers generated by applying the Farey-sum (or median)
operation to two adjacent rational numbers. The Farey-
sum operation is defined as follows:

mop_mtp (1)
noq ntq
Here, the variables m, n, p, and g represent positive
natural numbers. A lower-hierarchy Farey fraction is
generated from the two parental nodes of the upper-
hierarchy. The downward generation process results in
the self-similarity between local and global levels of the
Farey tree. Based on the derivation of the Farey-sum, an
infinite number of Farey fractions exist between any two
Farey fractions. In theory, an infinite number of Farey
fractions correspond to an infinite number of Farey tree
locking plateaus, which form the devil’s staircase of a
fractal structure. The locking bandwidth gradually
decreases within the devil’s staircase due to its fractal
nature.

Farey tree locking technique

As shown in Fig. 1a, the Farey tree locking was carried
out by modulating the THz QCL comb at a Farey fraction
frequency. RF generator (Anritsu, MG3693C) with a fre-
quency range from 8 MHz to 31.8 GHz and a power level
from —20 to 30 dBm was utilized to provide a strong RF
signal to modulate the QCL’s current for locking. The
locking state of the repetition frequency of the THz QCL
was monitored using a spectrum analyzer (Rohde &
Schwarz, FSW26).

For the Farey tree locking of the THz QCL dual-comb
source, as shown in Fig. 7a two locks with Farey fractions
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of 2/3 and 1/1 were implemented. For the 2/3 Farey tree
locking, RF generator 1 identical to the one used in Fig. 1a
was employed to lock Comb 1; for 1/1 Farey tree locking,
RF generator 2 (Rohde & Schwarz, SMA100B) with a
frequency range from 8 kHz to 20 GHz and a power level
from —90 to 20dBm was used to lock Comb 2. A
microwave circulator (Ditom, D3C5964) operating in the
frequency range between 5.9 and 6.4 GHz with a mini-
mum isolation of 23dB was used for the directional
injection and detection of RF signals. The intermode
beatnotes, as well as the multiheterodyne dual-comb
signals, were measured using the device itself as a detector
and finally registered on a spectrum analyzer (Rohde &
Schwarz, FSW26). The phase noise spectra shown in Figs.
3¢, 7d, and supplementary Fig. S9c were measured using a
phase noise analyzer (Rohde & Schwarz, FSWP26). For
the phase noise measurement of low power (<—40 dBm)
intermode beatnote and dual-comb signals, the function
of “low-pass filter” with a cutoff frequency of 10 MHz was
switched on to reduce the influence of the
broadband noise.
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