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Anisotropic DLVO-like interaction for charge
patchiness in colloids and proteins

Andraž Gnidovec1, Emanuele Locatelli 2,3, Simon Čopar 1, Anže Božič 4 &
Emanuela Bianchi 5,6

Thebehaviour and stability of soft andbiologicalmatter depend significantlyon
electrostatic interactions, as particles such as proteins and colloids acquire a
charge when dispersed in an electrolytic solution. A typical simplification used
to understand bulk phenomena involving electrostatic interactions is the iso-
tropy of the charge on the particles. However, whether arising naturally or by
synthesis, chargedistributions areoften inhomogeneous, leading to an intricate
particle-particle interaction landscape and complex assembly phenomena. The
fundamental complexity of these interactions gives rise to models based on
distinct assumptions and varying degrees of simplifications which can blur the
line between genuine physical behaviour and artefacts arising from the choice
of a particular electrostatic model. Building upon the widely-used linearized
Poisson-Boltzmann theory, we propose a theoretical framework that – by
bridging different models – provides a robust DLVO-like description of elec-
trostatic interactions between inhomogeneously charged particles. By match-
ing solely the single-particle properties of two different mean-field models, we
find a quantitative agreement between the pair interaction energies over a wide
range of system parameters. Our work identifies a strategy to merge different
models of inhomogeneously charged particles and paves the way to a reliable,
accurate, and computationally affordable description of their interactions.

Electrostatics is omnipresent in soft matter and biology since colloids
andproteins dispersed in an electrolyticmediumare inevitably charged
due to the dissociation of ionizable groups and/or preferential
adsorption of ions from the surrounding solvent1–3. On colloidal sur-
faces, these processes typically lead to charged particles with charge
inhomogeneities that are negligible with respect to particle size
(100nm–1μm). However, they have been recently exploited to syn-
thesize colloids with charged surface patterns engineered to drive
material assembly4–8. In contrast, proteins are intrinsically charged in a
highly uneven fashion as the (de)protonation of their ionizable amino
acids leads to charge inhomogeneities comparable in scale to the pro-
tein size (~1 nm). The resulting surface charge distribution of a protein is

then dictated by the configuration of acidic and basic groups along its
backbone3.

Charge inhomogeneity—or patchiness—has a significant impact
on the behaviour of charged systems, as it is not only highly
directional9,10 but can induce attraction between neutral and even like-
charged objects11,12. Control over charge patchiness can be achieved
both directly via targeted synthesis of colloids or mutagenesis of
proteins and indirectly by inducing changes in the solvent pH3,13. This
makes charge patchiness a convenient parameter for tuning the
properties of electrostatic interactions. Despite the synthesis of
charged patchy colloids with simple surface patterns still being in its
infancy, the experiments conducted thus far highlight the fact that the
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anisotropic nature of interparticle interactions can guide the forma-
tion of aggregates with nontrivial, nonclose-packed architectures14–17.
In protein systems, the intrinsic inhomogeneity of surface charge has
recently emerged as a powerful feature that influences protein
aggregation18,19 and liquid-liquid phase separation3,20,21.

When describing electrostatic interactions between inhomogen-
eously charged particles, the level of detail is usually adjusted to the
phenomenon under consideration. Analytical approaches, which typi-
cally rely on the linearizedPoisson-Boltzmann (PB) approximation, have
a long history (see refs. 22,23 for an overview), with the recent decade
bringing notable advances in analytical solutions for the interactions
between inhomogeneously charged particles23–29. These are, however,
difficult to efficiently evaluate when particles carry complicated pat-
terns of charge and become prohibitively expensive when applied to
large-scale systems. Models of charged patchy particles consequently
rely on simplifications to make them computationally feasible27,28,30,31

and enable large-scale simulations of their assembly in two and three
dimensions32–35. Yet the same simplifications often make it unclear
which assembly properties are a true consequence of patchy particle
interactions and which properties are an artefact of a given model.

Wedevelop a unifying analytical framework that connectsmean-field
descriptions of inhomogeneously charged particles at different levels of
approximation. Within this framework, we obtain an excellent agreement
for pairwise interactions predicted by two distinct electrostatic
models25,27,28 across a wide range of system parameters, which is achieved
solely by matching their single-particle properties. This approach allows
better control over the approximations used in the models, resulting in a
reliable and easy-to-implement description of interactions between
inhomogeneously charged particles. As such, it works as an anisotropic
generalization of the electrostatic component of the DLVO theory23,36.

Reconsidering existing models of charged patchy particles
The two models on which we build our theoretical framework describe
electrostatic interactions between inhomogeneously charged spherical
particles in the linearized Debye-Hückel (DH) regime. To distinguish
between the twomodels, wewill term them IC ("internal charge”) andCS
("charged shell”) and use a suffix to describe whether or not the ions
from the solvent outside the particles are present also inside them (suffix
“i” standing for impermeable and suffix “p” for permeable particles). By

rigorously relating these two models to each other, we can develop a
unified mean-field description of interactions between charged patchy
particles which also allows for a further refinement of the two models.

The IC model was introduced by Bianchi et al.27,28 to describe
interaction patterns of colloids synthesized with differently charged
surface regions4–8. These inhomogeneously charged colloids are typically
ion-impenetrable and thus modelled as impermeable dielectric spheres
carrying a discrete number of point charges {Zi} in their interior (ICi;
Fig. 1a, left). The number andpositions of the point charges are chosen in
such a way that they qualitatively reproduce the symmetries of the
charge pattern on the particle surface. The effective pair interaction
energy in the ICimodel is determinedbyfirst calculating the electrostatic
potential around a single particle and then approximating the pairwise
interaction as the energy of a “probe” particle in the electrostatic
potential of the “source” particle. In the interior of the probe particle, the
original charges must be dressed with an excluded volume factor that
takes into account that the {Zi} are embedded in an impermeable sphere
and thus cannot be approached by solution ions (Methods and Fig. 1b,
left). In the original model by Bianchi et al.27,28 the effective charge was
approximated using the excluded volume factor of the DLVO theory23,36,
i.e., Z *

i = expðκRÞ=ð1 + κRÞZi for all charges {Zi}. We improve on this
approximation by determining the effective charges in a general fashion.
Specifically, we require that the surface electrostatic potential generated
by a permeable particle containing effective point charges matches the
one generated by the point charges of its impermeable counterpart.
Notably, this is done at the single-particle level by matching the leading
terms of the multipole expansion of the electrostatic potentials of the
two particles (Methods and Supporting Information (SI)).

The CS model was introduced by Božič and Podgornik25 with the
aim to describe the electrostatic interactions between virus particles,
which typically possess icosahedrally symmetrical inhomogeneous
charge distributions37. As virus capsids are permeable to solution ions,
this model features inhomogeneously charged particles as permeable
charged spherical shells with a continuous surface charge distribution
σ (CSp; Fig. 1a, right). TheCSpmodel allows for an analytical derivation
of the exact pair electrostatic potential of the two-particle system,
expressing the free energy of pair interaction as the work associated
with moving ions from the bulk of the solution to the particle surfaces
(Methods and Fig. 1b, right).

Fig. 1 | Sketch of the proposed theoretical framework to determine the elec-
trostatic interactions between inhomogeneously charged particles, where red
and blue represent opposite charges. Detailed formulation is given in Methods
and SI. a Essential properties of impermeable internal charge (ICi) and permeable
charged shell (CSp) models. b Basic steps in the determination of the pair

interaction energies within the two models. c Mapping between the two models
achieved by redefining the surface charge distribution of the CSpmodel so that the
surface potential of a single CSp particle matches the one of an ICi particle.
d Comparison of the resulting electrostatic pair interaction energies of the
potential-matched models.
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On the one hand, the ICmodel allows for a fast numerical evaluation
of pair energies but involves several simplifications and cannot reproduce
any arbitrary surface charge distribution. On the other hand, the ability of
the CS model to reproduce a wide array of surface charge distributions
comes at the expense of a larger computational demand. Another
important difference between the two models lies in the fact that ICi
particles are ion-impenetrable while CSp particles are ion-penetrable.

Unifying different electrostatic models by matching single-
particle potentials
In order to unify the two electrostatic models into a single framework,
we define an analytical procedure thatmaps discrete charges of the ICi
model to a continuous surface charge distribution of the CSp model
and bridges the gap between impermeable and permeable particles.
The mapping procedure is based on single-particle properties of the
two descriptions with the aim to extend this match to their pair
interaction energies. This approach is motivated by the recent work of
Everts38, who has shown that such a mapping in the other direction—
from impermeable bodies with a continuous surface charge density to
permeable bodies with point, line, or surface charges—while not
unique, can in specific cases guarantee the preservation of the pair
interaction energy.

Since particle radius R, dielectric constant of the solvent εw, and
Debye screening length κ−1 are all shared between the two models by
construction, the only particle feature that remains to be defined via
thismapping is theparticle charge. Note that, for the sakeof simplicity,
we assume there is no dielectric jump. To obtain the relation between
the ensemble of the discrete charges of the ICi model, {Zi}, and the
surface charge distribution of the CSp model, σ, we require that the
single-particle electrostatic potential ψICi at the surface of an
impermeable particle must be identical to the single-particle electro-
static potential ψCSp at the surface of its permeable counterpart
(Fig. 1c). This can be synthetically expressed as

ψICi∣r =R =ψ
CSp∣r =R ) σ = f ðfZigÞ, ð1Þ

where f(…) represents a generic functional form relating the angular
dependence of the surface charge distribution and the positions of
internal charges. This determines the charge distribution of the CSp
model in such a way that it generates a surface potential identical to
theoneof its ICi counterpart (see SI for detailedderivations). Potential-
matching the two models at the level of single particles results in two
pair energy landscapes: (i) the interaction energy VICi between
impermeable spheres with a discrete distribution of point charges in
their interior (ICi) and (ii) the interaction energy VCSp between
permeable spheres (CSp) with a continuous surface charge distribu-
tion that has been tailored on the basis of the ICi counterpart. The pair
interaction energies of the two models can now be compared,
VICi ↔ VCSp, to verify whether and to what extent they match (Fig. 1d).

From potential-matching to pair interaction energy: homo-
geneously charged particles
An instructive example of our framework is the case of homo-
geneously charged particles. In the ICi model, this corresponds to a
single charge Z placed at the centre of the particle; in the CSp model,
this corresponds to a uniform surface charge distribution
σ(Ω) = σ0 = Q/4πR2 imparting total charge Q to the particle. Our
approach to determine the effective charges used in the ICi pair
potential in this case yields the DLVO excluded volume factor, as
expected23,36. Matching the surface potentials of individual ICi and CSp
particles leads to (see SI)

Q
Z

=
κR

1 + κR
eκR

sinhðκRÞ : ð2Þ

In other words, the total charge of the CSp particle Q has to be mod-
ified in a κ-dependent fashion in order for the surface potentials to
match. The resulting pair interaction energies then alsomatch exactly,
VIC/VCS = 1. If one would instead equate the total charge on the ICi and
CSp particles, Z =Q, this would lead to a κ-dependent difference in the
interaction energies, V IC=VCS = ½κR=ð1 + κRÞ�2 ½e2κR=sinh2ðκRÞ�.

This procedure can be applied to an arbitrary number and dis-
tribution of internal charges in the ICi model and a corresponding
inhomogeneous surface charge distribution in the CSp model. While
the potential-matching between the two models at the level of single
particles is exact, the approximation of the pair energy involves cal-
culation of effective charges fZ *

i g which only corrects for the excluded
volume contribution up to a finite number of terms of the multipolar
expansion (see SI). Evaluating the effects of this approximation for the
effective charges is not straightforward as charge inhomogeneity also
leads to intricate interaction landscapes of interparticle orientations
that are not trivial to scan and compare.

Orientational interaction landscapes of charged triblock and
Janus patchy particles
In colloids and proteins alike, the two types of charge anisotropy with
the lowest symmetry – that of a dipolar Janus particle and of a quad-
rupolar triblock particle – still exhibit a rich and complex array of
assembly and aggregation phenomena also seen in particles withmore
complex charge distributions and as such represent excellent model
systems16,39. Moreover, Janus and triblock charge distributions provide
a good first-order approximation for charge distributions of globular
proteins40–42. The pair interaction energy between these particles
encapsulates the properties of the interactions in the system needed
for both simulations and theoretical evaluations and in general
depends on orientations and relative positions of both particles. Even
for axisymmetric particles, the configuration space is three-
dimensional and thus unfeasible to visualize in its entirety. In order
to carry out a comparison between the pair interaction energies of CSp
and ICi models, we construct a one-parametric rotational path that
includes all highly-symmetric relative orientations of the two particles
at afixed interparticle distanceρ and interpolates them in a continuous
fashion. Thismethod is inspiredbyBrillouin zonepaths used to sample
electronic band structures in crystal lattices. Figure 2 shows the rota-
tional paths with corresponding sketches at most symmetric orienta-
tions, used for triblock particles with quadrupolar symmetry (panel
(a)) and for Janus particles with dipolar symmetry (panel (b)). In the
Janus case, we trace the path twice, with one of the particles reversed
the second time around. Negative energies correspond to attraction in
the radial direction and vice-versa, with expected maxima where like
charges are in close proximity. The radial dependence of the interac-
tion energy is less relevant because it will generally display an expo-
nential fall-off as the interparticle distance increases.We thus typically
study the orientational interaction landscapes when the two particles
are in contact, ρ = 2R. We also note that orientational paths such as the
ones presented in Fig. 2 can be constructed for any charge distribution
by choosing an appropriate set of mutual orientational configurations
of particles and the transitions between them. This set does not need
to be exhaustive (and in fact cannot be for complicated charge dis-
tributions) in order to characterize the orientational pair interaction
profiles to a satisfying degree.

From potential-matching to pair interaction energy: triblock
and Janus particles
We start by examining the interaction energies of triblock patchy
particles, as their orientational pathway is simpler because of their
symmetry (Fig. 2a). To define the size of the charge patches on the
particle poles in a consistent fashion, we use the polar angle θ0 at
which the surface potential vanishes (Fig. 3a), which is the same for
both models by construction (continuous versus dashed lines in
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Fig. 3c). The patch size θ0 in the ICi model is varied by changing the
eccentricity �a=a=R of the off-centre charges Zp (Fig. 3b). The patch
size is the largest when the off-centre charges are close to the central
one, anddecreases in size as they aremoved closer to the surface. This,
in turn, increases the values of the potential at the poles. Two other
important parameters influencing θ0 are the total charge on the par-
ticles, expressed by the dimensionless ratio η = Ztot/∣Zp∣ (Fig. 3c) and
the screening in the system given by κR (Fig. 3d). Going from zero net
charge on the particle to negative or positive net charge acts to either
decrease or increase θ0, respectively (Fig. 3c). As the total charge
increases, it is possible to reach a limit beyond which the surface
potential does not change sign anymore; in that case we do not con-
sider the particles to have charged patches even if their surface
potential is not isotropic. When the net particle charge is fixed, θ0
decreases upon increasing κR (Fig. 3d), i.e., patches become smaller
when the screening in the system is higher.

After mapping the single-particle electrostatic potential at the
surfaces of triblock ICi and CSp particles, we observe that the
resulting pair interaction energies show striking near-equivalence, as
they are almost identical along the entire orientational pathway
(Fig. 3e). This is true not only at contact but also at larger inter-
particle distances. Indeed, formost particle-particle orientations, the
interaction energies in the two models are in excellent agreement
(Fig. 4) regardless whether we vary the strength of screening κR
(panel (a)), the patch size by varying �a (panel (b)), or the total charge
on the particles η (panel (c)). Differences between the two models
only become apparent when the screening becomes large, in parti-
cular at the local extrema of the orientational pathway. We compare
the absolute energy values of three extrema – oneminimum (EP) and
two maxima (PP and sEP) – over a large range of κR at fixed values of
�a for neutral particles (panels (d–f) of Fig. 4) and over a range of total
charge η at fixed values of �a and κR (panels (g–i)). Differences
between ICi and CSp models become visible only when κR ≳ 10 as the
effects of local charge patterns become more pronounced. This
highlights the importance of higher-order terms in the potential
expansion (Fig. S2 in SI) as the determination of effective charges in
the ICi model less accurately reproduces the features of the original
potential, since only a finite number of expansion terms can be

matched. This effect is the most pronounced at large �a where pat-
ches are small in size and large in magnitude, especially in the PP
orientation of the particles (Fig. 4e).

Next, we consider the case of two Janus particles with off-centre
charges in a similar fashion as we did for triblock particles. Due to the
additional asymmetry of Janus particles compared to the triblock ones,
the orientational pathway is more complicated and splits into two
branches upon flipping one of the particles (full and empty symbols in
Fig. 2b). Despite this, once the Janus particles are potential-matched
between the ICi and CSpmodels, their interaction energies exhibit the
same degree of equivalence as they did in the triblock case (Fig. 5). The
discrepancies between the two models again become apparent only
when the screening is large (κR ≳ 10), and are most prominent in the
interaction peaks and in the PP orientation of the two particles in
particular (Fig. 5a). Furthermore, as soon as the particles are not net
neutral, the symmetry around zero between the two orientational
pathway branches is lost due to the interaction of the additional
monopole contribution with the (odd) higher order multipole expan-
sion terms that change sign on particle reversal (Fig. 5b). This effect is
most obvious in the PP orientation where both branches show mark-
edly different net charge dependence. In the lowest order, the
monopolar contribution cancels out for parallel dipoles (full star,
Fig. 5c), while for antiparallel dipoles (empty star, Fig. 5d) it results in
additional attractionor repulsion of the dipoles, depending on its sign.
For larger net charges, nontrivial higher order effects can be observed.

Discussion
Our work demonstrates the connection between different mean-field
representations of pairwise electrostatic interactions between charged
patchy particles with their correspondence based on matching solely
the single-particle surface electrostatic potentials. Using this
approach, we are able to match IC and CS models to have the same
interparticle interaction up to the accuracy that the two models can
provide. The proposed framework serves as a self-consistent tool for
designing and refining anisotropic DLVO-like models, suitable for
large-scale simulations.

Both IC and CSmodels resort to similar simplifications. Foremost,
they are derived in the linear DH approximation, with all its caveats,
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Fig. 2 | Sketches of one-parametric orientational pathways tracing the inter-
action energy along the main orientations between two patchy particles at a
fixed interparticle distance. a Patchy particles with the symmetry of a linear
quadrupole (Triblock) and b patchy particles with the symmetry of a dipole (Janus,
with two symmetric off-centre charges); red and blue represent opposite charges.
The main orientations of the two particles relate the relative orientations of their
equators (E) and poles (P): EP, EE, PP, tEE (transverse equator-equator), sEE (stag-
gered equator-equator), and sEP (staggered equator-pole). Rotations (r) between
configurations along the pathway either rotate one particle around the other (p) or

the particle itself (o) along one of the three coordinate axes (x, y, z). In both panels,
symbols label selected pair configurations and colors mark rotations between two
consecutive ones along the chosen pathway. The empty star in the Janus pathway
mark the PP configuration where one of the particles is flipped upside-down
compared to the PP configuration marked by the full star; analogously, the empty
circle in the Janus pathwaymarks the EP configurationwhere one of the particles is
flipped left-right compared to the EP configuration marked by the full circle. The
interaction energy curves in panels (a) and (b) are sketches that qualitatively
summarize the interparticle interactions.
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and they can be extended to the non-linear (PB) regime using charge
renormalization43,44. In particular, Boon et al.45 developed a method
that allows for the decoupling of different modes in the multipole
expansions of surface charge and electrostatic potential, enabling the
extension of charge renormalization to the non-linear regime also in
the case of inhomogeneous surface charge distributions. This
approach could in principle be applied to our case, provided that the
charge renormalization step is correctly incorporated into the larger
frameworkof themappingbetween ICandCSmodels. The twomodels
further assume that the dielectric constant both inside and outside the
particles is that ofwater,which is a simplification as systems of colloids
or proteins are typically characterised by a dielectric jump. Our
potential-mapping approach can be extended to dielectric particles by
resorting to the known single-particle solution for the electrostatic
potential of a dielectric CSp model46 and using it in the CS pair inter-
action energy to obtain a first-order approximation for the interaction
of impermeable dielectric particles. Bothmodels also assumeperfectly
spherical particles, which is not the case when modelling biological
molecules such as proteins. This could be partially alleviated by using
multiple spherical particles as a coarse-grained model of a more
complex building block47. To describe proteins, the assumption of
fixed charge distributions that do not depend on pH should also be
revisited. However, the inclusion of charge regulation or changes in

particle conformation, both relevant for protein electrostatics3,48,
presents a significant challenge, as it requires dynamic adjustments to
the model in response to external stimuli. Nonetheless, once this
challenge is addressed by developing a suitablemodel, our framework
provides a method to assess the reliability of the model and test it
against explicit electrostatic solutions.

The classic Janus and triblock charge distributions examined in
this work can be realized with reasonable accuracy in synthetic
charged patchy colloids by using state-of-the-art techniques. More
importantly, they represent the leading terms of the multipole
expansion that describes charge distributions of many globular
proteins40–42. If more internal charges are needed to model a complex
charge pattern, the IC and CS models can still be matched: when the
internal charge positions and charges are already given, the corre-
sponding surface charge distribution can be determined to exactly
match the surface potential between the two models. More care is
required in the calculation of effective charges that compensate for
absent screening in the excluded volume within the ICi model. How-
ever, if a suitable finite subset of expansion terms can be found that
best describe the potential features, the relation connecting the real
and effective charges is linear and thus trivial to evaluate (Sec. II of SI).
A similar procedure can also be constructed for the inverse connection
between the models, i.e., when the charge position can be inferred
from the symmetries of the charge pattern, their magnitude could be
determined from the CS multipole expansion coefficients.

The general inverse problem of finding an IC model for a known
surface potential in a CS model – relevant for modelling complex
proteins – is fully non-linear and thus more challenging, because both
optimal positions of internal charges, as well as their number have to
be determined. This requires an iterative procedure that is not limited
to surface charge distributions, but could match volumetric charges
without bringing much additional complexity. Obtaining a carefully
selected point charge distribution as an approximation to a general
charge distribution, permeable or impermeable, can thus be con-
sidered as its own step of the procedure; one such approach has been
described byHoppe40. Our results demonstrate that the single-particle
(IC or CS) model obtained from this generalized problem will result in
an accurate pair interaction energy and subsequently a well-behaved
model of a large-scale system.

A particularly useful application of our framework is the design of
coarse-grained models of proteins, which are typically characterized
by intricate charge distributions. The introduced orientational path-
way (Fig. 2) provides a reference for coarse-grainedmodels and allows
to tune coarse-grained parameters to minimize the differences with
respect to more detailed (and computationally expensive) models.
Such a procedure would preserve the most important electrostatic
features of modelled particles and enable simulation of large multi-
particle systems.

Methods
Governing equations of ICi and CSp models
In both ICi and CSp models, the particles are immersed in a dielectric
solvent with dielectric constant ε (we use that of water, εw = 80) in the
presence of a symmetric monovalent salt with bulk concentration c0.
For simplicity, the dielectric constant inside the particle is assumed to
be the same as outside and there is therefore no dielectric jump across
the particle boundary.

We describe the system in terms of mean-field electrostatics and
use linear Debye-Hückel (DH) theory to derive the electrostatic
potential ψ(r) of two interacting particles:

∇2ψ= κ2ψ, ð3Þ

where, for sake of clarity and generality, we have dropped the
dependency of the potential on spatial coordinates r. Here,

Fig. 3 | Triblock symmetry. aSketchof the electrostaticpotential around a triblock
particle, with patch size θ0 defined as the angle of vanishing surface potential.
b Point charge distribution of a triblock particle in the ICi model, where �a=a=R
describes the relative displacement of positive (patch) charges Zp from the centre,
referred to as eccentricity. c Electrostatic potential of a single triblock particle with
R = 150 nm after potential-matching as a function of the polar angle, at κR = 3 and
�a=0:5. The two models are depicted by solid (ICi) and dashed (CSp) lines. The
potential is shown for particles with different total charge, given by parameter
η = Ztot/∣Zp∣, where we used Zp = 280e. Dotted lines highlight the patch size θ0 for
neutral particles (η = 0). d Patch size θ0 as a function of the distance between the
centre and off-centre charges, �a, in the ICi model at different values of κR.
eOrientational pair interaction energy pathways for the ICi andCSpmodels, shown
at three different interparticle distances ρ. The particles are overall neutral (η = 0)
and the other parameters are fixed (�a=0:5, κR = 3).
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κ =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8πlBc0

p
is the inverse DH screening length which arises due to the

screening ofmonovalent salt ions; lB = βe2/4πεε0 is the Bjerrum length,
with β = 1/kBT and e the elementary charge.

The DH equation (3) determines the electrostatic potential out-
side the two particles ψIC=CS

out in both ICi and CSpmodels. Furthermore,
the same equation holds also for the electrostatic potential in the
interior of the permeable particles of the CSpmodel,ψCS

in . On the other
hand, the potential inside the impermeable particles of the ICi model
must satisfy

∇2ψICi
in = � ρ

εε0
, ð4Þ

where the charge density inside the particles ρ is given in terms of the
positions of the internal (point) charges {Zi}.

Pair interaction energies
The solutions for the pair interaction energies in both ICi and CSp
models are known and have been derived previously25,27,28; here, we
provide a brief summary.

Interaction energy in the ICi model. We approximate the pair inter-
action energy of two ICi particles, VICi, as a symmetrized energy of a
probe particle in the field generated by a source particle27. To properly
carry out this calculation, the probe particle needs to contain effective
charges fZ *

i g that take into account the lack of ions inside it, i.e., the
excluded volume around the bare charges {Zi}. Our derivation of the

effective charges, given in the next Section, improves on the existing
DLVO correction used previously in this model27,28.

The probe particle with effective charges is placed in the single-
particle external potential of an unmodified ICi particle. Since the pair
energy between two particles must be symmetric, we symmetrize the
pair interaction energy by including both the energy of the first par-
ticle in the field generated by the second particle and vice versa:

V ICi =
1
2

X
i22

ψICi
1 ðriÞZ *

i +
X
i21

ψICi
2 ðriÞZ *

i

" #
: ð5Þ

The form of the effective potential energy in Eq. (5) is of the utmost
importance from the viewpoint of simulations, as it can be used, for
instance, as an effective Hamiltonian in Monte Carlo simulations.

Interaction energy in theCSpmodel. Todetermine the pair energy of
two CSp particles, we can derive the electrostatic potential of the
system of two particles as a whole,Ψ12

25. Due to the linearity of the DH
equation, the electrostatic potential of the system is the sum of the
individual potentials generated by each particle, namely:

Ψ12 =A1ψ
CSp
1 +A2ψ

CSp
2 , ð6Þ

where each single-particle potential ψCSp
i is written in the coordinate

systemof its source particle i andAi are (some) constants. The solution
of the governing DH equation that determines the coefficients Ai can
be obtained by writing the electrostatic potential in the coordinate

Fig. 4 | Pair interaction energy of triblockparticles in the ICi (full lines) andCSp
(dashed lines) models. The particles are in contact, ρ/R = 2, and we vary
a screening (κR), b patch size (�a), and c net particle charge (η). Parameter values,
when not varied, are κR = 3, �a =0:5, and η = 0. d–i Comparison of interaction

energies in the two models at specific particle orientations between two particles
(EP, PP, and sEP; cf. Fig. 2) with (d–f) changing screening and (g–i) changing net
particle charge. Dotted vertical lines in panels (d–f) highlight the values of the
corresponding parameters in panels (a) and (c).
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system of a single particle while satisfying the boundary conditions on
both particles simultaneously. To achieve this, one can resort to
addition theorems for the potentials ψCSp

i , resulting in an exact
analytical expression for the electrostatic potential of the entire
system of two particles in the coordinate system of either the first or
the second particle, namely, eΨ1 or eΨ2.

The free energy of this system is obtained via the charging integral
over the surface of both charged particles:

FCSp =
1
2

X
i = 1, 2

I
Si

σi
eΨi

�����
r =Ri

dSi, ð7Þ

where the integral runs over the closed surface of each particle. Finally,
the interaction energy between two CSp particles is obtained as the
free energy required to bring them from infinite separation to a dis-
tance ρ:

VCSp = FCSpðρÞ � FCSpð1Þ: ð8Þ

This leads to a free energy of pairwise particle interaction that can be
written as a multipole expansion25.

Effective charges of probe particle in the ICi model
We determine the effective charges Z *

i of the probe particle within the
IC model by requiring that the single-particle electrostatic potential at

the particle surface of an impermeable sphere is equal to the potential
of its permeable counterpart, namely

ψICp∣r =R =ψ
ICi∣r =R ) 8 i Z *

i = gðfZigÞ: ð9Þ

As both potentials can be expressed through multipole expansions,
the aforementioned mapping consists of matching the expansion
coefficients. While the equivalence is thus exact for an infinite number
of terms, we consider only the leading ones, a choice that depends on
the number and distribution of the point charges. Detailed derivations
for charge distributions with different symmetries are given in
Sec. II of SI.

Data availability
Figure data generated in this study are provided as a Source Data file in
the Zenodo database at https://doi.org/10.5281/zenodo.15065195.
Other data related to the manuscript can be made available upon
request.

Code availability
Data for this study have beenproducedusing the codesmade available
at ref. 49.

References
1. Yang, W. & Rocchia, W. Biomolecular electrostatic phenomena: An

evergreen field. J. Phys. Chem. B 127, 3979 (2023).
2. Hueckel, T., Hocky, G. M. & Sacanna, S. Total synthesis of colloidal

matter. Nat. Rev. Mater. 6, 1053 (2021).
3. Zhou, H.-X. & Pang, X. Electrostatic interactions in protein structure,

folding, binding, and condensation. Chem. Rev. 118, 1691 (2018).
4. van Oostrum, P. D. J., Hejazifar, M., Niedermayer, C. & Reimhult, E.

Simple method for the synthesis of inverse patchy colloids. J. Phys.
Condens. Mat. 27, 234105 (2015).

5. Sabapathy, M., Mathews, R. A. & Mani, E. Self-assembly of inverse
patchy colloids with tunable patch coverage. Phys. Chem. Chem.
Phys. 19, 13122 (2017).

6. Zimmermann, M., Grigoriev, D., Puretskiy, N. & Böker, A. Char-
acteristics of microcontact printing with polyelectrolyte ink for the
precise preparation of patches on silica particles. RSC Adv. 8,
39241 (2018).

7. Kierulf, A. et al. Starch Janus particles: Bulk synthesis, self-assem-
bly, rheology, and potential food applications. ACS Appl. Mater.
Interfaces 14, 57371 (2022).

8. Virk, M. M., Beitl, K. N. & van Oostrum, P. D. J. Synthesis of patchy
particles using gaseous ligands. J. Phys. Condens. Mat. 35,
174003 (2023).

9. Li, W. et al. Charge-induced patchy attractions between proteins. J.
Phys. Chem. B 119, 503 (2015).

10. Kress, R. N. & Jones, M. R. Colloidal interactions get patchy and
directional. Proc. Natl Acad. Sci. 117, 15382 (2020).

11. Adar, R. M., Andelman, D. & Diamant, H. Electrostatics of patchy
surfaces. Adv. Colloid Interface Sci. 247, 198 (2017).

12. Lunkad, R., Barroso da Silva, F. L. & Kosovan, P. Both charge-
regulation and charge-patch distribution can drive adsorption on
the wrong side of the isoelectric point. J. Am. Chem. Soc. 144,
1813 (2022).

13. Kim, Y.-J. et al. Patchy colloidal clusters with broken symmetry. J.
Am. Chem. Soc. 143, 13175 (2021).

14. Noguchi, T. G., Iwashita, Y. & Kimura, Y. Controlled armoring of
metal surfaces with metallodielectric patchy particles. J. Chem.
Phys. 150, 174903 (2019).

15. Lebdioua, K., Cerbelaud, M., Aimable, A. & Videcoq, A. Study of the
aggregation behavior of Janus particles by coupling experiments
and Brownian dynamics simulations. J. Colloid Interface Sci. 583,
222 (2021).

Fig. 5 | Pair interaction energy of Janus particles in the ICi (full lines) and CSp
(dashed lines) models. The particles are in contact, ρ/R = 2, and we vary
a screening (κR) and b net particle charge (η). Parameter values, when not varied,
are κR = 3, �a=0:5, and η = 0. Panels c and d show the dependence of PP peak
energies on the total charge η for both path branches (full and empty symbols,
respectively).

Article https://doi.org/10.1038/s41467-025-58991-0

Nature Communications |         (2025) 16:4277 7

https://doi.org/10.5281/zenodo.15065195
www.nature.com/naturecommunications


16. Naderi Mehr, F. et al. Self-assembly behavior of oppositely charged
inverse bipatchy microcolloids. Small 16, 2000442 (2020).

17. Li, P. et al.Modulating functionality of starch-basedpatchyparticles
bymanipulating architecture and environmental factors. ACS Appl.
Mater. Interfaces 14, 39497 (2022).

18. Guo, Y., Nishida, N. & Hoshino, T. Quantifying the separation of
positive and negative areas in electrostatic potential for predicting
feasibility of ammonium sulfate for protein crystallization. J. Chem.
Inf. Model. 61, 4571 (2021).

19. Zhang, S., Alberstein, R. G., De Yoreo, J. J. & Tezcan, F. A. Assembly
of a patchy protein into variable 2D lattices via tunable multiscale
interactions. Nat. Commun. 11, 3770 (2020).

20. Ausserwöger, H. et al. Surface patches induce nonspecific binding
andphase separationof antibodies.PNAS 120, e2210332120 (2023).

21. Kim, J., Qin, S., Zhou, H.-X. & Rosen, M. K. Surface charge can
modulate phase separation of multidomain proteins. J. Am. Chem.
Soc. 146, 3383–3395 (2024).

22. Besley, E. Recent developments in themethods and applications of
electrostatic theory. Acc. Chem. Res. 56, 2267 (2023).

23. Siryk, S. V., Bendandi, A., Diaspro, A. & Rocchia, W. Charged
dielectric spheres interacting in electrolytic solution: A line-
arized Poisson–Boltzmann equation model. J. Chem. Phys. 155,
114114 (2021).

24. de Graaf, J., Boon, N., Dijkstra, M. & van Roij, R. Electrostatic inter-
actions between Janus particles. J. Chem. Phys. 137, 104910 (2012).

25. Božič, A. & Podgornik, R. Symmetry effects in electrostatic inter-
actions between two arbitrarily charged spherical shells in the
Debye-Hückel approximation. J. Chem. Phys. 138, 074902 (2013).

26. Obolensky, O., Doerr, T. & Yu, Y.-K. Rigorous treatment of pairwise
andmany-body electrostatic interactions among dielectric spheres
at the Debye–Hückel level. Eur. Phys. J. E 44, 1 (2021).

27. Bianchi, E., Kahl, G. & Likos, C. N. Inverse patchy colloids: from
microscopic description to mesoscopic coarse-graining. Soft Mat-
ter 7, 8313 (2011).

28. Stipsitz,M., Bianchi, E. & Kahl, G.Generalized inverse patchy colloid
model. J. Chem. Phys. 142, 114905 (2015).

29. Wu, H., Han,M. & Luijten, E. Dielectric effects on the ion distribution
near a Janus colloid. Soft Matter 12, 9575 (2016).

30. Popov, A. & Hernandez, R. Bottom-up construction of the interac-
tion between Janus particles. J. Phys. Chem. B 127, 1664 (2023).

31. Yigit, C., Heyda, J. & Dzubiella, J. Charged patchy particlemodels in
explicit salt: ion distributions, electrostatic potentials, and effective
interactions. J. Chem. Phys. 143, 064904 (2015).

32. Mathews, R. A. K. & Mani, E. Stabilizing ordered structures with
single patch inverse patchy colloids in two dimensions. J. Phys.
Condens. Mat. 33, 195101 (2021).

33. Ferrari, S., Bianchi, E. & Kahl, G. Spontaneous assembly of a hybrid
crystal-liquid phase in inverse patchy colloid systems.Nanoscale9,
1956 (2017).

34. Wang, G. & Swan, J. W. Surface heterogeneity affects percolation
and gelation of colloids: dynamic simulations with random patchy
spheres. Soft Matter 215, 5094 (2019).

35. Yigit, C., Kanduč, M., Ballauff, M. & Dzubiella, J. Interaction of
charged patchy protein models with like-charged polyelectrolyte
brushes. Langmuir 33, 417 (2017).

36. Verwey, E. J. W. & Overbeek, J. T. G. Theory of the Stability of Lyo-
phobic Colloids (Elsevier, Amsterdam, 1948).

37. Božič, A., Šiber, A. & Podgornik, R. How simple can a model of an
empty viral capsid be? Charge distributions in viral capsids. J. Biol.
Phys. 38, 657 (2012).

38. Everts, J. C. Screened coulomb interactions of general macroions
with nonzero particle volume. Phys. Rev. Res. 2, 033144 (2020).

39. Hong, L., Cacciuto, A., Luijten, E. & Granick, S. Clusters of charged
Janus spheres. Nano Lett. 6, 2510 (2006).

40. Hoppe, T. A simplified representation of anisotropic charge dis-
tributions within proteins. J. Chem. Phys. 138, 174110 (2013).

41. Blanco, M. A. & Shen, V. K. Effect of the surface charge distribution
on the fluid phase behavior of charged colloids and proteins. J.
Chem. Phys. 145, 155102 (2016).

42. Božič, A. & Podgornik, R. pH dependence of charge multipole
moments in proteins. Biophys. J. 113, 1454 (2017).

43. Trizac, E., Bocquet, L. & Aubouy, M. Simple approach for charge
renormalization in highly charged macroions. Phys. Rev. Lett. 89,
248301 (2002).

44. Trizac, E., Bocquet, L., Aubouy, M. & von Grünberg, H.-H. Alex-
ander’s prescription for colloidal charge renormalization. Langmuir
19, 4027 (2003).

45. Boon, N. et al. Screening of heterogeneous surfaces: charge
renormalization of Janus particles. J. Phys. Condens. Mat. 22,
104104 (2010).

46. Božič, A. & Podgornik, R. Anomalous multipole expansion: Charge
regulation of patchy inhomogeneously charged spherical particles.
J. Chem. Phys. 149, 163307 (2018).

47. Pusara, S., Yamin, P., Wenzel, W., Krstić, M. & Kozlowska, M. A
coarse-grained xDLVO model for colloidal protein–protein inter-
actions. Phys. Chem. Chem. Phys. 23, 12780 (2021).

48. Lund, M. & Jönsson, B. On the charge regulation of proteins. Bio-
chem 44, 5722 (2005).

49. Gnidovec, A., Locatelli, E., Čopar, S., Božič, A. & Bianchi, E. ICi and
CSp potentials. Zenodo. https://doi.org/10.5281/zenodo.15123562
(2025).

Acknowledgements
The work is supported by the Austrian Science Fund (FWF) under Proj.
No. Y-1163-N27 (EB and EL), the MIUR grant Rita Levi Montalcini (EL), and
by the Slovenian Research Agency (ARIS) under contracts no. P1-0055
(AB), P1-0099 (SČ and AG), J1-50006 (SČ and AG) and J1-3027 (SČ). All
authors thank Jeffrey Everts for his insights and suggestions. For open
access purposes, the authors have applied a CC BY public copyright
license to any author-accepted manuscript version arising from this
submission.

Author contributions
E.B. and A.B. conceived the idea. A.G., E.L. and S.Č. performed the
theoretical calculations. All authors contributed to the development of
the theoretical framework, discussed the results, and wrote the
manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary information The online version contains
supplementary material available at
https://doi.org/10.1038/s41467-025-58991-0.

Correspondence and requests for materials should be addressed to
Emanuela Bianchi.

Peer review information Nature Communications thanks the anon-
ymous reviewers for their contribution to the peer review of this work. A
peer review file is available.

Reprints and permissions information is available at
http://www.nature.com/reprints

Publisher’s note Springer Nature remains neutral with regard to jur-
isdictional claims in published maps and institutional affiliations.

Article https://doi.org/10.1038/s41467-025-58991-0

Nature Communications |         (2025) 16:4277 8

https://doi.org/10.5281/zenodo.15123562
https://doi.org/10.1038/s41467-025-58991-0
http://www.nature.com/reprints
www.nature.com/naturecommunications


Open Access This article is licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License,
which permits any non-commercial use, sharing, distribution and
reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if you modified the licensed
material. Youdonot havepermissionunder this licence toshare adapted
material derived from this article or parts of it. The images or other third
party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statutory regulation or
exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by-nc-nd/4.0/.

© The Author(s) 2025

Article https://doi.org/10.1038/s41467-025-58991-0

Nature Communications |         (2025) 16:4277 9

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
www.nature.com/naturecommunications

	Anisotropic DLVO-like interaction for charge patchiness in colloids and proteins
	Outline placeholder
	Reconsidering existing models of charged patchy particles
	Unifying different electrostatic models by matching single-particle potentials
	From potential-matching to pair interaction energy: homogeneously charged particles
	Orientational interaction landscapes of charged triblock and Janus patchy particles
	From potential-matching to pair interaction energy: triblock and Janus particles
	Discussion

	Methods
	Governing equations of ICi and CSp models
	Pair interaction energies
	Interaction energy in the ICi model
	Interaction energy in the CSp model

	Effective charges of probe particle in the ICi model

	Data availability
	Code availability
	References
	Acknowledgements
	Author contributions
	Competing interests
	Additional information




