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Abstract 

Predicting the synthetic accessibility of multi-principal element alloys (MPEAs) across the global 

chemical space remains a challenge. In this study, we show that the synthesizability of MPEAs 

across broad compositional and structural spaces can be predicted using a physical model that 

expresses the total energy of any MPEA as a linear combination of energies from lower-

dimensional subsystems. The model is validated with a large computational dataset and supported 

by the experimental synthesis of multiple MPEAs, achieving mean absolute errors near or below 

7 meV/atom on a density functional theory dataset of 135,791 MPEAs spanning 28 metals and up 

to ten components. Its accuracy is comparable to state-of-the-art deep learning models while 

maintaining interpretability through cluster-expansion theory. Moreover, we show that the stability 

of high-entropy alloys can be predicted using a linear combination of energies from lower-

dimensional systems with low errors, indicating a flatter energy landscape at high compositional 

complexity.  
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Introduction 

Multi-principal element alloys (MPEAs) 1-12, including medium- and high-entropy alloys, 

have emerged as promising materials in various fields due to their extensive compositional space 

and potential for diverse applications 9-19. However, predicting the synthesizability of MPEAs 

remains a challenge, which has slowed down the synthesis explorations. Earlier work examined 

HEA formation using binary formation energies as an initial screening approach20. Subsequent 

studies have explored a variety of approaches using machine learning (ML) models and heuristic 

theories3,21-26. However, these models often struggle with limited accuracy and/or 

interpretability27,28. Despite notable progress in predicting synthesizability of MPEA3,21-26 and high 

entropy materials29,30, interpretable physical models for predicting phase stability across global 

chemical space of MPEAs remain lacking. Three key questions persist: 1) Is there a universal rule 

governing MPEA stability? 2) What is the crucial data to reveal MPEA stability across different 

compositions and dimensionality? and 3) What factors limit the accuracy of phase stability 

predictions for MPEAs? 

In this work, we address the above questions by combining theoretical and experimental 

approaches. We present a physical model that can serve as universal model for predicting the 

synthesizability of MPEA with any composition and dimensionality. This model is validated on a 

dataset of 135,791 density functional theory (DFT)-computed MPEA structures covering 28 

typical metals, showing a mean absolute error (MAE) as low as 6.956 meV/atom for predicting 

synthesizability of MPEAs. Such performance matches the state-of-the-art graph neural network 

models31 trained on the same dataset32. The reliability of our computational dataset and stability 

metric can be supported by successful synthesis of nine previous unreported MPEAs and accurate 

prediction of 30 out of 32 experimentally reported MPEAs synthesized below 1273K. It also 

supports the stability rule for MPEAs: the energy and hence stability of a high-dimensional MPEA 
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can be reasonably approximated by a weighted combination of the energies of its lower-

dimensional constituent subsystems. More importantly, we uncover two unprecedented 

phenomena: 1) accurate determination of the synthesizability of any MPEA compositional space 

can be achieved with small datasets; Specifically, when focusing on a subset of MPEA including 

N metals, as few as 𝐶𝑁
3 DFT calculations are sufficient to predict the energy of all corresponding 

MPEAs; and 2) there is a decaying of decomposition energies of higher dimensional MPEA to 

lower dimensional MPEA with the trend being more pronounced when dimensionality goes up.   

Results 

Formation energy and energy above hull 

 

 Fig. 1. Chemical space and data distribution of the MPEA dataset. a, The bottom left triangle 

represents the room temperature phases as elemental metal of selected metal, Mn and Sn marked as “other” 

because the room temperature phases are none of the three phases (BCC/FCC/HCP). The top-right triangle 

distinguishes each metal as either a noble or a non-noble metal; b, Scatter plot of formation energy (𝑬𝐟𝐨𝐫𝐦) 

and energy above hull (𝑬𝐡𝐮𝐥𝐥) for all 4M MPEAs that can be entropically stabilized below 2000 K (the 

stabilization temperature is calculated from 𝑬𝐡𝐮𝐥𝐥/𝑺𝐢𝐝𝐞𝐚𝐥. Here, 𝑺𝐢𝐝𝐞𝐚𝐥 is the ideal mixing entropy, defined 

as 𝑺𝐢𝐝𝐞𝐚𝐥 = 𝒌𝑩𝒍𝒏(𝒏𝐌) with 𝒌𝑩  as the Boltzmann constant and 𝒏𝐌  as the number of metal elements in 

MPEA). Blue and red represent low and high temperatures, respectively. The solid black line represents the 

line 𝑬𝐟𝐨𝐫𝐦 = 𝑬𝐡𝐮𝐥𝐥. Three dashed lines represent the maximum 𝑬𝐡𝐮𝐥𝐥 values of 4M MPEAs that can be 

stabilized at 500 K, 1000 K, and 2000 K, respectively, assuming ideal mixing entropy. 

We create a comprehensive database to investigate the stability of MPEAs with increasing 

compositional complexity. This database includes MPEAs with two, three, four, and five 

equimolar compositions (denoted as 2M, 3M, 4M, and 5M) from 28 metals (8 noble metals and 

20 non-noble metals, Fig. 1a). The 2M, 3M, and 4M MPEAs were generated by enumerating across 
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this 28-metal space, yielding 24,129 (= 𝐶28
2 + 𝐶28

3 + 𝐶28
4 ) MPEAs with distinct compositions. We 

also enumerate all combinatorial space among quaternary equimolar MPEAs that can be entropy-

stabilized below 1273 K with the leftover 24 metals, which yielded another 18,014 equimolar 

MPEAs compositions with five metal elements. For each composition, three different crystal 

structures, FCC, HCP, and BCC, are initialized for DFT calculations, resulting in a total of 126,429 

DFT-optimized MPEA structures. 

The stability of MPEAs is commonly characterized by two quantities: formation energy 

(𝐸form) and energy above hull (𝐸hull). The value 𝐸form is defined as the energy released when 

forming an MPEA from pure elemental phases and 𝐸hull is a generalized measure of stability that 

assesses the largest driving force for an MPEA to decompose into any potential ground state (metal 

or intermetallic) in its high-dimensional phase diagram 33-35. We establish the 𝐸hull  values by 

constructing phase diagrams that include all experimentally reported metals and intermetallic 

phases, as well as all hypothetical low-energy structures hosted in both Materials Project 36 and the 

Open Quantum Materials Database (OQMD) 37,38. This approach results in a competing phase pool 

containing 6,723 metals and intermetallic phases. Particularly, 53, 754, and 11,996 quaternary 

MPEAs are capable of being stabilized below 500 K, 1000 K, and 2000 K, respectively (Fig. 1b). 

Both Eform and Ehull present in Fig. 1b are calculated at 0 K, with the black line (Eform = Ehull) 

indicating cases where decomposition leads to elemental phases. Structural-dependent plots are 

shown in Supplementary Figure 1; the energy distributions across FCC, BCC, and HCP structures 

are similar, and a summary of the number of 4-metal MPEAs stabilized under different 

temperatures and phases is provided in Supplementary Figure 2. To examine the correlation 

between the two stability descriptors and commonly used physical parameters, we adopt the same 

plotting style as in Fig. 1b, coloring the data points by valence electron concentration (VEC), 
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average electronegativity (𝜒ave), and average off-lattice displacement (𝜀ave) (see Supplementary 

Figure 3). These analyses reveal no clear or systematic trends, although compositions with large 

off-lattice displacements generally correspond to instability. These observations further highlight 

the complexity of stability prediction in high-entropy systems, emphasizing the need for models 

that are both predictive and physically interpretable. 

Experimental validation of predicted MPEAs 

Among all MPEA compositions, noble-metal-containing MPEAs emerge as a distinct and 

underexplored group in terms of compositional coverage. As shown in Fig. 2a, this compositional 

space remains relatively underexplored, with only about one hundred reported compositions 

published39-46 from our survey (Supplementary Figure 4 and Supplementary Table 1), in contrast 

to over several thousand papers and compositions reported for other MPEAs 4,47. Furthermore, the 

ease of reducing noble-metal precursors in a hydrogen atmosphere facilitates their synthesis using 

techniques such as scanning probe block copolymer lithography. Notably, Noble-metal-containing 

MPEAs have also garnered significant attention due to their great potential in catalysis and other 

applications1,16,17,39,40,48. Therefore, our experimental validation efforts will primarily focus on 

noble-metal-containing MPEAs. In this work, using high-throughput phase diagram calculations, 

we find 647 ternary, 2,178 quaternary, and 5,478 quinary noble-metal-containing MPEAs that can 

be stabilized below 1273 K with ideal mixing entropy (Fig. 2b). 
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Fig. 2. Previously reported noble metal-containing MPEAs and non-reported MPEAs 

discovered in this work. a, Number of papers published on noble-metal-containing MPEAs from 2000 to 

2024. (Counts are derived from papers listed in the Supplementary References). b, Histogram of the energy 

above hull of the noble-metal-containing 3-5M MPEAs investigated in this work. The dashed lines 

represent where the entropy-stabilization temperature is less than 1273 K. c, STEM images and EDX 

elemental mappings of six synthesized noble-metal-containing 4M MPEAs with different compositions. d, 

STEM images and EDX elemental mappings of three synthesized noble-metal-containing 5M MPEAs with 

different compositions. Scale bars = 10 nm. 

To verify the reliability of using 𝐸hull values as a stability descriptor, we select six quaternary 

and three quinary MPEAs with stable temperatures below 1273K for synthesis (e.g., 𝐸hull <
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𝑆ideal × 1273K). The compounds are: FeNiCuPd, MnFeNiPt, NiCuPtAu, FeNiPdAu, FeNiCuPt, 

FeNiPdPt, CoNiPdPtRh, RuIrPtPdRh, and FeCoNiRhPd (Supplementary Table 2, and Ehull, Eform 

value shown in Supplementary Figure 5). Example of how synthesizability is evaluated can be 

found in Supplementary Note 1. These nine MPEAs are carefully selected based on synthesis 

feasibility and theoretical predictions. We focus on noble-metal-rich compositions due to their 

enhanced reducibility under H2, excluding early transition metals (e.g., Ti, V, Cr), other active 

metals such as Mg and Al, and toxic or volatile elements (e.g., Os, Zn, Sn) for safety and 

experimental limitations. Selection prioritized alloys with low predicted stabilization temperatures, 

high noble metal content, and compositions that are never reported before (with reported 

compounds listed in Supplementary Table 1). It should be noted that even though those materials 

are synthesized as nanoparticles. The size is controlled to be rather large (>50 nm) on purpose, 

which goes beyond the region of typical size-dependent phase stability, which usually limit to less 

than and close to 10 nm49,50. We thus consider the experiment to be comparable to our DFT 

calculations. 

The MEPA nanoparticles (NPs) were prepared by scanning probe block copolymer 

lithography (SPBCL), a technique enabled by Dip Pen Nanolithography51 and Polymer Pen 

Lithography52. (see Methods “Multimetallic nanoparticle (NP) synthesis”) 53-57. In this process, 

various metal precursors with equimolar ratio were dissolved in a block copolymer solution, which 

was then delivered by an atomic force microscope (AFM) tip to form polymer dome arrays on the 

substrate. After thermal annealing treatments, the metal precursors were reduced to form one NP 

in each dome (Supplementary Figure 6). In SPBCL, the amount of metal precursors in the polymer 

inks can be adjusted, allowing precise control of the chemical compositions of single NPs. More 

importantly, the SPBCL-prepared NPs can be heated at high temperatures (up to 1000 °C) without 
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particle aggregation, which is necessary to evaluate the thermal stabilities of MPEAs. The scanning 

transmission electron microscope (STEM) images and energy dispersive X-ray (EDX) elemental 

mappings of 4M (Fig. 2c) and 5M (Fig. 2d) MPEAs confirmed the successful synthesis of all 

predicted stable MPEAs with uniform element distribution and equal element concentrations 

(Supplementary Figure 7 and Supplementary Table 3). The experimental results validated that 

𝐸hull can be a useful metric to assess MPEA stability.  

Elemental stability rules 

In our established dataset of 126,429 DFT-computed MPEAs up to 5 metals, 8,303 MPEAs 

(6.56% of all compounds) with three to five elements are predicted to have stabilization 

temperatures below 1273 K. We consider these MPEAs as synthetically accessible MPEAs. A 

chord diagram (Fig. 3a), which charts the overall elemental compatibility between metals, was 

used to categorize the 28 metals considered in this study into noble metals (colored) and non-noble 

metals (gray). The thickness of each segment in the diagram is proportional to the occurrence 

(𝑛stable
𝑀 ) of each metal (M) appearing in a stable MPEA that can be entropy stabilized below 1273K. 

The connections between segments indicate the occurrence (𝑛stable
𝑀1−𝑀2) when both metals (M1 and 

M2) coexist in an MPEA that can be entropy stabilized below 1273 K. The connections between 

non-noble metals are shown in Fig. 3c. Given the substantial enhancement in catalytic performance 

brought by the inclusion of noble metals, their impact is specifically emphasized in Fig. 3(b, d–k). 
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Fig. 3. Chord diagrams showing the pair-wise elemental stability of MPEAs. a, Pairs between 

all metals. b, Pairs between noble-noble metals. c, Pairs between non-noble metals. (d-k) Pair-wise 

connection for each noble metal (the same color is shown in a). Thickness is set in proportion to the 

probability of finding MPEA with given two metals with stabilization temperatures below 1273 K. Note 

that all chord diagrams from A to K have the same order of elements so that the small font size in D-K can 

be seen using A as a reference. 
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The elemental stability mapping in Fig. 3 provides insights into the compatibilities and 

preferences of metal species within MPEAs. Specifically, we find that Rh and Pt stand out as the 

most compatible noble metals (Fig. 3a, 3b, 3d and 3e), while Ni and Fe are the most compatible 

non-noble metals (Fig. 3a and 3c). In contrast, Ag and Au are the most selective noble metals when 

forming MPEAs (Fig. 3a, 3b, 3j and 3k). Sc, Hf, Zr, and Ta are found to form stable MPEAs with 

a limited range of other metals (Sc: 203, Hf: 370, Zr: 313, Ta: 553). In terms of elemental pairing 

preferences, Rh, Pt, and Ru generally show broad compatibility with most elements, as highlighted 

by the extensive pairing data (Rh: 3175, Pt: 2777, Ru: 2391). In comparison, stable MPEAs 

containing Ag are selectively formed, primarily with Au, Pt, Pd and Zn.  

The observed trends align with general periodic table groupings and proximities; metals 

from the same group (e.g., Pd-Pt, Ru-Os, Ag-Au) or adjacent positions in a row (e.g., Ir-Pt, Ru-

Rh, Rh-Pd) often exhibit higher pairing probabilities. These trends are supported by their close 

atomic properties, such as electronic structure and atomic radius, in accordance with the Hume-

Rothery rules 58. The latter group FCC metals, including noble metals such as Rh, Pt, Pd, and Ir, 

as well as non-noble metals such as Ni and Cu, present enhanced compatibility in MPEAs across 

different structures. This compatibility extends to Fe, Co, Mn, and Cr, aligning with the discovery 

of the Cantor alloy (CrMnFeCoNi) 59 and its various single-phase modifications 1,60-62.  

The elemental stability rules we have uncovered provide insights into previously reported 

experimental efforts on MPEAs (detailed in Supplementary Figure 4 and Supplementary Table 1). 

The MPEAs containing Ru, Pd, Ag and Pt have been frequently investigated, aligning with our 

findings that noble-metal-containing MPEAs tend to be stable (6,928 of the 8,303 stable MPEAs 

contain noble metals). We can also link the high frequency of specific elemental pairs, such as Pd-

Pt, Rh-Pt, and Rh-Pd reported in the literature, to their high probability (thick segment, Fig. 3b). 
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Prior research validating the stability of Ag-Zn in alloys supports our prediction 63,64. In this work, 

the successful synthesis of nine MPEAs incorporating noble metals (Pt, Pd, and Au) with non-

noble metals (Ni, Fe, Cu, Mn, and Cr) further verifies the reliability of the elemental stability rules. 

Universal framework across extended dimensionalities and compositions 

Beyond elemental compatibility, the stability of MPEAs is also influenced by their 

dimensionality - the number of distinct elements in a single-phase alloy. With growing interest in 

the synthesis and application of high-dimensional MPEAs, the challenge lies in the ability to 

predict their stability accurately and efficiently at extended dimensionality. Here, we demonstrate 

that a simple linear model can be used to effectively estimate the stability of MPEAs across various 

dimensionalities.  

The core hypothesis of our model is that the total energy of an MPEA can be expressed as a 

linear summation of contributions from various atomic clusters. These clusters refer to local atomic 

arrangements present in the MPEA structure, defined in the same manner as in the typical cluster 

expansion theory 65. The construction of total energy from energies of different local clusters has 

been widely used in cluster expansion theory 34,65-72, from simple alloys to high-entropy solid 

solutions. This concept can be expressed as: 

𝐸 = ∑ 𝐽𝑖𝑛𝑖

𝑖

+ ∑ 𝐽𝑖𝑗𝑛𝑖𝑗

𝑖,𝑗

+ ∑ 𝐽𝑖𝑗𝑘𝑛𝑖𝑗𝑘

𝑖,𝑗,𝑘

+ ⋯ (1) 

where 𝐽𝑖, 𝐽𝑖𝑗, and 𝐽𝑖𝑗𝑘 represent the energy contributions from singlets (single atom), pairs, and 

triplets, respectively, while 𝑛𝑖, 𝑛𝑖𝑗, and 𝑛𝑖𝑗𝑘 refer to the concentrations or counts of these clusters. 

This formalism has inspired the development of our model, which proposes that the total energy 

of higher-dimensional MPEAs can be approximated by summing the energies of lower-
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dimensional MPEAs, thus closely matching the averaged cluster probability of the target MPEA. 

Specifically, the model can be expressed as: 

𝐸𝑁 ≈ ∑ 𝜀𝑖𝐸𝑀
𝑖

𝑖∈(1,𝐶𝑁
𝑀)

  (2)
 

where 𝐸𝑁 and 𝐸𝑀 represent the total energy of an MPEA with N and M elements, respectively, 

and 𝜀𝑖  is the weighting factor in the summation. To represent an N-element MPEA as a 

combination of its M-component subspaces, a convenient and physically meaningful choice is 

𝜀𝑖 =
1

𝐶𝑁
𝑀 (see Supplementary Note 2), where 𝐶𝑁

𝑀 is the binomial coefficient denoting the number 

of possible M-component combinations from an N-component system. The uniform choice of 𝜀𝑖 

ensures that the energy contributed by the singlet term cancels exactly when averaging over all 

subspaces, thereby reducing the overall cluster probability difference. It also helps conserve the 

elemental concentration across the ensemble of subspaces, as our model focuses on equimolar 

compositions, which lie at the center of the composition space and maximize configurational 

entropy. Numerically, we can use special quasi-random (SQS) structures to serve as the basis of 

MPEAs, as the cluster probabilities will closely approach the random limit 73,74 defined by the 

algorithms used to generate these structures. Utilizing SQS structures allows us to quantify the 

cluster concentrations for each MPEA structure.  
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Fig. 4. Performance of our predictive model. a, The theoretically derived mean absolute error 

(MAE) of predicting energy contribution from selective cluster 4M-10M MPEA using 2M-9M MPEA as 

basis. J0 is used to represent the unit of energy, with the physical meaning being the energy contribution of 

certain cluster, e.g., 𝑱𝒊𝒊, 𝑱𝒊𝒋, 𝑱𝒊𝒋𝒌  respectively. b, The MAE for using DFT-computed total energy of 2M-

9M MPEA to predict 4M-10M MPEAs as a contrast to the theoretical derivation. c, The comparison 

between our physical model with a crystal graph convolutional neural network (CGCNN). Each bar 

represents a single value, not a statistical distribution. 

As a result of setting 𝜀𝑖 as 1/𝐶𝑁
𝑀 while the energy of each MPEA taken from SQS structures, 

the probabilities of pairs, triplets, and higher-order clusters are closely aligned. The differences in 

cluster concentration can be calculated as: 

𝛥𝑛c𝑝
𝑞 = (

1

𝑁
)

𝑝
−

𝐶𝑁−𝑞
𝑀−𝑞

𝐶𝑁
𝑀 (

1

𝑀
)

𝑝
     (3) 
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where 𝛥𝑛c𝑝
𝑞  represents the cluster concentration difference of a cluster with p sites and q species 

when fitting M-dimensional MPEAs using N-dimensional MPEAs as a linear basis (full derivation 

in Supplementary Note 3). Utilizing Equation (2), we can predict the energy of an MPEA of any 

dimension using lower-dimensional MPEAs with the analytic difference of cluster concentration 

determined by Equation (3). To show the quantitative trends, the analytic energy difference 

contributed by self and cross terms of pair interactions can be represented by the top two panels of 

Fig. 4a, while the energy difference contributed by cross term of triplet interactions can be 

represented by the bottom panel in Fig. 4a. For all three clusters shown in Fig. 4a, the energy 

difference decays and approaches zero as M (x value in Fig. 4a) approaches N (indicated as color 

in Fig. 4a). In other words, when fitting high dimensional MPEA energy (𝑁 → ∞) with basis with 

similar but lower dimensionality (𝑀 → 𝑁 − 1), the fitting error for all clusters will approximate 

infinitely to zero. This also indicates that the prediction of high-dimensional MPEA stability will 

be much more accurate as dimensionality goes up. To validate our model with higher-dimensional 

DFT-computed MPEAs, we generate an additional dataset comprising 9,362 DFT-calculated 

equimolar MPEAs ranging from 6M to 10M MPEAs. This includes: (i) a BCC refractory dataset 

containing 6M, 8M, and 9M MPEAs composed of Ti, V, Cr, Zr, Nb, Mo, Hf, Ta, and W; (ii) two 

FCC datasets covering 6M, 8M, 9M, and 10M MPEAs, one constructed from the compositional 

space of Ti, V, Cr, Mn, Fe, Co, Ni, Cu, Zn, and Al, and the other from V, Cr, Mn, Fe, Co, Ni, Cu 

combined with at least one metal from Ru, Rh, Pd, Ag, Ir, Pt, and Au. The fitting errors using 

lower-dimensional basis to predict on the higher-dimensional data are shown in Fig. 4b. Our results 

confirm that low-dimensional MPEAs can reliably estimate the energies of higher-dimensional 

systems. The same trend of MAE evolution (Fig. 4a) is observed when fitting lower-dimensional 

DFT-computed SQS structures to higher dimensions (Fig. 4b), where mean absolute error (MAE) 
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is calculated as the average of the absolute errors between the predicted and DFT total energies. 

Notably, prediction accuracy improves as the dimensionality of the basis approaches that of the 

target system, and tends to converge at higher dimensions, with MAEs as low as 6.956 meV/atom 

when using 8M MPEA basis to predict 9M compositions. The predicted total energies of higher-

dimensional alloys can then be used to construct the convex hull and determine the corresponding 

Ehull values, which can rapidly estimate synthesizability. When comparing with typical Hume-

Rothery descriptors, such as the average and standard deviation of atomic radius and 

electronegativity, the relationship with formation energy is weak, with the maximum absolute 

Pearson correlation coefficient (|PCC|) being only 0.380, as shown in Supplementary Figure 8. 

This further underscores the strength of our physical model in providing both quantitative accuracy 

and physical interpretability. It should be noted that the model is constructed from zero-

temperature total energies; it can serve as a baseline for estimating entropy-stabilization 

temperatures but more accurate estimation of all types of entropies will greatly enhance the 

accuracy of the stability prediction75. Our DFT fitting analysis not only supports the viability of 

previously reported theoretical attempts, which use binary formation energy or pairwise energy to 

predict promising single-phase high-dimensional alloys20,60,76, but also explains why the reported 

fitting errors are much larger than what we obtained and how to improve. 

We also compare the accuracy of our physical model with the state-of-the-art convolutional 

neural network (e.g., crystal graph convolutional neural network (CGCNN))31. In recent work32, 

we showed that CGCNN stands out among several graph neural network models for predicting the 

stability of MPEAs, so we use it for this comparison. By fitting both models with the same dataset, 

our physical model shows similar, and in most cases, better performance compared to CGCNN 

(Fig. 4c), and MAEs are shown in Supplementary Table 4. For target dimensionalities greater than 
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five, the training data for CGCNN consists of all lower-dimensional compositions sampled within 

the same expanded compositional space, rather than the entire dataset of lower-dimensional 

systems. More importantly, our approach requires no training on GPUs or high-performance CPUs 

as all we need to do is to determine coefficient 𝜀𝑖 once the energy basis is computed, while the 

easiest yet effective 𝜀𝑖  is 
1

𝐶𝑁
𝑀 (the comparison with us coefficient is provided in Supplementary 

Figure 9). In particular, when using materials with mixed dimensionalities to predict higher-

dimensional MPEAs, the prediction error can be further optimized as the cluster concentration 

from low-dimensional basis can match better with higher-dimensional MPEAs (detailed in 

Supplementary Note 4, Supplementary Table 5 and Supplementary Figure 10).  

Discussion 

Capabilities and limitations of synthesizability prediction 

The impressive accuracy of our universal framework enables the rapid prediction of MPEA 

energetics and can be readily adapted to estimate synthesizability through Ehull values and phase 

diagram calculations. Although the criterion Ehull < Sideal × T is a rough approximation, it has been 

widely adopted as an effective indicator for predicting stability in compositionally complex and 

high-entropy materials34,77,78. To further evaluate the capabilities and limitations of Ehull beyond 

the nine experiments shown in Fig. 2, we compile 32 additional reported equimolar MPEA 

compositions (Supplementary Table 6), all of which have been experimentally synthesized below 

1273 K. Among these 32 compositions, 30 are predicted to be synthesizable by our DFT-based 

phase diagram calculations. In contrast, for the literature-reported equimolar compositions that 

failed to form a single phase (Supplementary Table 7), all 30 collected compositions exhibit 

positive Ehull - Sideal × 1273K values. Taken together, these results support the use of the criterion 

Ehull < Sideal × T as a reasonable approximation for synthesizability. This further implies that our 
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universal framework (Fig. 4) can be used to rapidly predict the synthesizability of a broad range 

of MPEAs. 

The Ehull values and phase diagram calculations adopted in this work are certainly not perfect 

metric for estimating synthesizability. They may fail to predict the synthesizability and require a 

thorough synthesis design of some MPEAs, particularly for compounds near the synthesizability 

boundary (e.g., Ehull - Sideal × 1273K being close to zero). Incorporating vibrational free energy and 

chemical short-range order (CSRO)34,79-81 would undoubtedly improve accuracy, but such 

calculations remain computationally impractical for large-scale datasets, especially when 

considering hundreds of thousands of compositions across a 28-element space. It would also be 

valuable to account for competition with lower-dimensional disordered phases. However, this is 

also currently infeasible, as it would require mapping the full free energy landscape across all 

relevant phases and compositions, including accurate evaluations of both vibrational entropy and 

CSRO. Given these constraints, the approximation adopted in this study represents the most 

practical and computationally efficient approach for exploring the global MPEA space until now, 

and it is further validated by the successful synthesis of many predicted compounds34,77,78. Finally, 

it is important to note that failure to synthesize a compound after one or two attempts does not 

necessarily imply that the corresponding MPEA is inaccessible. For certain compositions, more 

deliberate synthetic design and systematic experimental efforts are required to fully assess their 

synthesizability. 

Physical interpretations of the universal framework 

The simple linear model we propose is accurate, with MAE as low as 6.956 meV/atom 

(Fig. 4b). The origins of the fitting errors retain full interpretability through cluster expansion 

theory 65,66,82,83. Specifically, the fitting errors come from four major sources: 1) the different 
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contributions from cluster probability due to the mismatch of higher order cluster coefficients 

(detailed in Supplementary Note 3); 2) the missing of higher order cross-interactions in low-

dimensional bases. For instance, there are no A-B-C-D interactions in ternary MPEAs; 3) the 

imperfection of using a finite cell to approximate a random limit, as SQS cannot always ensure 

exact random cluster probability; 4) the possibility of DFT errors in relaxing MPEAs. However, 

as implied by our fitting errors up to quinary MPEAs, the model is already powerful and accurate 

despite these intrinsic sources of errors (Fig. 4). 

Moreover, the expansion and parameterization of Equation (2) may not be ideal for 

predicting MPEAs with CSRO, which will make cluster probability deviate from the random limit. 

However, given that CSRO signal is not very strong in MPEAs and will become weaker, in general, 

when MPEAs go to much higher dimension 34,80,84-86. It should, in general, be reliable to estimate 

the energy of high-dimensional MPEAs with our proposed model, even with the existence of 

CSRO. When needed, a more complicated basis can be developed with the formulism 

approximating a real cluster expansion. Several examples and how they behave are presented in 

Supplementary Note 4 and Supplementary Figure 10. 

The fitting error of our model can be physically interpreted as the generalized mixing 

enthalpy to form a high-dimensional MPEA through equimolar mixing of lower-dimensional 

MPEAs. We observe that the fitting error generally decreases when modelling MPEAs of N 

dimensions as the basis dimensionality (M) approaches N (𝑀 → 𝑁 − 1) (Fig. 4). This suggests 

that the driving force for high-dimensional MPEAs to decompose from N-dimensions to N-1-

dimensions is typically very small. This reveals an unprecedented feature of the thermodynamics 

of ultra-high-entropy alloys: as the dimensionality of MPEAs increases, the decomposition energy 

to lower-dimensional MPEAs diminishes. This discovery could potentially lead to numerous 
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synthetic innovations in MPEAs, as the weaker thermodynamic driving force for the 

decomposition of ultra-high-entropy alloys allows for a variety of kinetically favorable processes 

to be employed in the synthesis of MPEAs. In the current validation dataset, we include exclusively 

equimolar MPEA compositions, which lie at the center of the compositional space and exhibit the 

strongest high-entropy effect. Non-equimolar compositions are not included in our dataset 

primarily due to the vastness of their compositional space, which lacks the constraint of equal 

atomic fractions and is therefore significantly larger and more complex to sample systematically. 

Nevertheless, our physical model is, in principle, applicable to non-equimolar compositions, but 

further exploration of the linear combination coefficients will be needed. 

Building on this thermodynamic interpretation, our physical linear model predicts the 

energy and hence stability of high-dimensional MPEAs using a weighted linear average of the 

lower-dimensional MPEA as basis. Fitting such model eliminates the need for training on GPUs 

or high-performance CPUs. The determination of coefficient is through solving a set of linear 

equations or as simple as setting a weighting factor 𝜀𝑖 =
1

𝐶𝑁
𝑀. For specific subspace of MPEA of 

interest, there is no need to develop a comprehensive training data, instead, one can simply use 

lower-entropy equimolar basis at a given dimension, e.g., ternary or quaternary MPEAs. While 

inspired by the cluster expansion formalism65,82,87, our framework does not involve conventional 

cluster expansion fitting, which would require millions to billions of DFT calculations across a 28-

element space. Instead, we estimate the energy of an N-component equimolar alloy as a linear 

combination of lower-dimensional subspaces. Earlier work has demonstrated that binary 

interaction energetics provide guidance for identifying single-phase candidates in compositionally 

complex alloys20. Building upon this physical foundation, we demonstrate that Cluster Expansion 

concepts can be adapted to justify a more data-efficient and physically interpretable model for 
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predicting MPEA stability. Moreover, the application of our model does not need further relaxation 

using Hamiltonian such as machine learning force field, which are required by the state-of-the-art 

foundational models88. We thus believe this discovery will facilitate the rapid exploration of 

unexplored MPEA space. 

In this study, we employ high-throughput computation to elucidate stability rules for MPEAs 

across compositions and dimensions. We have generated a dataset comprised of binary to quinary 

MPEAs constructed from 28 metal elements. Nine non-reported noble-metal-containing (six 

quaternary and three quinary) MPEAs (with 𝑇stable < 1273 K) were successfully synthesized to 

validate the reliability of our computational evaluation. More importantly, we have revealed that 

a linear physical model can be used to estimate the stability of MPEAs and that this model offers 

accuracy comparable to that of the state-of-the-art deep learning models. We also reveal that the 

prediction of ultra-high entropy MPEAs may be less challenging than previously thought, as the 

mixing enthalpy of forming higher-dimensional MPEAs from lower-dimensional MPEAs 

decreases as the dimensionality goes up. 

Methods  

Multi-principal element alloys (MPEA) structures and phase stability 

All disordered MPEAs investigated in this work were generated using the special quasi-

random structure (SQS) approach.73 The pymatgen package (v2024.5.1) 89 and ATAT codes 90 

were used to generate the SQS structures. Three typical structures, BCC, FCC, and HCP, were 

generated for every composition.3 A supercell consisting of 96 atoms was used for all binary, 

ternary and quaternary structures, a supercell consisting of 120 atoms was used for quinary 

structures. BCC and FCC systems with six or eight metals were modeled using 120- or 144-atom 

supercells; 9-metal systems used 144-atom supercells, and 10-metal FCC systems used 180-atom 

supercells. We have generated a complete dataset for MPEAs consisting of two, three, or four 
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metal elements selected from 28 elements3, and a customized dataset for high-entropy alloys with 

5-10 metals. The structures of competing phases were extracted from the Materials project 36 and 

OQMD datasets 37. We used pymatgen to construct the phase diagram 33,91 and calculate the energy 

above hull (denoted as 𝐸hull, in units of meV/atom) for all MPEAs.  

Electronic structure calculations 

All electronic structure calculations were performed using the Vienna Ab-initio Simulation 

Package (VASP, version 6.2.1) 92-94 with PBE functionals 95 and PAW pseudopotentials 96,97. A 

reciprocal space discretization of 25 k-points per Å-1 was used to sample the Brillouin zone.98 The 

kinetic energy cutoff was 520 eV. The Methfessel-Paxton scheme was used to smooth the partial 

occupancies for each orbital 99, with a smearing width of 0.2 eV. The convergence criterion for the 

self-consistent field (SCF) step was 10−5 eV/atom. Geometric optimizations were executed until 

the force on each atom was less than 0.05 eV.  

Experimental Materials. 

Poly(ethylene oxide)-b-poly(2-vinyl pyridine) (PEO-b-P2VP, Mn = 2.8-b-1.5 kg/mol, 

Mw/Mn = 1.11) and polystyrene (Mn = 10 kg/mol, Mw/Mn = 1.09) were purchased from Polymer 

Source, Inc. All other chemicals were purchased from Sigma-Aldrich and used as received, 

including manganese(II) nitrate tetrahydrate (Mn(NO3)2·4H2O, 99.9%), iron(III) nitrate 

nonahydrate (Fe(NO3)3·9H2O, 99.999%), cobalt(II) nitrate hexahydrate (Co(NO3)2·6H2O, 

99.999%), nickel(II) nitrate hexahydrate (Ni(NO3)2·6H2O, 99.999%), copper(II) nitrate 

hemi(pentahydrate), (Cu(NO3)2·2.5H2O, ≥99.99%), palladium(II) nitrate dihydrate 

(Pd(NO3)2·2H2O, ~40% Pd basis), chloroplatinic acid hydrate (H2PtCl6·xH2O, ≥99.9%), gold(III) 

chloride trihydrate (HAuCl4·3H2O, ≥99.9%), iridium(III) chloride hydrate (IrCl3·xH2O, 99.9%), 

ruthenium(III) chloride (RuCl3, 99.99%), rhodium(III) chloride hydrate (RhCl3·xH2O, ≥99.9%), 



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

 

 

hexamethyldisilazane (HMDS), toluene, and hexane. Pen arrays (type-M, without gold coating) 

used for dip-pen nanolithography (DPN) were purchased from Advanced Creative Solutions 

Technology, Inc. Silicon nitride Transmission Electron Microscopy (TEM) window grids (100 nm 

with 0.1 x 0.1mm windows) and carbon films (15 nm to 25 nm) coated molybdenum TEM grids 

were purchased from Ted Pella, Inc.  

Preparation of polymer solutions. 

Polymer ink solutions were prepared by dissolving PEO-b-P2VP and various metal salts in 

deionized water, with a polymer concentration of 5 mg/mL and total metal salt concentrations of 

4.0 mM. The molar ratio of different metal precursors was controlled to be equal. The pHs of the 

ink solutions were adjusted between 3-4 using HNO3, followed by overnight stirring to ensure 

complete dissolution before use. 39 

Multimetallic nanoparticle (NP) synthesis. 

Scanning probe block copolymer lithography (SPBCL) technology was used to prepare 

multimetallic NPs. In a typical experiment, a pen array was dip-coated with the as-prepared block 

copolymer ink and air dried at room temperature. The pen array was then loaded into a modified 

atomic force microscope (AFM) instrument (XE-150; Park Systems) in a chamber with humidity 

at 80%. TEM grids were first washed with isopropanol and dried under a stream of N₂, then 

rendered hydrophobic by either vapor-coating with HMDS for 12 hours in a desiccator or spin-

coating with a 5% (w/v) polystyrene solution in toluene at 2,500 rpm, followed by baking at 110 °C 

for 2 minutes on a hot plate. The modified TEM grids were used as the patterning substrates and 

transferred into a tube furnace after patterning. The thermal treatment conditions were as follows: 

ramp to 150 °C under H2 in 10 min, hold at 150 °C for 10 h, ramp to 500 °C in 1 h, hold at 500 °C 

for 10 h, ramp to 1000 °C in 1 h, hold at 1000 °C for 2 h, and quench to room temperature. 
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Characterization 

Scanning transmission electron microscopy (STEM) images were taken with a Hitachi HD-

2300 STEM at an acceleration voltage of 200 kV. The composition of various NPs was determined 

with the dual energy-dispersive X-ray spectroscopy (EDS) detectors on the same instrument. 

Elemental mapping and composition quantification were conducted using the Lα peaks for Au, Pt, 

Pd, Ir, Rh, and Ru, and the Kα peaks for Mn, Fe, Co, Ni, and Cu from the EDS spectra. Atomic 

compositions of the NPs were calculated based on EDS spectral analysis with the Cliff-Lorimer 

correction method, with an inherent error of less than 5% due to X-ray absorption and fluorescence. 

Background subtraction in the EDS maps was performed using Thermo Scientific NSS software. 

Data availability:  

All data for reproducing this work have been included in manuscript and supplementary 

information. Source data is provided with this paper. All data generated or analyzed in this study 

are provided in the Source Data file included with this manuscript. There are no restrictions on 

data access. 
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Figure Captions:  

Fig. 1. Chemical space and data distribution of the MPEA dataset. a, The bottom left triangle 

represents the room temperature phases as elemental metal of selected metal, Mn and Sn marked as “other” 

because the room temperature phases are none of the three phases (BCC/FCC/HCP). The top-right triangle 

distinguishes each metal as either a noble or a non-noble metal; b, Scatter plot of formation energy (𝑬𝐟𝐨𝐫𝐦) 

and energy above hull (𝑬𝐡𝐮𝐥𝐥) for all 4M MPEAs that can be entropically stabilized below 2000 K (the 

stabilization temperature is calculated from 𝑬𝐡𝐮𝐥𝐥/𝑺𝐢𝐝𝐞𝐚𝐥. Here, 𝑺𝐢𝐝𝐞𝐚𝐥 is the ideal mixing entropy, defined 

as 𝑺𝐢𝐝𝐞𝐚𝐥 = 𝒌𝑩𝒍𝒏(𝒏𝐌) with 𝒌𝑩  as the Boltzmann constant and 𝒏𝐌  as the number of metal elements in 

MPEA). Blue and red represent low and high temperatures, respectively. The solid black line represents the 

line 𝑬𝐟𝐨𝐫𝐦 = 𝑬𝐡𝐮𝐥𝐥. Three dashed lines represent the maximum 𝑬𝐡𝐮𝐥𝐥 values of 4M MPEAs that can be 

stabilized at 500 K, 1000 K, and 2000 K, respectively, assuming ideal mixing entropy. 

Fig. 2. Previously reported noble metal-containing MPEAs and non-reported MPEAs 

discovered in this work. a, Number of papers published on noble-metal-containing MPEAs from 2000 to 

2024 (Counts are derived from papers listed in the Supplementary References). b, Histogram of the energy 

above hull of the noble-metal-containing 3-5M MPEAs investigated in this work. The dashed lines 

represent where the entropy-stabilization temperature is less than 1273 K. c, STEM images and EDX 

elemental mappings of six synthesized noble-metal-containing 4M MPEAs with different compositions. d, 

STEM images and EDX elemental mappings of three synthesized noble-metal-containing 5M MPEAs with 

different compositions. Scale bars = 10 nm. 

Fig. 3. Chord diagrams showing the pair-wise elemental stability of MPEAs. a, Pairs between 

all metals. b, Pairs between noble-noble metals. c, Pairs between non-noble metals. (d-k) Pair-wise 

connection for each noble metal (the same color is shown in a). Thickness is set in proportion to the 

probability of finding MPEA with given two metals with stabilization temperatures below 1273 K. Note 

that all chord diagrams from A to K have the same order of elements so that the small font size in D-K can 

be seen using A as a reference. 

Fig. 4. Performance of our predictive model. a, The theoretically derived mean absolute error 

(MAE) of predicting energy contribution from selective cluster 4M-10M MPEA using 2M-9M MPEA as 

basis. J0 is used to represent the unit of energy, with the physical meaning being the energy contribution of 

certain cluster, e.g., 𝑱𝒊𝒊, 𝑱𝒊𝒋, 𝑱𝒊𝒋𝒌 respectively. b, The MAE for using DFT-computed total energy of 2M-9M 

MPEA to predict 4M-10M MPEAs as a contrast to the theoretical derivation. c, The comparison between 

our physical model with a crystal graph convolutional neural network (CGCNN). Each bar represents a 

single value, not a statistical distribution. 
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Editorial Summary 

This work introduces a simple and interpretable model that predicts the stability of multi-

principal element alloys. By using energies from lower-dimensional systems, the model achieves 

high accuracy and is validated by experiments. 
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