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of correlated lattice systems
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Multidimensional coherent spectroscopy (MDCS) has been established in quantum chemistry as a
powerful tool for studying the nonlinear response and nonequilibrium dynamics of molecular systems.
More recently, the technique has also been applied to correlated electronmaterials, where the interplay of
localized and itinerant states makes the interpretation of the spectra more challenging. Here we use the
Keldysh contour representation of effective models and nonequilibrium dynamical mean field theory to
systematically study theMDCSsignals of prototypical correlated lattice systems. By analyzing the current
induced by sequences of ultrashort laser pulseswe demonstrate the usefulness ofMDCS as a diagnostic
tool for excitationpathwaysandcoherent processes incorrelatedsolids.Wealso show that this technique
allows to extract detailed information on the nature and evolution of photo-excited nonequilibrium states.

Thedevelopment of ultrashort laser pulses enabled experimental studies of the
nonequilibrium properties of many-body quantum systems on their intrinsic
timescales1–3. Time-resolvedpump-probe spectroscopyhasbecomea standard
tool for exploring the response of correlated electron materials to interband
charge excitations, the transient Floquet states realized under periodic driving,
as well as the relaxation and thermalization processes4,5. However, heating
effects can obscure interesting phenomena, while nonequilibrium processes
with multiple pathways can be difficult to disentangle using traditional
approaches. To gain deeper insights into the dynamics ofmany-body systems,
it is thus important to develop techniques which employ weak pulses, and
which can distinguish between different excitation and relaxation pathways.

Multidimensional coherent spectroscopy (MDCS) is capable of revealing
nonlinear responses of atomic or molecular systems, as well as the out-of-
nonequilibrium dynamics in chemical reactions and protein folding6–8. A
more recent trend is the extension of this technique to lattice systems.A broad
range ofmaterials has been explored with pulses from the Terahertz9–15 to the
optical range16–18,while theoretical studiesofMDCShave so farmainly focused
on spin systems, few-site clusters or one-dimensional models19–29. In this
article, we show how MDCS can be used to study the equilibrium and
nonequilibrium properties of high dimensional strongly correlated electron
systems. By simulating multi-pulse MDCS measurements for prototypical
lattice models using nonequilibrium dynamical mean-field theory (NEQ-
DMFT)30, we demonstrate that weak optical excitations can reveal the nature
of correlated states, the interaction strengths, the relaxation of excited states, as
well as coherent quantum phenomena in strongly correlated materials.

Results
Multi-pulse setup
Conventional transient absorption experiments involve two pulses – a pump
pulse drives the system into an excited state,while the followingprobepulse is

used to detect the pump-induced modifications in the sample. The tunable
time delay between the pump and the probe pulse allows to track the
dynamics of these changes (Fig. 1a). While these and other pump-probe
experiments provide important insights into the nonequilibrium dynamics5,
conventional pump-probe experiments have some limitationswhen it comes
to detecting fine and transient structures during the ultrafast evolution of the
system. The typically strong pump pulse required to generate a detectable
difference in the probed signalwill heat the system, or evendegrade the lattice
structure31. Also, strong interband charge transfers and incoherent back-
grounds can hide short-lived transient high energy states or coherent
dynamics in strongly correlated materials32,33.

In the common four-wave-mixing MDCS setup, three phase matched
non-collinear pumps are applied to excite the sample in a “box" geometry
(Fig. 1b). By alternating the order of the pump sequences, different excita-
tion pathways can be studied34. In photo-current spectroscopy (Fig. 1c), the
optical pumps are combined with electric current detection. This approach
can effectively explore the low-fluence regime, suppress background signals
and improve the spatial resolution35. In this work, we consider a similar
protocol to simulate and analyze the two-dimensional coherent spectra
(2DCS) of prototypical correlated lattice models. We use a fully collinear
setup combining three phase-stable broadband (monocycle femtosecond)
laser pulseswith a direct detection of the induced current signal. The relative
timedelays τ,T and tbetween thepulses canbeprecisely controlled (Fig. 1c).
To study the transient 2DCS signal of a photo-doped nonequilibrium sys-
tem, we excite the system with an additional strong pulse which acts before
or during the sequence of weakmonocycle pulses (time delay tph). The third
order response is obtained by subtracting the single-pulse and two-pulse
contributions to the measured signal. A two-dimensional Fourier trans-
formation within the multi-dimensional time delay space (tph,τ,T,t) trans-
forms (τ,t) into (ωτ, ωt). The dependence of the 2DCS signal on tph and T
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allows to track the evolution and decoherence of nonequilibrium states
(Fig. 1d).

Keldysh contour analysis
We simulateMDCSmeasurements of high-dimensional correlated lattice
systems withNEQ-DMFT, which is based on the nonequilibriumGreen’s
function formalism30. Figure 2b depicts the coherent evolution of the
density matrix of a simple two-level system on the two-branch Keldysh
contour C ¼ Cþ ∪ C�. This contour representation is related to the
double-sided Feynman diagrams in Liouville space6,36, but more familiar
to researchers with a condensedmatter background. The arrows along the

Keldysh contour mark the excitations and deexcitations of the system,
while the colors of the contour segments represent the evolution of the
many-body state. The three pumps induce a third-order response pro-
portional to Sð3Þðτ;T; tÞ / h½½½̂jð0Þ; ĵðτÞ�; ĵðτ þ TÞ�; ĵðτ þ T þ tÞ�i (or
Sð3Þðt1; t2; t3; t4Þ / h½½½̂jðt1Þ; ĵðt2Þ�; ĵðt3Þ�; ĵðt4Þ�i]), where ĵ denotes the
current operator. The three nested commutators generate eight interac-
tion pathways, forming three groups of signals which we denote as
rephasing (R, or echo), non-rephasing (NR) and two-quantum (2Q)
signals, following the convention in ref. 8. For a detailed derivation of the
nonlinear current resulting from the light-matter interaction, see Sup-
plementary Note 4.

Fig. 1 | Multi-pulse setups for pump-probe spec-
troscopy andMDCS. aTwo-pulse setup in a pump-
probe experiment. The pump (blue) and probe
(green) pulses are separated by a delay timeT.bFour
wave mixing realization of MDCS. Four non-
collinear pulses with relative time delays τ, T and t
form a box-geometry. In an optical measurement,
the signal (red) is heterodyned with the last pulse
(green). c MDCS setup with three collinear pulses
(blue) and optical current measurement. An addi-
tional pump excitation (purple) at time tph before
the three blue-shaded pulses can be added to photo-
dope or drive the system into a nonequilibrium state.
The signal (red) is collected by an electric mea-
surement. d A twodimensional Fourier transfor-
mation converts the time delay (τ, t) into (ωτ, ωt).
The signal intensities change as a function of the
time delay T.

Fig. 2 | 2DCS of a two-level system and a single-orbital Mott insulator. a R (red)
and NR (blue) signals of a two level system with energy splitting ωeg, showing up in
the ( − , + ) and ( + , + ) quadrant of the (ωτ,ωt) domain. b Keldysh diagrams
illustrating the excitation and deexcitation pathways associated with the three laser
pulses (blue and red arrows). The colors of the contour segments indicate the state of
the system (black: ground state, cyan: excited state). The real time intervals τ, T and t

between the three pulses and themeasured signal (dashed arrow) are indicated in the
bottom left subpanel. c Hubbard model results for local interaction U, with on-
diagonal R andNR signals due to inter-Hubbard-band excitations and additional 2Q
signals associated with intra-Hubbard band excitations. d Keldysh diagrams and
sketches of the 2Q process. Only the diagrams with the intra-Hubbard band exci-
tation on the upper branch are shown.
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In our two-level system with ground state ∣g
�
and excited state ∣ei

(energy difference ωeg), the three pumps (solid arrows) excite ∣g
� ! ∣ei

(red) or deexcite ∣ei ! ∣g
�
(blue) along the Keldysh contour C. By con-

vention, we fix the signal emission (de-excitation ∣ei ! ∣g
�
, light blue

arrow) at the end of Cþ. In the upper left diagram of Fig. 2b, the pump at
time t3 on the Cþ branch excites the system from ∣g

�
to ∣ei, while the signal

emission at t4 deexites it back to ∣g
�
, so that the system accumulates a phase

expð�i
R t4
t3
ωegdsÞ ¼ expð�iωegtÞ. On the C� branch, the excitation at time

t2 is followedby thede-excitationback to ∣g
�
at t1,which yields an additional

phase expð�i
R t1
t2
ωegdsÞ ¼ expðiωegτÞ. The Fourier transformation of the

total accumulatedphase exp½�iωegðt � τÞ� produces a signal at (−ωeg,ωeg)
on the anti-diagonal in the (ωτ, ωt) domain. A similar analysis can be
performed for the remaining three diagrams in Fig. 2b, and the contribu-
tions can be grouped into rephasing (R) and nonrephasing (NR) signals
appearing in the (− ,+ ) and (+ ,+ ) quadrant, respectively (Fig. 2a). In the
presence of band broadening, theNR signals are weakened compared to the
R signals (Supplementary Note 5).

The qualitative features of this simple two-level system are also found in
the 2DCS signal of a Mott insulating single-band Hubbard model with local
interactionU larger than thebandwidthW. As shown inFig. 2c, the spectrum
for theHubbardmodel features (broadened)R andNRpeaks atωτ≈±U and
ωt≈U. In addition, thismeasurement produces 2Q signals atωτ≈±U andωt

≲ W, representing the excitation and deexcitation processes within the
Hubbard bands. 2Q signals correspond to diagrams where the first two
pumps along the real time axis interact with the system on the same branch
(Fig. 2d).Aweaker (stronger)first excitationωτ, populating states at the lower
(upper) edgeof theupperHubbardband, allows for larger in-bandexcitations
(deexcitations).Consistentwith this, a close inspectionof the intensities of the

2Q signals in Fig. 2c shows that the largest signal appears along a line with
negative slope in the (ωτ,ωt) plane. This effect is evenmore pronounced in a
system with a larger bandwidthW, as shown in Supplementary Fig. 1.

In lattice systemswithmultiple orbitals per site or unit cell, themore
complex electronic structure results in numerous excitation and
relaxation pathways, coherences, and intermediate states with different
characteristic lifetimes, as we will demonstrate with the following
examples.

Revealing the nature of a correlated insulator
Scanning tunneling microscopy, optical conductivity and photoemission
spectroscopymeasurements can reveal the density of states (DOS), gap sizes
and band structures of strongly correlated materials. However, in some
systems, like the layered polaronic insulator 1T-TaS2 or the Peierls distorted
system VO2, dimerizations of atoms or modulations in the stacking
arrangement lead to a nontrivial interplay of band-insulating and Mott
insulating characteristics33,37–40. Determining the nature of an insulator from
the density of states alone is usually not possible. Here we demonstrate that
2DCSmeasurements yield clearly distinct signals for aMott insulator and a
correlated band insulator.

The 2DCS signal of a pureMott insulator (single-bandHubbardmodel
with interactionU = 5 and bandwidthW = 4v, v = 0.25) has been shown in
Fig. 2c, and the corresponding single-particle spectral function is plotted by
the red line in Fig. 3c. The spectral function features a gap of sizeU−W= 4.
A very similar spectral function can be obtained in a correlated dimer setup
inspired by the bilayer stacking arrangement in 1T-TaS2

41, see blue line in
Fig. 3c (the realistic material corresponds to a unit of energy of approxi-
mately 0.1 eV). In this system, the charge gap is a correlated hybridization

Fig. 3 | 2DCS of a correlated band insulator. a Sketch of the correlated dimer
model. The solid bonds with hopping ti form dimers, while the dashed bonds with
hopping to connect adjacent dimers. Excitations within the dimer (purple arrow)
create a doublon/holon state on the dimer. b Charge excitations between dimers
(green arrow) create triply occupied and singly occupied dimers, with additional
electrons or holons in the antibonding or bonding states. c Interacting density of

states of the Mott insulating single band Hubbard model (red) and the dimerized
correlated band insulator (blue). e 2DCS signal from the intradimer (e1) and
interdimer (e2) current for the correlated dimer model. We use different color
ranges since the intensity of the intradimer signal is larger than that of the interdimer
signal. d, f Keldysh diagrams for the indicated features in the interdimer 2DCS
signal.the charge gap is a correlated hybridization.
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gap39,40, controlled by excitations between bonding/antibonding states. We
use a cluster DMFT setupwith intradimer (interdimer) hoppings ti= 2 (to=
0.45) and onsite interaction U = 4. The resulting DOS has two main peaks

separated by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ 16t2i

p
� U ¼ 4:9 and a similar bandwidth as in the

single band Hubbard model.

The 2DCS signal for the correlated band insulator, shown in Fig. 3e,
differs significantly from that of the Mott insulator. We show two spectra
corresponding to the intra-dimer (Fig. 3e1) and inter-dimer (Fig. 3e2)
currents.The intra-dimer signal hasdominantRandNRpeaks at (ωτ,ωt)= (

± 6.7, 6.7). The energy ΔE ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 þ 16t2i

p
þ UÞ=2 ¼ 6:5 corresponds to

the creation of a doublon/holon pair within a dimer (purple arrows in Figs.
3a, b), and the increase to 6.7 is the effect of the small inter-dimer hopping to.
The Keldysh diagrams for the R peak are shown in Fig. 3d2. In addition,
there are satellites at (ωτ, ωt) = ( ± 13.2, 6.7) which involve inter-dimer
charge excitations from/to the ground state (see green arrows in Fig. 3a, b
and the Keldysh diagrams in Fig. 3d1).

The inter-dimer 2DCS signal has a rich structure which reveals addi-
tional excitation and deexcitation processes. Let us focus on the column of
peaks at ωτ = 6.7 in the NR quadrant. This excitation energy indicates a
coupling of the inter-dimer current to the intra-dimer doublon/holon
processes.While the state after thefirst twopulses is still dominated byN=2
dimers, inter-dimerhopping thenproduces charge excitations (N=2,N=2)
→ (N = 1, N = 3) to bonding/antibonding states with energy splittings of
roughlyΔE=5, 9, 13 relative to the ground state (Fig. 3b, f1). The three peaks
marked by the purple ovals in Fig. 3e2 represent inter-dimer singlon-triplon
annihilation processes which bring the system back to the ground state.
Here, the middle peak is split into two subpeaks at ωt = 8.4 and 9.6 by the
effect of the inter-dimer hopping to. The signal atωt< 0.5 reflects intra-band
excitation/deexcitation processes.

There are additional peaks in this quadrant which have a simple
interpretation. For example the peak at (ωτ, ωt) = (8.4, 8.4) corresponds to
the sequence of inter-dimer charge excitation processes sketched in Fig. 3f2,
which involves direct charge excitations to/from the intermediate energy
manifold of the singlon-triplon pairs (N = 1, N = 3). Similarly, the signal at
(ωτ,ωt) = (13, 13) involves the high-energymanifold. The signalswithωτ≈ 0
in Fig. 3e2 (Fig. 3e1) must correspond to intra-dimer (inter-dimer) exci-
tation processes which do not directly couple to the inter-dimer (intra-
dimer) current.

Coherence in multi-orbital systems
Most strongly correlated materials host multiple active orbitals. The non-
trivial interplay of bandwidths, crystal field splittings, Hubbard and Hund
interactions complicates the interpretation of experimental results and the
choice of appropriate parameters for numerical calculations. Here, we show
that 2DCS signals of multi-orbital lattice systems allow to extract the
interaction parameters and the decoherence times of excited states.

We study a two-orbital Hubbard model with Coulomb interaction U,
Hund coupling J, crystal field splitting Δ and orbital-diagonal hopping v,

Ĥ ¼ �P
hiji;a;σ vĉ

y
iaσ ĉjaσ þ

P
i;a Un̂ia"n̂ia#

þP
i;a>bðU � 2JÞn̂ian̂ib �

P
i;a>b;σ Jn̂iaσ n̂ibσ

þ P
i;a>b Δðn̂ia � n̂ibÞ � μN:

ð1Þ

Here,niaσdenotes the occupation of orbital a at site iwith electrons of spin σ,
nia = nia↑+ nia↓, and the sum in the first term is over nearest-neighbor sites.
We solve the lattice model on an infinite-dimensional Bethe lattice, with a
rescaled hopping parameter v= 0.1 corresponding to a bandwidthW= 4v=
0.4 (same for both orbitals). The interactions are chosen asU= 4 and J= 0.7.
The procedure described in ref. 42 is used for the simulation of electric field
pulses.Weplace ourselves close to the spin-state transition between the low-
spin (LS) and high-spin (HS) insulating phases43 in a system with Δ = 2.35
and choose the chemical potential μ corresponding to half filling.

For the analysis of the data, it is useful to consider a simple few-level
scheme which captures the relevant quasi-local processes. In Fig. 4a, we
sketch the ground state manifold (g), which contains all the nearly degen-
erate high-spin and low-spin doublon states, excited states (e1, e2) with
excitation energies ωe1

¼ U � 2J and ωe2
¼ U þ J , second-order excita-

tions (d1, d2) with an additional cost of J and 3J, and a high energy state h.
The two possible direct excitations to e1 and e2 yield the diagonal peaks at
(ωτ, ωt) = ( ± 4.7, 4.7) and ( ± 2.6, 2.6) for the R/NR pathways (Fig. 4b). The
cross peaks at (±4.7, 2.6) and (±2.6, 4.7) demonstrate the couplingof e1 and
e2 through the ground states g or the high energy state h.

In Fig. 4c–g,we showR,NRand2Qsignal intensities as a function ofT,
together with the corresponding Keldysh contour diagrams. The R signals
have clean features. The off-diagonal cross peaks (Fig. 4e) oscillate at the
frequency of ωe1e2 = 2.1, since two of the diagrams are in a superposition
state during T. The diagonal signals (Fig. 4f) show a nonoscillating decay,
since the system is in a population state ∣eihej or jgi g

�
∣ during the intervalT.

In contrast, the NR signals oscillate with multiple frequency components
(Fig. 4c, d), due to their nonrephasing nature.

The feature located at (2.6, 0.7) (Fig. 4g) is a 2Q signal. As revealed by
the Keldysh contour analysis, the first excited state e1 undergoes an addi-
tional Hund excitation involving the formation of an interorbital LS state
(d1) with ωe1d1

¼ J ¼ 0:7 (yellow arrow on the left side of Fig. 4a). During
theT interval, the local state is a superposition state ∣d1

�
g

�
∣, whose intensity

oscillates at the frequency Ed1
� Eg ¼ 3:3 (Fig. 4g). The signals with

energies below ωt < 0.4 represent excitation/deexcitation processes within
the band. By combining such analyses of the dominant signals in the 2DCS
spectrum, the interaction parametersU and J of the simulatedmodel can be
determined.

In the strongly correlated regime U/W≫ 1, the life-time Tp of photo-
excitedcharge carriers,which scales/ exp½U=W�44, ismuch longer than the
time range of our simulations. While this life-time has been studied both
experimentally and theoretically45,46, the decoherence time Td of the charge
carriers has not been accessible before. The decay of the intensities of the
2DCS signals during the waiting time T allow us to extract Td. In Supple-
mentary Tabel 1, we list the coherence times obtained from fits to theNEQ-
DMFT data. These times are comparable to the inverse hopping time ℏ/v≡
v−1 = 10. Note that the signals decay to a nonzero constant, representing the
populated state with a much longer lifetime Tp.

Transient 2DCS of a photo-doped insulator
2DCS can also be used to study out-of-equilibrium systems, for example,
molecular systems after a strong (actinic) laser excitation47. Here, we
demonstrate the power of the method by considering a photo-doped Mott
insulator. The additional photo-doping pulse is applied to the system a time
tph before the three phase stable pumps of the 2DCSmeasurement (Fig. 1c).

We consider the half-filled two-orbital Hubbard model (Eq. (1))
without crystal field splitting (Δ = 0). The other parameters (U = 4, J = 0.7, v
= 0.1) are the same as in the previous example. The ground state g corre-
sponds to theHS insulator (Fig. 5d). Focusing on nearest-neighbor hopping
processes, the photo-doping pulse can only generate a single type of exci-
tation, from high-spin doublons to a singlon-triplon pair (excited state e), at
an energy cost ofU+ J. The 2DCS pulse sequence is applied before, during
and after the photo-doping pulse to trace the excitation process and the
relaxation of the system into a transient nonequilibrium state. As a refer-
ence, Fig. 5a shows the equilibrium 2DCS signal. In addition to the diagonal
peaks at (ωτ,ωt) = ( ± 4.7, 4.7), there exist cross peaks located atωt = 2.1, 0.7,
representing excited state transitions to doubly excited states d1 or d2 (Fig.
5d) at the cost of J or 3J. The feature at (ωτ,ωt) = ( ± 4.7, 6.6) results from an
excited statewith energy 2U− 2J relative to e. Such a state can be reached for
example by a hop of themiddle spin down in configuration e to the right. In
addition, there is a signal close to ωt = 0, representing intra-band excitation
and deexcitation processes.

In Fig. 5g, we plot difference-2DCS spectra (with the equilibrium
signal subtracted) for the indicated delay times tph between the photo-
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doping pulse and the sequence of pump pulses. The signals located at
ωτ = ± 4.7 become negative, revealing the bleaching effect of the photo-
doping pulse, which transfers population from the g state to the e state.
The positive signals indicate the third order response of e. In particular,
the signals located at the columnsωτ = ± J = ± 0.7 ( ± 3J= ± 2.1) represent
the injection of the corresponding energies by the first pump (gray cir-
cles). Such excitations become possible, because the photo-doped
nonequilibrium state contains a significant population of singly and
triply occupied sites (see excitations from e to d1 and e to d2 in Fig. 5d).
Dominant signals associated with such processes appear at emission
energy ωt =U = 4 and ωt =U− 2J = 2.6, see Keldysh diagrams in Fig. 5e,
f). The signal at ωτ ~ 0 and ωt = 4.7 reveals the metallic nature of the
photo-induced transient state (black box).

Discussion
We showed how the 2DCS signals of correlated lattice models can be cal-
culated with NEQ-DMFT and interpreted in terms of Keldysh diagrams for

few-level systems representing quasi-local processes. An advantage of the
real-time approachwith explicit simulation of pumppulses is that it allows to
calculate nonlinear responses without the explicit evaluation of higher-order
correlation functions, and that it can be used to explore the properties of
nonequilibrium states. The 2DCS signals reveal information on the nature of
the ground state, the excitation or relaxation processes and the coherence
times, which are difficult to obtain from standard absorption, conductivity or
photoemission spectroscopy measurements. For example, the 2DCS spectra
can clearly distinguish a simple Mott insulator from a correlated band
insulator with dimerization, because themore complex energy level structure
of the latter system leads to a much richer 2DCS signal. Similarly, the 2DCS
spectra of multi-orbital Mott systems clearly reveal the relevant interaction
parametersU and J, and the activationof newdegrees of freedom(likemobile
singlons and triplons) in a photo-doped Mott state.

2DCS can measure nonlinear responses with a series of weak probe
pulses,whichdonot significantlyperturb theprobedmany-body state. In the
present study, we have focused on a collinear setup within a Bethe-lattice-

Fig. 4 | 2DCS of a two-orbital Hubbard model near a spin-state transition.
a Relevant configurations for the spin crossover model: ground state g, excited state
e1, e2, doubly excited state d1,d2, possible high energy state h. b 2DCS signal for a
given waiting time T. c–g Signal intensity as a function of T and corresponding

contour diagrams corresponding to the blue lines for the NR off-diagonal cross peak
(c), NR diagonal peak (d), R off-diagonal cross peak (e), R diagonal peak (f) and 2Q
signal (g). Orange lines share the properties of the blue lines, but correspond to a
different excitation process (e1 or e2).
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type construction that does not exploit the polarization of the light. In more
realistic simulations, additional information could be obtained by varying
the geometry, polarization vectors, and relative phases of the pump pulses.

Methods
Nonequilibrium dynamical mean-field theory
Given a time dependent Hamiltonian ĤðtÞ, a contour ordered correlation
function on the three-leg Kadanoff-Baym contour C is defined as30

CABðt; t0Þ ¼ T CÂðtÞB̂ðt0Þ
� � ¼ 1

Z
Tr TCe

�i
R

C
d�tHð�tÞÂðtÞB̂ðt0Þ

h i
: ð2Þ

Here, T C denotes the contour time ordering operator. The integral over the
Matsubara-branch of the three-leg contour, divided by the partition sum Z,
corresponds to the density matrix of the initial state.

Using a cavity construction, dynamical mean field theory (DMFT)
maps the lattice problem to an effective impurity model with a self-
consistently determined bath, represented in action form by the hybridi-
zation function Δðt; t0Þ48. The solution of the impurity model yields the
impurity Green’s function,

Gðt; t0Þ ¼ �i
1
Z
Tr T Ce

�i
R

C
d�tĤ locð�tÞ�i

R
C
d�td�t0cyð�tÞΔð�t;�t0Þcð�t0 ÞĉyðtÞ̂cðt0Þ

h i
; ð3Þ

where for simplicity, we omitted spin and orbital indices. The DMFT
self-consistency loop defines Δ in such a way that the impurity Green’s
function becomes identical to the local lattice Green’s function. In the

case of the infinitely conneced Bethe lattice, one can derive a direct
relation between these two functions: Δðt; t0Þ ¼ hðt0ÞGðt; t0ÞhðtÞ, where
h(t) is the (properly renormalized) nearest-neighbor hopping48. We also
use such a relation to approximately treat other lattices, like the
dimerized chain39. The non-cross approximation (NCA) is used as a
nonequilibrium impurity solver49.

Through the self-consistently determined hybridization function, the
nonequilibrium DMFT approach captures the time-evolving state of the
lattice system, including collective excitations50. This distinguishes our
nonequilibrium DMFT framework from a non-selfconsistent perturbative
treatment of 2DCS, as used for example in ref. 51.

The electric current in the lattice model is given by

jðtÞ ¼ ĥjðtÞi ¼ ie
X
i;j;s

hijRijĥcyjsðtÞ̂cisðtÞi ¼ e
X
i;j;s

hijRijG
<
ij;sðt; tÞ; ð4Þ

where Rij is the vector connecting site i and j and hij the corresponding
hopping amplitude. It can be directly calculated when the sites i and j are
included in the DMFT impurity problem (e. g. for the dimer). The none-
quilibriumDMFT estimate for the electric current between impurity (i) and
bath (j) sites is52

jðtÞ ¼ �ie
X
ij

Rij½Gi � Δj�<ðt; tÞ; ð5Þ

where * is a convolution onC andΔj is the hybridization function associated
with the hopping to j.

Fig. 5 | 2DCS of a photo-doped two-orbital Hubbardmodel. a Equilibrium 2DCS
signal for the high-spin insulator.b, cKeldysh diagrams of prominent signals.d Spin
configurations for the ground state g, excited state e, doubly excited states d1,d2 and

metastable states m1,m2. e, f Keldysh diagrams of relevant signals in the difference
spectrum. g 2DCS difference spectra for a photo-doped system at the indicated
pump delay times tph = − 10, 0, 6 and 16 relative to the 2DCS measurement.

https://doi.org/10.1038/s41524-025-01619-0 Article

npj Computational Materials |          (2025) 11:127 6

www.nature.com/npjcompumats


Nonlinear current
The current calculated above is nonperturbative and contains the response
to the excitation to all orders. To extract the second (2nd) or third (3rd)
order contribution to the electric current, we subtract the lower order cur-
rents. Applying the three incomingweak laser pulsesA,B,C at time 0, τ, and
τ + T, we thus obtain the second and third order current responses by
calculating

JAB2ndðτ; tÞ � JABðt þ τÞ � JAðt þ τÞ � JBðt þ τÞ;
JABC3rd ðτ; tÞ � JABCðt þ τ þ TÞ
� JAB2ndðt þ τ þ TÞ � JAC2ndðt þ τ þ TÞ � JBC2ndðt þ τ þ TÞ
� JAðt þ τ þ TÞ � JBðt þ τ þ TÞ � JCðt þ τ þ TÞ;

ð6Þ

where JXðTÞ denotes the currentmeasured at timeT in the presence of the
pulse combinations X = A, B, C, AB, BC, and ABC. A 2D Fourier trans-
formation t→ωt, τ→ωτ then yields JAB2ndðωτ ;ωtÞ and JABC3rd ðωτ ;ωtÞ. Finally,
we take the absolute value IABC3rd ðωτ ;ωtÞ � jJABC3rd ðωτ ;ωtÞj for the analysis of
the spectra.

Electric field pulses
In a gauge with pure vector potential, the effect of an electric field is to dress

the hopping amplitudes with a complex Peierls phase ϕijðtÞ ¼
R Rj

Ri
Aðr; tÞdr,

hijðtÞ ¼ hije
iϕijðtÞ: ð7Þ

The vector potential itself is the time integral of the electric field of the laser,

Aðr; tÞ ¼ � R t
0 dt

0Eðr; t0Þ. To generate a broad band excitation for 2DCS,
we use a broadened delta function in time as the vector potential

AðtÞ ¼ A0
1ffiffiffiffi
2π

p
σ
e�

ðt�t0 Þ2
2σ2 . Specifically, we use σ = 0.2 for the single-orbital

Hubbard model and correlated dimer model, and σ = 0.25 for the two-
orbital Hubbard model. The corresponding power spectrum of the electric
field is jEðωÞj2 ¼ A0ωe

�σ2ω2
.

For the photo-doping in the transient 2DCS simulations, we employ a
strong multi-cycle electric field pulse

EðtÞ ¼ E0
1ffiffiffiffiffi
2π

p
σ
e�

ðt�t0 Þ2
2σ2 sinðω0ðt � t0ÞÞ: ð8Þ

Here, the pulse frequency ω0 (comparable to the gap size) is chosen to
maximize absorption and the width of the envelope σ is large enough to
accommodate multiple cycles.

Data availability
Data for the manuscript or supplementary information is provided upon
reasonable request.
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