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We propose a multi-particle ‘which-path’ gedanken experiment with a quantum detector. Contrary to
conventional ‘which-path’ experiments, the detector maintains its quantum state during interactions
with the particles. We show how such interactions can create an interference pattern that vanishes on
average, as in conventional ‘which-path’ schemes, but contains hidden many-body quantum
correlations. Measuring the state of the quantum detector projects the joint-particle wavefunction into
highly entangled states, such as GHZ's. Conversely, measuring the particles projects the detector
wavefunction into desired states, such as Schrodinger-cat or GKP states for a harmonic-oscillator
detector, e.g., a photonic cavity. Our work thus opens a new path to the creation and exploration of
many-body quantum correlations in systems not often associated with these phenomena, such as
atoms in waveguide QED and free electrons in transmission electron microscopy.

The double-slit experiment with matter waves (Fig. 1a) is one of the most
famous experiments in the history of physics'™. A core concept behind the
double-slit experiment is ‘which-path’ information (Fig. 1b). Any attempt to
observe the path taken by a particle will inhibit it from forming an inter-
ference pattern’. The ‘which-path’ concept became the textbook example of
complementarity in quantum mechanics, i.e., the inability to simultaneously
measure certain properties of quantum systems, such as a particle’s position
and momentum. ’

The story of ‘which-path’ information was later connected to weak
measurements’. When a measurement device (i.e., detector) provides partial
information about a particle trajectory, for example via a weak interaction, it
does not fully inhibit the formation of the interference pattern but instead
decreases its visibility’. Many other variants of ‘which-path’ experiments
have been proposed, such as delayed choice’ and quantum eraser™"
experiments. These works and many others highlight many of the mysteries
of quantum mechanics, and as popularized by Feynman: “it (the double-slit
experiment) contains the only mystery”".

However, there is a key ingredient to quantum mechanics missing
from the conventional which-path experiment: quantum entanglement.
The conventional experiment concerns the measurement of single-particle
observables, whereas observing entanglement requires the measurement of
multi-body correlations'”.

Here we propose a multi-particle which-path experiment,
revealing many-body correlations that can be created using the
universal concept of ‘which-path’ information. We show what
operations create multi-particle entanglement in the limited space of
symmetric states”’, and what operations reach the full exponentially
large many-body Hilbert space.

At the heart of every ‘which-path’ experiment lies the measurement of
the path, which causes the collapse of the particle trajectory due to its
interaction with the detector. The detector’s state becomes entangled with
the particle’s trajectory. We show that if the detector preserves its quantum
state between its interactions, the trajectories of the different particles can
collectively interfere. Then, although the interference pattern still vanishes
on average, strong quantum correlations between the particles emerge.

The concept we propose applies to a wide range of quantum systems.
Fig. 1 illustrates this concept, depicting a double-slit setup together with the
analogous quantum circuit. We compare three options. Fig. lal: conven-
tional interference pattern with no detector, Fig. 1b1: conventional ‘which-
path’ with a classical detector that destroys the interference, and Fig. 1cl: a
quantum detector that preserves coherence between interactions and thus
creates multi-particle quantum correlations.

The analog quantum circuit represents the two paths of the particle
using qubit states |0) and |1). The splitting and interference of the trajec-
tories are represented by Hadamard gates. The two orthogonal final inter-
ference patterns are identified using |0) and |1) after the Hadamard gate,
with |0) being the ordinary interference pattern without the detector. The
detector’s ‘which-path’ measurement is a conditional operator that entan-
gles the detector with the particle. To model the conventional ‘which-path’
experiment, we reset the detector state after interacting with each particle.
The reset randomizes the particle measurement outcomes and diminishes
the interference pattern. In contrast, if the detector preserves its quantum
state between interactions with all the particles, their measurement outcome
becomes correlated.

We consider two quantum detector models: either a fermionic or a
bosonic system. The former is a qubit state describing a binary “yes/no”
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Fig. 1 | The multi-particle ‘which-path’ experiment: implementations in double-
slit setups, with analog quantum circuit representations. (al). Conventional
‘which-path'experiment: with no detector, the particle is split into two paths that are
later combined, creating an interference pattern. a2 The Hadamard H gate repre-
sents both the splitting and combining of the paths. bl Conventional ‘which-path'
experiment: a classical detector in one of the paths destroys the interference pattern.
b2 The detection can be modeled using a unitary operator changing the detector
state conditioned on the particle state. Each R gate resets the detector state such that

i~ -

it has no memory. c1 *Which-path' experiment with a quantum detector: the
detector interaction entangles it with the particles, resulting in multi-particle
quantum correlations. ¢2 Without the R gates, the detector correlates the particles
because its state is maintained between its interactions with them. The detector can
be modeled by conditional gates such as CNOT for a qubit detector or conditional
displacement for a harmonic-oscillator detector. The latter case is analyzed below,
denoted by D(g) with interaction strength g, describing for example a photonic
cavity.

measurement outcome. The latter is a quantum harmonic oscillator
describing a photonic or a vibrational mode excited by the particle. The
fermionic detector implements a Pauli X gate, and then the ‘which-path’
experiment generates the highly entangled Greenberger-Horne-Zeilinger
state'”. The bosonic detector implements a conditional displacement, and
then the ‘which-path’ experiment generates a many-body quantum walk'’.

We focus below on the bosonic detector, which could be implemented
in a wide range of systems. We exemplify the implications using two con-
crete systems: quantum emitters such as atoms or quantum dots emitting
light into a common mode, such as a waveguide or cavity'*"’, or free elec-
trons interacting with a cavity before interfering in a transmission electron
microscope (TEM)’. In both systems, we show how to create many-body
correlations and how to control the corresponding detector state, for the
generation of desired quantum photonic states.

Results

Quantum circuit model

The interaction of each particle with the detector’s harmonic oscillator state
can be modeled using a conditional displacement operator'®:

CD(g) =I1®[0)(0] + D(g) ® [1)(1]

D(g) = e’ ¢, M

Here, |0),|1) are the particle states corresponding to the different paths, and
a', a are the creation and annihilation operators that act on bosonic detector
states denoted by [} ;,. The displacement operator D(g)" depends on the
particle-detector interaction strength represented by the (complex)
parameter g, satisfying D(g)|a), = |+ g),, for every coherent state
lo)p, = €~ - S 0f|n ph> With [1)
A classical detector is modeled by applying the gates H - CD(g) - H on

the joint particle-detector wavefunction and then tracing out its state. Then,
using the formula for the inner-product of two coherent states
(Bla) = 29 +BP=28"8)17 the final state of each particle becomes a mixed

1 being the number states.

density matrix:

114 ek 0
Pr=3 ( 0 1 — e ilef ) @

The purity of this stateis y, = tr(p}) =141lele ' As|g| increases, the state
transitions from completely pure (perfect interference fringes, weak or no
detection) to completely mixed (no fringes, strong detection). For strong
detection (large |g]), the chance to measure all the k particles in the original
fringe (state |0)) is exponentially small in the number of particles (2_").

Creating the many-body quantum state
We now consider the same experiment but with the quantum detector. The

final joint particle-detector state is |1//f> = (H -CD(g)-H ) ®k|0) ®k|0) ph- It

is convenient to define the non-unitary operators C, = 1(I+D(g)), in
which case the final state can be written as:

k
) =D D 101" @ CLCE o)y, 3)

n=0 perm

Formally, >, represents the sum over all unique sequences [s;s, . . . sk>
where each s; is either 0 or 1, and the total number of zeros is # and the total
number of ones is k — 1. The probability to measure 7 particles in the state
|0) and k — n particles in the state |1) is then (SM1.1):

(=1)" [k S22 a0\ £ 2(k — n) T
=G ()3 3 () ()7 Jeweermn
4)

13,18

This process is akin to a random walk with quantum coin tosses
deciding whether to displace the detector state at each step. The same final
state is reached through different paths, ie., different sequences of dis-
placements. These paths constructively interfere and thus, for strong
interactions, the probability of measuring all k particles in the same final
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Fig. 2 | Quantum correlations in the particles and in the detector. (a,b). Particle
correlations: Comparing the “which-path” variants with classical (a) and quantum
(b) detectors. The probability to measure # of the total k = 6 particles in the |0) state is
presented as a function of the particle-detector coupling strength g (al, bl), showing
strong anti-correlations in the limit of strong coupling (a2, b2). ¢ Detector
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correlations: The state of the quantum detector (a quantum harmonic oscillator)
presented in the p (c1) and x (¢2) quadratures, as a function of the coupling strength,
post-selected on all particles measured in the |0) state. The Wigner function in the
limit of strong coupling (c3) is highly non-Gaussian, taking the form of a (GKP-like)
grid of coherent states.

state is approximately ﬁ (see methods), which strongly amplifies the

exponentially small probability of the classical detector. The mathematical
reason for this interference can be understood from the norm of the

operator C', Ck= which equals \/%ZW (see methods). The norm is
maximal when # = 0, k and minimal when 7 = k/2, implying that there is a
tendency for the particles to bunch together in one output or in the other.
This bunching holds resemblance to bosonic interference phenomena
although the particles in our description are distinguishable (either in
temporal or spatial degrees of freedom). The bosonic behavior can be
understood from the fact that the detector state is symmetric to permuta-
tions of the particles, resulting in boson-like interference.

To illustrate the implication of this result, we consider repeating this
which-path experiment many times, each with ~k=100 particles. Both
classical and quantum detectors will show no interference pattern on
average. However, in each repetition of the experiment, all the k = 100 par-
ticles will form the same fringe with a probability >0.1 using a quantum
detector rather than 10~ using a classical detector.

The paths of each particle can be described as a spin 1/2 system, and the
total state of N particles that are symmetric to permutation can be described
in the subspace of maximal total angular momentum or Dicke states™. The
key component that creates the many-body correlations is a non-destructive
measurement of the angular momentum projection, i.e., how many particles
pass through each path. Similar correlations can be obtained by measuring
in this basis with a classical detector, albeit this cannot create quantum
photonic states in the detector (still, previous works showed that such a
detection can entangle particles ™).

Since the operator CD(g) is fully entangling in the limit of g>> 1, by
measuring the detector’s final state, the particles’ state can collapse into an
entangled state. For example, for k =2, measuring the detector will give a
Bell state or a Hadamard state, with a 50% — 50% chance (see methods). Bell
states are important resources for quantum metrology, providing precision
beyond the standard quantum limit™, as is one of the goals of quantum
electron microscopy’* . Going beyond k=2 can create more complex
entangled states, similar to NOON states, which can provide Heisenberg-
limited scaling for quantum metrology”. We note that the state of the
quantum detector can be indirectly measured using post-selection on
additional particles.

To prove the entanglement of the multi-particle state, we can control
the particle interferometry (the final Hadamard gate): measuring the par-
ticles in orthogonal bases will break a Bell inequality. For example,

measuring the particle states before and after applying the final Hadamard
gate, will show correlations that are unobtainable classically.

Furthermore, adjusting the relative phase of the coherent displace-
ments (phase of g), can break the symmetry between the particles. This can
be done by tuning the relative arrival time of the particles in the optical cycle.
This way we can control the complex quantum state of multiple particles,
tapping into the vast potential of their exponential Hilbert space. By con-
trolling the initial conditions and studying the emergent dynamics, our
multi-particle ‘which-path’ implements a quantum simulator.

The detector’s quantum state

The ‘which-path’ experiment can be used to control the quantum state of the
detector. If n particles are measured in the state |0) and k-n in the state |1),
then the detector state is It//f)ph o Cl ck10) phe This state can be highly
non-Gaussian. If the k particles are measured in |0), the final state takes the
form of a 1D grid of coherent states:

ko rk
vy, o Z;(n) k= ) )

Figure 2c shows the Wigner function® of this state for g = 7, and its x
and p quadrature representations as a function of g. The detector state
transitions from a Gaussian squeezed state to a non-Gaussian grid state for
larger g values. Our scheme can create a Gottesman-Kitaev-Preskill (GKP)
detector’s state”’ up to Gaussian operations. For a GKP state with squeezing
r,we can take g = ~/27e". The goal of 10dB squeezing, a threshold for fault-
tolerant quantum computation’’, requires 3 particles with =3, and then
the post-selection probability to create this GKP state is 31.3% (see
methods)™.

We find that the limit of weak g creates a squeezed vacuum state'” with

squeezing of r =1 In (klzilz + 1). The probability to post-select this state
depends only on the squeezing, rather than on the number of particles, and
is equal to e " (see methods). For larger g values, already a single particle
deterministically generates a Schrodinger cat state of the form |y;)
0)pn % 18} o1, Where the #sign is decided by the particle measurement out-
come (|0) or |1}).

Physical implementations
This section proposes two implementations of the multi-particle ‘which-

path’ experiment. The first is an electron holography setup™™ with a
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microwave cavity in one of the paths, resembling the typical image of a
double-slit setup (Fig. 3). The second is a waveguide-QED setup in which
multiple emitters interact with the same mode (Fig. 4). In this case, the
“paths” are taken by electrons of the emitters in different internal states.
Any implementation requires the realization of two components with
sufficiently high fidelity: (1) Hadamard gate: To combine or separate the
particle states into two distinct states representing the logical states. (2) Con-
ditional displacement gate: State-selective interaction between the particle and
the detector, displacing the detector state without back-action on the particle.

Our first proposed implementation. relies on split-illumination
holography™ in a transmission electron microscope (Fig. 3b). Denoting
the electron’s left and right paths by |0) and |1), their interference creates
the fringe pattern that corresponds to the state |0) + |1). The orthogonal
state is the fringe with a quarter of a wavelength offset that corresponds to
the state |0) — |1). Then, dividing the measurement screen into equal
sections quarter wavelength apart enables observing the correlation
between the final states of the electrons. Fig. 3b shows that the overlap
between the fringes limits their distinguishability, smearing the measured
anti-correlations (see methods and ref. 37).

Figure 3a shows that using an electron beam-splitter to convert the
fringes into separate paths creates more pronounced anti-correlation. The
electron beam-splitter can be realized in many different ways such as
crystals™”’, diffraction gratings*, and more advanced phase masks*, each
with different pros and cons like limited fidelity. Additional proposed rea-
lizations include laser” or microwave* fields and electron mirrors*. The
electron beam-splitters could be optimized to have two inputs and outputs,
as expected from true Hadamard gates. The electron beam-splitters can also
be used for splitting the electron before the cavity interaction (e.g., instead of
a bi-prism). There, the electron beam-splitter should not be optimized for
fidelity but used to provide round spot size enabling precise electron beam
overlap and better transverse coherence. If the initial beam-splitter is lossy or
has more than two outputs, then they can be eliminated by measuring them,
essentially post-selecting only electrons that passed through the desired
outputs. In the second electron beam-splitter, this could not be tolerated as
lost electrons destroy the many-body entanglement.

Fig. 4 | Implementation of the multi-particle ‘which-path’ scheme using
waveguide-QED with quantum emitters such as atoms in a A configuration. One
of the electronic transitions couples to the driving laser (a). The two ground states
represent the two “paths", |0) and |1). Coherent control pulses act as Hadamard gates
(b). Weak illumination pulses couple each emitter in the correct state to the wave-
guide, creating a conditional displacement (c).

For this implementation to work, the quantum detector must satisfy
several conditions: (1) The cavity lifetime (T;) and coherence time (T3)
should be long enough such that it interacts with all the electrons before
losing the quantum nature of its state. (2) The cavity should be cooled to
limit thermal fluctuations. (3) The coupling strength g of the electron with
the photonic should be strong
o E¥*(z)e'**/"dz integrating the cavity vacuum field E{* along the
electron trajectory in one of its paths. (4) A single-mode of the cavity should
dominate its interaction with the electron, meaning that the modes are well

mode enough, with g¢g=
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isolated and that the other modes are only weakly coupled to the electrons,
for example, due to different phase-matching conditions®”. (5) All the
electrons arrive either at the same time to the detector, or periodically in time
such that they are locked with the cycle of the mode. (6) The photonic mode
frequency w should be of sufficiently low such that it does not induce back-
action on the electron, i.e., satisfying w< m, where k is the number of

electrons, v is the electron velocity and o, is the spatial extent of the free-
electron wavepacket along its direction of motion z (see methods). (7) The
electron is paraxial, and its energy is much higher than that of the photon,
implying that the scattering matrix describing their interaction is given
by**” (see methods and*):

S = ege%}za* —g* ez . (6)

and can be reduced to the ordinary displacement operator by assuming
negligible photon back-action.

Condition (3) is especially challenging, yet critical for strong entan-
glement. In recent years substantial effort has been invested to increase the
coupling between electrons and photonic modes, primarily in the optical
regime, to achieve single-electron-single-photon coupling (g ~ 1)*****". Due
to their higher flexibility in design, microwave cavities could lead to
breakthroughs in this regard as we recently investigated®'.

Our interferometry proposal closely relates to the works of
Okamoto™ ™, who proposed interferometry of electrons that strongly
interact with superconducting qubits. There, the electrons get entangled to
such qubits, creating GHZ states. Our work also relates to interference
experiments of electrons passing nearby semiconductors and metallic sur-
faces, interacting with the electron gas inside them™”, showing a con-
trollable washing-out of the interference pattern. In contrast to our work, in
such experiments, the electron emits distinguishable photons, acting as a
classical detector. All these experiments could be viewed as part of the
general family of which-path experiments, with various types of detectors.
Our work shows how all these experiments can lead to the phenomena of
many-body quantum correlations.

Our second proposed implementation. relies on k emitters such as
atoms coupled to a 1D waveguide (Fig. 4)". In this case, the “two paths”
[0), 1) of our scheme are two hyperfine levels of each emitter.

The Hadamard gate can be implemented via a microwave 77/2 pulse
resonant with the |0) to |1) transition or using Stimulated Raman Adiabatic
Passage™. Then, by turning on a laser tuned for the transition between the
state |1) and an excited state |e), the emitters begin to populate the excited
state and radiate into the waveguide. We assume that the transition |0) <>
le) is forbidden by detuning or selection rules, and in this case, emission into
the waveguide is conditioned on the internal state of the emitters (|0) or [1)).
In the limit where the Rabi frequency associated with the optical transition
[1) <> |e) satisfies Qr < kI'ip (where I'jp is the decay rate into the wave-
guide), the emitters are in their linear regime, and the radiation emitted is a
coherent state |&) in a single temporal mode. The magnitude of « scales as
the number of emitters occupying the state |1) (see SM3.2 for full
derivation).

Atthe end of the process, the number of emitters in each hyperfine state
can be measured to herald particular photonic states (indirect post-selection
emitter measurements are possible by subsequent excitations). The system
should satisfy a few conditions to effectively implement the protocol: (1) The
collective decay rate into the waveguide should be sufficiently greater than
the decay rate into free space I';;>>T". (2) The emitters remain in their linear
regime (Qg < kI'ip). (3) The dephasing time T3 must be far larger than the
total protocol time. When all these conditions are met, the laser implements
a conditional displacement between the qubit of the hyperfine state and the
propagating pulse in the waveguide.

regime (see SM3), matches the temporal shape of the driving fieldw. By
measuring the internal state of the emitter, its emission is heralded into a cat
state. Cat states with large photon numbers are desired for various appli-
cations, yet are very challenging to create, especially in the optical range. The
maximum magnitude of « that can be achieved is approximately deter-
mined by the amplitude of the field emitted to the waveguide mode in the
typical timescale of the decoherence channel (full analysis given in the
SM3.4 and in refs. 55-60):

an min{\/rlD/F’, \/rlDT;}. @)

Discussion

Our work describes a multi-particle ‘which-path’ experiment with a detector
that interacts with multiple particles while maintaining its quantum state.
We find that the particles develop strong correlations due to their path
interference. Moreover, measuring the particles generates useful detector
states (e.g., cat and GKP photonic states), whereas measuring the detector
creates useful entangled particle states. The special case of a fermionic
detector that contain a discrete ’yes/no’ degree of freedom rather than a full
harmonic oscillator can capture a range of schemes used for generating
multi-partite entanglement: Consider a quantum detector described by
conditional gates (such as CNOT or Controlled Phase gates). In this case, the
“path” is encoded on the state of the control qubit, and the detection is
performed via an entanglement with the controlled qubit. Such operations
are routinely used to generate multi-partite entanglement in quantum
information platforms such as superconducting qubits” and atom-cavity
systems”. Our gedanken experiment thus provides a description of such
experiments in the language of ‘which-path’ information.

So far, we have shown how to reach entangled particle states in the
effective Hilbert space of symmetric states. However, the interactions in any
many-body which-path scheme can reach the entire exponentially large
Hilbert space. The way to reach the entire Hilbert space we can break the
symmetry between the particles, for example, by shifting the arrival time of
the electrons relative to the optical cycle, or by shifting the positions of the
emitters along the waveguide. This approach can create more complicated
entanglement structures. For example, the shift of the electron arrival time
or emitters position by half the mode cycle creates destructive (rather than
constructive) interference between two consequent particles, completely
altering the correlations. Another way to access the exponentially large
Hilbert spaces is to use a multi-mode quantum detector or multiple
detectors.

Due to the universality of the “which-path” concept, our method could
potentially be implemented in many physical systems such as trapped ions
coupled to joint vibrational modes®*’, arrays of superconducting qubits**”,
quantum dots*, atoms in tweezers®*”’ coupled to a waveguide or to a cavity,
atomic ensembles probed by off-resonant light'””"”, interferometric
experiments with various free particles™, and various schemes relying on
single-photon nonlinearities”.

Methods

Quantum circuit model

In the case of a single particle, following the quantum circuits as in Fig. 1 in
the main text, we can explicitly calculate the final joint particle-detector
state. The detector, which is described as a quantum harmonic oscillator, is
initialized in a vacuum photon state |0);, while the particle is initialized in
the qubit |0) state. The particle in state |0) that interacts with the detector
does not change the state in the cavity, while the particle in state | 1) displaces
the cavity state by g which defines the “measurement strength”. This can be
described as a conditional displacement operator that is written as CD(g) =
[0)(0] ® I + [1)(1] ® D(g), where D(g) is a displacement operator.

ly;) = H - CD(g) - H|0)[0),

For a single emitter, the protocol creates the state ®
[y) o< [0),(10) + [a), () + 11),(10) = |&) (), Where the indices e, ¥(t) are 1 ( ) 1 < )
=—10)( |0 1) 10),, — .
for the emitter and photonic state in temporal mode v(f) which, in the linear 2 0l Jon + lg)Ph + 2 Il Joh lg)ph
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In the case of a “memory-less” detector, the cavity state is reset or decoheres
before an additional particle arrives, which can be described by tracing out
the cavity state, in which case the particle state will reduce to be a density
matrix. To evaluate the trace, we use the well-known property of coherent
states (B|ar) = e 2B+l ~2"a),

D (nl0) gln) = (gln) (nl0) = (gl0) = e, ©)

n n

And so:
11+ e 0
= — . 10
Pr=s < 0 1— e§g2> (10)
The purity of this state is:
1+ e I8l
=tr(p)) =—71—. (11
Ve r(pf) 5

It is now clear how the coupling strength can change the quantum state
of the particle from being completely pure to a completely mixed state. In
an interference experiment, this will correspond to vanishing inter-
ference fringes. If we consider k particles with the detector state being
reset between each of them, we would get p®. This density matrix gives
rise to a binomial distribution in the final state with the parameter
11+ e 7#"). Because of that, the probability of all the particles ending
in the same final state is exponentially suppressed, even if the detector is
very weak.

We would like to consider now the final state of a detector that is not
“memory-less”. In this case, if we have k particle qubits, the final state is
given by:

lyy) = H®CD(g)** H®*|0)®¥[0) .. (12)
To evaluate it, we use a few identities:

H-CD(g)-H=H- (|0)(0]®I+|1)(1] ® D(g)) - H

I+D I—D (13)
_1oHD@ D)
2 2

= (101729 4 5 o= POV o aa)

V/f - 2 Oy 2 ph-
We define the non-unitary operators H—I;(g) = C, . Importantly, they

commute with each other. And so:

k
lyp) =D > 10" 15" @ CLC |0}y

n=0 perm

(15)

We can see that if we finally measure # particles in the |0) state, the state of
the detector will be given by the state C’, Ck:”|0)ph (up to total normal-
ization). This is a highly entangled and complex state in the general case.
The probability of this scenario can be found by calculating the norm of this

state:
n k—n 2_1 k) &8 2n 2(k —n) oyl
el -5 (3) 5 & (7) (77w
(16)

For simplicity, we assume that g is imaginary. In this case
D(g/2) = etilel/ V2P, where p is a quadrature of the detector Hilbert space.

Pn.k—n = ‘

Therefore, the probability is given by:

1 2
Pion= ﬁ/ dx cos™" (%) sin?*=" (%) e, (17)

This formula exemplifies why the particles show the highly uncorrelated
distribution on the screen. Since sine and cosine have zeros at different
points, this integral will be highly suppressed unless 7 is equal to zero or to k.
Another way to understand this is to look at the operator norm of the

operator C'} C*" (in the sense of the square root of the maximal eigenvalue
of C¥k=n) cycy C*="). The operator Cf(k’”)C’jr” ch C*" is equal to (up to
unitary transformation) coszn(%)sinz(k_")(%). The maximum of the

P
function can be found to be “-k=m" "

PP R .. . ..
\/%. This function is maximal when #n =k, 0 and minimal when

n ~ k/2. This implies that the post-interaction electrons will always tend to
bunch together to the same final state.

and so the operator norm is

We are interested to see the probability of all the particles arriving at the
same detector. For example, the probability of all the particles finishing in
the state |0) is given by:

1 &2k eewee
ra=g3, ()

To evaluate this probability, we take the leading term in the sum and use the
Stirling approximation (zkk) ~ j—;—k and therefore:

(18)

1 2k ; 1 00 2p 1 )
S~y Sy~ ) (O’ _> (19)
i=0 —00

Where 85 is the Elliptic Theta function which converges very fast to unity for
large values of g. And so, we got that the probability of all the particles
arriving at the same final location falls off as the square root instead of
exponentially with the number of transmitted particles. This process is akin
to a quantum coin toss, where the head and tail from different tosses
destructively interfere. The final state turns out to be strongly skewed in
contrast to the conventional common state where half the coins are heads
and half are tails.

Regardless of the measured final state of the particles, the state of the
photonic mode in the detector will be a quantum (i.e., not a coherent state).
One particularly interesting situation is the case when all the particles are
measured in the |0) state (which happens with probability Py ). In this case,
the state of the photonic mode in the detectors is:

1
v Pro

And so, the final state turns up to be a 1D grid of coherent states (with a
binomial envelope) centered around kg/2. Such states (if displaced to be
centered around 0) are the basis for the creation of states like GKP states.

In the limit of small g, we can also explore the state more analytically.
Again, we assume g is pure imaginary for simplicity and get:

ko /k
CE 10} o< (I + D(g))[0) 5, o Z(n) (k= m)g),.  (20)

n=0

ly) o< Dikg/2)(D(—g/2) + D(g/2))!10)y, = e9/V2 . cos® (%) 10) i

(xly) oc e®8I/V2 . cost <%) e 12 a RO/VE | o=((KIgP)/4+1/2)8°

@1
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And so, the resulting state is still approximately a Gaussian state, specifically
a squeezed displaced state. The state is displaced along the p axis and is
squeezed in x. The squeezing can then be evaluated to be:

ef((k\g\z)/4+1/2)xz efo/ZEZ’

= l/Isqueezed (X )

1. (kigl®
=-In[{—=—+1).
r 2n(2 +

And the probability to post-select (calculated from the norm of the state
Ch10),,) is:

(22)

1 , , )
P(r) = —— / g @etyzene _ L e
G (kigP)/2 + 1 @)

Remarkably, to obtain a given squeezing r, the number of particles required
depends on the coupling strength. However, the probability to obtain this
squeezing does not and is only a property of the squeezing strength.

Another particularly interesting state of the photonic mode which can
be generated using conditional displacement operators is GKP states. In
recent work™, we proposed a way to generate optical GKP states using free
electrons. There we showed that finite-sized ‘0" GKP with 10dB squeezing
can be written as:

|OGKP>Ph o (D(rr/2) + D(=m/2))’S(r = 1.15,0 = 0)[0),,,  (24)
where S() is a squeezing operator'’. We will now show that the state of the
photonic mode from Eq. (20) with 3 electrons is equivalent to this state up to
Gaussian operators, i.e., (I 4+ D(g))’ 0)p, o D(oc)S(£)|OGKP>Ph for some g,
& a (all taken to be real). We use some identities of squeezing and dis-
placement operators:

D@SEN0cp),, = D@SE + 1‘15)5(71‘15)(1)(\ /7/2) + D(—+ /n/z)) 3s<1.15)|0)ph

= D@S(E +1.15) (D(/2/26"19) + D(— /26 )) 00
= D(@)S(E + 1.15)D(—/97/2¢"1%) (D(v/27e" %) + 1)’0) .
(25)

We take £ = —1.15, @ = 1/97/2¢"!> and get that g = +/27e!1. And if the
interaction strength would be equal to +/2me!'’®> and we post-select 3
particles on the “even” state, we will be left with a state that is only one
displacement and squeezing away from being a 10 dB GKP state:

S(—=)D(=a)(I + D())*[0)yy, ¢ [0Gxp ), (26)

The probability to post-select this state according to Eq. (18)
would be 31.3%.

As we have shown, the final state of the particles and the detectors is
highly entangled. However, if we trace out the detector, the particles will
remain in a mixed state, creating their state highly correlated but classically.
It is a long-standing goal to achieve controllable multi-partite entanglement
of many particles. This can potentially be achieved by performing mea-
surements on the detector to collapse the joint state into a multi-partite
entangled state including only the particles. Since the particle state is highly
anti-correlated, such states could resemble useful states such as GHZ or
highly squeezed states. To exemplify this concept, we consider the situation
of 2 particles with the initial state |00) interacting with the detector. The final

state of the joint system is given by:

1
vy ) =100 (10}, + 2Ig),, + 122),5.)

1
110 (100 = 21g)y, + 128, @7)
1
000 + 110 (10}, + 12g),.,)-
We can define the two following states:
1
| Bell) = E(I()O) + 1)),
|H) = %(lOO) + [11) + |01) + |10)). (28)

We can see that if we measure the detector state in the coherent basis (via
Homodyne or photon number resolving detection) and if g is large enough,
then with probability 50% the state |g) will be measured and the particles
will collapse to a Bell state | Bell ), and with a probability of 50%, the states |0)
or |2g) will be measured and the particles will collapse into the equally
populated state (Hadamard state) |H). Since |H) satisfies the standard
quantum limit and | Bell) satisfies the Heisenberg limit, the state we
obtained falls somewhere in between, beating the standard quantum limit.

Quantum electron-photon interactions

In this sub-section, we briefly go over the derivation of the quantum
interaction between swift electrons and quantized photonic modes. Under
the paraxial approximation (i.e., assuming that the electron has a constant
velocity, and that the energy of the electron is much greater than that of the
photon such that the electron’s dispersion can be linearized), the Hamil-
tonian describing the interaction between free electrons and quantized
photonic modes in the Coulomb gauge (V - A =0) is given by:

H=—ihv-0,+ Z hw,ala, + Z evA, (2)e"° - a, + evA® (2)e ™%al.
n n
29

Here, v is the velocity of the electron which is taken to propagate along the z
axis, w, and k,, are the angular frequency and wavenumber of the n-th
photonic mode, A, .(z) is the projection on the z axis of the amplitude of the
quantized vector potential of the n-th photonic mode; a,,, af are the creation
and annihilation operators of the n-th mode.

We move to the interaction picture, by taking H, = —ihv - 9, +
3 hw,ala, as the free Hamiltonian:

oY),

i 30
ih o (30)

= V1|\P>1>

where |¥); is the joint electron-photon wavefunction in the interaction
picture and

VI — Z ev (An,z(z + Vt)efithrik"(ervt) -a,+ A:’Z(Z + Vt)eiwtfik"(ervt)aI).

(31

The solution of Eq. (30) at long times can be written as a Magnus
expansion®, and we get the scattering matrix:

S =exp (i Qk> ,
k=1

(32)
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where for the case of Eq. (30) only the first two Q; and , are non-zero:

. +0o0
Q) =- ﬁ/ dt V(1)
oo oo (33)
0, = _ﬁ/ / dtl dtz [VI(tl)v Vl(tz)]~
—00 —00

Importantly, Q, gives only the global phase and thus, we can take into
account only ;, S = exp(QQ, ), where:

;oo
Q =- flz . dt zﬂ: ev(A,,_Z(z + etk g LAY (2 + vt)e[“’”ik"(Z*"’)af;).
(34)
We change the variable inside the integral to x = z + vt and get:
Q= Z(gﬂnbl —gnaby), (35)

n

where g, = —ie [T A, (£)e®—8/M% dE, and the energy shift operators
for the electron are:

b = e*iwnz/ v

n b

bl = e, (36)

We note that in the paraxial approximation the operator b,, decreases the

energy of the electron by %w,. Thus, the final scattering matrix equals*®:

S =exp (Z( nanbl —g:albn))

(37)

We show how the scattering matrix of the electron-photon interaction
can be represented as a conditional displacement operator and under which
conditions this approximation is justified. First, we consider the case of a
single photonic mode in Eq. (37), where the coupling to one of the modes is
significantly stronger than the others. Then it is convenient to represent the
scattering matrix as a displacement operator:

S = e’ ~¢'b'e = p(gp). (38)
Where b is the momentum/energy displacement operator defined
by Eq. (36).

In our work, we discuss the limit where the photon emission has no
recoil on the particle. When the particle emits N photons, its momentum is
shifted N times, the no recoil condition in this situation reads:

N ~
[y B Iy ) ~ 1. (39)
For a Gaussian particle shape with standard deviation of o, this is equivalent
to:

No?o2
e ¥ X100,

v
—. 40

No (40)
This condition is equivalent to requiring that the extent of the particle wave
function is significantly shorter than the wavelength divided by the number
of photons. In our experiment, if we have k particles, they will emit a total of
(kg)* photons, and so our condition on the spatial duration of the particles is:

v
0,L—7.

N “n
Under this no recoil approximation, we can write b = ¢ where ¢ is a con-
stant that can be absorbed by g. We further assume that all the particles are
sufficiently close together such that ¢ is the same for all of them, or that they

arrive at the detector periodically with the frequency of the photon (which
can be gated electrically for microwave frequency). In both cases, the scat-
tering matrix becomes a displacement operator that depends on g:

S~ D(g). (42)
We now consider the situation where we split the particle into two trajec-
tories such that only one of them |1) interacts with the detector, while the
other trajectory corresponding to state |0) is far from the detector such that
there is no interaction. We can describe the coupling to the detector g as an
operator in this qubit Hilbert space, g — (U% - g. In this case, the scat-
tering matrix can be written as:

S e _D<2) D( : ) (43)
Which can be written as the conditional displacement operator:
S~ 10)(0] ® I + [1){1] ® D(g) = CD(g). (44

Since a high-fidelity electron beam-splitter is currently out of reach, it is
interesting to see how the experimental result is modified by replacing the
interferometric two-port output with a traditional electron interference
experiment. In the normal interferometric output case, the measurement
can be understood as a projective measurement into the electron’s state | + ).
However, when the electron’s state is interfered onto a screen, the states
correspond to an interference pattern on the screen with the general shape of
an interference of two plane waves with wavenumber k and each one with
angle * 0 relative to the optical axis is:

S,=N- cos*(kx)

S_ = N - sin’(k6x), (45)

with N being the normalization constant. There is significant overlap
between these two patterns, and so an interference experiment cannot
“separate” between them like a beam splitter, making the predicted corre-
lations challenging to observe. However, the interference patterns are
somewhat separated as their peaks and troughs are onto each other, and so
we can imagine tiling the measurement screen in different colors such that
the areas mm — /4 < kfx < n/4 + m for any integer m are associated with
one interferometric output (the “+” output), and the rest are associated with
the other. In the “which-path” variation with an incoherent detector, all the
x’s are equally likely, and so the two outputs have a 50-50 chance as usual,
resulting in the ordinary binomial distribution. However, in general, if the
electron is expected to go into the “+” output, its chances of going into the
“+” output in the interference experiment are given by:

2 +m/4 1 1
7/ cos*(x)dx = =+~
TJ _n/a 2 m

(46)

And so, if in the interferometric experiment there are n electrons going to
the “+” and m electrons going to the “-”, then in the interference experiment
the n electrons will distribute binomially into “+” with the binomial dis-
tribution J + 1 and the m electrons will distribute binomially into “+” with
the binomial distribution  — 1. To calculate such kinds of probabilistic
results, the Poisson-Binomial” distribution can be used. This will cause
“smearing” of the observed anti-correlations as presented in Fig. 3 in the

main text.

Waveguide QED

In this section, we will show how a waveguide-QED platform can be used to
implement the protocol. We consider N emitters along the x axis coupled to
a one-dimensional waveguide driven by lasers. The emitters have two
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Fig. 5 | Robustness of quantum photonic state
generation and correlated emitter states. a Fidelity
of the emitted Schrodinger cat state in the most
occupied temporal mode as a function of driving
strength and unwanted decay rate. Strong driving
brings the emitter into its nonlinear regime produ-
cing multiple temporal modes which hinders the
fidelity of the cat state. Unwanted decays effectively
measure the state of the emitter reducing the fidelity
as well. The Wigner functions of generated photonic
states are plotted as insets. b Probability for a
number of emitters to finish in the state |1) as a
function of the unwanted decay rate. Large unwan-
ted decays measure if the emitters are in the state |0)
or |1) reducing the distribution to a binomial dis-
tribution as in the case of a classical detector.
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hyperfine ground levels |0), |1) and an excited state |e); the decay |e) — |1)

is allowed while the decay |e) — |0) is forbidden (e.g., by selection rules). To

ensure unidirectional emission, a mirror is placed at x = 0. A single emitter

decays into the waveguide at a rate I'ip and into free space at a rate I’
The equation of motion for the emitters is given by":

p = —i[Hg, pl+ D[\/T1pS_lp + > DIVT's, Jp, 47)
where the Hamiltonian is Hg=QS, —

‘T% Dk (eile"k_Xfl efoloits; )) o o/ which contains the laser driving and
the coherent “flip-flop” interactions mediated by the one-dimensional
waveguide. The dissipator D[L]p = LpL" — 1{L'L, p} describes the decay
of the emitters into the waveguide. In all that follows, we assume that the
emitters’ locations are x,=(nA+ 1/2) and the Hamiltonian simplifies
to Hg=QS,.

Our first goal is to find the radiation eigenmodes, for example, whether
the emission is well described by a single temporal mode or not. Mathe-
matically we define a creation operator for the mode as
ag = fofoo dat' vy(t)a'(t), with [a(t),a’(t)] = 8(t — t/) and the single
mode pure state as™:

Z C (“o) [0).

iooo dt’ |vy(t)|* = 1, ensuring the
bosonic commutation relation for [a,, ag] = 1. If the density matrix in the
most occupied temporal mode has a high fidelity to [y, ){ gyl then it is
well described as a single mode state.

[Wapr) = (48)

The function v(t') is normalized as [

An efficient decomposition of the output radiation into temporal
modes is given by diagonalizing the first-order coherence function:

a'(t)a(ty)) = Z v (L )vi(t),

g(l)(tn t,) = { (49)

where 1; is the average number of photons in the mode v;. To calculate g(t,,
t,) we utilize input-output theory, which for waveguide-QED in the case
considered, takes the form™":

in/T1pS_(t). (50)
This allows solving for g”(t;, t,) with a quantum regression theorem
approach™.

We are further interested in the joint evolution of a single temporal
mode ¥(f) and the quantum emitters. To model the quantum state of the
emission, we utilize the input-output theory for quantum pulses™, which

aout(t) = Gjn —

allows for calculating the output quantum state of the photonic mode in a
single temporal mode with a single master equation, which reads:

p = —ilHs + Hy.pl + DIy/TipS_ + gaglp + > DIVTo"Jp, (51

where p is the joint density matrix of the emitters and the mode (¥),
i/Tio [ 4

\/Z-I; (go(t)aOS+ - go(t)agS_>,

g0 = =50 ([ m@)Pde)

B= Nr <1, the driving pulse acts as a conditional displacement on the

H; =

172
. In the limit of weak driving

emitters and the single mode pulse of emitted photons. We will show this
below both analytically with approximations, and in numerical calculations
investigating the validity of these approximations.

To analytically solve the problem, we assume that the number of
excitations is much smaller than the number of emitters, which is valid in the
weak drive limit: § = Nr < 1. In this limit, we can make the Holstein-

Primakoff approximation™ to exchange the collective spin raising and
lowering operators S, S_ with bosonic operators ¢', c with commutation [c,
c'] = 1. The steady state solution of the Lindblad equation for the state of the

emitters in this limit is a coherent state p = |a) (| with a(t) = %(Dt) This

60

allows a simple solution for the first-order coherence function:

gV(t, 1) = Tip(S4(£)S_(1)) = Typa (£ a(ty). (52)
which shows that the output is a single mode by comparing to Eq. (49).

Since the emission is single mode, the dissipator D[/T;,S_ + giaolp
describing the emission into other temporal modes vanishes and we are left
with a closed system evolution described by the Hamiltonian:
H; ~ 1 /TS ag; — 8o(£)S_ ay). If the system is constantly pumped
to an eigenstate |a) of S_, then H; takes the
H, ~ %m@ﬁ(r)aug — go(H)ar*ay). The unitary time evolution operator
is now a displacement operator:

form:

U(t) ~ exp (— % VTip /0 dr'(gi(t aal — go(t/)oc*ao)). (53)

We now go beyond the Holstein-Primakoff approximation™ and solve
numerically for the state of the emitters and the quantum state in the most
populated mode vy(t). First, we consider the creation of a Schrodinger cat
state by a single emitter in Fig. 5a. In this case, if the weak drive limit does not
hold then the emission has multiple temporal modes, and the fidelity of the
Schrodinger cat state in the most occupied mode is reduced, while weakly
driving the emitter will prolong the emission time of the coherent state. In
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addition, if there is emission into other spatial modes, the fidelity will also be
reduced. One therefore would like to minimize I /T, as much as possible.

In Fig. 5b, we study how unwanted decays of the emitters outside the
waveguide alter the probability distribution between the states [0) and |1).
Unwanted decays are classical detectors since they distinguish between
emission from the different emitters. Thus, strong unwanted decays pro-
duce binomial distributions in the emitter states, as seen in the top rows of
Fig. 5b.
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