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Quantum neural networks, parameterized quantum circuits optimized under a specific cost function,
provide a paradigm for achieving near-term quantum advantage in quantum information processing.
Understanding QNN training dynamics is crucial for optimizing their performance. However, the role of
quantum datain training for supervised learning such as classification and regression remains unclear.
We reveal a quantum-data-driven dynamical transition where the target values and data determine the
convergence of the training. Through analytical classification over the fixed points of the dynamical
equation, we reveal a comprehensive ‘phase diagram’ featuring seven distinct dynamics originating
from a bifurcation with multiple codimension. Perturbative analyses identify both exponential and
polynomial convergence classes. We provide a non-perturbative theory to explain the transition via
generalized restricted Haar ensemble. The analytical results are confirmed with numerical simulations
and experimentation on IBM quantum devices. Our findings provide guidance on constructing the cost

function to accelerate convergence in QNN training.

Classical neural networks are the crucial paradigm of machine learning that
drive the surge of artificial intelligence. Generalizing the classical notion to
quantum, quantum neural networks (QNN) or variational quantum
algorithms'™®, have shown promise in solving complex problems involving
different types of data. In variational quantum eigensolver (VQE)"” and
quantum optimization™'’, the goal is to prepare a state that minimizes a cost
function, without the need for training data. However, supervised quantum
machine learning relies on sufficient training data—labeled quantum states
encoding either quantum or classical information. Such learning tasks have
been widely explored in identifying phases within many-body quantum
systems'’, and classification of quantum sensing data'”" or classical
data'"™.

With the rise of QNN applications in supervised learning, the funda-
mental study of their convergence properties becomes an important task,
especially in the overparametrization region” where QNNs are empowered
by a large number of layers. Recent progress in the theory of the Quantum
Neural Tangent Kernel (QNTK)*** adopted the classical notion of neural
tangent kernel to provide insight into the convergence dynamics. Further-
more, for QNNs with a quadratic loss function, a dynamical transition
originating from the transcritical bifurcation has been revealed in the
training dynamics of optimization tasks”. However, the results do not apply
to supervised quantum machine learning, where complex quantum data are
involved.

In this work, we develop a quantum-data-driven theory of dyna-
mical transition for supervised learning and reveal the complete multi-
dimensional ‘phase diagram’ in QNN training dynamics (see Fig. 1b).
Under the numerically supported assumption of the frozen relative
quantum meta-kernel (dQNTK), we obtain a group of nonlinear dyna-
mical equations of the training error and kernels that predict seven
different types of dynamics via the corresponding fixed points. Around
each physical fixed point, we can define a fixed-point charge, determined
by the choice of target value. When the target value crosses the boundary,
the minimum/maximum eigenvalue of the observable, the fixed-point
charge changes its sign and induces a stability transition on the fixed
point, which can be identified as a bifurcation with multi-codimension.
Then, we perform a leading-order perturbative analysis and obtain the
convergence speed of each of the seven dynamics, where an exponential
convergence class and a polynomial convergence class are identified. All
the analytical results are confirmed with numerical simulations of QNN
training. Furthermore, we develop a non-perturbative unitary ensemble
theory for the optimized quantum circuits to characterize the constrained
randomness and to support the frozen relative dQNTK assumption. We
also verify our results in examples of training dynamics with IBM
quantum devices. As the QNN training dynamics is determined by the
target value choice, our results provide guidance on constructing the cost
function to maximize the speed of convergence.
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Fig. 1 | Illustration of the QNN for supervised learning and main results. a We
study the training dynamics of errors and kernels in minimizing the MSE loss
function £ =1%"_ (0), — ya)z, and develop a set of nonlinear dynamical equa-
tions (Eqgs. (17)). b We identify a dynamical transition among two convergence

classes involving seven different dynamics in total (six types are shown here), and
perturbatively solve its convergence dynamics. ¢ We also provide a non-perturbative
interpretation via restricted Haar ensemble theory to characterize the optimized
circuits under constraints from data.

Results
Overview of results
Givena QNN U(G) with L variational parameters 6= (6, ..., 0;), we consider
a supervised learning task involving N quantum data {|y,)}"_, each of
which is associated with a real-valued target label y,,. As shown in Fig. 1a, the
input data can be quantum states of a many-body systems'), states output
from quantum sensor networks" or quantum states encoding classical data'’.

For input quantum data |y, ), the QNN applies the unitary U(#) to
produce the output U(G)|1//a> and then performs the measurement O,
whose result is adopted as the estimated label. Note that the target label y,,
can be assigned arbitrarily according to different tasks, although the mea-
surement O typically has bounded maximum and minimum values
Opnin/max- For example, while Pauli measurements always provide expec-
tation € [— 1, 1], in regression we may set the target values as +0.5 and in
binary classification we can also set the target values to be +2. As indicated by
the single data result in ref. 27, the choice of the target values has an
important role in the training dynamics.

The error—the average deviation of the estimated label to the target
label—associated with a data-target pair |y, ), y,) is therefore

¢(0) = (v,1U'©00O)ly,,) -y, M

To take into account the overall error over N data, we define the mean
squared error (MSE) loss as

N
L£(0) = % > e (07 2)

The training of QNN relies on gradient-descent update of the parameters 6,
where each data’s gradient of the error V ¢,(0) (with respect to the
parameters 6) plays an important role. Generalizing the kernel scalar in
quantum  optimization”’, we introduce the kernel matrix
K,3(0) = (Ve,, Veg), an inner product of gradients over parameter space.

Our main result is that the target values {y,}_ determine the QNN
training dynamics. The overall training can exhibit exponential converge
when none of the target values are chosen as the boundary values Oy, /s
on the other hand, any coincidence of the target value and the boundary
values of observable will lead to polynomial convergence. More specifically,
depending on the interplay of the target values, seven different types of
training dynamics can be identified. As shown in Fig. 1b in a two data case,
the target values y; and y, divide the parameter space into nine regions, with
the lines y; = O, /max a0d ¥ = Opyin/may- The four crossing points (red
dots) are the critical point with polynomial convergence; the same poly-
nomial convergence extends to the four lines, where critical-frozen-error
(brown) and where critical-frozen-kernel (purple) dynamics are identified.
The bulk regions enable exponential convergence and therefore are pre-
ferred. Furthermore, they are divided into three different dynamics, frozen-
kernel (yellow), mixed-frozen (green) and frozen-error (blue). Besides the six
dynamics depicted in Fig. 1b, an additional type of training dynamics,
critical-mixed-frozen dynamics, uniquely appears when the number of
data N> 2.

We provide analytical theory to derive and explain behaviors of the
above seven types of dynamics. Our analyses combine the solution of fixed
point, the perturbative analyses around the fixed points to derive the con-
vergence speed. In particular, we interpret the transition among different
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dynamics via the stability transition of fixed points, corresponding to a
bifurcation transition with multiple codimensions.

The dynamical transition is beyond the usual Haar random assump-
tion of QNN that only holds at initialization, as QNNs are under con-
straints from the convergence at late time. We develop the restricted Haar
ensemble in a block-diagonal form

Q 0
L{Rﬂz{U‘U:(O V)} 3)

where Q is a diagonal matrix with complex phases uniformly distributed to
capture the convergence and V is a Haar random unitary. For any unitary
ensemble, we can quantify its complexity via the frame potential™® (see
detailed definition in Eq. (41)), which is lower bounded by the value of the
Haar measure. As sketched in Fig. 1c the ensemble has frame potential above
the Haar value and increasing in a power-law with the number of data till
saturation at close to the Hilbert space dimension. The frame potential is
numerically verified in the QNN training.

At the end of this section, we provide the intuition on the different
choices of target values. Although it seems uncommon to choose a target
value y, > O, (¥, <Op.,) to be nonphysical at the first glance, the mini-
mization of loss function in Eq. (2) will force the QNN to output states with
expectations of the bounded observable to be O, (O,,;,), which is as close
as possible to the targeted nonphysical value. Thus, indeed we will obtain an
optimized QNN identical to the one when setting the target values to be
Opmax (Opmin). Moreover, inspired by our previous work in optimization
tasks”, we find that setting nonphysical target values can also further pro-
vide speedup in the supervised learning task.

Fundamental dynamical equations for training a QNN

In this section, we aim to develop the fundamental dynamical equations to
simultaneously characterize the training dynamics of errors and kernels
from the first principle. During QNN training, we evaluate the cost function
in Eq. (2) and minimize it using gradient descent to update each parameter,

80,(t) = O,(t + 1) — 6,(t) = — 252

: @)
=X O,

where 7 < 1 is the learning rate in gradient descent. Accordingly, quantities
depending on 6 also acquire new values in each training step, thus we only
denote the time dependence explicitly for simplicity, e.g., €,() = €,(6(¢)).
From the first-order Taylor expansion, the total error €,(f) is updated using
Eq. (4)

9c,(6)

dey(t) =Y =
4

86, + O(r) ©)
71
. N%: K o5(0)e(0) + OP). ©)

Here, we have defined the QNTK matrix as

_ —06,(6) 9ep(0)
K,5(0) = z; 50, 98, = <V€a, V€ﬁ>7 )
T
where Ve, = g%,...,g%; is the gradient vector of €, and ( -, - )

represents the inner product over parameter space. By definition, the QNTK
is a positive semidefinite symmetric matrix. The diagonal term K, =
(Ve,, Ve, ) =I Ve, |I* is the square of the norm of the gradient
vector, while the off-diagonal term K,z provides information about
the angle between different gradient vectors. Indeed, following the definition
of angle between gradient vectors, cosZ[Ve,, Veg] = (Ve,, Veg)/
Il Ve, llll Veg I, we can retrieve the geometric angle from the above

defined QNTK as

Kaﬁ
Z,p3(0) = cos £ [Vea, Ve,;] = m (©)]

where the matrix Z,,(6) is introduced to simplify the notation.

Our study focuses on the training dynamics of both errors and kernels
of the QNNs. To study the convergence, we often separate the error into two
parts: €4(t) = €4(t) + €4(e0) consists of a constant remaining term €,(eo) and
a vanishing residual error ,(t).

With similar techniques in obtaining Eq. (6), in Method we derive the
dynamical equation of QNTK. Combining with Eq. (6), we have a set of
coupled nonlinear dynamical equations for total error and QNTK

deo(t) = — 3 205 Kap(tep(®);

)
OK (1) = — 1 22, €(0) [ty 0) + 00
where the dQNTK p,,3 is defined as
e, (0) 9%¢,(0) 9e(0)
— ) « B
Hyap(®) = ; 36, 26,00, 00, ’ (10)

which is a bilinear form of total error’s gradient and Hessian. Since
we utilize a quadratic loss function Eq. (2), there exists a gauge
invariance under the orthogonal group O(N) on the data space for
loss function, thus on the gradient descent update in Eq. (4) and
dynamical equations in Eq. (9), as we show in Supplementary Note 3.
However, quantities of inner products over parameter space, e.g.,
QNTK and dQNTK, are not gauge invariant.

Before moving on, we emphasize that the dynamical equations in this
section actually apply to the gradient-descent training of any quadrature loss
function in Eq. (2), regardless of whether it regards a QNN or classical
systems.

Assumption of fixed relative dQNTK
In this section, we propose the key assumption (supported in ‘Ensemble
average results’ section) in order to analytically study the training dynamics
through reduction on the number of independent variables in Eq. (9). In a
ical training process toward reaching a local minimum, the Hessian
ngw converges to a constant during late-time training. Therefore,
according to the definition of dQNTK in Eq. (10), we can expect that
tyap ~ Kyp has the same scaling. This intuition motivates us to define the
relative AQNTK A,,4(f) as

[’lyotﬁ(t)
JK (DK ge(D)

which reduces to the scalar version in ref. 27 for optimization when N = 1.
Our major assumption in this work is that the relative JQNTK converges to
a constant A,qg(f) — Ayep in the late time. We numerically verify the
assumption in various cases, as we detail in Supplementary Note 6. In Fig. 2,
we plot the sum of the absolute values, || )Lyaﬁ h=> yaf Myaﬁ |, to show the
convergence. This assumption is not only motivated by previous results of
ref. 27, but also supported by the unitary ensemble theory in ‘Ensemble
average results’ section.

Under the constant relative dQNTK assumption, the dynamical
equations of Eq. (9) then become

Aap(t) = (11)

atea(t) = % Zﬁ Kaﬁ(t)eﬂ(t)v

12
0K =~ (Fpul 00K + 10, [Kg).
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Fig. 2 | Convergence of relative dQNTK. We show the norm || bl =

Zyaﬁ [A,4p(£)] for (a) exponential convergence class and (b) polynomial con-
vergence class (detailed in ‘Classifying the dynamics’ section). The targets for
orthogonal data states are y; = 0.3, y, = — 0.5 (blue), y; =5, y, = — 6 (orange) and
y1=0.4, — 5(green) in (a); y, = 1, y, = — 1 (blue), y, = 0.4, y, = — 1 (orange), y, = 1,
y2=—5(green) and y; =04, y, =1, y3 = — 5 (red) in (b). The corresponding
dynamics are identified in Fig. 3 and Table. 1. Here random Pauli ansatz (RPA)
consists of L = 48 variational parameters on # = 4 qubits with O = o}, Pauli-Z
operator on the first qubit.

where we have defined the functions

fap(t) = Z K,y (e (D) (13)
y

for convenience and taken the continuous-time limit.

Our major result is the classification of the training dynamics of QNN
in supervised learning based on Eq. (12). In the next section, we obtain the
fixed points representing each dynamics under similar assumptions as in
ref. 27. In ‘Convergence towards fixed points’, we further provide pertur-
bative analyses on the late-time training dynamics to obtain the convergence
speed towards the fixed points. In ‘Ensemble average results” section, we
develop the unitary ensemble theory to support the assumption proposed
above. In ‘Experiment’ section, we present experimental results on IBM
quantum devices.

We point out that our main conclusions hold generally for gradient-
descent training of bounded observables under quadratic loss function,
assuming the fixed relative dQNTK assumption, regardless of the detailed
dynamics—quantum or classical.

Solving the fixed points
From Eq. (12), we can obtain the fixed points below.

Result 1. (Frozen gradient angle and error-kernel duality) There exists a
family of fixed points of the training dynamics of Eq. (12) satisfying

€Ky =0,Va, (14)

Z,p = const.

(15)

In other words, in late-time training, (1) the error €, and kernel K,
satisfy a duality—either one of the two is zero or both are zero; (2) the
relative orientation among gradient vectors associated with each data is
fixed. We claim the above conclusion as a result instead of a theorem, as
there is a weak assumption behind it: the functions f,(t) have the same
scaling versus ¢ despite different o and f3.

To show Result 1, we begin with the following lemma

Lemma 1. When the ratio

Faal® | fupl®)
«/Kﬁp(f) A Kaa(t)
t—>00 ( IR0

S oal®)
VEKgp® o/ Km(t))

is a finite constant in the interval [ — 1, 1]. Then Z4(00) = A, is a fixed
point of Eq. (12).

We provide the proof in Supplementary Note 1 We expect the con-
ditions in Lemma 1 to hold, as the functions f,4(f) defined in Eq. (13) have
the same scaling with time ¢ for different indices o, 3 at late time. Indeed, this
is true unless the constants A,,gs are particularly chosen such that certain
terms can exactly cancel out in the summation of Eq. (13). Under the
assumption that the functions f,s(t) have the same scaling, we find that
A,p’sareindeed constants by symmetry of the expression. Furthermore, our
numerical results (see Supplementary Note 6) indeed support that the
constant is between [ — 1, 1].

From the definition in Eq. (8), with Z4(f) = £, being a constant,
Kop(t) = Z gy [ Koo(t)Kg(£) is entirely determined by the diagonal ker-
nels. Therefore, in the kernel-error dynamical Eq. (12), the only indepen-
dent variables are {¢,(t), K,,()}}_, and the relevant dynamical equations
among Eq. (12) can be simplified to

atea(t) = %Zﬁ Zoc[3 V Kmx(t)\/ Kﬁﬁ(t)e[}(t)a
at V Kowt(t = - %Eﬁ Aaaﬁ \/E[;(tv)eﬂ(t)

Aaﬁ = lim = const, (16)

17)

From here, we can conclude that {K,,e,=0, V o} forms a family of fixed
points, which arrives at Result 1.

Classification of the dynamics

As indicated in Result 1, {Ky0€, =0, V a} defines a family of fixed points.
Since Ky,€, = 0 can be achieved by either K, = 0 or €, = 0 or both of them
are zeros, we can have various different fixed points. Below we systematically
classify the QNN dynamics based on the fixed points. Denote Q = {f3} gzl to
be the whole set of data indices, we can define two sets of indices Sg, Sk
conditioned on the convergence of errors and kernels as

Sg = {BI tlgroloeﬂ(t) =0}

. (18)

Sk = {Bl tlg{.lo Kﬂﬁ(t) = 0},
where Sg U Sk = Q always holds. The fixed points can thus be classified in
terms of the relation between the zero-error indices Sk and the zero-kernel
indices Sk, as we list in the table below.

We also depict the Venn diagram of each type of dynamics to visually
represent the table above in Fig. 3. All the names of the dynamics and the
overall classification of exponential versus polynomial convergence (in the
residual error) will be explained in ‘Convergence towards fixed points’
section. Compared with the case of optimization algorithms considered in
ref. 27, QNN for supervised learning have four extra types of dynamics,
mixed-frozen, critical-frozen-kernel, critical frozen-error and critical-mixed-
frozen dynamics due to the interaction between data through convergence.

To determine which set a data state belongs to in Eq. (18), we need to
identify for a particular data index 8 whether the kernel Kgs(£) or the error
ep(t) will decay to zero at late time. While the exact determination will
require training the QNN to late time, we can obtain intuition from the
relation between target value y and achievable values for the observable 0.
When a target value yg lies within the achievable region (O, Op.x) the
error €4(t) is expected to converge to zero when the circuit is deep, implying
B € Sg; When a target value is not in the achievable region, then we expect
€p(t) to converge to nonzero constants. Thus, the fixed point condition in
Result 1 requires Kgg(f) vanishing to zero, and thus 8 € Sk; when the target
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Fig. 3 | Venn diagram of classes of dynamics. In all cases, we have Sz U Sx = Q
Exponential convergence class consists of three types of dynamics in (a), (b), and (c).
Polynomial convergence class consists of four types of dynamics depicted in (d), (e),
(f), and (g). The corresponding dynamics are explained in ‘Convergence towards
fixed points’ section. The bottom legend shows the connection of the set Sp and Sy to
the target value configuration.

value is at the boundary y3 = Oy /max> then we expect the special case of
critical phenomena with both error and kernel vanishing at late time thus
B € Sg N Sk The above intuition about target value and ‘phase diagram’ can

be summarized as the following

€S ’ if € Omim 'max ]
{ B . ey 1 Y [ ] (19)
B € Sk, if yg € (=00, O] U [Opyay, +00).
When yg = Oy 0r Oy, we have B € Sp N Sk. The Venn diagrams

summarize the classification of fixed points and connection to target value
configuration for each case, as shown in Fig. 3.

Numerical analysis confirms that this classification holds for the
orthogonal data case, where (¥, |y ) = 8,4, as detailed in the following
section. Although the orthogonality property does not hold always in
machine learning tasks, we take the orthogonal data as a typical case to
unveil the fruitful physical phenomena within the training dynamics. In
practice, typical random states in high-dimensional space are expected to be
exponentially close to orthogonal states. Important quantum machine
learning tasks involving state discrimination and classification also benefit
from orthogonal data encoding due to the Helstrom limit*>*.

Since the dynamical equations in Eq. (9) are gauge invariant, the fixed
point identified in Result 1 is also gauge invariant. However, the classifi-
cation of the dynamics will be dependent on the choice of gauge—different
ways of defining the error as combinations of the natural basis in Eq. (1).
This is intuitive, as the dynamical transitions are driven by the data and the
target values are naturally tuned according to each observable.

Stability transition of fixed points: bifurcation

We have identified the family of fixed points for the dynamical equations
(Eq. (17)) in Result 1, and seen the classification of dynamics in ‘Classifying
the dynamics’ section. In this part, we aim to study the stability of every
possible fixed point, which provides theoretical support on the convergence

of each dynamics discussed above, and reveals the nature of the transition
among different dynamics.

Around any fixed point (¢}, K} ) of the dynamical equations in Eq.
(17), we can define a group of constant fixed-point charges as

Crx = K* 2/\mm oﬂ (20)

Note that the above fixed-point charges are only well-defined around the
fixed point. We introduce them to analyze the stability of fixed point as we
will detail below. It is different from the conserved quantity identified in the
optimization learning task”” which holds for the entire late-time training
supported by the corresponding dynamical equation. Thanks to the
constants C,, we can decouple the dynamical equation near the fixed point,
and reduce it to a set of equations dependent only on K,,(t),

Kigs(1) (Kﬁﬁ(t) - Cﬁ)

A
n a
at V Kococ(t = _ﬁzlﬁﬁi (21)
B

n
= 2N Ga({K[jﬁ}7 {CB})’ (22)

where we introduce the function G,({Kjpg}, {Cg}) for convenience. Note that

Eq. (22) only holds near the fixed point. Through the linearization at fixed
point {K? } (see details in Method), we have

0y v/ Koal)
= W%:Maﬁ({K;g}u {Cﬁ})(\/Kﬁﬁ(t) — 4 /K;ﬂ)7

where the matrix M, a/z({K;;'ﬁ}: {C ﬁ}) is the Jacobian of G, w.r.t. each kernel
element , /K pp at the fixed point {KEB}

(23)

3G, ({Kgg), (Cy))
Mop({Kggh {CH) = W (24)

(K}

The stability of the fixed point {Kgﬁ} can thus be determined from the
spectrum of the matrix M, aﬁ({KEﬂ}, {Cﬁ}). Once an eigenvalue with a
positive real part appears, the fixed point becomes unstable. Combining the
stable fixed point and {C,}, we can directly derive the classification in Fig. 3,
and therefore connect the each fixed point to the corresponding class of
training dynamics.

We take the two-data case as an example to reveal the stability tran-
sition of the fixed points under the change of {Cg}. In this case, the eigenvalue
of the 2-by-2 matrix M is a function of tr(M) and det(M) only. One can
easily find the trace and determinant as

=C+GC - 3(KT1 + Kﬁzl

tr(M) 25)
det(M) « (C, — 3K},) (C, — 3K3,).

Recall that K, is defined to be the 2-norm of total error’s gradient w.r.t.
variational parameters, the physically accessible fixed point can only be
(K3, K3,) = (Cy, C,y),(Cy,0),(0,C,) and (0, 0). Via tuning (C, G,), the
stability of each fixed point would undergo a transition, illustrated by the
flow diagrams in Fig. 4. When C;, C, >0, all the four fixed points are
physically accessible (Fig. 4c). However, only (K7, K3,) = (C;, C,) (red
dot) is a stable fixed point with tr(M) <0, det(M) >0 where every flow
points toward it, while the others (purple triangles) are all unstable to be
either a saddle point or a source. As C;, C,>0 are both positive, its
convergence toward (C;, C,) corresponds to the frozen-kernel dynamics.
When we hold one of the charge to be positive while tuning the other one, for
instance, decreasing C, from positive to negative with C; >0 ((c)-(f)-(i)),
due to the requirement that K, > 0, only the fixed points (C;, 0) and (0, 0)
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Fig. 4 | Flow diagram for convergence toward fixed
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Table 1 | Summary of the relation between zero error and
kernel index sets Sg, Sk and the corresponding different types
of QNN training dynamics

SgNSk =49 Exponential convergence class
Sk = frozen-kernel dynamics

Sg=9¢ frozen-error dynamics

Sg, Sk =0 mixed-frozen dynamics

Sg NSy =0 Polynomial convergence class
SeE=Sk=0Q critical point

SkCSe=Q critical-frozen-kernel dynamics
SECSk=Q critical-frozen-error dynamics

Se ¢ Sk, Sk ¢ Se

All types of dynamics are explained in ‘Convergence towards fixed points’ section.

critical-mixed-frozen dynamics

are physically accessible, then we find that (C;, 0) becomes a stable fixed
point (red dots in (f), (i)), while (0, 0) (purple triangles in (f), (i)) is still
unstable, corresponding to the critical-frozen-kernel dynamics and mixed-
frozen dynamics separately. Similar analysis holds for tuning C; while
holding C,>0 ((c)-(b)-(a)), resulting in the same dynamical transition.
When we have C, < 0 while decreasing C; from positive to negative, we see
the only physically accessible and stable fixed point is (0, 0) (red dots in (g)
(h)), leading to the critical-frozen-error dynamics and frozen-error dynamics
separately. Specifically, when we have both C;=C,=0, all fixed points
collide and leads to critical point. Therefore, we can identify the stability
transition of the fixed point as a bifurcation transition with multiple
codimensions. Although the linearized dynamics in Eq. (23) only hold close
to the fixed point, the bifurcation transition in supervised learning
we uncover holds generally. While the fixed point location changes under
gauge transform O(N), its stability property persists since the spectrum of
Mg is gauge invariant.

Convergence towards fixed points: exponential

convergence class

Now we assume the dynamical quantities—the errors and QNTKs—
converge towards the fixed point given in Result 1 and study the

convergence speed for different dynamics identified above in Table 1.
To unveil the scaling of convergence for each dynamics, we
solve the dynamical equations in Egs. (17) close to the known
stable fixed point identified above in ‘Stability transition of fixed
points: bifurcation’ section, and present the corresponding solution in
leading order, verify our theoretical predictions with numerical
simulations.

In the numerical simulations to verify our solutions, without loss of
generality, we consider the random Pauli ansatz (RPA)**” constructed
as U(0) = H[ . W,V,g@k), where 0 = (0, ..., 0;) are the variational
parameters. Here {W,},_, € Uy, (d) is a set of unitaries with dimen-
sion d = 2" sampled from Haar ensemble, and V, is a global n-qubit
rotation gate defined to be V,(6,) = e~ X/2 where X, € {6*,5”,5°}>"
is a randomly-sampled #- unbltAPa}llll operator nontrivially supported on
every qubit. Note that {X,, W,},_, remain unchanged through the
training. The observable is chosen as Pauli-Z, which has the minimum
and maximum achievable values Oy, /mox = 1. Without losing gen-
erality, the N orthogonal data states in the simulation are generated by
applying a unitary sampled from Haar ensemble onto N different
computational bases. The loss function of RPA in numerical simulations
is minimized with learning rate # = 10", and all numerical simulations
are implemented with TensorCircuit’.

We begin with the exponential convergence class of dynamics, which
corresponds to the cases where each data can only have either zero error or
zero kernel, S N Sy = ¥, as we indicate in Fig. 3 and Table 1.

Frozen-kernel dynamics.— For frozen-kernel dynamics (Fig. 3a), we
have an empty set of zero-kernel indices, S = ¥, and a full set of zero-error
indices, Sp=€, leading to the fixed point as {(eﬂ(oo) =
0, Kp(00) > 0)}peq. Around the fixed point, we can perform the leading-
order perturbative analysis from Eq. (17) and obtain

dyeat) = — ZKaﬁ(oo)eﬁ(t),

ﬁeQ

forallindices o, where K ,5(00) = Z3+/K (00) /K gg(00) is the late-time

QNTK matrix. As the QNTK matrix is symmetric and positive definite, the
linearized equation leads to the exponential convergence of all errors {e,(#)}
at the same rate and subsequently the exponential convergence of the

(26)

npj Quantum Information | (2025)11:132


www.nature.com/npjqi

https://doi.org/10.1038/s41534-025-01079-w

Article

Fig. 5 | Exponential convergence class dynamics in

frozen-kernel dynamics

frozen-error dynamics mized-frozen dynamics

QNN with orthogonal data. From left to right we 0.4H
show the error and QNTK dynamics of frozen-

kernel dynamics, frozen-error dynamics and mixed-
frozen dynamics. From top to bottom we plot total
error €,(t), residual error €,(t) = €,(t) — €4(e°), and
QNTK K,p(t). Subplots in each row share the same

legend. Light solid and dark dashed curves with

same color represent numerical simulations and

corresponding theoretical predictions for each data

(see Supplementary Note 4). Subplots in each row
share the same legend. Here random Pauli ansatz
(RPA) consists of L = 48 variational parameters on n
=4 qubits with O = 67, Pauli-Z operator on the first
qubit. There are N = 2 orthogonal data states tar-
geted at y; = 0.3, y, = —0.5 (left), y; =5,y,=— 6
(middle) and y; = 0.4, y, = — 5 (right).
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kernels {K,,(t)} towards the constant non-zero values as

€4(1), K (1) — Ko (00) 0 €™ Var € Q, (27)
where w* is the minimum eigenvalue of QNTK matrix Kg(ce). Since all
errors vanish exponentially and Sy = ¢, this is a generalization of the
frozen-kernel dynamics in QNN-based optimization algorithms found in
ref. 27.

Now we compare the above theory results with the numerical simu-
lations of QNN training. In Fig. 5 left panels (al), (b1), and (c1), we provide
the numerical results (solid curves) of N=2 data states with y; =0.3,
y,=—0.5, and see alignment with our theoretical predictions (dashed
curves), where the error exponentially vanishes (bl) while the kernels
converge to a nonzero constant (c1). Note that in frozen-kernel dynamics the
residual error equals the total error, €,(t) = €,(t), as the errors all converge to
€,(20) =0 at late time.

Frozen-error dynamics.— Similar to the frozen-kernel dynamics, in the
frozen-error dynamics (Fig. 3b), we have Sp = with the fixed point
{(eﬂ(oo) #0,K ﬁﬁ(oo) =0)} car Around the fixed point, leading-order
perturbative analyses of Eq. (17) leads to

at V Kaa(t = _%I;F(xﬁ \/ Kﬁﬁ(t)7
€

where Fog = Aqqapep(o0) is a constant matrix with positive eigenvalues at late
time. Therefore, the convergence towards the fixed point is again expo-
nential and all quantities have the same convergence rate as

(28)

€,(t) — €,(00), K () o e ™! Va € Q, (29)
where w* is the minimum eigenvalue of F,g. As all kernels vanish expo-
nentially while all errors converge to constant, this is a generalization of the
frozen-error dynamics in QNN-based optimization algorithms in ref. 27.
The numerical results are compared with the above theory in Fig. 5
middle panels (a2), (b2) and (c2). The total error €,(t) converges to a

nonzero constant (a2) since the target y; =5, y, = — 6 is out of reach from

measurement; meanwhile, the residual error e,(f) and QNTK K,g(t) van-
ishes exponentially (b2-c2), as predicted by the theory.

Mixed-frozen dynamics.— When both the zero-error indices Sy and

zero-kernel indices Sk are not empty (and have no overlap), the fixed point
has only the error going to zero or only the kernel going to zero
_{(eﬁ(oo) =0, Kgg(c0) > 0)} s, U {(eg(00) # 0, K gg(c0) = 0)}
This is a combination of fixed pomts of the frozen-kernel dynamzcs and
frozen-error dynamics, leading to a mixed-frozen dynamics (Fig. 3c). Similar
to the previous two types of dynamics, we can perform perturbative analyses
from Eq. (17), and obtain the leading-order solution

(00) o e™™ N Wy e S,

ea(t)v Koax(t) - Kocot (30)

and

e5(t) — e5(00), Kgg(t) o 1N VB € Sy (31)

where w* is a positive constant determined by a matrix in terms of frozen
error and kernels, and the corresponding relative dQNTK and geometric
angles.

From Fig. 5 right panels (a3), (b3) and (c3), since our measurement is
O = &%, fora€ Spwithy, = 0.4 € (O, Opna) We see the error decreases
exponentially toward zero (blue in (a3)-(b3)) and its corresponding QNTK
K,(t) converges to a positive constant (blue in (c3)). For f € Sk with
¥p = —5 < Opyn, the total error ends ata positive constant, while the residual
error &g(t) and QNTK Kpg(t) decay exponentially (red in (b3)-(c3)). For off-
diagonal kernels K, with  # 8 that can be inferred from Eq. (8), it con-
verges to a positive constant V &, 8 € Sg, or vanishes exponentially otherwise.
An interesting phenomena induced by the interaction between data targeted
within different types of dynamics is that the decay exponent of es(t), Kgp(t),
VB € Sk is about two times as large as the one from e4(t), V & € S and K,4(1),
Va € S, f € Sk
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Fig. 6 | Polynomial convergence class dynamics in
QNN with orthogonal data. From left to right we

critical point

critical-frozen-kernel critical-frozen-error
dynamics dynamics

show the error and QNTK dynamics of critical point, 1
critical-frozen-kernel dynamics and critical-frozen-
error dynamics. From top to bottom we plot total
error €,(t), residual error €,(t) = €,(t) — €4(e°), and
QNTK K,p(t). Light solid and dark dashed curves
with same color represent numerical simulations
and corresponding theoretical predictions for each
data (see Supplementary Note 4). Subplots in each
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Convergence toward fixed points: polynomial convergence class
In this part, we address the cases of overlapping zero-error indices and zero-
kernel indices, S; N Sx#¥, leading to the polynomial convergence class of
dynamics, as we indicate in Fig. 3.

Critical point.— The simplest case is the critical point with both sets
of indices full, Sg =Sk =, as shown in Fig. 3d. In this case, the fixed
point has all errors and kernels vanishing, {(e,(c0)=0,
K, (00) = 0)} ,c- From Egs. (17), we can obtain the leading-order
decay of all quantities as

€,(1), Kpo(t) o 1/t, Y € Q. (32)
In Fig. 6 left panels (al), (b1) and (c1), indeed we see that both error and
QNTK decay polynomially as €,(t), Kyp(t) ~ 1/t, which can be regarded as a
generalization of the critical point identified in QNN-based optimization
algorithms from ref. 27.

Critical-frozen-kernel ~ dynamics.—  When  the  zero-kernel
indices form a strict subset of zero-error indices, Sx C Sg = Q,
we have the critical-frozen-kernel ~dynamics (Fig. 3e), where
the fixed point is a mixture of both quantities vanishing and only the error
vamshlng—{(eﬂ(oo) = 0, Kpg(o0) = 0)} fes, U {(eﬁ(oo) =0,Kpg(c0) >

0)}ges;\s, - Thisisa combination of correspondlng fixed points from critical
point and frozen -kernel dynamics. Initially without noticeable interactions
between data from Sg and Sg\ Sk, we expect that error and QNTK from
each set should vary with time nearly independently following the
dynamics from critical point and frozen-kernel dynamics studied
above, leading to the fact that ,/Kgs(t)eg(t), VB € Sy decays much
slower than that with indices Vf'e SE\SK Therefore, in late time, we
approximate the dynamics of €,(t), Kua(t), V & € Sk to be self-governed

and

ep(t) oc 1/87 Kpp(t) — Kpg(00) o 1/, VB € S\ S, (34)
Here Sg\ Sk = {BIB € Sk, B & S is the set difference between sets Sg, Sy and
Kpgp(=0)’s are the corresponding converged kernel values. The off-diagonal
kernels K,g for & # 8 can be determined from Eq. (8), and have the same
scaling as corresponding diagonal counterparts if both indices «, 3 belongs
to the same set, Sg\ S or Sk, while ~ 1/Jtforae SE\Sk B € Sk.

We verify our above theoretical predictions with numerical simulations
in Fig. 6 middle panels (a2), (b2) and (c2). The “free-field theory” approach
utilized above is valid as the corresponding error and QNTK decays ~1/¢ (see
red curves (a2)-(c2)), just as the critical point. The interaction between data
dynamics induces the higher-order polynomial decay of error ~t~** (blue in
(b2)) on data & € Sp\Sx at late time. Compared with the frozen-kernel
dynamics dynamics, here the corresponding kernel Kpg(f) for indices 8 €
Sg\Sk also converges to a positive constant though at a much slower speed
~ 1/4/t affected by the slowest decay from data targeted at the boundary.

Critical-frozen-error dynamics.— Similarly, when the zero-error indi-
ces form a strict subset of the zero-kernel indices, Sg & Sx = Q, we have the
critical-frozen-error dynamics (Fig. 3f) with the fixed point described by
{(eg(00) = 0, Kpg(00) = 0} ses, U {(eﬁ(oo) #0, Kpg(00) = O)}ﬁ S0, , just
a combination of critical point and frozen-error dynamics. Due to the same
reason as in critical-frozen-kernel dynamics discussed above, the late-time
dynamics of €,(t), Kualt), V o € Sg are also self-governed as the “free field”
and can be satisfied by the polynomial solution « 1/t.

Then the rest of the variables can then be solved asymptotically and
lead to the critical-frozen-error dynamics dynamics:

as a “free-field”, and maintains 1/t decay as in the critical point. €alt), Koo(t) 0 1/t,Var € S, (35)
With the solution V 3 € S in hand, we can then perturbatively solve the d
rest and obtain the overall solution, an
e5(t) — €5(00) o 1/12, Kga(t) x 1/13,¥B € Si \ Sj. 36
e, Kou(t) X 1/t¥a € Sy, (33) 5(t) — €5(00) ox 1/t7, Kgg(t) o< 1/7, VB € S \ Sg (36)
npj Quantum Information | (2025)11:132 8
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Fig. 7 | Convergence of critical-mixed-frozen dynamics in QNN with
orthogonal data. We plot total error €,(t) in (al), residual error £,(t) = €,(f) — €4(o0)
in (a2), and diagonal K,(f) and off-diagonal QNTK K,s(#) in (b1) and (b2). Light
solid and dark dashed curves with same color represent numerical simulations and
corresponding theoretical predictions for each data. Here random Pauli ansatz
(RPA) consists of L = 48 variational parameters (D = L for RPA) on # = 4 qubits with
O = &, the Pauli-Z operator on first qubit. There are N = 3 orthogonal data states
targeted at y; =04, y, =1, 3= — 5.

The nontrivial off-diagonal terms of Koz for « € Sg, B € Si\ Sg are given by
Eq. (8) and can have scaling of 1/ at late time.

As shown in Fig. 6 right panels (a3), (b3) and (c3), the error and kernel
of data targeted at boundary decays polynomially as ~ 1/¢ (blue in (a3)-(c3)),
on the other hand, the total error of data targeted beyond accessible values
still converges to a nonzero constants (red in (a3)), but the residual error
&p(t), V B € Sk\ Sg vanishes only at a higher-order polynomial speed of ~ 1/¢
(red in (b3)), which is induced by the interaction with data targeted at the
boundary, thus much slower compared to the mixed-frozen dynamics.

Critical-mixed-frozen dynamics.— Finally, we consider the most
complex case where none of the sets contains the other, Sg ¢ Sxand Sk & Sg,
and two sets have nonempty overlap S N S # ¢, which corresponds to
the critical-mixed-frozen dynamics (Fig. 3g). This dynamics only takes place
for supervised learning with at least N > 3 input quantum data. The fixed
point is described by {(eg(c0) = O,Kﬁ'g(oo) = O)}ﬁeSEﬂSK U {(eg(o0) =

0, Kpp(00) > 0)}ges, \(s,ns,) Y {(€5(00) # 0, K gg(c0) = O)}ﬁesK\(SEﬁSK)'
Due to the existence of data targeted at the boundary for € Sg N Sk, we can
still solve its corresponding dynamics via the “free-field” approach which
brings us the 1/¢ decay. Then, we can reduce the dynamical equations for the
rest of quantities and obtain the leading-order result:

€a(t), Koo(t) o< 1/, (37)
for all data V a € Sg N S,
€,(t) o< 1/83/2 K (1) — K, (00) o 1/t (38)
for all data V o € Sg\ (Sg N Sk), and
€,(t) — €,(00) o 1/t*, K, (1) o< 1/£, (39)

for the rest data V & € Si\ (Sg N Sk). The off-diagonal terms of K, for a #
can still be determined from Eq. (8) and for these with index crossing
dynamics, it can have scaling of ~1/+/ for all indices & € SE\(SEN Sk, B €
SeN S, ~1/£" for all indices a € Sg\ (SN Sk, B € Sk\ (SN Sx) and ~1/ for
all indices & € Sg N Sk, B € Sk\ (Sg N Sk).

In Fig. 7, we verify our above theory predictions with numerical
simulations. The error and kernel of data targeted at the boundary y, = +1
decays polynomially as ~1/¢ (orange in (al), (a2), (b1)), well captured by the
“free-field” approach. Meanwhile, for data targeted within the accessible
region, the error decays polynomially with a faster speed at ~1/£"* (green in
(al), (a2)) with kernel approaching a constant (green in (b1)). On the other
hand, for data targeted outside the accessible region, the total error can only
converge to a nonzero constant (blue in (al)), however, the residual error
e,() vanishes quadratically ~1/¢ (blue in (a2)), and the kernel decays
cubically ~1/£ (blue in (b1)). In addition, the cross-dynamics off-diagonal
terms of K, also agree with the theory predictions—polynomial decay with
1/+/t,1/£3/% and 1/# scalings, as shown in (b2).

From the convergence of polynomial convergence class discussed
above, we see that as long as there exists a data state targeted at the
boundary, either O, or O, the convergence dynamics for all data will
be suppressed to polynomial decay though with potential different
orders, in contrast to the exponential convergence class. Therefore, our
results imply that in quantum machine learning, a proper design of loss
function is important to enable fast convergence towards the same QNN
configuration.

Ensemble average results

In this section, we provide physical insight and analytical results to resolve
the only assumption for deriving the dynamical equations Eq. (17) that the
relative dQNTK A, approaches a constant at late time. Our results rely on
large depth D>> 1 (equivalently L>> 1), where the converged circuit uni-
taries optimized from random initialization can be modeled as a specific
unitary ensemble, the restricted Haar ensemble.

Under random initialization, the circuit unitary can be represented as a
typical sample from Haar random ensemble, as long as the circuit ansatz is
universal**>”’. However, as the training starts, the circuit unitary quickly
deviates from the Haar random unitary to map each of the input data state
|y, ) to the corresponding target state |, ) due to the constraintimposed by
the target value y,; therefore, we model the converged circuit unitaries as the
restricted Haar ensemble in a block-diagonal form

wa={io=(2 )}

where Q = @Y_, ¢« is a diagonal matrix with complex phases uniformly
distributed ¢, ~ U[0, 27) (also known as random diagonal-unitary matrix
inref. 33) and Visa Haar random unitary of dimension d — N. The rows and
columns are represented in basis of input and target states. Specifically, for
N=>d — 1, the unitary in the restricted Haar ensemble becomes a diagonal
matrix with complex phases only; while for N = 1, the ensemble reduces to
the restricted Haar unitary considered in QNN-based optimization
algorithms”.

We consider the multi-state preparation task as there are less degrees of
freedom in the targets to provide insights into the ensemble-average results.
As we discussed above, the input data states are orthogonal, (v, [y5) = 8,5,
which can be generated from a random unitary applied on the computa-
tional basis. The observable for each data state is a state projector to its
corresponding  target state O, = |, ){(®,| with orthogonality
(g |Dg) = 8,. To quantify the evolution of the QNN unitary ensemble,
we study the frame potential, a widely utilized tool in quantum information
science and quantum chaos®. Here, we choose the second-order frame
potential

(40)

FP = / dU dU'|t(UTU") |4, (41)
Uu

as a typical nontrivial measure on the unitary ensemble I/, and results for
higher-order frame potential are presented in Supplementary Note 5. A
smaller value of the frame potential indicates a higher level of randomness
for an unitary ensemble—the minimum value of the k-th-order frame
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Fig. 8 | Second-order frame potential of circuit unitaries of QNNs for multi-state
preparation. In (a) we plot the frame potential of circuit unitaries of QNN versus
number of data states. Red dashed curve and gray solid line show the frame potential
of restricted Haar ensemble Eq. (42) and Haar unitary ensemble F2), - = 2.1n (b) we
plot the dynamics of 7® () in training with targets set in various types of dynamics
represented by different colors. The black dashed line represents Fiy, = 16. Here in
(a) random Pauli ansatz (RPA) consists of L = 128 parameters on #n = 3 qubits, and
the targets for N orthogonal data states are set within frozen-error dynamics y;, y, > 1.
In (b) the RPA consists of L = 64 parameters on #n =2 qubits with N =2 input
orthogonal data states. In both cases, the target states are chosen to be
computational basis.

potential, min F (Lf) = k!, is achieved by the Haar random ensemble (more
u 28
generally the k-design™).
For restricted Haar ensemble, we analytically obtain its frame potential
as

2N? + 3N + 2,
2d% —d,

N<d-2,

42
N>d—-1. “2)

fﬁf}’lz{

We see F %){ grows quadratically with number of data until saturates at the
squared Hilbert space dimension when N > d — 1, which is in sharp contrast
to the Haar random ensemble result (HZ;M = 2 independent of both system
dimension and number of data (additional calculations can be found in
Supplementary Note 5). As a sanity check, the N = 0 no data case agrees with
the Haar random case. At large N, the frame potential saturates to 24— d,
limited by the Hilbert space dimension due to orthogonal condition on
input data. Such a phenomena can be understood from the reduction in the
degree of freedom driven by the increasing number of data. The analytical
formula is plot in Fig. 8a as the red dashed curve.

We expect when the converged state is unique, for example in the
frozen-error dynamics, the frame potential will converge to the restricted
Haar ensemble’s prediction. To provide a quantitative understanding, we
show the frame potential from numerical simulation at late-time (blue dots)
with various data states and see a good agreement with theory from
restricted Haar ensemble (red dashed line) in Fig. 8a. Overall, similar con-
vergence of frame potential can also be found in frozen-error, critical-point
and critical-frozen-error, as we show in Fig. 8b. Their deviations from the
exact theoretical result (black dashed) are due to finite samples in the
ensemble, and slow convergence of unitary in dynamics belonging to
polynomial convergence class. For non-unique converged states of
dynamics with at least one target value chosen within accessible region
Yo € (Opins Opax)s the frame potential of unitary ensemble U can lie

between the values of Haar and restricced Haar ensembles,
F (é;ar <}—z(12) <F %){, due to extra randomness allowed in the unitary, as

shown by the green, purple and blue lines in Fig. 8b.
Given the sub-block unitary V forms a 4-design, we have the following
results.

Theorem 1. For multi-state preparation task with observable Oa =
|®,)(®,| satisfying (®,|Dg) = 8,5 with N<d — 1, when the circuit
satisfies restricted Haar ensemble and the input data states are orthogonal,
the ensemble average of QNTK and relative dQNTK for each data (unified
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Fig. 9 | Average results under restricted Haar ensemble. We plot (a) K,4(°) versus
y1 with y, = 0.5 and L = 256 fixed, (b) Agaa(o0) versus L with y, =5, y, = 6 fixed. Blue
and red dashed lines in (a) represent Eq. (43). Blue and red dashed lines (overlapped)
in (b) represent Eq. (44). Here random Pauli ansatz (RPA) consists of L variational
parameters on n =4 qubits. There are N =2 orthogonal data states and the corre-
sponding target states are computational basis [0000), [0001).

indices) are

Koo = 550,01~ 0,), (13)
A pea(00) = — ﬁ [2(do, — 2) + L(20, — 1)], (44)

at the L>> 1, d> 1 limit, where 0, = €,(c0) + y,.

Note that the average relative dQNTK are taken to be the ratio of
corresponding average quantities, and we expect the change of order of
average does not affect the result significantly due to self-averaging. In
Fig. 9a, we see a clear dependence of the converged QNTK K ;(c0) on
different target values y; while K,,(00) remains the same as y, is fixed,
and both are captured by the restricted Haar ensemble average result in
Eq. (43). In Fig. 9b, the converged relative dQNTK A, (c0) scales lin-
early with the number of variational parameters in the ansatz, as pre-
dicted from Eq. (44). The accurate prediction on other components of
interest K,4(00), Ayop(00) requires more information such as the infi-
delity between output state and other target states, which we defer to
future works.

Experiment
In this section, we validate some of the unique training dynamics in the
multi-data scenario on IBM quantum devices. Our experiments are
implemented on the hardware IBM Kyiv, an IBM Eagle r3 hardware
with 127 qubits, via Pennylane™ and IBM Qiskit™. The device has
median T; ~251.87us, median T, ~114.09us, median ECR error
~1.117 x 1072, median SX error ~3.097 x 10™*, and median readout error
~9.000 x 107°. We adopt the QNN with the experimentally friendly
hardware-efficient ansatz (HEA), where each layer consists of single-
qubit rotations along Y and Z directions, followed by CNOT gates on
nearest neighbors in a brickwall pattern’. As an example, we choose two
different computational bases as the input data states,
|u/1> =101), |1//2> = |10). Through complete state tomography (see
Methods), the initial states are prepared with high fidelity at
(01]p,101) = 0.996+0.0018 and (10]p,|10) = 0.994+0.0020 for pre-
pared states p;, p, (mixed state in general due to hardware noise) aver-
aged over 12 rounds. The high fidelity guarantees the condition of
orthogonal data underlying our analyses. We randomly assign initial
angles uniformly sampled from [0, 27) to the parameterized gates in
HEA, and maintain consistency across all experiments. For the obser-
vable, we consider the Pauli-Z operator of the first qubit, as a simple but
sufficient demonstration of our theory.

In Fig. 10, we choose the target values to be (a) y; = — 0.3, y, = — 3and
(b) y1=— 1, y,=— 3, corresponding to the mixed-frozen dynamics and
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| (b)
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Fig. 10 | Training dynamics of total error €,(f) on IBM quantum devices, Kyiv. In
(a, b), the target values are chosen tobe y; = — 0.3, y,=—3and y; =— 1, y, = —

3 separately, corresponding to the mixed-frozen dynamics and critical-frozen-error
dynamics. Solid light blue and purple curves represent experimental results for e;(t)
and e,(t), dashed dark blue and pink curves represent corresponding ideal simula-
tion results. An n =2 qubit D = 6-layer hardware efficient ansatz (with L =24
parameters) is utilized to minimize loss function with input states |y, ) = |01),
ly,) = 110), and the observable is O = &%, Pauli-Z operator on the first qubit.

critical-frozen-error dynamics, both of which are unique for supervised
learning compared to optimization algorithms studied in ref. 27. In both
cases, the experimental data (solid) agree well with the ideal simulation
results (dashed), indicating the constant error within both dynamics for data
targeted at y, <O, (pink), the exponential convergence for data with
target O <¥, < O (blue in (a)) and polynomial convergence for data
with target at y, = O,;, (blue in (b)) up to some fluctuations due to shot
and hardware noise. To suppress error, we repeat experiments two times for
each case.

Discussion

Our results go beyond the data-induced barren plateau phenomenon
from random initializations in the paradigm of quantum machine
learning’®", and identify two distinct convergence classes including seven
different dynamics in total via analytically solving the convergence of
error and kernel of each data. The dynamical transition originating from
bifurcation with multi codimensions is driven by the data in supervised
learning, suggesting fruitful physics and a new source for dynamical
transition in the framework of quantum machine learning. The effect of
data is also revealed in the restricted Haar ensemble via its constrained
randomness controlled by the number of data. In practical applications,
our findings guide the design of the loss function to speedup the training
of QNNS.

Our findings also connect to the observation in ref. 38. When the target
value is chosen to be +1 in Pauli measurements, only a polynomial con-
vergence is observed; while a rescaling of the observable, equivalent to
shifting the target values within (—1, 1) leads to an exponential convergence
though reaching to different solutions, which are fully explained by the
critical point and frozen-kernel dynamics in our work. Reference 22 con-
sidered supervised learning only in the frozen-kernel dynamics, while the
dynamical transition is not uncovered there.

The two convergence classes with seven different dynamics we
identified are focused on the orthogonal input data states. For a more
general case where input data are allowed to be non-orthogonal, one can
expect that the accessible region of the measurement observable and thus
the dynamical “phase” diagram will be changed induced by the overlaps
among input data states, therefore we leave it as an open question for
future study to understand the training dynamics with data correlations.
In addition, it is an open problem whether a time-dependent tuning of
target values can enhance the overall training of QNNs, given the dif-
ferent convergence dynamics in the time-independent cases considered
in this work.

While comparisons between linear loss functions and quadratic loss
functions are considered in previous work for optimization tasks”, a

ki i,
SRR

1Z XI XX XY XZ YI YXYY YZ ZI ZX ZY ZZ
Pauli P

Fig. 11| Deviation of prepared states p from corresponding ideal state |y in state
tomography. The deviation is defined as |Atr(pP)| = |tr(pP) — <W\P|w> |. Panels (a)
and (b) show deviation for |01) and |10) separately. Blue bars show the average
deviation over 12 rounds and error bars represent the standard deviation.

(@ (K1, Kz7) = (C1,C3) (b) (K7, Kz) = (C1,0)

CZ A CZ
saddle . saddle
. sink source .
point point
>C, >C,
source saddle saddle sink
point point
() (K1, K3) =(0,C2) (@ (K1, K2) = (0,0)
CZ CZ
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point point
——————>(, - C,
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Fig. 12 | Stability of each fixed point. The fixed point can be classified as a sink
(green), a saddle point (blue) or a source (red) depending on the values of C,, C,. The
brown and pink colored axis represent the fixed point to be a line of unstable/stable
fixed point. The gray-shaded regions indicate that the fixed point cannot be phy-
sically accessed under the current choice of C; and C,.

linear loss function does not work for classification of more than two
classes of data, since linear loss functions push the observable only to
boundaries.

Methods

Experimental details

In this section, we provide additional details on our experiment on the IBM
Quantum devices. In the experiment, we take 500 shots to estimate the
expectation value of the measurement operator, and the learning rate in the
experiment is chosen to be # = 0.01. Compared with the theory simulation
choice of #=0.001, we choose a relatively larger learning rate in the
experiment to speed up the convergence and to mitigate the effect of noise
from experimental imperfections.
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Fig. 13 | Poincaré diagram of fixed points for QNN g =(0,v/Cy) g* =(vC1, V() g* =(0,0) g* =(v/C1,0)
dynamics with two data. The top and bottom panels T ” 40 T 40 7
show exponential and polynomial convergence : l
classes with frozen-kernel, frozen-error, mixed- . 5F / ". ’
frozen (a—c) and critical point, critical-frozen-kernel, = 20k 4 20p
critical-frozen-error (d—f). Colored dots represent = / ‘
different physically accessible fixed points with dif- 4:—2/ 0 4 0
ferent initialization of training parameters. Black - ok LR
horizontal and vertical dashed lines indicate '-,:",- ) 0 b o .
det(M) = 0 and tr(M) = 0 for reference. Gray _5 1 : n(d) 1 .( ) —920 i (L)
dashed curve shows tr(M)* = 4 det(M), a criteria to -5 5 —25 25 =25 25
determine whether there exists a spiral surrounding 0.50 0.10 2
the fixed point. All settings are the same as in Fig. 2.
. 0.25F 0.05F 1t
=
= 0.00fEm— e 0.00 0
B
7 —0.25}F —0.05F —1F
—0.50 @ —0.10~ '(e) -2 ®
205 0.0 05 7 =25 0.0 25 =20 20
TH(M)e (M) (M)
We provide the detailed tomography results on the actual states pre-  difference of K,4(t) in Eq. (46) becomes
pared on the quantum devices, and compare it to ideal results. In Fig. 11, we
show the deviations of tomography results |Atr(pP)| = [tr(pP) — (y|P|y)| de de,
over all nontrivial Pauli operators P, with p being the actual state pre<pared o>n OKqp(t) = Z {ag , 9 (ag 13) +9 (ag 4) o0 } +00r) (50)
the device and |y) the ideal state. Each of the Pauli expectation values is
measured repeatedly for 12 times. For all Pauli operators, the averaged 1
deviation are less than 0.05 (blue bars) with fluctuations due to hardware = N Z Z [] wHperT o€, + €] Hopf] /3/} (51)
drift noise. Overall, the input data states are prepared with high fidelity, thus vt
the overlap between prepared states violating the orthogonal condition can
be neglected. == % Z &) (Hyﬁa(t) + tyap(t) ) ’ (52)
Y

Dynamics of QNTK
In this section, we derive the dynamical equation for QNTK matrix. The
dynamics of Kg(t) can be further evaluated as

_ e () 9€4(1)
5K“ﬂ(t)‘2[:5( 36, 96, )

_ e, (1) « [ 9€p(t) e, (1)
= S(aro() + o)

)

(45)

9eg(t)
36,

(46)

where p,.0 =3,y JyrHapJp is the dQNTK we defined in Eq. (10).
Therefore, the above equation is the exact dynamical equation presented in
Eq. (9).

Stability transition of fixed points

In this section, we present additional details on the stability transi-
tion of fixed points by tuning the fixed-point charges {C4}, defined in
Eq. (20). Starting from the linearized equation Eq. (23) in the main
text, the matrix Eq. (24) can be explicitly written out for the two data
case as

The last term is higher order in 7 <« 1, and we neglect it. C, — 302 z (C —3 2)
. . R . . _ 1 81 12\L2 82
We can evaluate time difference of total error’s gradient via the first- M(g,C) = . ( C._3 2) C. _ 32 ) (53)
order Taylor expansion A 27 0%
de,(t) e, (t) where for simplicity we define
=00, (t
( 26, ) Z 36,06, % (47)
8a(t) = /K (1), (54)
deg(t) 9%¢ (t)
B a
€ (t) 48 Aowt
s zé: 36, 96,6, (48) 2o =12, (55)
BBB
1
=—-— H 0 (t)] g (t)eg(t
N Eﬁ: Eé: ae (e (Deg(), (49 1t eigenvalue can be solved as
where we apply gradient descent rule Eq. (4) 18121 t}tle second line, and we tr(M) £ \/tr(M)? — 4 det(M) (56)
introduce the Hessian of total error H , (¢) = 396 3(9) Joe(t) = 0€,/00, is the + = 2 .
gradient of total error as we introduced in the main text. Thus the time
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Therefore, the stability of any fixed point can be fully characterized by the
trace and determinant of M as (tr(M), det(M)). Both terms are functions of
the fixed-point charges C;, C, as

tr(M) = C, + C, — 3(g1 + 83), 7)
det(M) = (Cl - 3gf) (Cz - 38%) (1 - 212221)a

which is exactly what we see in Eq. (25) in the main text with typical
Z12251 < 1. One can thus determine whether a fixed point is a stable one
(‘sink’), unstable one (‘source’) or a saddle point from the signs of the tr(M)
and det(M):

* When det(M) <0, we always have v_ <0 and v, >0, indicating the
fixed point to be a saddle point;

o If det(M) = 0 and tr(M) <0, the eigenvalues become v_ = tr(M) <0
and v, =0, we have a line of stable fixed point as one of the degree of
freedoms vanishes;

* Whendet(M) >0 and tr(M) < 0, the real part of v, is negative and leads
to the stable fixed point, identified as ‘sink’. Precisely speaking, for
tr(M)*Z0 inducing either two different real eigenvalues, a single
identical real eigenvalue, or two complex conjugate eigenvalues, the
sink can be classified to be a regular sink, degenerate sink and
spiral sink;

o For det(M)=0 and tr(M)>0, the fixed point can be classified
in a similar way, leading to the ‘source’ and line of unstable
fixed point.

Therefore, for any fixed point g*, we can identify its stability given
arbitrary values of fixed-point charges C,, C,, as shown in Fig. 12. On the
other hand, the shift of charges would induce a stability transition for every
fixed point.

At the end of this section, we connect the above stability analyses
on the fixed point to QNN training. For a data with index a € Sg\ (Sg N
Sk), we can directly see that C, > 0, on the other hand for & € Sk\ (Sg N
Sk), the quantity becomes C, < 0. Specifically when &« € Sg N Sk, C, =
0. In Fig. 13, we plot the Poincaré diagram for different
physically accessible fixed points within different dynamics. The
only stable fixed points are those with tr(M) <0 and det(M) > 0 living in
the second quadrant. The dashed curve in each figure represents the
equation tr(M)* — 4 det(M) = 0 which determines the imaginary part
of eigenvalues from Eq. (56) leading to the property of degeneracy and
spiral. Here we see that from different initializations, the fine dynamical
property of fixed points within each dynamics could be different, which
leaves us an interesting open question beyond the scope of our work.
Overall, the only stable fixed point within each dynamics aligns with our
classification via Sg, Sk in the main text.

Data availability

The data supporting the findings of this study are available in GitHub
(https://github.com/bzGit06/QNN_SL_dynamics). The theoretical results
of the manuscript are reproducible from the analytical formulas and deri-
vations presented therein.

Code availability

The theoretical results of the manuscript are reproducible from the analy-
tical formulas and derivations presented therein. Additional code is available
in GitHub https://github.com/bzGit06/QNN_SL_dynamics.

Received: 25 January 2025; Accepted: 15 July 2025;
Published online: 06 August 2025

References
1. Peruzzo, A. et al. A variational eigenvalue solver on a photonic
quantum processor. Nat. Commun. 5, 4213 (2014).

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

Farhi, E., Goldstone, J & Gutmann, S. A quantum approximate
optimization algorithm. https://doi.org/10.48550/arXiv.1411.4028
(2014).

McClean, J. R., Romero, J., Babbush, R. & Aspuru-Guzik, A. The
theory of variational hybrid quantum-classical algorithms. New J.
Phys. 18, 023023 (2016).

McClean, J. R., Boixo, S., Smelyanskiy, V. N., Babbush, R. & Neven, H.
Barren plateaus in quantum neural network training landscapes. Nat.
Commun. 9, 4812 (2018).

McArdle, S., Endo, S., Aspuru-Guzik, A., Benjamin, S. C. & Yuan, X.
Quantum computational chemistry. Rev. Mod. Phys. 92, 015003
(2020).

Cerezo, M. et al. Variational quantum algorithms. Nat. Rev. Phys. 3,
625 (2021).

Killoran, N. et al. Continuous-variable quantum neural networks. Phys.
Rev. Res. 1, 033063 (2019).

Niu, M. Y. et al. Entangling quantum generative adversarial networks.
Phys. Rev. Lett. 128, 220505 (2022).

Kandala, A. et al. Hardware-efficient variational quantum
eigensolver for small molecules and quantum magnets. Nature
549, 242 (2017).

Ebadi, S. et al. Quantum optimization of maximum independent set
using rydberg atom arrays. Science 376, 1209 (2022).

Cong, I., Choi, S. & Lukin, M. D. Quantum convolutional neural
networks. Nat. Phys. 15, 1273 (2019).

Chen, H., Wossnig, L., Severini, S., Neven, H. & Mohseni, M. Universal
discriminative quantum neural networks. Quantum Machine Intell. 3, 1
(2021).

Zhang, B. & Zhuang, Q. Fast decay of classification error in variational
quantum circuits. Quantum Sci. Technol. 7, 035017 (2022).

Zhuang, Q. & Zhang, Z. Physical-layer supervised learning assisted by
an entangled sensor network. Phys. Rev. X9, 041023 (2019).

Xia, Y., Li, W., Zhuang, Q. & Zhang, Z. Quantum-enhanced data
classification with a variational entangled sensor network. Phys. Rev.
X 11, 021047 (2021).

Farhi, E. & Neven, H. Classification with quantum neural networks on
near-term processors. https://doi.org/10.48550/arXiv.1802.06002
(2018).

Li, W., Lu, Z.-D. & Deng, D.-L. Quantum neural network classifiers: a
tutorial. SciPost Physics Lecture Notes, 061 https://doi.org/10.21468/
SciPostPhysLectNotes.61 (2022).

Grant, E. et al. Hierarchical quantum classifiers. npj Quant. Inform. 4,
65 (2018).

Li, Z., Liu, X., Xu, N. & Du, J. Experimental realization of a quantum
support vector machine. Phys. Rev. Lett. 114, 140504 (2015).
Havlicek, V. et al. Supervised learning with quantum-enhanced feature
spaces. Nature 567, 209 (2019).

Larocca, M., Ju, N., Garcia-Martin, D., Coles, P. J. & Cerezo, M.
Theory of overparametrization in quantum neural networks. Nat.
Comput. Sci. 3, 542 (2023).

Liu, J., Tacchino, F., Glick, J. R., Jiang, L. & Mezzacapo, A.
Representation learning via quantum neural tangent kernels. PRX
Quantum 3, 030323 (2022).

Liu, J. et al. Analytic theory for the dynamics of wide quantum neural
networks. Phys. Rev. Lett. 130, 150601 (2023).

Liu, J., Lin, Z. & Jiang, L. Laziness, barren plateau, and noises in
machine learning. Mach. Learn. Sci. Technol. 5, 015058 (2024).
Wang, W. et al. Symmetric pruning in quantum neural networks.
https://doi.org/10.48550/arXiv.2208.14057 (2022).

Yu, L.W. et al. Expressibility-induced concentration of quantum neural
tangent kernels. Rep. Prog. Phys 87, 110501 (2024).

Zhang, B., Liu, J., Wu, X.C., Jiang, L. & Zhuang, Q. Dynamical phase
transition in quantum neural networks with large depth. Nat. Commun
15, 9354 (2024).

npj Quantum Information | (2025)11:132

13


https://github.com/bzGit06/QNN_SL_dynamics
https://github.com/bzGit06/QNN_SL_dynamics
https://doi.org/10.48550/arXiv.1411.4028
https://doi.org/10.48550/arXiv.1411.4028
https://doi.org/10.48550/arXiv.1802.06002
https://doi.org/10.48550/arXiv.1802.06002
https://doi.org/10.21468/SciPostPhysLectNotes.61
https://doi.org/10.21468/SciPostPhysLectNotes.61
https://doi.org/10.21468/SciPostPhysLectNotes.61
https://doi.org/10.48550/arXiv.2208.14057
https://doi.org/10.48550/arXiv.2208.14057
www.nature.com/npjqi

https://doi.org/10.1038/s41534-025-01079-w

Article

28. Roberts, D. A. & Yoshida, B. Chaos and complexity by design. J. High
Energy Phys. 2017, 1 (2017).

29. Helstrom, C. W. Minimum mean-squared error of estimates in
quantum statistics. Phys. Letters A 25, 101 (1967).

30. Helstrom, C. W. Quantum detection and estimation theory. J. Stat.
Phys. 1,231 (1969).

31. Zhang, S.-X. et al. Tensorcircuit: a quantum software framework for
the nisq era. Quantum 7, 912 (2023).

32. Cerezo, M., Sone, A., Volkoff, T., Cincio, L. & Coles, P. J. Cost function
dependent barren plateaus in shallow parametrized quantum circuits.
Nat. Commun. 12, 1791 (2021).

33. Nakata, Y. & Murao, M. Diagonal-unitary 2-design and their
implementations by quantum circuits. Int. J. Quant. Inform. 11,
1350062 (2013).

34. Bergholm, V. et al. Pennylane: automatic differentiation of hybrid
quantum-classical computations. arXiv preprint https://doi.org/10.
48550/arXiv.1811.04968 (2018).

35. Qiskit contributors, Qiskit: An open-source framework for quantum
computing (2023). https://zenodo.org/records/2562111

36. Thanasilp, S., Wang, S., Nghiem, N. A., Coles, P. & Cerezo, M.
Subtleties in the trainability of quantum machine learning models.
Quant. Machine Intell. 5, 21 (2023).

37. Ragone, M. et al. A lie algebraic theory of barren plateaus for deep
parameterized quantum circuits. Nat. Commun. 15, 7172 (2024).

38. You, X., Chakrabarti, S., Chen, B. & Wu, X. Analyzing convergence in
quantum neural networks: deviations from neural tangent kernels.
https://doi.org/10.48550/arXiv.2303.14844 (2023).

Acknowledgements

B.Z. and Q.Z. acknowledges ONR Grant No. NO0014-23-1-2296, NSF
(CAREER CCF-2240641, 2330310, 2350153 and OMA-2326746), AFOSR
MURI FA9550-24-1-0349, and DARPA (HR00112490453, HR00112490362
and D24AC00153-02). J.L. is supported by the University of Pittsburgh,
School of Computing and Information, Department of Computer Science,
Pitt Cyber, PQI Community Collaboration Awards, John C. Mascaro Faculty
Scholar in Sustainability, NASA under award number 80NSSC25M7057,
and Fluor Marine Propulsion LLC (U.S. Naval Nuclear Laboratory) under
award number 140449-R08, International Business Machines (IBM)
Quantum through the Chicago Quantum Exchange, and the Pritzker School
of Molecular Engineering at the University of Chicago through AFOSR MURI
(FA9550-21-1-0209). L.J. acknowledges support from the ARO (W911NF-
23-1-0077), ARO MURI (W911NF-21-1-0325), AFOSR MURI (FA9550-19-1-
0399, FA9550-21-1-0209, FA9550-23-1-0338), NSF (OMA-1936118, ERC-
1941583, OMA-2137642, OSI-2326767, CCF-2312755), NTT Research,
Packard Foundation (2020-71479), and the Marshall and Arlene Bennett
Family Research Program. This material is based upon work supported by
the U.S. Department of Energy, Office of Science, National Quantum

Information Science Research Centers. The experimental part of the
research was conducted using IBM Quantum Systems provided through
USC’s IBM Quantum Innovation Center.

Author contributions

B.Z.and Q.Z. proposed the study. B.Z performed the analyses, computation
and experiments, and generated all data and figures, under the supervision
of Q.Z., with inputs from all authors. B.Z. and Q.Z. wrote the manuscript, with
inputs from all authors.

Competing interests

J.L.is an associate editor of npj Quantum Information, but were not involved
in the editorial review of, or the decision to publish this article. All other
authors declare no competing interests.

Additional information

Supplementary information The online version contains
supplementary material available at
https://doi.org/10.1038/s41534-025-01079-w.

Correspondence and requests for materials should be addressed to
Quntao Zhuang.

Reprints and permissions information is available at
http://www.nature.com/reprints

Publisher’s note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Open Access This article is licensed under a Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License,
which permits any non-commercial use, sharing, distribution and
reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if you modified the licensed material. You
do not have permission under this licence to share adapted material
derived from this article or parts of it. The images or other third party
material in this article are included in the article’s Creative Commons
licence, unless indicated otherwise in a credit line to the material. If material
is notincludedin the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use,
you will need to obtain permission directly from the copyright holder. To
view a copy of this licence, visit http://creativecommons.org/licenses/by-
nc-nd/4.0/.

© The Author(s) 2025

npj Quantum Information | (2025)11:132

14


https://doi.org/10.48550/arXiv.1811.04968
https://doi.org/10.48550/arXiv.1811.04968
https://doi.org/10.48550/arXiv.1811.04968
https://zenodo.org/records/2562111
https://zenodo.org/records/2562111
https://doi.org/10.48550/arXiv.2303.14844
https://doi.org/10.48550/arXiv.2303.14844
https://doi.org/10.1038/s41534-025-01079-w
http://www.nature.com/reprints
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
www.nature.com/npjqi

	Quantum-data-driven dynamical transition in quantum learning
	Results
	Overview of results
	Fundamental dynamical equations for training a QNN
	Assumption of fixed relative dQNTK
	Solving the fixed points
	Classification of the dynamics
	Stability transition of fixed points: bifurcation
	Convergence towards fixed points: exponential convergence class
	Convergence toward fixed points: polynomial convergence class
	Ensemble average results
	Experiment

	Discussion
	Methods
	Experimental details
	Dynamics of QNTK
	Stability transition of fixed points

	Data availability
	Code availability
	References
	Acknowledgements
	Author contributions
	Competing interests
	Additional information




