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The Sachdev-Ye-Kitaev (SYK) model describes a strongly correlated quantum system that shows
a strong signature of quantum chaos. Due to its chaotic nature, the simulation of real-time dy-
namics becomes quickly intractable by means of classical numerics, and thus, quantum simulation
is deemed to be an attractive alternative. Nevertheless, quantum simulations of the SYK model
on noisy quantum processors are severely limited by the complexity of its Hamiltonian. In this
work, we simulate the real-time dynamics of a sparsified version of the SYK model with 24 Majo-
rana fermions on a trapped-ion quantum processor. We adopt a randomized quantum algorithm,
TETRIS, and develop an error mitigation technique tailored to the algorithm. Leveraging the hard-
ware’s high-fidelity quantum operations and all-to-all connectivity of the qubits, we successfully
calculate the Loschmidt amplitude for sufficiently long times so that its decay is observed. Based
on the experimental and further numerical results, we assess the future possibility of larger-scale
simulations of the SYK model by estimating the required quantum resources. Moreover, we present
a scalable mirror-circuit benchmark based on the randomized SYK Hamiltonian and the TETRIS
algorithm, which we argue provides a better estimate of the decay of fidelity for local observables
than standard mirror-circuits.

INTRODUCTION

The Sachdev-Ye-Kitaev (SYK) model describes a
strongly-interacting quantum system that consists of N
Majorana fermions with random q-body interactions [1–
3]. Its connections to condensed matter physics and
non-Fermi liquids make it an attractive model to study
strong electronic correlations and disorder in metals and
cuprates [4–6]. The model has also gained significant at-
tention as it admits a two-dimensional gravitational holo-
graphic description in the infrared regime. In fact, it has
been used as a paradigmatic model for “Quantum Grav-
ity in the Lab” [7–11], a research effort to study quan-
tum gravity phenomena through the holographic duality
lenses, leading to new understandings (see e.g. [6, 12, 13]
for reviews). The SYK model exhibits a strong signa-
ture of quantum chaos by saturating a universal bound
of quantum Lyapunov exponent at low temperatures [14].
Despite many analytical studies that address the static
and dynamic properties of the SYK model under certain
limits, further numerical investigations are required to
understand them for the other regimes, e.g., finite N ,
finite-range interaction, etc. In particular, simulation of
real-time dynamics is ubiquitous in addressing signatures
of quantum chaos through the Loschmidt echo, out-of-
time-ordered correlators, spectral form factors, and other
observables in the toolbox of condensed matter physics
and quantum information science.

In this work, we simulate the real-time dynamics of
the SYK model with four-body interactions (q = 4) to

explore its feasibility on noisy quantum hardware. We re-
mark that digital quantum simulations of the SYK mod-
els on noisy quantum hardware have been severely lim-
ited due to their fully non-local interactions and the num-
ber of terms scaling as O(N4) (see [4, 15, 16] for experi-
mental works). We alleviate these issues by considering a
sparsified version of the SYK model [17–23] and employ-
ing a recently developed randomized Hamiltonian sim-
ulation algorithm, TETRIS (Time Evolution Through
Random Independent Sampling) [24]. This stochastic
algorithm enables Hamiltonian simulation without dis-
cretization error and is particularly suited for simulating
the SYK model, leveraging the randomized nature of the
SYK Hamiltonian.

As a demonstrative example we focus on a single dy-
namical observable: the vacuum survival probability, or
Loschmidt amplitude. We choose the Loschmidt am-
plitude [25–28] because it is a key observable to study
quantum chaos in the SYK model due to its known
connection [27, 28] with out-of-time-ordered correlators
(OTOC) [29–34]. In our experiment, we evolve the sys-
tem for time t under the sparse SYK dynamics employing
TETRIS and calculate the survival probability of the all-
zero state on a trapped-ion quantum processor, whose all-
to-all qubit connectivity facilitates the simulation of non-
local interaction in the model. We carefully diagnose the
error sources contributing to the measurement outcomes.
Moreover, we develop an error mitigation technique that
relies on properties of the randomized algorithm we use
for computing the time evolution. Our protocol enables
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the successful simulation of N = 24 sparse SYK model
until the probability decay inherent to the model’s ideal
dynamics is observed at Jt ∼ 1. We remark that the
decay of the Loschmidt amplitude with time is not nec-
essarily specific to chaotic models. For instance, even
integrable models can decay at early times. However,
chaotic models such as SYK models do not exhibit am-
plitude revival in times polynomial in the system size.

Besides simulating quantum dynamics of the SYK
model, we propose to employ the TETRIS algorithm for
benchmarking the noise effect of a quantum processor
on a circuit used to estimate a local observable. Mirror
circuit benchmarks provide scalable benchmarking pro-
tocols, where one measures the survival probability of the
initial state after an application of a mirror circuit, that
is, a unitary circuit followed by its inverse [35–37]. The
performance of a quantum processor in running a circuit
with a given number of gates is measured by the decay
of probability from 1, the ideal value, with faster decays
indicating stronger noise effects. In the present work,
we consider a variant of the mirror circuit benchmarks,
where we use two independently sampled TETRIS uni-
tary circuits, U and U ′, that agree only on average with
the correct time evolution operator. Thus, the circuit
U ′†U provides a mirror-on-average circuit in the sense
that it is proportional to the identity operator only on
average [38]. We argue that this benchmark gives a better
estimate of noise on local observables than the standard
mirror circuit benchmark when using this stochastic al-
gorithm for implementing the time evolution.

Finally, we conclude by estimating the required quan-
tum resources by extrapolating our numerical and ex-
perimental results and address the feasibility of larger
simulations of the SYK model.

RESULTS

Setup

The q = 4 SYK model is a quantum mechanical model
with N Majorana fermions ψi ({ψi, ψj} = 2δij) described
by the Hamiltonian [2, 3],

H =
∑

i<j<k<l

Jijklψiψjψkψl , (1)

The couplings Jijkl are independent random Gaussian

variables with mean 0 and variance Var[Jijkl] = 3!J2

N3 .
The sparse SYK model is defined by [17–23]

H =
∑

i<j<k<l

pijklJijklψiψjψkψl , (2)

where pijkl ∈ {0, 1} are randomly sampled, being equal
to 1 with probability p, where p controls the sparsity of

the model. The average number of terms in the Hamil-
tonian (2) is p

(
N
4

)
= O(pN4). For gravitational physics

to emerge at the infrared regime, one needs to retain
an extensive number of terms on average by setting the
probability to p = kN/

(
N
4

)
for anN -independent sparsity

parameter k [17]. To maintain the extensive energy, the

variance is rescaled as Var[Jijkl] =
3!J2

pN3 . Upon taking the
disorder average, we find the 1-norm of the Hamiltonian
∥H∥1 =

∑
i<j<k<l pijkl|Jijkl| is

√
6pJ

24

N !

N3/2(N − 4)!
= O(

√
pN5/2) = O(N). (3)

This is obtained from the fact that the mean of pijkl is

p, the mean of |Jijkl| is of order
√

Var[Jijkl], and the

sum contains
(
N
4

)
terms. This Hamiltonian on N Majo-

rana fermions can be expressed in terms of Pauli matrices
through the Jordan-Wigner transformation into L = N/2
qubits

ψ2j = XjZj−1Zj−2...Z1,

ψ2j+1 = YjZj−1Zj−2...Z1 .
(4)

We write the corresponding spin Hamiltonian as

H =
∑
n

cnPn , (5)

with a Pauli string Pn. The resulting SYK Hamiltoni-
ans are thus all-to-all coupled, with long Pauli strings of
average length O(L), and with random coefficients that
can take both small and large values. These properties
make these Hamiltonians difficult to simulate. Note that
a different fermion encoding could be used, but local en-
codings [39, 40] provide diminishing returns due to the
non-local and all-to-all nature of the interactions. The
ternary tree encoding [41] could be an attractive pos-
sibility due to its favourable scaling, despite the need
for additional ancillas, and we will explore it later on.
For the system size studied N = 24, we found that the
Jordan-Wigner encoding was more efficient.
The most widely used simulation technique, Trotteri-

zation, scales particularly badly with L for these systems.
It could be rather complicated to derive tight bounds
on the gate complexity and Trotter error. For a recent
work on higher-order product formulas focusing on the
SYK model, see Ref. [42]. The time evolution operator
is approximated by s Trotter steps using the first-order
Trotter decomposition,

eiHt ≈
(
eic1P1t/s...eicMPM t/s

)s

. (6)

Since the Pauli strings are of length O(L) on average and
the exponentiation of a Pauli string of length O(L) re-
quires O(L) two-qubit (TQ) gates, the cost to implement
one single Trotter step is O(pL5) TQ gates. Equation (6)
comes with an discretization (Trotter) error O(t2pL4/s).
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Indeed, the Trotter error arises from non-vanishing com-
mutators of the form [ψiψjψkψl, ψi′ψj′ψk′ψl′ ]. For this
to be finite, two four-body terms must share at least
one of the fermion indices. There are O(N7) such com-
binations of (ijkl) and (i′j′k′l′). Moreover, each four-
body term labelled by (ijkl) exists in a single disor-
der realization of the Hamiltonian (2) with probability
p. Therefore, the number of non-vanishing commuta-
tors scales as O(p2N7), resulting in the Trotter error
t2/s × Var[Jijkl] × O(p2N7) = O(t2pN4/s). Thus, the
total TQ gate cost is O(p2L9t2/ϵ) to achieve the Trotter
error ϵ. Setting p ∼ L−3, as required to reproduce the
properties of the dense SYK model, we find a gate count
O(L3t2/ϵ).

Various randomized algorithms for Hamiltonian sim-
ulation provide favourable quantum resources compared
to the Trotterization in a number of cases [43–50]. As we
will see below, the randomized TETRIS algorithm [24]
involves t2µ2 rotations of Pauli strings, where µ is the 1-
norm of the Hamiltonian. Most notably, the gate cost of
each circuit is independent of the required error ϵ. Since
each rotation requires O(L) TQ gates, this yields a TQ
gate count O(µ2t2L) = O(pL6t2). The scaling is strictly
better than the Trotterization scaling for any sparsity
parameter p ∼ L−α with α < 3. For p ∼ L−3, TETRIS
achieves no discretization error at the same cost as the
Trotterization. Furthermore, no matter how small the
evolution time t is, the Trotterization needs to apply at
least one Trotter step, which costs O(pL5). On the other
hand, the TETRIS gate cost decreases as t2, and thus,
becomes cheaper for short-time evolution. This will be
numerically verified later in Fig. 6. To give some precise
numbers beyond this scaling analysis, for N = 24 Ma-
jorana fermions, we get an average number of TQ gates
around 1022 per Trotter step, before circuit optimiza-
tion. For the TETRIS algorithm at optimal gate angle,
we get an average number of TQ gates around 3100t2 for
simulation time t before circuit optimization.
The TETRIS algorithm takes as a parameter a gate

angle 0 < τ < π/2, and generates random unitary oper-
ators U that average to

EU [U ] = λeiHt , (7)

where EU denotes the statistical average over random
samples of U , and λ is

λ = e−tµ tan(τ/2) , (8)

with the 1-norm µ =
∑

n |cn| of the Hamiltonian (5). The
random unitary operator U is expressed as a product
U = eiτPj1 ...eiτPjM , where the multiplication by eiτPn

are random events that follow independent Poisson pro-
cesses with rates |cn|/ sin τ during an evolution time t.
Namely, the unitary operator U is built starting from
the identity U = I, and for each time window of small
duration dt between time 0 and time t, we multiply U

by eiτPn with a probability dt|cn|/ sin τ . We refer to [24]
for a detailed description of the algorithm. As a conse-
quence, the average number of rotation gates per sampled
unitary operator U is tµ/ sin τ . The attenuation factor λ
increases the number of shots to reach a given precision
by a factor 1/λ2 = e2tµ tan(τ/2). The optimal choice of τ
that minimizes the total number of gates across different
shots is τ ≈ 1/(tµ) for large tµ. This yields an average
number of rotations t2µ2. Note that for the SYK Hamil-
tonian, the long Pauli strings that will be exponentiated
result mostly in TQ gates with maximal angle, coming
from the decomposition of Pauli gadgets.

Noise mitigation: Echo verification

The implementation of TETRIS requires an ancillary
qubit to calculate the average of unitary operators U . We
discuss an error mitigation scheme that makes use of the
measurement outcomes on the system register [51–54].
Let us consider a density matrix ρ on the ancilla and the
system qubits, that we initialize in |+⟩⟨+| for the ancilla,
and |0⟩⟨0| := |0...0⟩⟨0...0| for the system qubits. After
application of a unitary operator U conditioned on the
ancilla being |1⟩, we have

ρ =
1

2
|0⟩⟨0| ⊗ |0⟩⟨0|

+
1

2
|1⟩⟨0| ⊗ U |0⟩⟨0|+ 1

2
|0⟩⟨1| ⊗ |0⟩⟨0|U†

+
1

2
|1⟩⟨1| ⊗ U |0⟩⟨0|U† ,

(9)

where the registers before and after ⊗ denote the ancilla
and the system qubits respectively. Averaging over U ,
we get

ρave := EU [ρ]

=
1

2
|0⟩⟨0| ⊗ |0⟩⟨0|

+
λ

2
|1⟩⟨0| ⊗ eiHt|0⟩⟨0|+ λ

2
|0⟩⟨1| ⊗ |0⟩⟨0|e−iHt

+
1

2
|1⟩⟨1| ⊗ EU [U |0⟩⟨0|U†] .

(10)

One notes that the average of U |0⟩⟨0|U† is a priori un-
known since it is quadratic in U . Measuring X on the
ancilla and O, an arbitrary observable, on the system
qubits, we have

Tr[ρave(X ⊗O)] = λℜ[⟨0|OeiHt|0⟩] . (11)

The real part of the Loschmidt amplitude can thus be
obtained by setting O = I, i.e., only measuring the an-
cilla

ℜ[⟨0|eiHt|0⟩] = λ−1Tr[ρave(X ⊗ I)] . (12)
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H H•|0⟩
|0⟩
|0⟩
|0⟩
|0⟩

UEU

H H•|0⟩
|0⟩
|0⟩
|0⟩
|0⟩

U
= EU

|0⟩
|0⟩
|0⟩
|0⟩

= λℜ⟨0|eiHt|0⟩

FIG. 1. Schematic circuit representation for the computation
of the Loschmidt echo amplitude and the echo verification.

However, it can also be equivalently obtained by setting
O = |0⟩⟨0|, the projector onto the initial state,

ℜ[⟨0|eiHt|0⟩] = λ−1Tr[ρave(X ⊗ |0⟩⟨0|)] . (13)

When measuring the system qubits in the Z basis, the
difference between the two cases above is that when com-
puting X ⊗ I, the measurement outcome of the system
qubits is not taken into account, whereas when comput-
ing X ⊗|0⟩⟨0|, we count zero whenever the measurement
outcome of the system qubits is not 0...0. This is dif-
ferent from discarding the corresponding shots because
the overall number of shots remains the same. Simi-
larly, projecting the system qubits onto any product state
in the Z basis that is different from |0...0⟩, i.e., taking
O = |i1...iL⟩⟨i1...iL| has expectation value 0 whenever
i1...iL ̸= 0...0. It follows that counting the shots where
the system qubits are not 0...0 does not modify the expec-
tation values, but increases the shot noise. On a noise-
less quantum computer, it is thus always more efficient to
measure X⊗|0⟩⟨0|. On a noisy quantum computer, mea-
suring X ⊗ |0⟩⟨0| allows for discarding some bit flips on
the system qubits, at the cost of reducing the number of
shots available and thus increasing sampling overhead.
This noise mitigation technique is called echo verifica-
tion [51, 54]. It is represented schematically in Fig 1. In
panel (a) of Fig. 2, we show the variance over circuits,
for different numbers of shots per circuit and different
numbers of gates, and for O = I, O = |0⟩⟨0|. We ob-
serve that O = |0⟩⟨0| has generally smaller variance than
O = I, as expected. As for the influence of the number
of shots per circuit, it is known that doing 1 shot per
random TETRIS circuit minimizes the variance at fixed
total number of shots, when neglecting compilation cost
[24]. We observe that in practice, doing 10 shots per
circuit reduces the standard deviation by around

√
10,

which is thus close to optimal. On the contrary, doing
104 shots per random circuit reduces the standard de-
viation by much less than

√
104 which is far from the

optimal case.
At early times before the Loschmidt amplitude decays,

|0...0⟩ has the dominant amplitude in an evolving state.
On a noisy quantum computer, some bit flips can occur
to change the state |0...0⟩ to a state of a small Hamming
weight. Counting 0 for these states will thus attenuate
the signal. Since fermionic parity is conserved in the

(a) (b)
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FIG. 2. a: Standard deviation of measurements of real part
of the Loschmidt amplitude at Jt = 0.5, as a function of num-
ber of CNOTs per circuit (without any circuit optimization),
for different number of shots per circuits (different shades of
green) and measurement operator O = I (solid lines) and
O = |0⟩⟨0| (dashed lines). The circuits are sampled both
from TETRIS and from different disorder realizations of the
SYK Hamiltonian. b: Real part of Loschmidt amplitude as
a function of 1/α for gate angle τ = ατ0 with τ0 = 1/(tµ),
for Jt = 0.5, simulated with a depolarizing noise channel of
amplitude 0.001 after every TQ gate, for different operators
O. The error bars correspond to 103 circuits with 10 shots
each. The dashed lines are linear fits and the dotted line is
an exponential fit. The black line shows the exact value.

SYK model, shots with an odd number of bit flips can
be attributed to noise with certainty. For a state with a
small Hamming weight, noise is more likely to increase
the weight than to decrease it. Therefore, the major-
ity of the shots with a single 1 are expected to come
from a bit-flip on top of 0...0 than on top of a bitstring
with Hamming weight 2. Taking these shots into account
should thus improve the estimate of X⊗|0⟩⟨0| on a noisy
quantum computer. To account for this, we propose a
variant of the echo verification by measuring the follow-
ing observable

|0⟩⟨0|mit := |0...0⟩⟨0...0|+
L∑

j=1

|0...01
j
0...0⟩⟨0...01

j
0...0| ,

(14)
where the single 1 is at position j in each bitstring.

Hardware results

We now present a hardware implementation of our
setup on Quantinuum System Model H1 [55]. This is
a trapped-ion quantum computing device hosting 20 all-
to-all coupled qubits. We fix the number of Majorana
fermions to N = 24, corresponding to L = 12 qubits,
and add one ancilla qubit, using thus 13 qubits in to-
tal. The sparsity parameter is k = 2.3, below which the
ramp, a universal behaviour predicted by random matrix
theory, disappears in the spectral form factor, indicating
the loss of spectral rigidity [23]. Therefore, with k = 2.3
we choose the most sparse SYK that could still be com-
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time shallow deep
t = 0.2 940 140
t = 0.35 820 105
t = 0.5 440 50
t = 0.65 285 30
t = 0.8 180 21

TABLE I. Number of random circuits generated and run
on hardware, for different times, with 6 shots performed per
random circuit.

patible with chaotic properties related to its holographic
dual gravity model. We do not intend this experiment to
be a probe of a realistic gravitational dual model, but to
provide a lower bound on the number of gates needed to
simulate a SYK model with chaotic properties. On the
hardware, we run 6 shots per circuit, each circuit being
randomly sampled among different TETRIS unitary op-
erators U and among different disorder realizations of the
sparse SYK Hamiltonian H (2). We use the ability of the
hardware to perform mid-circuit measurement and qubit
reset to “stitch” multiple circuits in a same run, in order
to minimize the overhead cost in running several circuits
with few shots each. We consider two different gate an-
gles, τ0 = 1.5/(tµ), where µ is the 1-norm of the sampled
Hamiltonian H, that we refer to as “shallow circuits” and
one equal to τα = ατ0 with α = 1/3, that we refer to as
“deep circuits”. The deep circuits contain, on average,
around three times more gates than the shallow circuits.
Taking a large difference of number of gates in the two
circuits used to perform ZNE reduces the shot noise am-
plification by the extrapolation [56]. As described in the
Methods section, this allows us to apply Large Gate An-
gle Extrapolation (LGAE) on the shallow and deep cir-
cuits and to study the efficiency of the three different
measurement strategies, where O = I, |0⟩⟨0|, |0⟩⟨0|mit.
We simulate the system up to time Jt = 0.8, where the
average real part of the Loschmidt echo starts to be close
to 0, as seen in panel (b) of Fig 4. In total, the num-
ber of circuits run on hardware are given in Table I. All
hardware results are summarized in Fig. 3.

We observe that for O = |0⟩⟨0|mit, the LGAE miti-
gation recovers the exact values within just about one
standard deviation. In contrast, for O = |0⟩⟨0| the mit-
igation leads to an underestimation of the exact result.
We attribute it to the fact that, because this observable
is noisier, we are beyond the regime where noise effects
are linear in the number of gates, as we already saw in
panel (b) of Fig. 2.

In Fig. 4 we plot the mitigated results using the
exponential form of LGAE. As expected, the error bars
are significantly larger. Here, even the case O = |0⟩⟨0|
correctly recovers the exact result within error bars,
although the error bars are too large to be really
conclusive for Jt = 0.65 and Jt = 0.8. For O = I with
the linear extrapolation in Fig. 3, the results display

significantly large error bars, with both shallow and
deep circuits giving comparable results. In that case the
efficiency of the noise mitigation is also less conclusive
due again to the large error bars. We also observe that
the signal is typically larger than the exact values. This
upward bias due to noise is not standard because noise
typically biases the results towards vanishing signal,
except for non-unital channels such as leakage error. We
next study theoretically the origin of this effect.

Effect of noise

We now discuss the effect of noise on the expectation
value Tr[ρave(X⊗O)]. We use ⟨X⊗O⟩noisy to denote the
noisy expectation values, while Tr[ρave(X ⊗ O)] denotes
the noiseless expectation value.

We analyze the dominant source of error occurring
on the system qubits. To get tractable expressions, we
model the noise effects on the system qubits with a global
depolarizing channel N that occurs with rate q. If the
channel N is applied at time t1, the density matrix (10)
is turned into

N [ρave] =

1

2
|0⟩⟨0| ⊗ IN

2N
+
λ1
2
|1⟩⟨0| ⊗ IN

2N
⟨0|eiHt1 |0⟩

+
λ1
2
|0⟩⟨1| ⊗ IN

2N
⟨0|e−iHt1 |0⟩+ 1

2
|1⟩⟨1| ⊗ IN

2N
,

(15)

with λ1 = e−t1µ tan(τ/2) the attenuation factor up to time
t1. Further evolving the state until time t2, we find

1

2
|0⟩⟨0| ⊗ IN

2N
+
λ2
2
|1⟩⟨0| ⊗ eiH(t2−t1)

2N
⟨0|eiHt1 |0⟩

+
λ2
2
|0⟩⟨1| ⊗ e−iH(t2−t1)

2N
⟨0|e−iHt1 |0⟩+ 1

2
|1⟩⟨1| ⊗ IN

2N
,

(16)
by averaging over the TETRIS circuits, with λ2 =
e−t2µ tan(τ/2). Hence, if n errors occurs at times 0 <
t1 < ... < tn < t, we measure the contribution at time t

λ⟨0|eiHt1 |0⟩Tr[e
iH(t2−t1)]

2N
×

Tr[eiH(t3−t2)]

2N
...
Tr[eiH(tn−tn−1)]

2N
Tr[OeiH(t−tn)]

2N
.

(17)

Since each error occurs randomly and independently
from other errors, the statistics of number of errors within
a time window follows a Poisson distribution. So the
probability of having n errors during a time t is (qt)n

n! e
−qt.

The measured value constrained to having n errors is
expressed by the integral of (17) over 0 < t1 < ... < tn <
t with a normalization factor n!/tn. Thus for example,
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FIG. 3. Hardware results from Quantinuum H1-1 ion-trap quantum computer. Real part of the Loschmidt amplitude, averaged
over random realizations of the SYK Hamiltonian for N = 24 fermions, as a function of time Jt, for shallow and deep circuits,
together with the LGAE mitigation technique, for the three tested measurement operators O. The black line shows the exact
value. The errors bars correspond to one standard deviation computed across different shots and random circuit realizations.
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FIG. 4. a: Hardware results after exponential LGAE, in the
same setting as in Fig. 3. The mitigated results for Jt =
0.8 have very large variance and are outside of the plotted
window. b: Exact average real part of the Loschmidt echo as
a function of time, for longer times, showing no revivals.

at order (qt)2 we have

⟨X ⊗O⟩noisy + i⟨Y ⊗O⟩noisy = λe−qt⟨0|OeiHt|0⟩

+ λqe−qt

∫ t

0

dt1⟨0|eiHt1 |0⟩Tr[Oe
iH(t−t1)]

2N

+ λq2e−qt

∫ t

0

dt1

∫ t1

0

dt2⟨0|eiHt2 |0⟩×

Tr[eiH(t1−t2)]

2N
Tr[OeiH(t−t1)]

2N

+O((qt)3).

(18)

The first line corresponds to the contribution of 0 errors,
the second line to 1 error occurring at time t1, the third
line to 2 errors occurring at times t1 and t2. Collecting
the contributions with arbitrary numbers of errors, it can
be concisely written as

⟨X ⊗O⟩noisy + i⟨Y ⊗O⟩noisy

= e−qtλ⟨0|OeiHt|0⟩+ λqe−qt

∫ t

0

dt1
Tr[OeiH(t−t1)]

2N
F (t1) ,

(19)

by introducing F (t) satisfying the integral equation

F (t) = ⟨0|eiHt|0⟩+ q

∫ t

0

ds
Tr[eiH(t−s)]

2N
F (s) . (20)

Indeed, inserting repeatedly n times F (t) in (19) yields
the contribution to up to n errors.
At a low error rate q and for O = |0⟩⟨0|, we have

⟨X ⊗ |0⟩⟨0|⟩noisy = λℜ⟨0|eiHt|0⟩

+ λqℜ
(∫ t

0

dt1
⟨0|eiHt1 |0⟩⟨0|eiH(t−t1)|0⟩

2N
− t⟨0|eiHt|0⟩

)
+O((qt)2) . (21)

Because of the factor 1/2N , the parenthesis is very likely
to be negative at small t. Hence the signal is decreased.
On the other hand, when O = I, we have

⟨X ⊗ I⟩noisy = λℜ⟨0|eiHt|0⟩

+ λqℜ
(∫ t

0

dt1
Tr[eiHt1 ]

2N
⟨0|eiH(t−t1)|0⟩ − t⟨0|eiHt|0⟩

)
+O((qt)2) .

(22)

Now, the quantity Tr[eiHt1 ]
2N

is of order 1 at small t1.
Hence, the parenthesis can be positive or negative, im-
plying noise can amplify the signal, counter-intuitively.
Since Tr[eiHt] and ⟨0|eiHt|0⟩ are concave functions of t
at small t, we can expect indeed this parenthesis to be
positive.
To compare this theoretical noise model to hardware

results, we proceed as follows. Recall that q is the error
rate per unit of physical time t, not per gate. In an
actual implementation of the algorithm, the error rate q
depends on the chosen gate angle, because the number
of gates per unit of physical time depends on the gate
angle. In the experiments, since the gate angle is set
to be inversely proportional to physical time t, the error
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FIG. 5. Real part of Loschmidt amplitude as a function of
time Jt, showing hardware results (bullets) and curves ob-
tained from theoretical noise model (dashed lines), for shal-
low and deep circuits, and for measurement operator O =
|0⟩⟨0|, I. The single parameter entering the theoretical model
is fitted with the hardware data obtained for shallow circuits
and O = |0⟩⟨0| (lightgreen). The three other dashed curves
are deduced from it. The black line indicates the noiseless
value.

rate q is proportional to the final physical time t for each
experiment. Note in the formulas above, q stays constant
in time, because the gate angle is constant throughout a
single time evolution. To determine the proportionality
factor β between error rate q and final physical time t,
we fit the formula for ⟨X⊗O⟩noisy in (19) for O = |0⟩⟨0|,
only on shallow circuits. Since the error rate must be
proportional to the number of gates per unit of physical
time, the error rate for deep circuits must be three times
larger.

The fit yields the value β = 2.46J2. This means that,
for Jt = 0.5 for example, the error rate q in the shal-
low circuits is βt = 1.23J , and so we have on average
qt = 0.615 errors during the evolution for time t. Since
there are on average 275 TQ gates per shallow circuit
for Jt = 0.5, this gives an average number of errors per
TQ gate equal to 0.0022. The component benchmark
values give an error rate per TQ gate around 10−3 [55].
However, this value 0.0022 obtained from the hardware
also takes into account other sources of error like memory
error, it is thus expected that it is larger than the compo-
nent benchmark value. We plot in Fig. 5 the comparison
of the theoretical noise model obtained with this fitted
parameter, for the three other settings, namely shallow
circuits with O = I, and deep circuits for both O = |0⟩⟨0|
and O = I. We observe a good agreement for all the
setups. In particular, the model correctly captures the
upward bias due to noise of hardware results whenO = I.
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FIG. 6. a: real part of Loschmidt amplitude as a function
of time Jt, for different system sizes N = 8, 12, ..., 32 (from
right to left), with green indicating that TETRIS at optimal
angle is cheaper than Trotter, orange that one Trotter step
is cheaper, and purple that two Trotter steps are cheaper.
b,c: relative Trotter error in the real part of the Loschmidt
amplitude, as a function of time, using one single Trotter
step (b) and two Trotter steps (c), for different system sizes
N = 8, 12, ..., 32 (from bottom to top).

0 0.5 1

·104

0

0.5

1

TQ gates

cu
m

ul
at

ed
Tr

ot
te

re
rr

or

FIG. 7. Sum of the absolute value of the differences between
Trotterized evolution and exact evolution of the real part of
the Loschmidt echo, at time points t = 0.1n for n = 1, ..., 20,
in size L = 12, as a function of the total number of TQ gates,
corresponding to different number of Trotter steps, including
1000 random realizations of the SYK Hamiltonian.

Cost comparison with Trotter

We now perform a cost comparison against Trotteriza-
tion. We saw that as a function of time, the complexity
of our randomized algorithm scales as O(t2), whereas a
Trotter decomposition at fixed Trotter step s scales as
O(t). In panel (a) of Fig. 6, we show, for sparsity pa-
rameter k = 2.3, the different regimes where TETRIS
has a lower gate count than one or two Trotter steps, as
a function of time. The gate count is always computed
for the optimal gate angle τ . In that case, the sampling
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EU,U ′ = λ2 < 1

FIG. 8. Schematic circuit representation of the mirror-on-
average circuit benchmark. If the unitaries U and U ′ are
both drawn randomly and independently from the TETRIS
algorithm, then in average the expectation value of the ancilla
is equal to λ2, with λ given in (8).

overhead of TETRIS over Trotter is approximately equal
to e ≈ 2.72. We see that, at early times, TETRIS is
always cheaper. Moreover, when system size increases,
it remains consistently cheaper in the regime where the
Loschmidt amplitude is ⪆ 0.5. At later times, doing one
single Trotter step always ends up getting cheaper. How-
ever, increasing time at a fixed number of Trotter steps
inevitably increases the bias due to the Trotter error,
which we have ignored so far.

In panels (b,c) of Fig. 6, we show the relative Trotter
error as a function of time, when doing one or two Trotter
steps. We also show in Fig 7 the amount of Trotter error
as a function of the number of Trotter steps. We see that
for either one or Trotter steps, Trotterization becomes
cheaper only when the Trotter decomposition incurs at
least ≈ 10% error. In particular, for time < 1, the regime
where one Trotter step is cheaper than TETRIS at op-
timal angle would have incurred a Trotter error of the
same order as the error bars on the extrapolated values
in Fig. 3. Trotter error would thus have been statistically
visible in Fig. 3, even neglecting hardware noise.

We note that beyond this analysis, the optimal choice
between Trotter and TETRIS would depend on the tol-
erance of the end user to imprecision to Trotter error.
If the tolerance is high, then Trotter has a better scal-
ing for intermediate times. However, if accuracy matters,
TETRIS always becomes more efficient due to bounded
average gate count with precision.

Finally, let us mention that there exists a wealth
of other Hamiltonian simulation techniques with better
asymptotic scalings than a Trotter decomposition. This
includes for example higher-order Trotterizations [57, 58],
the linear combination of unitaries method [59, 60] or
more recent methods [61]. While these methods are
asymptotically more efficient (in time or in precision),
they often involve significant overhead, which make them
unlikely to rival with just a few Trotter steps for the
current and near-term hardware resources. There also
exists other randomized algorithms that enjoy some of
the benefits of TETRIS and whose comparison would be
interesting [62–66].

Noise estimation through a mirror-on-average
circuit benchmark

Estimating the amount of noise in a circuit run on
hardware is an important element of quantum computing
calculations. However, comparing the measured expecta-
tion value to exact values is often limited to small system
sizes or shallow circuits. Scalable methods to estimate
the amount of noise in a circuit are to run amirror circuit
on top, where all the gates are exactly inverted. Since the
circuit is logically equivalent to identity, hardware imper-
fections can be estimated in a scalable way by estimating
the survival probability of the initial state [35–37]. These
mirror circuit benchmarks, however, are known to over-
estimate the noise in actual local observables [67–69].

0 0.2 0.4 0.6 0.8 1

·10−3

10−1

100

error rate

am
pl

itu
de

mirror
mirror-on-average
expectation value

FIG. 9. Numerically simulated mirror-on-average bench-
mark λ−2EU,U′ [ρave(X ⊗ I)] (24) (purple), standard mirror

benchmark EU [⟨0|U†U |0⟩] (teal), both of which return 1 in
the noiseless case, and expectation values of the operator
O = 1

L

∑
j Zj (orange), as a function of TQ depolarizing er-

ror rate pdep, in size L = 12, for Jt = 0.8, taking disorder
average of the sparse SYK Hamiltonian H. The teal dashed
curve indicates the process gate fidelity, 1− 15pdep/16, to the
average number of TQ gates in the circuits, here 1988.

The TETRIS algorithm allows instead for a scalable
benchmark protocol where a mirror circuit equivalent to
identity is implemented only on average. We initialize a
density matrix ρ on the ancilla and the system qubits in
|+⟩ ⊗ |0⟩. We generate two independent random uni-
taries U,U ′ with the TETRIS algorithm, that satisfy
EU [U ] = λeiHt. We apply U on the system qubits condi-
tioned on the ancilla to be in |0⟩, and U ′ on the system
qubits conditioned on the ancilla to be in |1⟩. The density
matrix obtained from these steps is

ρ =
1

2
|0⟩⟨0| ⊗ U |0⟩⟨0|U† +

1

2
|0⟩⟨1| ⊗ U |0⟩⟨0|U ′†

+
1

2
|1⟩⟨0| ⊗ U ′|0⟩⟨0|U† +

1

2
|1⟩⟨1| ⊗ U ′|0⟩⟨0|U ′† .

(23)
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Using (7), after averaging ρ over both U and U ′ we obtain

ρave := EU,U ′ [ρ] =

1

2
|0⟩⟨0| ⊗ EU [U |0⟩⟨0|U†] +

λ2

2
|1⟩⟨0| ⊗ eiHt|0⟩⟨0|e−iHt

+
λ2

2
|0⟩⟨1| ⊗ eiHt|0⟩⟨0|e−iHt +

1

2
|1⟩⟨1| ⊗ EU ′ [U ′|0⟩⟨0|U ′†] .

(24)
Similar as before, denotingX⊗O the observable applying
X on the ancilla and O on the system qubits, we have

Tr[ρave(X ⊗O)] = λ2⟨0|e−iHtOeiHt|0⟩ . (25)

It follows that the ideal expectation value of X on the
ancilla Tr[ρave(X ⊗ I)] = λ2 is known exactly. The ex-
pectation value of X on the ancilla cannot be computed
in a scalable way for individual circuits because U and
U ′ are generally different. However, on averaging over
U,U ′, a mirror-on-average circuit is implemented, and
the expectation value of X on the ancilla is exactly λ2.
Moreover, from the same circuits, the expectation value
of O within eiHt|0⟩ can be computed. We thus expect
that the noise observed on the hardware on the expecta-
tion value of X on the ancilla gives a good estimate of
the noise observed on a local observable. This is in con-
trast with usual mirror-circuits, which measure a global
observable. A schematic representation of these circuits
is shown in Fig 8. Overall, the operational intuition be-
hind the relevance of this benchmark process is that it
involves rather generic circuits encountered in Hamilto-
nian simulation, whose individual expectation values are
not known, but whose average over the random process
is known for arbitrary system sizes and circuit depth.
It yields thus a benchmark process that is both scalable
and application-oriented, in the sense that each random
circuit will be similar to some Hamiltonian simulation
circuit.

In Fig. 9, we test these ideas with noisy simulations
of these mirror-on-average circuits. For L = 12 qubits,
and time Jt = 0.8, we plot the expectation value of
O = 1

L

∑
j Zj computed this way, as well as the expecta-

tion value ofX on the ancilla divided by λ2. We also com-
pare with the expectation value obtained when measuring
an exact mirror circuit where the inverse U† is applied
on the ancilla conditioned to be 0. All the Hamiltonians
are systematically averaged over different SYK realiza-
tions. We first observe that the standard mirror circuits
display a decay with noise that is comparable to the cir-
cuit fidelity, estimated as gate fidelity to the number of
gates (the agreement is not exact because the number of
gates fluctuates among different random circuits). This
is in line with previous implementations of mirror cir-
cuit benchmarks [35, 37]. Secondly, we observe that the
expectation value of a local observable like 1

L

∑
j Zj is

significantly less damped by noise than this mirror cir-
cuit. Instead, its decay with noise is comparable (but

not identical) to that of the mirror-on-average circuits.
This agreement between the two is not systematic, and
for other parameter regimes the slope of the mirror-on-
average circuits can present more deviation from than
that of observables, but is always smaller than that of
the mirror circuits. This shows that these mirror-on-
average circuits give a better estimate of noise on actual
observables than a standard mirror circuit benchmark,
which tends to systematically overestimate the noise on
local observables [35]. Moreover, this mirror-on-average
benchmark is scalable in the number of qubits and in the
circuit depth.

DISCUSSION

We have demonstrated an experimental quantum sim-
ulation of the Loschmidt amplitude for the sparse SYK
model, based on the TETRIS algorithm. The TETRIS
algorithm is particularly suited to simulate the SYK
model because its disorder average can be readily com-
bined with the random sampling of TETRIS circuits to
reduce the sampling overhead. While the sparsification
of the SYK model and the use of TETRIS significantly
reduce the circuit complexity, that alone is not enough to
obtain reliable estimates of physical observables by run-
ning those circuits on currently available quantum pro-
cessors. To overcome this difficulty, we proposed two
noise mitigation techniques: echo verification and LGAE.
We extensively assessed the performance of the algorithm
with the noise mitigations and demonstrated substantial
improvements in the accuracy of the experimentally ob-
tained Loschmidt amplitude.

In order to address more physically motivated ques-
tions in future experiments, we discuss the computation
of an OTOC Tr[AeiHtBe−iHtA†eiHtB†e−iHt], where A
and B are typically set to be Majorana operators. We
note that the computation of the Lyapunov exponent re-
quires the calculation of OTOCs at finite temperature.
Preparation of the thermal states at scale requires sepa-
rate consideration and is left for future work. Here, we
replace the trace by the average of the expectation values
with respect to randomly sampled pure states. With the
TETRIS algorithm and the ternary tree encoding [41],
which maps a fermion operator to a spin operator of
weight ⌈log3 2L⌉, each time-evolution operator e±iHt uses
approximately t2µ2 log3(2L) ≈ 2k(Jt)2L2 log3(2L) TQ
gates. This TQ gate count assumes using standard Pauli
gadgets to implement rotations of Pauli strings with sev-
eral Pauli matrices. The number of non-Clifford gates is
thus ∼ t2µ2 ≈ 2k(Jt)2L2. The conversion of this number
to the number of T -gates depends on the precision of the
rotation angles. See e.g. [70]. To extract the quantum
Lyapunov exponent from the decay of the OTOC, we set
the simulation time to Jt ∼ lnN . Therefore, the total
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TQ gate count is roughly,

8× k(ln(2L)L)2 log3(2L) ≈
{

4× 106 (L = 50)

2× 107 (L = 100)
(26)

for k = 2.3. Without any parallelization of gates and
assuming the execution time per circuit depth being 30
milliseconds (ms), the runtime of each circuit is roughly
4×106×30ms = 30 hours for L = 50. Since L/ log3(L) ≈
14 gates can be parallelized by adding the same number
of ancillary qubits, the execution time per circuit is re-
duced to two hours.

These estimates point towards the need for further
algorithmic improvements, for example, by using tech-
niques like sum-of-squares spectral amplification [71] or
defining new simplified Hamiltonians that retain the
chaotic properties of the original dense SYK model (see
e.g. [72–74] for recent explorations of SYK-like models).

METHODS

Noise mitigation: Large Gate Angle Extrapolation
(LGAE)

In TETRIS, the gate angle τ is a free parameter that
does not modify the precision obtained on the result: the
real part of the Loschmidt amplitude can be obtained
with Eq. (13) for all τ . Yet, the gate angle τ has a signif-
icant impact on the unitaries U sampled in Eq. (7) and
on the attenuation factor λ in Eq. (8). We leverage this
freedom to introduce another error mitigation scheme.
The angle of the rotations in a TETRIS circuit U is τ ,
and there are on average tµ/ sin τ such rotations in each
circuit U . Being able to tune a parameter to continuously
change the number of gates in the circuit, but without
changing the expectation values, is the ideal setup to per-
form Zero Noise Extrapolation (ZNE) [75, 76]. Namely,
on an actual noisy hardware, by changing τ one can mea-
sure the effect of noise on the result, and compensate for
it. We refer to this variant of ZNE as Large Gate Angle
Extrapolation (LGAE), in the sense that extrapolating
noise to zero in the ZNE is performed here by increasing
the gate angle.

LGAE proceeds as follows. We select two values of
τ , a fixed τ0 > 0 and a rescaled τα = ατ0, where 0 <
α < 1. Then, we run TETRIS with both angles and let
y0 and yα be the expectation values obtained from the
corresponding circuits. Let us assume for simplicity that
these gate angles are sufficiently small so that sin τ ≈ τ .
Also, as usual with ZNE, we assume that, at low noise
level, the effect of noise is linear in the number of gates,

yα = a+ bNg(α) , (27)

with the parameters a, b and the average number of gates
Ng(α) in the circuits generated with gate angle τα. This

number of gates is proportional to 1/ sin τα ≈ 1/τα. Un-
der these assumptions, we obtain a mitigated expectation
value as

yLGAE =
y0 − αyα
1− α

. (28)

The standard deviation σLGAE obtained on yLGAE is

σLGAE =
1

1− α

√
σ2
0 + α2σ2

α , (29)

where σ0 and σα are the standard deviations of y0, yα,
respectively. Considering that there is a certain total
number of shots to distribute among σ0 and σα, we write
σ2
0 = s20/x and σ2

α = s2α/(1 − x), with 0 < x < 1 and
s0, sα numbers. The minimal variance is obtained for

x =
s0

s0 + αsα
, (30)

and then it takes the value

σLGAE =
s0 + αsα
1− α

. (31)

Similarly to the conventional ZNE, instead of the linear
fit with the number of gates, we may employ an exponen-
tial fit. The assumption is now that the effect of noise is
of the form

yα = aebNg(α) . (32)

In that case the exponential mitigation gives

yexp-LGAE = exp
log y0 − α log yα

1− α
. (33)

There is no closed-form expression for the standard de-
viation of this estimate in terms of σ0, σα in general, but
assuming these are small, we can write using Gaussian
propagation of uncertainty

σexp-LGAE =
yexp-LGAE

1− α

√
α2σ2

α

y2α
+
σ2
0

y20
. (34)

In panel (b) of Fig. 2, we show the measured real part
of the Loschmidt amplitude for different values of gate
angles, when performing noisy numerical simulations of
the SYK model for N = 24 fermions, and for the three
operators O = I, |0⟩⟨0|, |0⟩⟨0|mit discussed in the previ-
ous section. When running noiseless simulations, all the
points would match the exact value, independently of
the gate angle. However, in noisy simulations, we see
that the signal measured for O = |0⟩⟨0|, |0⟩⟨0|mit de-
pends strongly on the gate angle, and decays when the
gate angle decreases. The signal for O = |0⟩⟨0|mit is ap-
proximately linear, while that for O = |0⟩⟨0| presents a
curvature. The signal for O = I is much less sensitive to
gate angle, and is even slightly larger than the exact value
due to the noise effect that we will discuss later (see e.g.
Fig. 5). Because of the peculiar non-monotonous effect
of noise here, the noise mitigation works less well. The
error bars show that O = I displays more shot noise,
requiring around twice as many shots to get the same
precision as for O = |0⟩⟨0|, |0⟩⟨0|mit.
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