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Published online: 22 January 2018 . Although indications are that a single chiral quantum anomalous Hall(QAH) edge mode might have
. been experimentally detected. There have been very many recent experiments which conjecture
. that a chiral QAH edge mode always materializes along with a pair of quasi-helical quantum spin Hall
. (QSH) edge modes. In this work we deal with a substantial ‘What If?’ question- in case the QSH edge
modes, from which these QAH edge modes evolve, are not topologically-protected then the QAH
edge modes wont be topologically-protected too and thus unfit for use in any applications. Further,
as a corollary one can also ask if the topological-protection of QSH edge modes does not carry over
. during the evolution process to QAH edge modes then again our ‘What if? scenario becomes apparent.
© The *how’ of the resolution of this ‘What if? conundrum is the main objective of our work. We show
in similar set-ups affected by disorder and inelastic scattering, transport via trivial QAH edge mode
leads to quantization of Hall resistance and not that via topological QAH edge modes. This perhaps
begs a substantial reinterpretation of those experiments which purported to find signatures of
chiral(topological) QAH edge modes albeit in conjunction with quasi helical QSH edge modes.

: Although, the experiment depicted in ref.! is most probably a detection of a single topological chiral quantum
anomalous Hall(QAH) edge mode. There have been some other quite recent experiments®-* where it has been
reported that QAH edge modes occur in conjunction with quasi helical quantum spin Hall(QSH) edge modes®.
The latter are prone to backscattering and are nothing but QSH edge modes which occur in a trivial insulator.

. These experiments which “see” QAH edge modes are in fact designed out of QSH edge mode setups in a topo-

. logical insulator. By applying an extra Ferromagnetic layer or otherwise, an energy gap is sought to be created

. between the pair of helical edge modes in a QSH sample splitting these modes away from each other and sup-

. pressing one of these leads to a single chiral QAH edge mode in a sample. However, contrary to expectation it

. is not just a chiral QAH mode which was seen in those experiments>™ but it always comes with the additional

. baggage of quasi-helical QSH edge modes in the trivial phase®.

: Helical QSH edge modes from which these chiral QAH edge modes evolve not only occur in topological
insulators but they also do occur in a trivial insulator. Now applying a similar technique as before or attaching a
ferromagnetic layer to a trivial insulator, we can again make the trivial helical edge modes evolve into chiral QAH

* edge modes. But in the latter case, the chiral QAH edge mode so produced wont have a topological character and

. therefore this chiral QAH edge mode won't be protected against backscattering. Now this begs the question how

: can one be sure of the topological character of QAH edge modes.

Another question which can crop up is, does the topological nature of the QAH edge modes which evolve
from helical QSH edge modes in a topological insulator survive the evolution. This “evolution” from helical QSH
to chiral QAH edge mode as has been described in refs?* is via addition of magnetic impurities or a ferromag-
netic layer. This may destroy their topological character since helical QSH edge modes are susceptible to spin flip
scattering in presence of magnetic impurities. In this context our work becomes relevant, since in those QAH
experiments what is quite evident is that the quantization of Hall resistance is attributed to chiral topological
QAH edge modes which exist in combination with quasi helical QSH edge modes. What our work reveals is that
a chiral trivial QAH edge mode which exists in combination with quasi helical QSH edge modes gives the quan-

© tization of Hall resistance and not the chiral topological QAH edge mode when combined with trivial QSH edge

. modes. Thus a shadow of doubt creeps up regarding the interpretation of those experiments.
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We focus specifically on 4 and 6 terminal quantum anomalous Hall samples. We distinguish three cases one
in which there is just a single chiral QAH edge mode which is topological in character (this hasn’t been experi-
mentally seen), the second wherein the chiral topological QAH edge mode exists alongwith a pair of trivial QSH
edge modes (this case is the supposed experimental result as in refs>*°) and finally the case wherein a trivial
QAH edge mode exists with a pair of trivial QSH edge modes (our ‘What If?’ scenario). Both the 4 terminal and
6 terminal samples are analyzed in three distinct regimes: 1. where there is no disorder and inelastic scattering-
the ideal case, 2. when there is disorder but no inelastic scattering and finally 3. when both disorder and inelastic
scattering are present in the sample. The disorder we consider in our sample is restricted to terminal/contacts
while inelastic scattering is present inside the sample and leads to the energy equilibration of the edge modes, see
refs®? for further details on energy equilibration as applied in different contexts in quantum Hall and quantum
spin Hall samples.

The rest of the paper is organized as follows- in section II we address the situation of two terminal and three
terminal samples and distinguish between three cases of chiral topological QAH edge mode, chiral topologi-
cal QAH edge mode with trivial QSH edge modes and finally chiral trivial QAH edge mode with trivial QSH
edge modes. In section III we calculate the Hall resistance (Ry), two terminal local resistance R,y and finally the
non-local resistance Ry; for a four terminal sample with disorder and inelastic scattering and distinguish between
the aforesaid three cases. In section IV we consider a six terminal sample and calculate the longitudinal resistance
R; for afore-mentioned three different cases. We end our manuscript with a conclusion wherein we tabulate all
the results of the 4 terminal and 6 terminal samples.

Two terminal and three terminal QAH samples
The Landauer-Buttiker formalism!'%-'? relating currents with voltages in a multi terminal device has been extended
to QSH edge modes in refs'>'* as well as QAH samples in ref.”:

2 N
e

I = Z(GjiVi - GijVj) = 72(7}i‘4 - Tijv})-

j j=

1

In the above equation, V; is the voltage at i probe/contact/terminal (we will be using the term probe or contact
or terminal interchangeably for the same thing, i.e., a reservoir of electrons at some fixed potential) and I; is the
current passing through the same terminal. T} is the transmission probability from the j* to i"” probe and Gj; is the
conductance. N denotes the number of terminals in the system.

Chiral(topological) QAH edge mode (2 terminal). The case of a single chiral(topological) QAH edge
mode is represented in Fig. 1(a). The relations between currents and voltages at the two terminals are derived
from conductance matrix (2):
2
G, = e_( 1 - 1),
i~ T\ 1 2)

Choosing reference potential V, =0, we derive the local (two probe) resistance R = Ry = :iz
Chiral QAH edge mode with trivial QSH edge modes (2 terminal). Here we have considered the
general case, where the spin-flip scattering parameter f, between QAH chiral and trivial helical edge modes, will
decide whether the QAH edge mode is topological (if f,=0) or trivial (if f, = 0). While f defines the spin-flip scat-
tering between the trivial helical edge modes. This situation of topological chiral plus trivial helical QSH is shown
in Fig. 1(b) while case of trivial chiral QAH plus trivial helical QSH is shown in Fig. 1(c). The current-voltage
relations can be easily derived from conductance matrix below:

L 2(G2fHf) G20+ f))

TG 2 ) G-2f+ ) ) 3)

. . o . . Triv __ _ i 1
Choosing reference potential V,=0, we derive local (two probe) resistance R, = Ry, , = Ry

Setting parameter f, =0 will give the two terminal resistance for topological QAH with trivial helical edge modes.

The local resistance for topological QAH with trivial edge modesisR/%° = R, ,, = %%zf) For maximal spin
. ’ 4 -
flip scattering f= f, = 0.5 we see that trivial R,J.” goes to the R which is equal to 2R27(}’117 °.

Chiral (topological) QAH edge mode (3 terminal). The single chiral(topological) QAH edge mode case
is represented in Fig. 1(d). The relations between currents and voltages at the various terminals are derived from
the conductance matrix below:
21 0 -1
e
Gi=—|-1 1 0|

0 -1 1 (4)

Since probe 2 is the voltage probe, the current through probe 2- I, is zero. We further choose reference potential
V=0 which gives V,= V. So, local (two terminal) resistance RZQTAH =Ry, = % Because the QAH edge mode
is chiral the voltage probe has no effect on it. ‘
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Figure 1. Two and three terminal QAH bar: Topological chiral QAH edge mode is shown by solid black line, and
quasi-helical QSH edge modes are shown by colored dashed line (red for spin up, blue for spin down). Trivial chiral
QAH edge mode is shown by black dashed line. Intra edge back scattering is shown by arrows between the edge
modes. Top panel: Two terminal QAH bar: (a) single topological QAH edge mode, (b) single topological QAH edge
mode with quasi-helical QSH edge modes and (c¢) single trivial QAH edge mode with quasi-helical QSH edge modes,
Bottom panel: Three terminal QAH bar: (d) single topological QAH edge mode, (e) single topological QAH edge
mode with quasi-helical QSH edge modes and (f) single trivial QAH edge mode with quasi-helical QSH edge modes.

Chiral (topological) QAH edge mode with trivial QSH edge modes (3 terminal). The case ofa
single chiral(topological) QAH edge mode with a pair of quasi-helical QSH edge modes is shown in Fig. 1(e). The
current-voltage relations can be derived from the conductance matrix below:

LB =20+f) —Q—=(+5) 2= ¢F+f)
G,.j:%—@—(fﬂg)) G-2+£) -0 —F+£)]
—A=(+£) —C—=(+£) B-20+£) )
2—(f+£)

G—20+£)
. For topological (f, = 0) case the local (two

Choosing reference potential V;=0and I, =0 (as probe 2 is a voltage probe), we get V, =

h 3=2(f+f)

, 2e2 (7 =9+ £) +3(F+£))

probe) resistance RZTY‘EP” =Ry3y5 = %ﬁ The local (two probe) resistance is indeed affected by the volt-
’ e (7-9+

age probe as seen from the two and three terminal cases. For maximal spin flip scattering f=f,=0.5 we see that

trivial R, goes over to R 7 which is equal to > R/%°. Thus from looking at just 2T and 3T samples it is quite

evident that the trivial QAH case crosses over to tglle the single chiral QAH case and not the topological QAH.

V- So, local

: : Triv __ _
(two terminal) resistance Ryp" =Ryz3=

FourTerminal quantum anomalous Hall bar

The four terminal sample is shown in Fig. 2. We calculate the Hall resistance R; = R ,4, the local (two probe)
resistance R, = Ry ;5 and the non-local resistance Ry; = R, 3 for various cases starting with just a single chi-
ral(topological) QAH edge mode, then the chiral(topological) QAH edge mode with trivial quasi-helical QSH
edge modes and finally the case of chiral(trivial) QAH edge mode with trivial quasi-helical QSH edge modes.

Chiral topological QAH edge mode.  Effect of disorder. Herein we consider two of the contacts (2, 4) to
be disordered, see Fig. 2(a). Relations between the currents and voltages at the various terminals can be deduced
from the conductance matrix, given below:

1 0 —R, —T,
G, = ei-L L 0 0
V" h|-R, =T, 1 0
0 0o -1, T, (6)
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Figure 2. Four terminal quantum anomalous Hall bar showing chiral QAH and quasi-helical QSH edge modes.
(a) Topological QAH edge mode with disorder at probes 2 and 4: R,, T, and R, T, represent the reflection and
transmission probability of edge modes from and into contact 2 and 4 respectively, (b) Topological QAH edge
mode with quasi-helical edge modes: Disordered probes 2 and 4, (c) Trivial QAH edge mode with quasi-helical
edge modes: Disordered probes 2 and 4.

Choosing reference potential V;=0, further since 2 and 4 are voltage probes, I, =1, =0, we thus have V,=V, and
V3= V,=0. S0, local (two probe) resistance ... Hall resistance- R3*" = R, ,, = v
on the topological chiral QAH edge mode, the Hall resistance and local resistance remain the same as in the ideal (zero
disorder) case. Finally, to calculate the non-local resistance Ry; we consider 2, 3 as voltage probes and 1, 4 as current
probes, we get V, = V; which gives Ry; =0. Thus disorder has no effect on a single chiral(topological) QAH edge mode.

21 4 — h . Disorder has no effect

Effect of disorder and inelastic scattering. ~ Similar to before, we con31der two of the contacts (2, 4) are disordered,
see Fig. 2(a). The electrons in-coming from probe 1 with energy & R2V are equilibrated with the electrons coming

from 2 with energy & ¢ T,V, to anew energy (R2 + L)V = —V’ Similarly electrons coming from probe 3 are
equilibrated with the electrons entering from probe 4 to a new energy as shown below-

2 2 2 2
e e e’ e e

—R,Vi+ =LV, ==V, —V,==-V/,

BT R = h 2 T h

2 2 2 2

e e e’ e e

—R,V,+ —T,V,=—V/, —V,=—V/.

T T e = )

The currents and voltages at the contacts from 1 to 4 are related by the equations-
e ,
L= v)

2

e
L=—15V,= V)
h
o2
L= - V)
3T BT
o2
L =TV, — W
4 h 4( 4 3 ) (8)
Choosing reference potential V;=0and I,= 14 =0, since 2 and 4 are voltage probes, we thus derive V,=V, and
V,=V,=0.So,local (two probe) resistance R =R;313=5 The Hall re51stanceRQA = Ryppu = T/

Ji 2'
Similarly non-local resistance is derived as before R = (V2 Vy)/1; = 0. So inelastic scattering too, like disor-
der at voltage probe has no effect on the a single chiral(topological) QAH edge mode.

Chiral (topological) QAH edge mode with trivial QSH edge modes.  Effect of disorder. Herein, as
before we consider two of the contacts 2 and 4 to be disordered, see Fig. 2(b). The relations between currents and
voltages at the various terminals can be obtained from the conductance matrix below:

T iz _pis g
2 _2l 22 _ 2 24
VA T30 2 3
T T2 4 g ©9)

where
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T = (3 — 2f — aR;(1 — f)/(@) — R{(1 — f)a,/(c))

T = (1 = /)T/(1 — Ryf)

T2 = (1= fPRyfa+ (1= 7 + (1 = )R, + Riai/c)

T = (=2 + f+ RYTY/(— 1+ fR,)

T = (=2 + f+ fRYTL)/( = 1 + fR,)

T% = T,(3 — 2fT,/(1 — fR,))

T = (1 = /)T/(1 — Ryf),

T =0, (10)
witha =1 — Rjf%, ¢ =1 — R}f% a, = f(1 — f). By interchanging R, and R, in the above expressions for T"!,
T'2, ..., T® rest of the transmission probabilities T*! to T* can be deduced. The transmission probabilities are
calculated in this way- say T%, the transmission probability of electron from terminal 3 to 2 can be explained as
the sum of paths available from 3 to 2 for one chiral topological edge mode and one pair of trivial helical edge
modes. An electron in the topological edge mode coming out of probe 3 has probability zero to reach probe 2. But
an electron in the trivial helical edge mode has finite probability to reach probe 2 from 3. An electron coming out
of probe 3 can reach probe 2 with probability T,(1 — f), but that is just one path, it can also reach 2 with probability
fR,T,(1 — ) following a second path due to spin flip scattering, similarly a third path is f>R;Ty(1 — f). Thus, we
can form an infinite number of paths from probe 3 to 2, these can be summed to get the total transmission prob-
ability as 7% = %. Similarly, the other transmission probabilities in Eq. 10 are obtained.

Choosing reference potential V;=0, and since 2 and 4 are voltage probes, we derive the local (two probe) resistance

in absence of disorder (R,=R,=0) as R)¥° = Rj;,, = %, The Hall resistance-R/?° = R,,,,=

> 5—6f+ ’
%ﬁ. Similarly, as before non-local resistance is deduced as R’ = — 2= U =G =20 _ Ror general case
e” (5+ -

(5 — 6f+2f*) (7 — 9f + 3f%)
(i.e., with disorder) the expressions for Ry, R,;-and Ry; are too large to be reproduced here, so we will analyze them via
plots, see Fig. 3(a—d).

Effect of disorder and inelastic scattering. Herein we consider the effect of both disorder and inelastic scattering
on topological QAH edge modes as shown in Fig. 4(a). Here the inelastic scattering is shown by starry blobs as in
Fig. 4(a). As the QAH edge mode is topological, it will not equilibrate its energy with trivial helical edge modes.
Thus, topological chiral edge modes equilibrate only between themselves, these equilibrate to energy V;” where i
is the contact index from 1 to 4. The trivial helical edge modes equilibrate with other trivial helical edge modes
and these equilibrate their energy to V/’. The contacts 2 and 4 are disordered as in the previous case. The currents
and voltages at the contacts from 1 to 4 are related by the equations-

L=CB -2/ -V -0 =)W+ W),

_ B 2T22f _ " LA —f) /
12_[”2 (1—RJ>]VZ TRy
L=03G-20)V;— V' =1 -£)( + W),
2T42f " T4(1 _f) / /
=37, - ——\V, - T,V - — 2~ >
I 3T, (1= Ry) Vi N4 (I—sz)(V3 + V) (11)

where the potentials V;’ and V;” are related to V; by-

W= Ve RV + TV =V
V=V, R+ LY =V (12)

and

2 2
Gy BN RA=D [y BN R )

(1—Ry) "’ a B (1 — Ryf) a W

B LA-f .,  Ra=f , (. L —f) | R —f7),
U=t g L U S
B TLA-f ., RO=p, (. LA-f) | RA—f1|,
a f)V3+(1_RJ)V4+ —=V = |a f)+(1_R4f)+ —= v

_ (1 = f) R(—f) _ LA -f) | RA-1],
( f)V”LufR‘,f)V:‘Jr c Y a f)jL(lfR‘.f)Jr c K (13)

witha = 1 — Rjf*,c = 1 — R}f>. Choosing reference potential V3= 0, and the contact 2 and 4 to be voltage
probe as before, i.e., I, =1I1,=0, we derive local (two probe) resistance in absence of disorder as
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Figure 3. Ry;, R,rand Ry vs. Disorder. (a) Hall resistance vs. Disorder R, with R, = 0.5 and spin-flip probability
f=0.3and f;=0.3, (b) Hall resistance vs. disorder R, with R,=0.5 and spin-flip probability f=0.5 and f,=0.5
(c) Two-terminal resistance vs. Disorder R, with R,= 0.5 and spin-flip probabilityf=0.5 and f; = 0.5, (d) Non-
local resistance vs. Disorder R, with R, = 0.5 and spin-flip probability f=0.5 and f,=

RIwo — Risps = - 44’2f (for R,=R,=0). The Hall resistance R}° = Risp = hz 5 2

case (including disorder) the expressions for Ry, R, and Ry; are again large, so we w1ll anaIgfze ti1em via plots, see
Fig. 5(a-d).

. For the general

Chiral (trivial) QAH edge mode with trivial QSH edge modes.  Effect of disorder. Herein as before
we consider two of the contacts 2 and 4 to be disordered, see Fig. 2(c). The current-voltage relations are derived
from the conductance matrix below:
T 2 _p13 _pl4
B é 2 2 2
iy _3l 2 3 >
M a2 a3 i (14)

where

T =03 - 2(f+£) — aR;(1 — f— f)/(a) — R{(1 — f — f,)a,/(c)),
P= (- f-f)Tla+ 1 —f— [T+ f,)R,/a),
B= (0~ f~f)Rya+ (1= ) + (1 = f))R, + Ria}/c),
= (T2 — f—f,) + (f+ f,)T\R{a)/c + T,R,a,/c),
=(2 - f-f)T + TRya/a + TR;a|(f + f,)/a),
= (3%, — TY(f+ f,)/a — TiR(f+ f,)*1a — T3(f + f,)la — ToR,(f* + f})/a),
P = (1~ f= TR+ f)la + 1/a)),
T = 0. (15)

witha =1 — R;(f* + f2)c=1— R}f* + f*)a, = = f) + £,(1 — f,)- By interchanging R, and R, in the
above equation (15) rest of the transmission proba%lhtles T31 to T* can be deduced. The transmission probabilities can
be explained as before. T%, the transmission probability of electron from terminal 3 to 2 can be explained as the sum of
probabilities from 3 to 2 for all the edge modes over all possible paths. An electron coming out of probe 3 at upper edge
can reach probe 2 with probability T,(1 — f— f;), but that is just one path, it can also reach 2 with probability
(f+fo)R, T>(1 — f— f;) following a second path due to spin flip scattering, similarly probability for a third path is
(f 2y fo2 )R22 (1l —f— ]i) ). These first, third, fifth.. paths form an infinite series with total transmission probability
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Figure 4. Four terminal QAH sample with disorder and inelastic scattering. (a) Chiral (topological) QAH edge
mode with quasi-helical QSH edge modes in presence of inelastic scattering and disorder, (b) Chiral (trivial)
QAH edge mode with quasi-helical QSH edge modes in presence of inelastic scattering and disorder.
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Figure 5. Ry, R,rand Ry; under the effect of inelastic scattering. (a) Hall resistance vs. Disorder R, with
parameters R, = 0.5 and spin-flip probability f=f,=0.5, (b) Two terminal resistance vs. Disorder R, with
parameters R, = 0.5 and spin-flip probability f=0.5, f,=0.5, (c) Non-local resistance vs. Disorder R, parameters
R,=0.5 and spin-flip probability f= 0.3, f;= 0.3, (d) Non-local resistance vs. Disorder R, parameters R,= 0.5
and spin-flip probability f=0.5, f,=0.5.

LAS7H) and second, fourth, sixth.. paths form a infinite series with total transmission probability

So, the total transmission probability is sum of the two and is written as 7% as in Eq. (15).
Choosing reference potential V;=0, and I, =1I, =0 (as 2 and 4 are voltage probes) we derive local (two probe)

Triv _ 32+ )

it = Rpzpz = 56Uy 201

again for zero disorder. Similarly, as before the non-local

HJORDA —f— 1)
a

resistance in absence of any disorder as R The Hall resistance-

h 1
e (5+2f7 +2(=3+f)f, +f(—6+4f,)
resistance is deduced as Rg'L""’ = @S ) U =/=f) G =2 =2

(5 —6(F+£) +2(f+£,)2) (7 — 9+ f,) +3(F+ 1))
expressions for Ry, R,rand Ry, are again too large to be reproduced here, so we will examine them via plots, see

Fig. 3(a-d).

Triv __ _
RH - R13,24 -

for zero disorder. For, general case the
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Effect of disorder and inelastic scattering. Herein, we consider the trivial QAH edge modes with both disorder
and inelastic scattering as shown in Fig. 4(b). Here the QAH chiral as well as helical both edge modes are in the
trivial phase, i.e., they are all prone to intra edge back scattering due to spin-flips. All the edge modes interact
among themselves leading to their energies being equilibrated to the potential V' (T’ is from 1 to 4). The contacts
2 and 4 are disordered as in the previous case. The currents and voltages at the contacts from 1 to 4 are related by
the equations-

L = B2+~ (1~ F+ IV — 2 (F+f)]Va
QUL+ (P Sy +RITY)
[1—R}(f* + f)]
(1= (F+ I+ R(f + fIT,
B 2,2 2 Vi
(1 — Ry (" + f)]
R AN A R — (- [ VRAT
1 — RXF + ) v
L = B2+~ [1—(F+[IVs— 12— F+£)IVs
QU+ f + ¢+ +fDORITY
- 2,72 2 Vi
(1= (F+ I+ R(F+ T,
- 2,72 2 Vs
(1= Ri(F* +£5)]
R AR ) (e AT LI P A L

[1 - RIF + )] ’ (16)

The relations between potentials V/;s and V; are written in the supplementary material (section I. A).
Choosing reference potential V3 =0, and as before I, =I, =0 (these are voltage probes), we derive the local

3

L =1 |14

I, = T3

(two probe) resistance R%TrT:’VV = Ry3,; and the Hall resistance R = R, 5 ,,. Similarly, as before the non-local

resistance is deduced as Ry;” = Ry, ,3. The expressions for Ry, R,r-and Ry; are large, so again we will analyze them
via plots as in Fig. 5(a-d).

In Table 1 we tabulate the results obtained so far. One important thing left out of our discussion so far has been
the role of spin in QAH edge mode. A single chiral (topological) QAH should satisfy the following symmetry
relations for Ry(T) = —Ry(|) and Ry, =0. We see that Ry; () = Ry;(]) for topological QAH (with quasi helical
QSH) while this isn’t case for trivial QAH (with quasi helical QSH) edge modes, see Fig. 6. Importantly while in
case of trivial QAH edge mode RI\T,'LiV( 1) = RI\T,'LiV( 1 ) =0, for the case of topological QAH edge mode
RUPO(T) = RyP°( | ) = 0. In fact we see that Ry;;” for the case of disorder and inelastic scattering approaches
zero similar to a single chiral QAH edge mode, while for the R}%° this doesn’t, again leading to a contradiction
with the way the experiments of ref.? have been interpreted as in ref.’.

Six terminal quantum anomalous Hall bar

In this section we analyze a six terminal QAH bar, we especially focus on the longitudinal resistance R;. For a
single chiral(topological) QAH edge mode R; =0, but the experiments®* revealed a finite longitudinal resistance.
This result prompted the interpretation of the experiments®™ as seeing not just a chiral(topological) QAH edge
mode but in addition also a pair of quasi-helical QSH edge modes®. Since a non zero R, is the hallmark of helical
QSH edge modes. Here we probe further by comparing as in sections before the three cases and try to find out if
a topological QAH edge mode or a trivial QAH edge mode occurring with quasi-helical edge modes results in a
non-zero R;.

Chiral(topological) QAH edge mode.  Effect of disorder. Herein we consider two of the contacts 1 and
4 to be disordered. The relations between the currents and voltages at the various terminals can be derived from
the conductance matrix below:

T 0 0 0 0 -T
“T, 1 0 0 0 -R
c_¢lo -1 1 0 0o o0
iTHlo 0o -T, T, 0 0
0 0 —R, =T, 1 0

0 0 0 0 -1 1 (17)

(R

Choosing reference potential V,=0 and I, = I; = I, = I;=0 (as these are voltage probes), we getV, = V, =

1—RR
TR,V L

. So the longitudinal resistance RZ*" = (V, — V;)/I, = 0. So disorder has no effect on the

and ‘/3 R 1—
longitudinal resistance for a single chiral QAH edge mode.
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Ideal (zero disorder) Quantizedzhi (Ru(1) = —Ry(1) | Nt quantized (Ry(T) = —Ry(])) Not quantized (Ry(T) = —Ry(]))

Ry | Finite disorder Qua_ntized‘hi (Ry(1) = —Ry(1y) | Not quantized (Ry(1) = ~Ry(1)) Not quantized (Ry;(T) = —Ry (1))
Disorder + Inelastic scattering Quamizedehj (Ry(1)= —R,(1)) | Not quantized (Fig. 5(2)) (Ru(1) = ~Ry(1)) | Quantized e/h (Fig. 5(a)) (Ru(1) = ~Ru(1))
Ideal (zero disorder) Quantized eh_z (Ry(1)=Ryy(])) | Not quantized (Ryr(T) = Ryr(1)) Not quantized (Ry(1) = Ryr(1))

R,y | Finite disorder Quantized eh_z (Ry(1) =Ryz(])) | Not quantized (Fig. 3(b)) (Ry{T) =Ryy(])) | Not quantized (Fig. 3(b)) (Ryr(T) =Ryr(1))
Disorder + Inelastic scattering Qumizedeh_z (Ryy(1)=Ryy(1)) | Not quantized (Fig. 5(b)) (Ry(1) = Ry(1)) | Quantized e?/h (Fig. 5(b)) (Ryr(T) = Ryr(1))
Ideal (zero disorder) 0 (Rye(1) =Ry (1)) Finite (Ry(T) =Ry(1)) Finite (Ry;(T) = Ry;(1))

Ry, | Finite disorder 0 (R (1) =Ry (1)) Finite (Fig. 3(c)) (Ry,(T) =Ry, (1)) Finite (Fig. 3(c)) (Ry(T) =Ry (1))
Disorder + Inelastic scattering | 0 (Ry,(T)=Ry.(])) Finite (Fig. 5(c,d)) (Ryu(1) = Ryi(1)) 0 (Fig. 5(d)) (Ry.(1) =Ry.(1))

Table 1. Comparison of chiral(topological) QAH edge modes, chiral(topological) QAH edge mode with trivial
QSH edge modes and chiral(trivial) QAH edge mode with trivial QSH edge modes. Note: In the 27T, 3T and

4T QAH samples depicted in Figs. 1,2, and 4 the magnetization direction is (T) implying the QAH edge mode
shown by black solid or dashed line is spin-up polarized. The conductance matrices depicted in Eqs. 2-6 and

14 as well as the calculations shown in Egs. 7-13, 15-16 and the 2T, Hall and non-local resistances derived and
plotted in Figs. 3, 5 are therefore for magnetization (7). We follow similar procedure to calculate the resistances
for magnetization direction (|) in which case the QAH edge modes shown by black solid or dashed lines in Figs.
1, 2 and 4 will be spin-down polarized and mention the results in this table.

@) 0.25 (b)

- —

Nﬁ 0.13 RS

.1
=1 e RI(M) 008 ")
RTliV(?) m RTrIv 1+
NL NL( )
0.00 . )
0.00
0.0 2{'5 1.0 0.0 0.5 1.0
2
(© (d) Ry
\\\ 0.02
& 0.00 — R
) ] 0 0.01
E 01 - RPG = —— R4
= o
ooz | T RIv(4) 0.00 M/
0.0 0.5 1.0 0.0 05 10
R, R,

Figure 6. Non-local resistances (Ry; (1)) for magnetization direction (1) and (Ry,(|)) for magnetization
direction (|) in presence of both disorder as well as inelastic scattering. (a) Ry;(T) for chiral(topological)

QAH edge mode with quasi-helical QSH edge modes and chiral (trivial) QAH edge mode with quasi-helical
QSH edge modes for parameters R,=0.5, f=f,=0.5, (b) Ry, (1) for chiral(topological) QAH edge mode

with quasi-helical QSH edge modes and chiral (trivial) QAH edge mode with quasi-helical QSH edge modes
for parameters R, =0.5, f=f,=0.5. (¢) Ry;(]) for chiral(trivial) QAH edge mode with quasi-helical QSH

edge modes and chiral(trivial) QAH edge mode with quasi-helical QSH edge modes for parameters R,=0.5,
f=fy=0.5, (d) Ry;(]) for chiral(trivial) QAH edge mode with quasi-helical QSH edge modes and chiral(trivial)
QAH edge modes with quasi-helical edge modes for parameters R, =0.5, f=f,=0.5.

Effect of disorder and inelastic scattering. Herein we consider two of the contacts (1, 4) to be disordered. The
2
electrons incoming from probe 6 with energy %Rlv/ ¢ are equilibrated with the electrons incoming from probe 1
2 2
with energy °-T,V; to a new energy %(Rl + DV, = %V’ - Similarly electrons coming from probe 3 are equili-
brated to the electrons coming from probe 4 to a new energy as shown below-
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2 2 2 2 2

e e e e e

—R\V/ + —=T\Vi==—V/, —V,=-—V/,

pove T mn = o Ve = o

2 2 2 2 2

e e e e e

—RV) + —T,V, = —V/, —V,=—V/,

PRI A B S AR

2 2 2 2

e e e e

v =y, -V, ==V,

R ooh” h? oh? (18)

The currents and voltages at the contacts from 1 to 4 are related by the equations-

e e

L=—TWM =V L=-—W-W),
h h
el el

L=—WV=V)), I=—T,-V),
h h
el el

L=—(V,-V)), IL=—(;—V

5T V=V), I A (Vs — V&) (19)

Choosing the reference potential V,=0 and I, =I, = I; = I; =0 (as these are voltage probes), we thus derive
V, = V, = V' = V; which gives the longitudinal resistance R2*? = R, 414 =0

Chiral(topological) QAH edge mode with trivial QSH edge modes.  Effect of disorder. ~ As before we
consider two of the contacts 1 and 4 to be disordered, see Fig. 7(a). The relations between currents and voltages at
the various terminals can be derived from the conductance matrix below:

T 12 i3l _pis _pls
2 22 g2 24 25 26
M| 3t 32 3 34 3 36
ij_T—T‘“ _T4 s p4 45 6
_SU 52 _ oS3 54 S5 _pS6

_61 62 _ 63 64 _ 65 166 (20)

where,

T = T,(3 — f(2 + R))/(1 — fR)),

T = T% = T,1 — /(1 - R,

8o, TH—o0, TY=o,

T'°=T*= T2 — f— RY(L — Ry,

T = T% = (3 - 2f) + (1 — f)RY( - f°RY),

™o —f), T"=0 T®=0

T* = (Ry(2 — f(2 — f(1 = ROIIL = f*RP),

T® =1—f, T%=(1 - f)’R/(1 - f°R}), T®=T%=0. 1)
Replacing R, with R, in the above equation rest of the transmission probabilities T*! to T°¢ can be deduced.

Choosing reference potential V,;=0, and I, = I;=I;=1I;=0 (as these are voltage probes), we derive longitudinal

2
resistance RLT opo %% (for zero disorder). For finite disorder, the expression for RLT %P0 g quite large,
e? 9 15f+9f2 —2
so we plot it in Fig. 8(a).

Effect of disorder and inelastic scattering. Herein we consider the effect of disorder and inelastic scattering on
the various resistances for the sample as shown in Fig. 7(c). The contacts 1 and 4 are disordered as in the previous
case. The currents and voltages at the contacts from 1 to 6 are related by the equations-

L = (3T - 2TfIA)V;, — TV; — (1 = N)IAV + V),
L = BT, - 2T IOV, — TV, - T, — HICV + V),
L =G-20%-0-HV+W%) -V,

13 = (3 - 2f)V3 - (1 _f)(V/3+ Vz,) - Vz,

L = (G-20V,— (1 -HV + V) -V,

Iy = B =2()Vs— (- HE + V) — Vs, (22)

with A=1—R,fand C=1— R,f, where the potential V' are related to V, by-
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Figure 7. 6 terminal topological and trivial QAH edge mode along-with quasi-helical QSH edge modes. (a)
Topological QAH edge mode with disorder at probes 1 and 4, (b) Trivial QAH edge mode with disorder at
probes 1 and 4, (c) Topological QAH edge mode with inelastic scattering and disorder at probes 1 and 4, (d)
Trivial QAH edge mdoe with inelastic scattering and disorder at probes 1 and 4.

W= Ve W= RV Y= W
W=V V= Ve RV TV, =

(23)

and the relation between potentials V/; and V; are mentioned in the supplementary material (section I. B) .
Choosing reference potential V,;=0, and since 2, 3, 5, 6 are voltage probes, I, = I, = I; = Iy = 0 we derive longi-

2
%% for zero disorder but finite inelastic scattering. The expression for R; in
e? 14 — 15f 4 6f% —

presence of both disorder and inelastic scattering is large so we analyze them via plots as in Fig. 8(b).

tudinal resistance R, =

Chiral(trivial) QAH edge mode with trivial QSH edge modes.  Effect of disorder. Herein again we
consider two of the contacts 1 and 4 to be disordered, see Fig. 7(b). The current voltage relations are derived from
the conductance matrix below:

VW T2 713 _7l4 5 _l6
_r¥ 2 23 M 725 726
e* _3l 2 33 34 35 36
BT | o _pa2 _pas paa _pds _opds
Sl %2 33 oS4 S5 ps6
_ 6l _ 62 63 _ p64 65 66 (24)
where,
T = TG = 2(f+ f)Tila — 2(f* + £ + ff;,)TiR)/a),
T = (1—f-f)T/a+ (1 —f— )R+ f)/a),
T' = (G2 —f—f) + a)TR/a + a,TRL(f + f,)/a),
™ =T'=T"=0
T = 3-2(+f) - (1 —f-fOR(a/a),
™ = (1-f-f),
" = (42 - f—f) + TRX(f + f,)a)/a + TRay/a),
T = R((1 - ) + (1 = f,)’) + Rja}/a),
T25 _ T24:0, (25)
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Figure 8. (a) Longitudinal resistance R; vs. Disorder R, for parameters R, = 0.5 and spin-flip probability
f=f,=0.5, (b) Longitudinal resistance vs. Disorder R, in presence of inelastic scattering for parameters R, =0.5
and spin-flip probability f=f,=0.5. Note the longitudinal resistance vanishes for the trivial case but not for the
topological case.

witha = 1 — R;(f* +f yre=1-R{f* +f =f(1 = f) + f,(1 — f,)- Replacing R, with R, in the above
equation rest of the transmission probabilities 7%1 to T“ can be deduced.

Choosing reference potential V,=0, and ,=1,= I5— Is=0 (as 5, 2, 3 and 6 are voltage probes) we
derive longltudmal resistance R/ = Ry, = —((2 + f* — 3f, +f0 +f(=3 + 2/ (=9 + 2f* + 15f,
79f + 2f + (-9 + 6f,) + 3f(5 —6f, + 2f ))) for ideal (zero disorder) case. However, in general the
expressions for R; are too large to reproduce here, so we will analyze them via plots as in Fig. 8(a).

Effect of disorder and inelastic scattering. Herein we consider the trivial QAH edge modes with disorder and ine-
lastic scattering, as shown in Fig. 7(d). Here the QAH chiral as well as the QSH helical edge modes are in the triv-
ial phase, i.e. they can scatter from one edge mode to the other. All the edge modes interact with each other and
via inelastic scattering equilibrate their energy to a potential V’; (" is from 1 to 6). The contacts 1 and 4 are dis-
ordered as in the previous case. The currents and voltages at the contacts from 1 to 6 are related by the equations-

L = (h = 2T{(f + f)la — TER(f + f,)*/a — TER(f* + f)/a)V,
— (LA = f= f)a+ TR(1 — f— ff + f)a)V — (L2 — f— f)
+ TR(F(1 — f) + f,(1 = f))/a + TRAF(1 - f)
A= £) (F+£) )V,
L = G-2(f+fMHV, -2 - (F+IW -0 -+,
L = G-20f+f)V; -2+ -0 -+,
L= G20+ [V~ @~ (F+ [V — (1~ (F+ LN,
I = G=2(f+ NV —C =+ IV -0 =+ NV (26)
The relation between potentials V;’s and V; are given in the supplementary material (section I. C) . Choosing

reference potential V,=0, and as before I, =I;=I1;=1I3=0 (these are voltage probes), we derive the longitudinal
resistance R} = = R,3,, in presence of inelastic scattering but for zero disorder as shown below-

RI™ = —((—3+2f+2f) @ +f - 3f,
+f2 A+ f(=3 4 2665 + 2 — 198f,
+ 255f7 — 180f) + 75, — 18f; + 2f;
+6£°(=3 +2f)) + 15f* (5 — 6f, + 2f))
+ 203 (=9 + 15f — 97 +2f))
+15£2(17 — 36f, + 30f; — 12f] + 2f;)
+ 6f(—33 + 85f, — 90f, + 50f, — 15f,' + 2f7))). 27)

The expression for longitudinal resistance in the general case of arbitrary disorder are quite large so we exam-
ine it via plots as in Fig. 8(b). One thing is quite clear from Fig. 8(b), the case of trivial QAH edge mode with QSH
quasi-helical goes over to single chiral(topological) QAH edge mode rather than the topological QAH edge mode
with QSH quasi-helical edge modes. This behavior replicated in the four terminal case too calls for a reinterpretation
of the experimental results>*®. In Table 2 we tabulate the results obtained for various cases for the longitudinal resist-
ance. We also focus on the change due to change in magnetization from 7 to |. There is a symmetry R; (T) =R;(|) for
trivial QAH edge mode which does not hold for a topological QAH edge mode with quasi helical QSH edge modes.
This response of the trivial QAH edge mode is again in line with what was experimentally seen.
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QAH(topological) QAH(topological) + QSH(trivial) QAH(trivial) + QSH(trivial)
Zero disorder Ry | ORU(T)=R. (L) Finite (R;(T) = Ry(])) 0 (R(T)=R (1)
Disordered probes R, | O(R(N=R.(]) Finite (R,(T) = R(])) 0 (R(T)=Ry(1))
g AR o (R =R Finite (R,(1)=Ry(1) 0 (R(1)=Ry(1))

Table 2. Comparison of chiral(topological) QAH edge mode, chiral(topological) QAH edge mode with trivial
QSH edge modes and chiral(trivial) QAH edge mode with trivial QSH edge modes, see also Fig. 8(a,b). Note: In
the 6T QAH sample depicted in Fig. 7 the magnetization direction is (1) implying the QAH edge mode shown by
black solid or dashed line is spin-up polarized. The conductance matrices depicted in Eqs. 17, 20 and 24 as well

as the calculations shown in Eqs. 18-19, 21-23, 25-27 and the longitudinal resistances derived and plotted in

Fig. 8 are therefore for magnetization (7). We follow similar procedure to calculate the longitudinal resistance for
magnetization direction (|) in which case the QAH edge modes shown by black solid or dashed lines in Fig. 7 will
be spin-down polarized and mention the results in this table.

Conclusion

We conclude by analyzing the Tables 1 and 2. We see that the trivial(chiral) QAH edge mode with trivial
quasi-helical QSH edge modes is more closer to the experimental situation, as interpreted in ref. than the topo-
logical(chiral) QAH edge mode with trivial quasi-helical QSH edge modes is. This implies a reevaluation of the
consensus regarding those quantum anomalous Hall experiments®™. Perhaps, something else is happening and
maybe these are not true chiral(topological) quantum anomalous Hall edge modes which were seen, but rather
what could be described as chiral(trivial) QAH edge modes.

Data availability statement.  As this is an analytical work, all the data needed to plot the Figs 3, 5, 6 and 8
are generated from the expressions shown in the manuscript.
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