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diffusion equation with a kinetic
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transport
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The purpose of this paper is to study the fundamental solution of the time-space bi-fractional diffusion
equation incorporating an additional kinetic source term in semi-infinite space. The equation is a
generalization of the integer-order model 3; p (x, t) = afp(x, t) — p(x, t) (also known as the Debye—
Falkenhagen equation) by replacing the first-order time derivative with the Caputo fractional derivative
of order0 < o < 1, and the second-order space derivative with the Riesz-Feller fractional derivative of
order0 < f < 2. Using the Laplace-Fourier transforms method, it is shown that the parametric solutions
are expressed in terms of the Fox’s H-function that we evaluate for different values of « and B.

The general reaction-diffusion equation in a normalized form can be written as':

dp =032p+f(p) ey

where p = p(x, t) is the field variable that depends on position x and time ¢, and the functional f(p)is usually a
nonlinear term pertinent to the process under consideration (e.g. f(p) = p(1 — p) for Kolmogorov, Petrovsky,
and Piskunov (KPP) nonlinearity, f(p) = p™(1 — p) for the m"™-order Fisher nonlinearity, etc.). For the par-
ticular case of f(p) = —p we end up with the Debye-Falkenhagen equation:

dhp =030 —p )

which is used to describe a classical mean-field problem of electrodiffusive transport in electrochemistry (see
Janssen?, Janssen and Bier®, Bazant et al.%, Singh and Kant*~7, and many others®). This model is best used for
describing dynamics at planar electrodes. The partial differential equation given in (2) may be looked upon as
a analog of the standard diffusion equation with a kinetic source term®. However, in practice, electrochemical
devices and systems unavoidably exhibit in a way or another anomalies in their electrical response and fre-
quency dispersion of their properties due to their structural disorder, spatial heterogeneity, and wide spectrum
of relaxation times.

Specifically, Eq. (2) considers changes in the reduced density of charge (the field variable p (x, t)) through a
control volume to be linear and memoryless, due to the fact that we only use a first-order Taylor series approxi-
mation in space and time’. Differential equations with integer-order differential operator are actually defined
in an infinitesimally small neighborhood of the point under consideration, and therefore are a tool for describ-
ing only local media'®. For the case of non-local media, the size of the control volume must be large enough
compared to the scale(s) of the heterogeneity in the medium, which makes integer-order derivatives inadequate
for describing media with heterogeneity. Furthermore, spatial heterogeneities are not necessarily static in the
course of operation of the device or system, and therefore memory effects shall be taken into consideration''.
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This renders the problem of studying the complex behavior of electrochemical systems restricted when using
traditional integer-order models'*™*¢.

For a proper theoretical modeling of anomalous transport, one can adopt fractional calculus to include
fractional time and/or spacial derivatives'”. This is mainly attributed to the fact that the dynamics of transport
processes substantially differs from the picture of classical transport owing to memory effects or spatial non-
locality of purely non-Markovian nature. Fractional calculus permits to deal with such situations via integrals
and derivatives of any arbitrary real or complex order, and therefore permits to unify and extend integer-order
integrals and derivatives used in classical models'>'®*. Saichev and Zaslavsky?’, Mainardi et al.', Gorenflo et al.?!,
and Bologna®*? studied the generalization of the standard diffusion equation with fractional derivatives with
respect to time and space (i.e. 3;p = 82p), in which the first-order time derivative of the propagating quantity
was replaced with a Caputo derivative and the second-order space derivative was replaced with a Riesz-Feller
derivative (i.e.°D¥ p = D" p, see definitions below). Kosztotowicz and Metzler** described the transport of an
antibiotic in a biofilm using a time-fractional subdiffusion-absorption equation based on the Riemann- Liouville
time-fractional derivative. Saxena, Mathai and Haubold studied extensively in a series of papers*®>~*° unified
forms of fractional kinetic equations and fractional reaction-diffusion equations in which the time derivative is
replaced by either the Caputo, Riemann-Liouville or a generalized fractional derivative as defined by Hilfer*, and
the space derivative is replaced by the Riesz-Feller derivative. Additional nonlinear terms pertinent to reaction
processes are also considered. Fractional reaction-diffusion equations are of specific interest in a large class of
science and engineering problems for describing non-Gaussian, non-Markovian, and non-Fickian phenomena.

The goal of this work is to study the bi-fractional (time and space) generalization of the (dimensionless)
diffusion equation with a kinetic source term of the Debye and Falkenhagen type (see Section “Model”, Eq. (3)
below), and understand how do the fractional orders of differentiation affect the dynamics of the propagating
quantity. In Section “Analytical solutions” we provide the analytical solution to this equation in terms of Foxs
H-function using integral transform methods (Laplace-Fourier), followed by numerical simulations in Section
“Numerical results” for different sets of values for the fractional parameters.

Model

We consider the bi-fractional diffusion equation with an additional source term given in one dimension by:
Dfp=DEp—p (3)
subjected to the boundary and initial conditions
p(x = +o0,t) =0, p(x,t =0) =6(x). (4)

This model is a generalization of Eq. (2) (i.e. by setting @ = 1, 8 = 2,60 = 0 in Eq. (3)), and can describe
for example the situation of anomalous ion transport through electrified membranes, porous electrodes,
or other complex systems. In Eq. (3), the operator “Df is the Caputo time fractional derivative of order
o (0 < o < 1) replacing the first order time derivative in Eq. (2), and Dy is the Riesz-Feller space frac-
tional derivative of order 8 (0 < B < 2) replacing the second order space derivative!l. The Caputo time-
fractional derivative of order o (m — 1 < o < m,m € N) of f(t) is defined through the Laplace transform

(f() = LIfF@); 51 = [5° e f (Ddt,s € C) by:
B m—1
L{Df(t); s} =s"f(s) — Z 20 (0), (5)
r=0
This lead to the integro-differential definition:

/ f(m)(r)dr

F(m—a) ) (t—r7)eti-m’
0

‘Dif(t) = (6)

that takes into account all past activities of the function up to the current time. For the case of @ = m, we have
the traditional, memoryless integer-order derivative:

d"f (t)

Df () = —

7

Whereas for a sufficiently well-behaved function f(x), the Riesz-Feller space-fractional derivative of
order B (0 < B < 2) and skewness 6 (|6] < min {B,2 — B}) is defined in terms of its Fourier transform

(Fk) = Fif(x); k} = [ e f (x)dx, k € R) as!™:

Tt
F{DLOf () k} = —[k|P 8002 k) ®)

In terms of integral representation, the Riesz-Feller derivative can be represented by:*:

ra 7 - T r—g)—
D) = ZE s Sinicp + o) [ TR O e i - oy [TE0 B e
0

0

)
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For the specific case of & = 0, we have the symmetric operator with respect to x that can be interpreted as:

(10)

d2 B/2
_ﬁ}

W%m=—{
and Eq. (8) reduces to:

F{DEf (x): k} = —[kIPf (k) (11)

We note that there are many other ways to generalize the integer-order time and space derivatives to frac-
tional orders, using for instance the Hilfer/Hilfer-Katugampola and Weyl fractional operators as shown by Costa
et al.’*2. However, for the boundary and initial conditions given in (4), the classical definitions of Caputo and
Riesz-Feller are well suited for this study.

Analytical solutions

Casewith0 <ax <1,8=2

We start with the simple case of § = 2 and skewness & = 0, which makes Eq. (3) to reduce to the time fractional
equation of the form

Dfp = d;p — p-. (12)

Taking into account the Laplace transform of the Caputo fractional time derivative, Eq. (12) in the Laplace
space takes the form:

SUB(x,8) — ¥ p(x,0) = 07 5(x,5) — A, 9). (13)

Using (4) and making the Fourier transform for both sides of Eq. (13), we come to

hlkys) — s = —k2p(k,s) — (k. s). (14)
Thus, the solution of Eq. (12) in the Laplace-Fourier space reads,
Satfl
phs) = e (15)

In general, integral transform methods are commonly used for studying fractional linear diffusion equations,
but when nonlinear terms are present other analytical techniques or numerical methods can be applied®*".

Solution in the real-Laplace space

To get the solution in the real space, it is convenient to make the inverse Laplace and Fourier transforms with
respect to s and k, sequentially'!. However, we might be interested in the solution obtained by the inverse Fourier
transform with respect to k and remained in the Laplace space with respect to time t. Formally, one can write
this solution in the form

1 7 ol ik

S = | S ik g

plas) = o / “ri+k’ (16)
—00

Introducing the notation s* 4+ 1 = a (Re(s) > 0 and Re(a) > 0), we have

s@-1 ® efixk dk
p(x,s)=72n /7a+k2
—00

00 )
SOl—l e—zxk dk

"2 ) (k= Ja(k+ Jai)

The integrand in Eq. (17) is analytic everywhere except for the isolated singularities k = +./ai, where it has
simple poles. For x > 0, using the residue theorem, we have

e—ikx g o ikx
li = —2mireSi__ /5
R0 Jo (k= ai) (k + v/ai) == ai | (k Z Jai) (k + /ai)
where the contour Cg is shown in Fig. la.
As R — oo, the integral over the arc of the circle tends to zero, because the integrand

> (18)

e—ikx e—ixRekexImk
(k+ ai)(k — Jai) — (k+ Jai)(k — Jai)’

vanishes exponentially for x > 0. Therefore,

Imk <0
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Figure 1. The integration contours for (a) x > 0and (b) x < 0, and poles of the integrand on the left-hand side
for Eq. (17).

. 00 .
, ek gk e g
lim - — = - —. (19)
R—o0 Jop (k— ai)(k+ ai) ) (k+ ai)(k — ai)
—00
Calculating the residue, we obtain
o tkx e*\/ﬁx
Fe=—vai | G Jayk — Jai) | | 2+/ai (20)
Substituting the latter and (19) in Eq. (18), we obtain
e~k gk me v
= , x>0.
(k+ak—a) _ a @
—00
Thus, Eq. (17) takes the form
o1 e—ﬁx
0(x,8) = —————, 0. 22
p(x,5) N x> (22)
Similarly, for x < 0 we consider the contour Cg is shown in Fig. 1b. The result for Eq. (17) in this case reads,
s¥—1p4/ax
0(x,8) = ———F—, 0. 23
p(x,5) /e x < (23)
Then, by combining Eqs. (22) and (23) together, we come to
i sa=1g=alx]
)= 24
p(x,5) 2/ (24)
Finally, using a = s“ + 1, we obtain
Sa—l 12
~ _ o
po(x,8) = W exp [_|x|(5 +1) ] (25)
We should note that for the time-fractional diffusion equation
DY p = d}p, (26)
the solution in the Laplace-Fourier space reads,
sot—l
p(k,s) = 27
pks) =3 e (27)
Thus, from Eq. (24) with a = s%, one can get the solution in agreement with’,
1
plx,s) = Eso‘/H exp [—|x[s*/2]. (28)

Solution in the Fourier-time space
Unfortunately, the inverse Laplace transform of Eq. (25) is problematic. However, we can invert the Laplace
transform from Eq. (15) following Langlands®’. We rewrite Eq. (15) as
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n SOl—l Sol—l 1
pk,s) = 5 = 5 . (29)
s+ 14k s* 4+ k l+sa+k2
Now by expanding the second fraction we have
2 SR W G MR = G VI
o(k,s) = = .
Pl = ; (= + K z:; (% 1 K2y (30)
From*® we have the following Laplace transform
-8
r+B—1p) . _ rls®
E{t“ Eyp( at”); s} = 7@ AT (31)
where
> rar
Eqp(z) = A (32)
£~ T (ak + B)

is the Mittag-Leftler function. Thus, using Eq. (31) witha = k?and B = 1, we can invert the Laplace transform
in (30) to get

o —1)rer
plkt)=>" %E}x’)(—kzt“). (33)
r=0 :

The derivatives of the Mittag—Leffler function can be expressed in terms of the Fox’s H-function, which is
defined by means of a Mellin-Barnes type integral in the following manner®*'-;

(ap,Ap) (@1,A1),.-(ap,Ap) _
H (2) = Hmn[ |(pr;>] H}fqﬂ[ 2l B (h;’,B;’)] P /h(s)z Sds (34)

with h(s) given by the ratio of products of Gamma functions:

Hjmzl I'(bj + Bjs) H}Ll 'l —aj—Ajs)
[T 1 T(@j + 49 [T gy T = bj = Bys)

h(s) = (35)

m, n, p, q are integers satisfying (0 < n < p,1 < m < q),z # 0,andz™* = exp [—s(In|z| + iargz)], A;, Bj € R4,
aj,bj e Ror Cwith (i =1,2,... ,p) G=1, 2 ..>q). The contour of integration L is a suitable contour sep-
arating the poles —(bj +v)/Bj, (j=1,...,m;v=0,1,2,...), of the gamma functions F(bj + Bjs) from
the poles (1 —a; +k)/A), (A=1,...,n;k=0,1,2,...) of the gamma functions I'(1 — a; — A;s), that is
A; (bj 4 v) # Bj(a;—k—1). An empty product in 35, if it occurs, is taken to be one.

Detailed and comprehensive accounts of the matter are available in Mathai, Saxena, and Haubold*, Mathai
and Saxena*, and Kilbas and Saigo*®. Back to Eq. (33), we have:

) 11 (=n1)
Eqp(=2) = Hy, {Z‘(O,l),(—(xr,a)}’

knowing that the generalized Mittag-Leffler function in terms of the Mellin-Barnes integral representation is
given by**:

(36)

, 1 L/ P(=§T(y +§)(—2) d¢
Bap@ = 50 2mi T (ak + B) 7
and thus:
,1
Ef;ﬁ(z) = Hll,'zl { |(0 1), (1]/_/3) a)} (38)

The two-parameter Mittag—Leffler (Eq. 32) is obtained by setting y = 1in Eq. (38). With this one can rewrite
Eq. (33) in the form

R (=Dt « -1
R S S i )

r=0

Solution in the real-time space
Now we invert the Fourier transform in Eq. (39). To do this, we note that p(k, t) is an even function of k. For an
even function f (k) = f(—k), the Fourier transform reduces to the Fourier cosine transform,
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_ L i s —ikx _ l 09"
feo = / fllkye™™ dk = — / f (k) cos(kx) dk. (40)
o 5

The inverse Fourier cosine transform can be calculated using the following relation for the cosine transform of
the H-function*¢

i -1 m,n (ap>Ap) _ n+1,m xh 1- q) (1 +2,8)
/ K costlHy [ ¥ | 4= 1 T, (1_“P’Ap) Arrml @

Using the latter with p = 1,a = t*,u = 2,and m, n, p, g, (ap, Ap) and (bq, By) coefficients defined in Eq. (39),
one can invert the Fourier transform in Eq. (39) to obtain

1 & (—1)reer 7 N -1
p(x,t) == Z o / cos(kx)Hlly’z1 {kzt |(O 1( r 1 } dk

—0 > ),(—0[7',(3{)
N ° (42)
_ DT |(1 D), (1+ar,a),(1,1)
T xl — H3 (1,2),1+r1),(11) |
Next, using the following reduction formula*?
mn (a1,A1), ..., (ap, Ap) myn—1 (a2,A2), ..., (ap, Ap)
Hy, { A, By, By 1Byt An| = B tam Py, B), g By 0| @)
we can simplify Eq. (42) to
1 o~ (=D 20 X0 +ara), 0,
p(xt) = ngiﬂ { | (1,2),(1+r’1)} (44)
T

Finally, using the property of the H-function*?,

(THMn|: |(aP’AP):| Hmn|: ‘(ap+aAp,Ap):| eC, (45)

(bg» By) (bg + 0By, By)
witho = —1/2, we come to
R O Vil 2o %A +alr = 3Le). (5,1
piny =3 T O AR, “o

r=0

Together, Egs. (15), (24), (39) and (46) provide the solution to the time fractional equation (12) in four dif-
ferent spaces with respect to the density arguments, namely x <> k, andt <> s.

Casewith0 <a <1,0<f8 <2

The solution to the bi-fractional Eq. (3) with0 < o < 1,0 < 8 < 2,0 = 0 in real-time space can be obtained
similarly to the time-fractional equation (12). The Laplace-Fourier transformations of Eq. (3) with the condi-
tions given in (4) is:

o—1

sy = ——. 47
ples) s+ 14 kP 47)
The result for p(x, t) is found to be:
1 & e [|x| (1, 1), (1 +ar,a), (1,2 }
X, t) = — _—
PO =12 L@+ 10,01, 8) (48)
Using Eq. (45) with o = —1/p, one can rewrite (48) as
) ro(r—%) B 1 1 18
(=Dt ? o | xIP (= B D, 1 +afr - 3],01), (%)
=Y 1 xHM|Z
p(x ) ; 1'! X 3, I (0,/3), (T + 1— %) 1)’(%’ g) (49)

Numerical results

We calculate the obtained solutions for p(x, t) governed by Eq. (3) with the boundary and initial conditions
given by (4) for the four cases of (i) normal electrodiffusion (¢ = 1, 8 = 2), (ii) time-fractional electrodiffusion
(0 < @ < 1, B = 2), (iii) space-fractional electrodiffusion (¢ = 1,0 < B < 2) and (iv) bi-fractional electrodiffu-
sion (0 < @ < 1,0 < B < 2) as given by Eq. (49). We fixed the upper limit of the summation to five terms, which
is deemed sufficient to represent well enough the overall behavior of the variable p(x, t). The Fox H-function
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(@) (b) ©
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JE= —-08
4 =
—06
g -2f ] 3f ]
k3 = - ||
Q X
o -4 { q 2L ] 0.4
8 \
6l 1 1 -02
DL o
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 ' 0.0 0.2 04 0.6 0.8 1.0 0
X t X

Figure 2. Plots of p(x, t) given by Eq. (49) with @ = 1.0, 8 = 2.0 as a function of (a) x fort = 0.01, 0.1, 0.5, (b)
t for x = 0.01, 0.1, 0.5 and (c) x and ¢ (contour plot).
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Figure 3. Plots of p(x, t) given by Eq. (49) with for o« = 0.8, = 2.0 as a function of (a) x for t = 0.01, 0.1, 0.5,
(b) t for x = 0.01, 0.1, 0.5 and (c) x and ¢ (contour plot).

can be calculated numerically using a simple rectangular approximation of the integrals*. The function p(x, t)
is calculated for x € [—1,—8) U (§,1]and t € (¢,0.25], where § > 0 and ¢ > 0 are utilized to cut small locality
around x = 0,¢ = 0, where the Fox H-function and p (x, t) are not defined. We remind again that p (x, t) described
by Eq. (3) is a generalization of the integer-order Debye-Falkenhagen approximation (Eq. (2)), whose validity
is limited to the regime of small applied potentials.

First we consider the known integer-order case of & = 1, = 2 (i.e. Eq. (2)). It is clear that at the limitox — 1
we obtain from Eq. (46) the following expression for p (x, t):

B 67@ 1372 10 x2 (1’1) 50
p(x,t)— 27\/2+(—\/2+T—...)H1)1 |:7 ((2))2):| ( )

The same can be found from Eq. (49) for« — 1, 8 — 2. We recognize that the first term in Eq. (50) corresponds
to the fundamental solution of the standard FicK’s diffusion equation d;p = 32 p. Solutions to the integer-order
case of Debye-Falkenhagen equation for different conditions has been previously provided mainly via numerical
simulations and approximations (e.g. by using Padé approximation)****°, but here by using tools from fractional
calculus we give an analytical expression as an infinite series of the Fox H-function. Plots of p (x, t) for this case
as a function of x (0.01 < x < 1) for the different values of t = 0.01, 0.1, 0.5 (in log-linear scale), and as a func-
tion of £ (0.01 < t < 1) for the different values of x = 0.01, 0.1, 0.5 (in linear-linear scale) are shows in Fig. 2a,b
respectively. Figure 2c¢ is the contour plot of p (x, t) depicting its spatiotemporal dynamics. The solution depict-
ing concentrations is always positive. It is an even function of x and decays to zero for large values of |x|. It also
decays to zero for large values of t.

For the time-fractional anomalous case of 0 < & < 1, B = 2, we verify that Eq. (49) reduces to Eq. (46).
Similar to the previous case, plots of p(x, t) as a function of x, as a function of ¢, and as a function of both x and
tfora = 0.8, 8 = 2 are shown in Fig. 3.

For the space-fractional anomalous case of &« = 1,0 < 8 < 2, Eq. (49) simplifies to:

(51)

B _1 1 p
p(e,t) = (VB — 118 %t2—1/ﬂ — ) xH! [xt’(l 5 (G 2)}

0.8, 5

which is plotted in Fig. 4 for the case of =1, 8 = 1.8.
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Figure 4. Plots of p (x, t) given by Eq. (49) with for @ = 1.0, 8 = 1.8 as a function of (a) x for t = 0.01, 0.1, 0.5,
(b) t for x = 0.01, 0.1, 0.5 and (c) x and ¢ (contour plot).
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Figure 5. Plots of log(p(x, t)) given by Eq. (49) with for « = 0.8, 8 = 1.8 as a function of (a) x fort = 0.01, 0.1,
0.5, (b) t for x = 0.01, 0.1, 0.5 and (c) x and ¢ (contour plot).

Finally, in Fig. 5 we show the variation of log p(x, t) vs. both variables x and vs. t for the general case of
two fractional parameters, « = 0.8 and 8 = 1.8. The propagating quantity p (x, t) tends to accelerate as x and ¢
increase, and thus the representation in log scale.

Conclusion

The traditional mathematical tools used for the modeling of transport in electrified porous structures in contact
with an electrolyte are based on integer-order differential equations, which are more suited for homogeneous
systems with planar geometries. When complex structures and coupled phenomena are involved, it is often
required to further complement the existing models by additional approximations and assumptions which makes
the problem even more difficult to solve. The theoretical and numerical results presented in this work show the
possibilities that come with the use of both time and space bi-fractional-order derivatives for the case of the
Debye-Falkenhagen equation, which is a simple and idealized model for electrodiffusion at low applied voltages.
Eq. (49), with its extra two degrees of freedom « and 8, compared to the integer-order model (Eq. (50)) is capable
of deforming the spatiotemporal dynamics of the propagating quantity p (x, ¢) in ways to account for subdiffusive
and superdiffusive transports. While the physical interpretations of the fractional parameters remains unclear
and need further studies, the mathematical solutions to this general problem can provide useful insights in
anomalous transports in heterogeneous media such as membranes, protein channels and electrochemical devices.
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