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Condensate and superfluid
fraction of homogeneous Bose
gases in a self-consistent Popov
approximation

Cesare Vianello®? & Luca Salasnich®%2:3,4

We study the condensate and superfluid fraction of a homogeneous gas of weakly interacting bosons
in three spatial dimensions by adopting a self-consistent Popov approximation, comparing this
approach with other theoretical schemes. Differently from the superfluid fraction, we find that at
finite temperature the condensate fraction is a non-monotonic function of the interaction strength,
presenting a global maximum at a characteristic value of the gas parameter, which grows as the
temperature increases. This non-monotonic behavior has not yet been observed, but could be tested
with the available experimental setups of ultracold bosonic atoms confined in a box potential. We
clearly identify the region of parameter space that is of experimental interest to look for this behavior
and provide explicit expressions for the relevant observables. Finite size effects are also discussed
within a semiclassical approximation.

For a three-dimensional (3D) system of noninteracting bosons in thermodynamic equilibrium, there exists a
critical temperature below which a macroscopic fraction of particles occupies the single-particle ground state.
This is the phenomenon of Bose-Einstein condensation (BEC)"?. At zero temperature the gas is completely
condensate, and the value of the critical temperature and the condensate fraction at finite temperature can be
computed exactly.

For an interacting system, simple BEC corresponds to the macroscopic occupation of one and only one single-
particle state. Fragmented BEC, in which more than one single-particle state is macroscopically occupied, is also
possible in principle®. Whether or not BEC occurs in a generic bosonic system is a subtle question, and depends
strongly on the sign of the effective inter-particle interaction. Perturbative treatments (in thermodynamic equi-
librium) of the inter-particle interaction starting from the simple BEC state of the noninteracting gas—like the
ones we discuss in this paper—lead to a finite value of the condensate fraction. Given that macroscopic occupa-
tion occurs, the fact that it occurs in only one single-particle state is ensured in the dilute limit provided that the
effective interaction is repulsive. In fact in the Hartree-Fock approximation the energy of two identical spinless
bosons in different states is greater than that of two such bosons in the same state, thus macroscopic occupation
of more than one state is energetically unfavorable*®. This also means that in a system of weakly repulsive bosons
at finite temperature, the tendency to undergo BEC due to quantum statistics should be reinforced by the effect
of interactions. Eventually such effect will be overcome by the coherent expulsion from the condensate of most
particles by strong interactions (quantum depletion). The condensate fraction should then be a non-monotonic
function of the interaction strength.

The question may be addressed using various theoretical approaches, some of which are reviewed by
Andersen®. A non-monotonic behavior of the condensate fraction of a homogeneous gas with zero-range inter-
actions was previously shown by Yukalov and Yukalova’ working in a self-consistent Hartree-Fock-Bogoliubov
approximation®®. Within such frame, the effect is related to the non-monotonic dependence of the anomalous
average on the interaction strength. In this paper we employ two different approaches, namely the Bogoliubov
theory and a self-consistent Popov approximation. Within these schemes we evaluate numerically and analyti-
cally the reinforcing effect of the repulsive interaction towards BEC, showing that, at fixed non-zero temperature,
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switching on a small interaction causes a sudden increase in the condensate fraction compared to the value for
the ideal gas at the same temperature. We also compare it to the superfluid fraction and discuss finite size effects
adopting a semiclassical approximation.

Since the first experimental realization of BEC in dilute atomic gases in 1995'*!1, these have been traditionally
produced in harmonic traps. Several methods have therefore been developed to extract uniform-system proper-
ties from harmonically trapped ones!!*. For effects such as the quantum depletion, however, only semiquantita-
tive comparison with the theory has been possible, due to complications associated with the inhomogeneity of
the clouds or the interpretation of the expansion measurements'*. The realization of BEC in 3D homogeneous
potentials in recent years'® has opened the possibility to directly verify theoretical predictions for the homoge-
neous Bose gas'®~!8. Hence there is a concrete possibility of testing the predicted non-monotonic behavior in
the near future.

We thus consider a homogeneous gas of N spinless bosons of mass 1 in a 3D volume V), interacting through
a contact potential Vi (r' — r) = g8(r' — r), where ¢ = 4w h?a,/m is the strength of the two-body interaction
with a5 > 0 the s-wave scattering length®". In the functional integral approach the system is described by the

Euclidean action S[y*, ¥ ] = fohﬁ dr [ d*x & (Y*, ), where B = 1/(kpT), with T the absolute temperature, and

9 RAV?
hﬁ_ 2m _“)W(x,rﬁglw(x,r)l“) @

Z = w*(x,r)<

with ¥, ¥* complex fields satisfying the periodicity condition ¥ (x, ) = ¥ (x, 0) and u the chemical potential®.
The appearance of BEC is conveniently realized by means of the Bogoliubov prescription*"*

W(X) T) = 1/’0 + 1!’1 (X, T)> (2)

where g is the homogeneous order parameter of the condensate phase transition normalized to the number
of condensed atoms, i.e. |o|> = Ny/V = ny, and ¥ describes out-of-condensate fluctuations. At tree level, the
value of ng is fixed by requiring that it sits at the minimum of the part of the action that depends only on v, ¥,

ng = —, n > 0. (3)

Bogoliubov approximation

The Bogoliubov theory for the weakly-interacting Bose gas consists of a Gaussian approximation up to second
order in the out-of-condensate fluctuations®. The spectrum of elementary excitations with wavevector of modu-
lus k = |k|reads®"’

2 R*k?
Ei(u,n9) = \/(Sk +2gng — )" — (gno)?,  where g = s (4)
The grand canonical potential is®"
Q(u,n9, T) 1, 1 1 —BEx (o)
T:<Egn0—/j,n0 +W§Ek(ﬂ,ﬂo)+ﬁ;ln(l—e k(L 0) (5)
and is extremized by
M 1 2 +p (1 1
PRV ; Ex(p0) (2 PR = 1)’ (©)

where Ex (1) = 4 /8,% + 2uek, which defines the condensate density at the Gaussian (or one-loop) level. From
Eq. (5) we obtain for the total number density # as a function of the condensate density ngand T,

_ 8 1/3\3/2 A’k &k + gno
n(ng, T) = ng + 73«/77710 <asn0 ) +/ @n)? (PE0 — 1) By (my)’ (7)

where Ex(ng) = 4/ 8]% + (cshik)? and ¢, = +/ gno/m is the speed of sound characterizing long-wavelength excita-
tions (see “Methods”). At zero temperature the last contribution is absent, and approximating (o / n)3/2 ~ 1the
condensate fraction is given by the Bogoliubov formula®

o i( 1/3)3/2

— W asn , (8)
which shows that in the interacting case the condensate fraction at T = 0 is less than one (quantum depletion)
and is a monotonically decreasing function of the adimensional gas parameter y = asn'/3,

To obtain an expression for the condensate fraction at T > 0it is necessary to evaluate iteratively the integral

on the right-hand side of Eq. (7) until obtaining the desired value for the total density. However we can derive
two analytical equations that approximate (7) in the limits of small temperature or small gas parameter,
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where t = mkgT/R?, and
g—0 8 1/3\3/2 . B t 3/2
n X~ ny [1 + ﬁ (asno/ ) + L13/2 (e ﬁg”lo) E (10)

where Li is the polylogarithm function. For the derivation of these analytical approximations we refer to the
“Methods”.

At g = 4wh?a;/m = 0, Liz/» (e*ﬂg"o) = Liz/2(1) = ¢(3/2), where ¢ is the Riemann zeta function, and we
recover the result for the ideal Bose gas. Eq. (10) thus implies that at finite temperature, for g — 0 the conden-
sate fraction tends to the finite value expected for the ideal gas with positive first derivative (the first derivative
is actually infinite at g = 0, as a property of the polylogarithm function; see “Methods”, Egs. (40, 41)). Since
for large g the condensate fraction is a monotonically decreasing function of g, the fact that for very small g it is
instead increasing implies that it has a global maximum for a small finite value of the gas parameter. Differently
from Yukalov and Yukalova’, here the non-monotony is an effect of the dependence of the (normal) thermal
depletion on the interaction strength. At a fixed temperature, the quantum depletion increases with the strength
of the interaction, starting from zero for zero interaction, while the thermal depletion decreases starting from
a finite value for zero interaction. Thus their sum has a global minimum, that translates into a global maximum
for the condensate fraction.

Self-consistent Popov approximation

The preceding discussion is based on the form (4) for the spectrum of the elementary excitations, which is
obtained in a Gaussian approximation. To evaluate the impact of such approximation we can focus, in particular,
on the critical temperature for Bose-Einstein condensation. Setting 7y = 0 in Eq. (7) we obtain

4’k 1

M= | G e o

(11)

which gives, for fixed n, exactly the value of T predicted for the ideal gas. Thus in the Bogoliubov approximation
the interaction does not affect T, with respect to the ideal case. The same holds for the self-consistent Hartree-
Fock-Bogoliubov approximation considered in Refs.”®. However this conclusion is known to be incorrect®.
The issue is addressed by Kleinert et al.*, who obtain a self-consistent Popov approximation through a
variational method. The idea is to start from the Gaussian approximation (5) for the grand canonical potential,
expressed as Q@ = Q (i, T), having used Eq. (3) to eliminate the dependence from ¢, and perform a variational
resummation. In order to do so, one introduces an expansion parameter n (which will eventually be set to one),
whose power counts the loop order of each term, and a variational parameter M, by writing © = M + rn, with
r = (u — M)/n. Substituting this into € (1, T') and expanding in powers of  at fixed r, one arrives at an expres-
sion for QU (M, u, T)). According to the principle of minimal sensitivity?’, one optimizes 2" by imposing that
8Qtal /oM = 0 at M = MOP, The optimized grand potential is then 2 (u, T) = Q2I(MOPY, 11, T). Performing
an analogous variational resummation on the condensate density (6) and evaluating it for M = M°P' we obtain

a*k ek +gn

1/3\3/2
n(asn'?)"" + @0 (5 — B

n=mny+ (12)

37
This equation differs from Eq. (7) by having # in place of ng in out-of-condensate densities, and amounts to
replacing np with # in the Bogoliubov spectrum. Hence the considerations on the asymptotic behaviors of (7)
directly apply to (12) as well:

T—0 8 1/3\3/2 1 t? t2
~ 1 13
" o+ 3/ n(asn)" 4 24 /7 (asn)l/? + 80(asn)? (13)
and
g0 8 2 ., t\3/?
n >~ nyg+ N n(g5n1/3) / -|-L13/2(e ﬂgn) (E) . (14)

In particular, also in this approximation the condensate fraction is non-monotonic in the gas parameter. Although
the trend is qualitatively similar, numerical evaluation of Egs. (7) and (12) show that the standard Bogoliubov
theory overestimates the condensate fraction compared to the self-consistent Popov approximation, even at
zero temperature.

Explicit expressions for the condensate fraction can be obtained straightforwardly from Egs. (12)-(14). These
may be written convenientlz in terms of the adimensional gas parameter y = a;n!/> and the adimensional tem-
perature T* = (mkg/i?n*>)T. From Eq. (12), with the change of variable g = n~1/3k, we obtain

no 8 sn . . . /°° dq ¢ + 8y
Do 2y, T, th Iy, T = [ —L .
3ﬁy (V ) W1 (V ) A 272 (e(qZ/ZT*) /1+167ry/q2 . 1) /71 T 167[)//(]2

(15)
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Equation (13) yields
T*—0 8 1 T*)? T*)?
Mo 20 _ Yy (1) (") 16)
n 3/ 24/ yl/2 80y2
and for T* = 0 we recover the Bogoliubov formula (8). Finally Eq. (14) gives
/2
ng y—0 8 32 . ( 74&,) T* 3
2~ 12— _ —L T* J— i 17
” 3 ﬁV i32( € Py (17)

Superfluid fraction

The superfluidity of our system can be characterized following Landau’s two-fluid model*'. Since the Bogoliubov
spectrum is quasi-linear for small momenta, the weakly-interacting Bose gas satisfies Landau’s criterion for
superfluidity with critical velocity equal to the speed of sound c;. Below the critical velocity, the motion of the
fluid through a capillary cannot produce new excitations. However at finite temperature, quasiparticles of thermal
excitations are present in the fluid, and the mass flow associated with them is not superfluid, as they can collide
with the walls of the capillary and exchange momentum and energy. These quasiparticles account for the normal
component of the fluid, and the total density n may be written asn = n; + n,, where n; is superfluid density and
1, the normal density. Collisions establish thermodynamic equilibrium in the gas of excitations, which will be
moving with velocity v, with respect to the fluid. Denoting by Ej, the energy of an excitation with momentum p
in the rest frame of the fluid, the corresponding energy in the quasi-particles’ rest frame is E, — p - vy, thus the
total momentum density carried by the quasi-particles of thermal excitation is

131

d3
mnyvy = / ﬁ PfB(Ep —p- Vi) (18)

where fp is the Bose distribution. Expanding for small v, and integrating over the directions of p = &k one
obtains the equation for the superfluid fraction,

=1—
(271)3 eﬂEk(n) 1)2 3T*

212 <e(qz/2T*)\/1+l6n}//q2 — 1>2 (19)

ns /d3k R2K2 ePE(m) 1 /oo dq q4e(q2/2T*)«/1+16ny/q2
Smn

where, in the self-consistent Popov approximation, Ex (n) is the Bogoliubov spectrum with # replacing ng. In the
limit of small T* this is approximated by

ns T'—0 1 (T

n T 7207w ¥ (20)

Finite size effects

The non-monotonic behavior of the condensate fraction is even more pronounced if we include finite-size effects.
Within a semiclassical approximation, these are taken into account by introducing an infrared (IR) cutoff kg,
whose inverse is related to the system size*’. Let us suppose that the introduction of the cutoff does not break
the spherical symmetry in momentum space, that is the case for a spherical confinement. The regularized zero-
temperature density, i.e. the second term of Eq. (7), then becomes

3
(0)_1 dk 8k+g1’l_ 1 > 2
Tl = /k m)3 Ex(n) 1272 (8masn — kiy) \/ 16 asn + kig 1)
IR

The quantity on the right-hand side of Eq. (21) is positive definite only for kjr < /87w asn, which implies a bound
on the system size L. Taking kir ~ 1/L and n ~ N/L?, one gets L < 8ma;,N. We can physically interpret this
condition in terms of the Bogoliubov spectrum, for if ki is too large we are effectively cutting off the quasi-linear
interval of the spectrum that corresponds to the condensate phase.

With the change of variable gir = n~Y3kpg, the condensate fraction thus reads

n 1
(?O)fs =1- 3 (87y — afr)\/ 167y + qfx — (v, T*; qm) (22)

where I(y, T*; qir) corresponds to the quantity defined in Eq. (15) with the integration restricted to the interval
[q1R, +00). The value of gr is bounded by gir < /87y . Similarly, the superfluid fraction is

~ 37 fter TN

fs w277 <e<q2/zT*)W _ 1>2' (23)

Notice that at zero temperature the superfluid fraction is always one, and is not influenced by the finite size.
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If the confining potential is not spherical, the IR cutoff should be introduced accordingly. For instance, in
the case of a cubic box of length L and assuming vanishing boundary conditions, we would introduce kigp = /L
and, changing to adimensional variables, perform the integrations as

(@) —1—<78 3/2_/ dq ¢ +87y >_8/ d’q P+ 81y

n/e 3‘/77}/ v @)} @2\/1—leny /¢ b (2m)3 (e(qz/ZI‘*>W _ 1>42W
(24)

withU = [—qr, qir] X [—qi®; ir] X [—qir, gir]and D = [qir, +00) X [gir, +00) X [qir, +00), and

(E) . 8 / d3q qZ e(qZ/ZT*)4/1+l6ny/q2
fs 3T* D (27T)3 (e(qz/ZT*) /1+167T)//q2 _ 1>2 (25)

n

Requiring the term between round brackets in Eq. (24) to be positive definite will impose an upper bound on
q1r, and thus kg, which implies a bound on the system size.

Results

Figure 1 shows the condensate fraction obtained from Eq. (15) as a function y3/2 = \/a3n and T*, while in
the upper panel of Fig. 2 we plot the condensate fraction as a function of y*/2 for fixed T*, showing clearly the
non-monotonic behavior at finite temperature. Numerical evaluation of Eq. (15) leads to the following results:

1. The value of y corresponding to the maximum of 1y /n, which we denote ym,y, increases linearly with T*:
Ymax = aT*,  a=0.0498"] (26)

2. The maximum of ng/n, which we denote (19/#)max, decreases with the power 3/2 of T*:

(@> =1-b(T"*?,  b=01005"". 27)

N / max

3. As the gas parameter increases, no/n decreases more slowly with T*, leaving a larger residual condensate
fraction as T — T.”, the critical temperature of the ideal system. Consequently the critical temperature T,
increases with the gas parameter. Solving numerically Eq. (15) with ny = 0 gives that the shift of T, is pro-
portional to the square root of the gas parameter. In fact, this can also be proven analytically**:

AT, 421

1O T 32(3/2)%

VY = 17627, (28)

This results contrasts with Monte-Carlo simulations®?’ and precise high-temperature calculations®®??, which

instead show that the shift AT./T'” is linear in the gas parameter, with a slope Cy = 1.3. This is due to the fact
that the self-consistent Popov approximation ignores the pile-up of infrared singularities to high orders at the crit-
ical point?, and therefore it can only be considered reliable far from the critical point. In general this is a problem
common to any perturbative approach, since the physics at the phase transition is inherently non-perturbative.

These results should be compared with the ones reported by Yukalov and Yukalova’ (see in particular Fig. 3
therein, taking into account that on the x axis there is y, while we have y3/2). The behavior is qualitatively similar,

=

S -

S

“:““‘ SISO
X

“
S

Figure 1. Condensate fraction as a function of y*? = \/a3n and the adimensional temperature
T* = (mkg/h*n*3)T. The condensate fraction at T* = 0 decreases linearly with \/a3n according to the
Bogoliubov formula (8). The yellow line follows the maximum of n9/n as T* varies.
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Figure 2. Comparison between the condensate fraction g /n (upper panel) and the superfluid fraction ns/n
(lower panel) as functions of \/a?n, for T* = 0.0, 0.5, 0.7, 0.9.

although in Yukalov and Yukalova it seems more pronounced. Indeed, Yukalov and Yukalova consider a much
wider range of y, between 0 and 1, while we limit ourselves toy < 0.15. The temperature range considered is also
wider, reaching up to the critical value where the condensate fraction becomes zero. The reason why our results
are limited to the indicated values of y will be addressed in the Discussion. Concerning the results of Yukalov
and Yukalova, we point out that their validity for large values of T'and y is questionable. As already mentioned,
the critical temperature is predicted to be the same as that for the ideal gas, which is known to be incorrect.
Furthermore, Monte-Carlo calculations at T = 0 show that, while the approach of Yukalov et al.”~? works well for
y < 0.45, it deviates strongly for larger values of ™. In the limit y — 0, such approach reproduces the standard
Bogoliubov theory®. Therefore the self-consistent Popov approximation provides an improved description of the
system in the small y region. This is the region of experimental interest for testing the non-monotonic behavior
using the current setups of ultracold Bose gases confined in a box potential.

Lopes et al.'¢ studied a homogeneous gas of *K atoms (m =~ 6.48 x 10723 g) of density n ~ 3.5 x 10! cm™3,
By varying the interaction parameter in the range 0.004 < /a?n < 0.03 the authors obtained data consistent
with the Bogoliubov theory of quantum depletion for a temperature between 3.5 and 5 nK, corresponding to

0.57 < T* < 0.81, observing the decreasing trend of o /n expected for 1/ a?n > y,iﬁ However the lowest value

of /a?n achieved in this setup is still too large to clearly test the existence of an interval where the condensate
fraction is increasing. Indeed Eq. (26) gives yrf,g((T* ~ 0.57) 2~ 0.005 and y,?lg(T* ~ 0.81) >~ 0.008, which are

quite close to the first experimental point at \/a3n =~ 0.004, whereas to test the region where the condensate

fraction is increasing would require to reach values of \/a?n much smaller than y,?l{é

Although the approximations we have discussed are only valid at low temperature®, we expect the non-
monotonic dependence of the condensate fraction on the interaction strength to be a characteristic of weakly
interacting Bose gases at any finite temperature below T,. This behavior must in fact be present based only on the
well-established facts that the interaction causes (i) the quantum depletion of the condensate at zero temperature
and (ii) a positive shift of the critical temperature T..

In Fig. 2 we compare the condensate and superfluid fractions as functions of \/a3# for fixed T*. The two
coincide in the case of zero interaction. In the interacting case, instead, the condensate fraction behaves quite
differently from the superfluid fraction; finite temperature depletes both of them, however the dependence on
the interaction strength is noticeably different. At T* = 0 the system is completely superfluid, independently of
the strength of the interaction, and for finite T* the superfluid fraction is a monotonically increasing function
of the gas parameter.

In Fig. 3 we compare the finite size results at fixed T*, for qir = /47y, with the corresponding results in the
thermodynamic limit, where grr — 0. (The chosen value of gy is such that the bound gir < /87y is satisfied
and the the difference with the case gip = 01is clearly visible). The introduction of the IR cutoff effectively reduces
both the quantum and the thermal depletions, leading to larger condensate and superfluid fractions compared
to the case qir = 0, also for zero interaction. Although quantitatively different, the results in the case of a cubic
confining potential are qualitatively analogous to those shown in Fig. 3.
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Figure 3. Comparison between the condensate fraction ng/n (upper panel) and the superfluid fraction n/n
(lower panel) in the thermodynamic limit and at finite size (f.s.), as functions of \/a3n, for T* = 0.0, 0.7. The IR
cutoff is fixed at qir = /4wy = \/4mwasn!/3,

Discussion

The approximations we have adopted are only valid for small values of the gas parameter. This limitation can be
deduced from a purely thermodynamic argument. The thermodynamics of the system is characterized by the
grand canonical potential (i, T), obtained by imposing to (5) the condition (3). At zero temperature, it reads®"®

Q 2 8 ,m\3/2
Qw __# (Yo

v 2g | 15m2\R2

, u > 0. (29)

where the second term is the well-known Lee-Huang-Yang correction®. The equation for the total number
density as a function of the chemical potential, n() = —(1/V)92 (t) /9, can then be rewritten in terms of the
gas parameter y = asn'/? and the adimensional chemical potential u* = (m/4n 20?3 as
* 32
M? - ﬁ(ﬂ«*)wz =1 (30)
This has exactly one solution fory € [0, y.], wherey, = (7/768) 1/3 ~ 0.1599, and no solutions fory > y,. This
places an upper limit, based on thermodynamic stability, on the value of y up to which a Gaussian theory with
zero-range potential is applicable.
One possible solution to this problem is the inclusion of an effective finite-range interaction®*. Maintaining
the form of the zero-range potential, one should instead consider quantum corrections beyond the Gaussian
level. These corrections come from the terms in the action that are higher than second-order in the fluctuations

V1, ¥, given by
ne 3 2 2, 1 4
Sint[¥1, ¥1l :g/o df/d X[%k!ﬁl(xaf)llﬁl(x,f)l + Yoy (%, T |Y1(x, T)| +£|¢1(X)T)| . (31

In a perturbative expansion, these interaction terms generate Feynman diagrams contributing to the self-energy
of 1, which consists of all possible repetitions of the proper self-energy ¥ given by the sum of all irreducible
diagrams. The repetitions of ¥ are resummed through the Dyson equation®, giving for the corrected Green’s
function in momentum space

Gk, w,)
4 (k, = ,
o) = o oo D ) (32
where %y is the Guassian-level Green’s function,
h(Ck + ihwy,)
~ Gk, ) = (Y1k o)V wp))y = (33)

 (hwn)? + E2(no)”

Here w, are bosonic Matsubara frequencies?**, Cy = & + gno, and Ex(np) is the Bogoliubov spectrum. Using
(33) and (32), the density of noncondensed particles is then equal to
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1

1 Ck + ihwn
n—mny=——-— G (k,wp) = —— -
OT T hpy wzg "BV kaZ#, (hwn)? + EX(no) + hE (&, 0,)(Cy + ihw,) G4

The zero-temperature quantum corrections to the Bogoliubov theory were addressed by Braaten and Nieto®.
Generalization of these results to finite temperature is an interesting prospect for future work.

In conclusion, in this paper we have discussed the effects of weak repulsive interactions on the condensa-
tion of a homogeneous Bose gas in 3D. Explicit equations for the condensate and superfluid fraction at finite
temperature have been obtained within a variationally-optimized one-loop approximation. We have shown
that at finite temperature, a small repulsive interaction reinforces the quantum statistical tendency to undergo
BEG, so that as the interaction is switched on a sudden increase in the condensate fraction is predicted. For
larger values of gas parameter, instead, the condensate fraction decreases, as the stronger tendency to condense
is overcome by the scattering of particles out of the condensate. Therefore, differently from the superfluid frac-
tion, which at finite temperature is always increasing with the interaction strength, the condensate fraction is a
non-monotonic function, presenting a global maximum for a small non-zero value of the gas parameter, which
increases with the temperature. This prediction is robust, since the same qualitative behavior is observed using
different approaches, although as we have discussed, the self-consistent Popov approximation is the most accu-
rate in the region of interest. The semiclassical treatment of finite size effects shows that in a finite volume the
non-monotonic behavior is even more evident.

Furthermore, repulsive interactions induce a positive shift of the critical temperature for BEC with respect
to the noninteracting case, which in the self-consistent Popov approximation is predicted to be proportional to
the square root of the gas parameter. This behavior is not captured by the standard Bogoliubov theory nor the
Hartree-Fock-Bogoliubov approximation considered by Yuakalov and Yuakalova’. Combined with the quantum
depletion at zero temperature, the positive shift of T, makes it clear why the condensed fraction must be non-
monotonic in the gas parameter.

This non-monotonic behavior has not yet been observed experimentally. In fact, based on our theoretical
results we argue that experiments conducted so far have not concentrated in the range of interaction strength
and temperature suitable for verifying the phenomenon. We believe however that this should be possible with the
available experimental setups of ultracold atoms confined in a box potential. The measured condensate fraction
will highlight the reliability of the analytical methods we have presented.

Methods

Derivation of the condensate fraction from the grand canonical potential

Equation (5) is the most general expression for the grand canonical potential of our system, because 1 and ng
have been kept as independent variables. This allows us to derive an equation for # as a function of ng and T,
from which the condensate fraction follows. In particular,

1990, T) C1a(@+ o + o)

n(no. T) = = = =ny+n +n,  (35)
4 Iu p=gno 4 I p=gno 8 &
where the thermal density is
3
oD d’k &k + gno ) (36)
8 J @m)? (ePEx(0) — 1) Eg(no)
while the zero-temperature density is
3
WO S L) = L(ﬂgnof/z- (37)
g 2J @)} Ex(no) |yyre 372 \R2

The second equality follows from the regularization of the integral, which is divergent in the ultraviolet, either
by introducing a UV cutoff or by dimensional regularization'®.

Analytical approximations for small temperature or small gas parameter
Introducing the variable x = Bey, the thermal contribution in Eq. (7) becomes

00 2 212
am_ B dk(x) K (x) [ h*k*(x)
" T 22 J, dx dx (e¥ — 1)x 2m +gno (38)
where
k(x) = 2mgHo —144/1+ M (39)
= 5 .

In the limit T — 0, k(x) = /m/gng(k g T/h)x. The same expression for k(x) may obtained by approximating
the Bogoliubov spectrum with its phononic behavior, Ex(19) = cshk, i.e. the low temperature limit is equivalent
to considering just phononic excitations. In this limit Eq. (38) is calculated analytically and yields Eq. (9).
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In the limit g — 0, Ex(ng) =~ h%k?/2m + gng and the integral on the right-hand side of Eq. (7) is calculated
analytically, giving Eq. (10). At finite temperature, for g — 0 the condensate fraction tends to the finite value
expected for the ideal gas with infinite first derivative. In fact, from Eq. (10) we get

d no no d _
el A P Bgno
dg n 2 dg i3/2 (e ) +avE (40)
with ¢y, ¢; independent of g. Since %Liyz (e_ﬁgno) = —fBng Liy )2 (e_ﬂg"o) — —ooforg — 0,
1, d no 400
im —— = .
g—0 dg n (41)

The first derivative of ng/n is thus positive (for g — 0) due to the presence of the factor Liz » (eﬂggno )» which is
related to the thermal density. At zero temperature this factor is absent, and the condensate fraction decreases
monotonically with g, as described by Eq. (8).
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