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Dynamical analysis and the soliton
solutions of (2+1)-dimensional
Heisenberg ferro-magnetic spin
chains model with beta fractional
derivative

Jie Luo

This paper investigates the soliton solutions and dynamical analysis of (2+1)-dimensional Heisenberg
ferro-magnetic spin chains model with beta fractional derivative, which is transformed into the
ordinary differential equation. By using the second-order complete discriminant system, the soliton
solutions are presented. By utilizing the theory of planar dynamical system, the phase portraits of
the dynamical system and its disturbance system are drawn. Moreover, three-dimensional, two-
dimensional, and contour plots of soliton solutions for (2+1)-dimensional Heisenberg ferro-magnetic
spin chains model with beta fractional derivative have also been plotted.
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Nonlinear partial differential equation (NLPDE)'"!* plays a very important role in the fields of natural science
and engineering technology. In the study of NLPDE:s, the construction of soliton solutions and the study of
dynamic behavior are currently hot topics. Many experts and scholars are commltted to this research, and
many very important methods have been proposed. For example, the extended the ( - expansion method'*>,
the Hirota bilinear method'®, the extended Kudryashov’s method"’, the Sine- Gordon expansion method's, the
Khater I method".

With the maturity of fractional calculus theory, fractional partial differential equations(FPDEs) can
better describe mathematical models with memory and genetic properties in the field of natural sciences. The
research on FPDEs mainly focuses on numerical solution®, soliton solution®® and qualitative analysis*. This type
of FPDE is a (2+1)-dimensional Heisenberg ferro-magnetic spin chains model with beta fractional derivative,
which usually is described as follows?
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iADIF 4+ Q Fex + QF)y + Q3Fy, — Qu|FI’F =0, (1)

where F = F(x, y,t) is an unknown function. 2, 2; and 23 are real numbers. ‘S‘Dﬁ3 (-) is the M-fractional deriva-
tive. Equation (1) is commonly applied in fluid mechanics, nonlinear optical system and biological molecular
system. In Ref.?%, Khatun and his collaborators studied the solion solutions of Eq. (1) by using the extended simple
method. However, research on the dynamic behavior of such equations has not yet been reported. Moreover,
more general Jacobian function solutions are still under study.

The remaining sections of research are as follows. In “Soliton solutions of Eq. (1)” section, Eq. (1) is trans-
formed into the ordinary differential equation. Moreover, the soliton solutions of Eq. (1) are presented by using
the second-order complete discriminant system. In “Dynamical analysis” section, the dynamical analysis of
dynamical system and its disturbance systems are studied. In “Conclusion” section, a brief conclusion is given.

Soliton solutions of Eq. (1)
Mathematical derivation

In this section, we consider the complex envelope wave structure (see Refs.”*?%)
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Plugging wave transformation (2) into Eq. (1) and splitting the imaginary and real parts yield

(W — Q1k% — Q12 — Qakab) ¥ + (k3 + B + Qkih)yY" — Quy® =0, 3)
[2Q1kiky + 220010 + Q3(kil + kal) +vIy' =0

From the second equation of Eq. (3), we have
o= —Zglklkz — 2921112 — Q3(k1[2 + kzll).

From the first equation of Eq. (3), we obtain

v = dagy’ + 2050, (4)
S VN o 3L o U o 21,21
where as = ATl 2kh)’ 2 T T A @Rt ki)

Soliton solutions of Eq. (1)
Multiplying two sides of Eq. (4) by ¢/, we obtain

W"? = asy* + ayyr® + a, (5)

where ag is an integral constant.
Next, we make some assumptions

W =41/ (da)) 3V, by = day(day) "3, by = dag(dag)”3, £ = (dag) SE. (6)
Substituting Eq. (6) into Eq. (5), we have

WE = W(W? + bV + by), 7)
and its integral expression is
(&1 — &) = / av . (8)
J (W2 + bW + o)

here, the complete discriminant system® for Eq. (8) is
F(¥) =W + bV + bo. ©)

Next, we assume that A = b% — 4b,,.
CaseIA =0,V >0
If by < 0, we obtain the solution of Eq. (1)

Fi(x,y,t) =

20w — k2 — QB — Qskyly) (2924) 73 a2 [ 07— Q2 — QB — Qskyh)(294) 73
an
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<< gt ) ’ <k1x +hy+ Y <t + b ) ) - go)e’(k”‘”zy‘ﬁ(”ﬁ) ) ,

(Qk} + Q218 + Q3kih) B T
(10)

2w — QK2 — Q2 — Q3koh) (2Q4) 7 — k2 — Q2 — Q3koh) (2Q4) 3
Fa(ept) = w = S0k = Sl = Q3kolp) QR 75 o \j(w 1k3 — B — Q3kalh)(2Q24) 73

QUK + Qo + Qskily) 5 20K + QI + Qskyl)

1
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(e st 3o g <o)

(k2 + Q8 + Qkil) B INC)!
(11)

If by > 0, we have the solution of Eq. (1)

Fs3(x,y,t) =

21K + QB + Qakol, — w)(2Q4) 73 i (K2 + QB + Qakol, — w)(2Q4) 73
QR + Q8B + Qskil) 3 2@k + Qo + skl

-1 B ; w1 )
3 kax+1 t+
( o ) <k1x+11y+v(f+ 1 > )_50)61(2x o= (1) )

(Qk} + 17 + Q3kily) B re
(12)
If b; = 0, we obtain the solution of Eq. (1)
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CaselIA > 0,byg =0
If¥ > —by,b; > 0, we obtain the solution of Eq. (1)

2w+ QK + D + k)29 At DR+ D 4 kol (26
Fs(x,y,t)=< (=w+ 122+ 222+ 322)(1 D7 o (—w+ 122+ 222+ 322)(14) g
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If by < 0, we obtain the solution of Eq. (1)

2(W Qlk% Qzlz Q3k212)(2§24) 3 (W - Qlk% - Qzl% - Q3k2l2)(294)7%
F7(x,y,t) = an’
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CaseIIIA > 0,by # 0
Ifo < B <kanda < W < B, we obtain the solution of Eq. (1)

k—a 294 _% v B
- —aysn2| Y — ) )=
Fg(x,y,1) = [a+(/3 a)sn < 3 (((Qlkf +S22112+523k111)> <k1x+l1y+ B <t+ l"(ﬁ)) &), m)

i _w L 8
et(k2x+12y ﬁ(t+l"(ﬂ)) ).

(17)
If U > k, we obtain the solution of Eq. (1)

_1 B
3 v 1
—ﬂsn (\/ ((m) (k1x+ll}/+ B<t+ W) ) _SO)/Z)m)'f‘k
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wherem? = (B — «)/(k — ).
CaseivA <0
If U > 0, we obtain the solution of Eq. (1)

Fo(x,y,t) =

w\'—‘

p
<k1x+11y+ ( +%ﬂ)) )—Sg)/Z,m)

>

(18)

e ~Vh
4 1
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: 1
« el(k2x+lzy7 % (t+W)ﬂ),

Fio(x,y,t) =

where m? = 714%2\/%.

Numerical simulation

In this section, we use mathematical software of Maple 2022 to draw three-dimensional, two-dimensional, and
contour plots of the modulus of solutions F; (¢, x, ¥) and F5 (¢, x, y) of Eq. (1) when we choose different parameters.
From Figs. 1 and 2, it can be seen that the mode length diagrams of these solutions are all dark soliton solutions.

Dynamical analysis
In this section, the two-dimensional dynamic system (4)*"** can be described as
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(a) 3D diagram (b) 2D diagram

Figure 1. The solution F) (¢, x, ) of (1) with

ki=Lk=1,1=1,b=1,21=1,0=1,%B=-1,U=1Lw=73,v=-2
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(a) 3D diagram

(b) 2D diagram

Figure 2. The solution F5(t, x, ) of (1) with
k1 = 1,k2 = l,ll = l,lz = 1,91 = 1,92 = 1,93 = —1,94 = %,W =

:Z,

{ dE = 4u41ﬂ3 =+ 2a21//,
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R

its first integral is
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(c) Contour plot
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(¢c) Contour plot

(20)

21

where h is the constant. In this section, we plotted the phase diagram of the system (20) under given parameter

conditions as shown in Fig. 3.
Next, in system (20), we add a small disturbance

av_,
e — @
g—g = das 3 4+ 2a, + Asin(w§).

(22)

-

T =
i s
NP2 N N\

/N

(a) ag >0,a2 >0

Figure 3. 2D phase portraits of (20).

N\

(b)a4>0,a2<0

(¢) as <0,a2 >0

(d) a4<0,a2<0
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(a) 2D phase portrait (b) 3D phase portrait

Figure 4. Phase portraits of (22) whenay < 0,42 < 0.

(a) 2D phase portrait (b) 3D phase portrait

Figure 5. Phase portraits of (22) whenas > 0,4, < 0.

By using mathematical software, we can draw the phase diagrams of (22) when considering different initial
values and parameters as shown in Figs. 4 and 5.

Conclusion

In this article, we study the dynamical analysis and the soliton solutions of Eq. (1), respectively. On the one hand,
we obtained the soliton solution of Eq. (1). On the other hand, the phase portrait of (20) and its disturbance
system was drawn by using mathematical software and dynamic system analysis theory. What’s more, we use
mathematical software to draw three-dimensional, two-dimensional, and contour plots of the modulus of
solutions Fj (¢, x, y) and Fs (%, x, y) of Eq. (1) when we choose different parameters. Compared with reference?,
we not only obtained the dynamic behavior of Eq. (1), but also constructed a more general Jacobian function
solution. In future research, we will still study soliton solutions and dynamics of FPDEs.
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The datasets used and/or analyzed during the current study available from the corresponding author on reason-
able request.
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