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Rayleigh waves are crucial in earthquake engineering due to their significant contribution to 
structural damage. This study aims to accurately synthesize Rayleigh wave fields in both uniform 
elastic half-spaces and horizontally layered elastic half-spaces. To achieve this, we developed a self-
programmed FORTRAN program utilizing the thin layer stiffness matrix method. The accuracy of the 
synthesized wave fields was validated through numerical examples, demonstrating the program’s 
reliability for both homogeneous and layered half-space scenarios. A comprehensive analysis of 
Rayleigh wave propagation characteristics was conducted, including elliptical particle motion, 
depth-dependent decay, and energy concentration near the surface. The computational efficiency 
of the self-programmed FORTRAN program was also verified. This research contributes to a deeper 
understanding of Rayleigh wave behavior and lays the foundation for further studies on soil-structure 
interaction under Rayleigh wave excitation, ultimately improving the safety and resilience of 
structures in seismic-prone regions.
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Rayleigh-wave, which is the result of interfering P- and SV-waves at the free surface and travels along the free 
surface, is highly regarded in seismology fields, especially in near-surface geophysical exploration1–3. First 
identified by Rayleigh in 1885, these waves have been a subject of extensive study due to their slow decay along 
the surface and their predominance in seismic wave fields, carrying approximately two-thirds of the total 
seismic energy4,5. The characteristics of Rayleigh waves, such as their velocity variation and the phenomenon of 
dispersion, have been investigated thoroughly, leading to the development of various methods for calculating 
dispersion curves, which describe the relationship between phase velocity and frequency for different wave 
modes6. Rayleigh waves have been extensively observed in seismic exploration and play an important role in 
near-surface geophysical exploration, e.g., widely used in urban underground space exploration7–9, subsurface 
parameter inversion10,11 and layer thickness identification12–14. Therefore, the accurate simulation of Rayleigh 
waves is crucial in comprehending the mechanism of seismic-wave propagation and constructing reliable 
subsurface models.

The influences of anisotropy and viscoelasticity on Rayleigh waves were more intricate than their effects 
on body waves, owing to the stringent generation criteria for Rayleigh waves. This complexity has drawn the 
attention of numerous researchers, who have investigated Rayleigh wave behavior in anisotropic or viscoelastic 
media from various perspectives15. To this end, multiple studies have endeavored to examine the diffraction of 
Rayleigh waves around alluvial valleys, utilizing both analytical and numerical approaches. Certain researchers 
have estimated the near-surface quality factors through constrained inversion of attenuation coefficients derived 
from the amplitude data of viscoelastic Rayleigh waves16. Carcione17 analyzed the propagation characteristic 
of viscoelastic Rayleigh-wave by pseudospectral modeling in time–space (t–x) domain, and results present the 
substantial differences compared with the pure elastic cases. In accordance with the work of Carcione, Zhang 
et al.18 modeled the viscoelastic Rayleigh-wave via pseudospectral method and analyzed the phase velocity 
dispersion of Rayleigh-wave. The analytical method of Rayleigh waves is often referred to as the wave function 
expansion method19, and the numerical methods include the finite element method20, finite difference method21, 
boundary element method22, discrete wave number method23, hybrid method24, etc. Several researchers have 
theoretically examined the characteristics of viscoelastic Rayleigh waves from an energy perspective, noting 
that phase velocities and attenuation factors provide a reliable approximation of the wave’s dispersion and 
dissipation25,26. However, some studies have conducted numerical modeling of viscoelastic Rayleigh wave fields, 
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with the results indicating substantial differences from the pure elastic cases18. To gain a more comprehensive 
understanding of Rayleigh wave phenomena in Earth’s media, it is essential to investigate their characteristics 
through numerical modeling.

In horizontally layered media, Rayleigh waves propagate in distinct modes with varying phase velocities, and 
their accurate synthesis is crucial for understanding soil-structure interactions (SSI) under seismic excitation. 
In the layered media where the layer stiffness increases with the depth of layers, the surface vibration was 
dominated by the fundamental mode of Rayleigh waves. Soil properties play important roles in advanced soil 
modeling, dynamic analysis of the SSIs and numerical simulations. The free-surface boundary condition severely 
affects the accuracy of Rayleigh-waves simulation27. In related theoretical studies, the vacuum formalism is 
an early and efficient scheme that simulates Rayleigh waves by setting the S-wave-related parameters to zero. 
Nevertheless, this method suffers from severe numerical dispersion due to the inability to use high-order spatial 
difference operators28, thus not being able to achieve the accuracy requirements of surface-wave simulation29. 
The stress image method is a more suitable option because of its stability and accuracy30,31, but it lacks rigorous 
mathematical proof. Generally, Rayleigh waves suffer more severe numerical dispersion than body waves 
owing to energy leaking into the domain above the free surface or the low-velocity structure. To achieve similar 
simulation accuracies between Rayleigh and body waves, small time or space steps may be adopted, resulting 
in a significant increase in computational requirements32,33. Earth materials usually behave as an imperfectly 
elastic medium34, affecting the characteristics of Rayleigh waves in terms of amplitude and phase during their 
propagation35. Yuan et al.36 analyzed the attenuation and dispersion of Rayleigh waves by comparing elastic 
and viscoelastic wavefields. The abovementioned GSLS-model-based scheme has the advantage of parallel 
computation when solved using the staggered-grid finite-difference (SGFD) method37,38. Nevertheless, the 
GSLS model requires internal memory variables, which could significantly increase the computation time and 
memory, especially in 3D cases39,40. In contrast, the recently developed decoupled fractional Laplacians (DFL) 
equation is an ideal propagator for Rayleigh waves in attenuation media41,42. Compared with the time-fractional 
viscoelastic wave equation43, the DFL equation avoids a large amount of wavefield storage, thus benefiting from 
higher computational efficiency44.

The transfer matrix method, or equivalently the stiffness matrix method, has proven effective in studying 
wave propagation in multilayered media. These methods correlate the transformed response at the bottom of 
a layer, expressed as a transfer matrix or stiffness matrix, with a corresponding quantity at the top of a lower 
layer. The drawback of these methods is their substantial memory requirement and computational effort, and 
they are prone to errors due to the treatment of infinite boundaries when the solution is numerically evaluated, 
having been converted from the frequency-wavenumber domain to the time-spatial domain. To address these 
limitations, the thin layer method, an approximation to the stiffness matrix method, expands the transcendental 
functions in an exact stiffness matrix in terms of layer thickness, considering terms up to the second order of layer 
thickness. Compared to the stiffness method, the thin layer method results in mathematically more manageable 
stiffness matrices that involve only quadratic functions rather than transcendental functions, thus enhancing 
computational efficiency. In 1970, scholar Lysmer45 first applied the thin layer stiffness matrix method to derive 
the coefficient equation of Rayleigh waves and analyze their propagation characteristics in the upper laminated 
soil layer of bedrock. Lysmer obtained the group velocity and dispersion curve of surface waves. Subsequently, 
several scholars utilized the thin-layer method to study P-SV waves and SH waves. However, the accuracy of 
the calculation results was not satisfactory46. To achieve necessary accuracy, the thin layer method requires 
layer thickness to be small in a sense of the smallest relevant wavelength. It implements such a requirement by 
dividing a thick layer into many thin layers of artifact. In 1981, Kausel and Peek47 derived the layered stiffness 
matrix, enabling the direct calculation of eigenvalues using the stiffness matrix for P-SV waves in layered media. 
This approach proved to be fast and accurate in calculations.

Previous studies have explored the effects of anisotropy and viscoelasticity on Rayleigh waves, leading to the 
development of various numerical and analytical methods15–26. However, these studies often focus on specific 
scenarios or media types, and there remains a gap in comprehensive research on the accurate synthesis of 
Rayleigh wave fields in both uniform elastic half-spaces and horizontally layered elastic half-spaces. The purpose 
of this work is to study the phase velocity and mode of Rayleigh wave fields in horizontally layered elastic half-
spaces. In this paper, we developed a self-programmed FORTRAN code to simulate the Rayleigh-wave in the 
half-space models and the layered models by the thin layer stiffness matrix method. First, we introduced the 
methodology, which involves the wave equations, the boundary treatments, and the modeling scheme. Then, in 
the homogeneous half-space models, we tested the modeling program against the elastic analytical solution in 
time domain, verified the correctness of modeling results via comparing with the theoretical phase velocities of 
Rayleigh-wave. Finally, in the layered models including the two-layer models and multi-layer models, we further 
investigated the performance of our FORTRAN language codes in modeling Rayleigh-wave, and analyzed the 
characteristics of Rayleigh waves in the layered media, as well as verify the computational efficiency of the self-
programmed FORTRAN program. This study extends our previous research on the three-dimensional time-
domain partitioned analysis of soil-structure interaction (PASSI) under P-SV and SH waves48–50, aiming to 
enhance the PASSI method’s capabilities to analyze SSI under the influence of Rayleigh waves.

Rayleigh wave field in elastic half-space
Basic principle
Rayleigh wave velocity
The general solution for the rightward-propagating harmonic of in-plane P-SV surface waves51 can be expressed 
as
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	 φ = Epe
i(ωt−k1x1+k2px2) + Fpe

i(ωt−k1x1−k2px2)� (1)

	 ψ = Ese
i(ωt−k1x1+k2sx2) + Fse

i(ωt−k1x1−k2sx2)� (2)

where φ and ψ represent the displacement potentials for P-waves and SV-waves, respectively, where ω > 0 
and k1 > ω/cs. The parameter c denotes the propagation speed of P-SV surface waves along the x1 axis, with 
c = ω/k1 and c < cs. Here, ω denotes the angular frequency.

The first term in Eqs. (1) and (2) increases with depth x2 and does not represent surface wave behavior, so it 
should be omitted. Therefore, the analytic expression for P-SV surface waves can be written as

	 φ = Fpe
i(ωt−k1x1−k2px2)� (3)

	 ψ = Fse
i(ωt−k1x1−k2sx2)� (4)

here,
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In Eqs. (5) and (6), the square roots are taken as arithmetic roots. Substitute Eqs. (3) and (4) into the following 
free boundary conditions:

	 (λ + 2µ)φii − 2µ (ψ12 − φ11) = 0� (7)

	 µ (2φ12 − ψ11 + ψ22) = 0� (8)

And modified the above equations to:
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In the equations, c = ω/k1. For Eqs. (9) and (10) to have non-zero solutions for Fs and Fp, the wave speed c must 
satisfy the condition that makes the determinant of the coefficient matrix in Eqs. (9) and (10) equal to zero.
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Squaring both sides of Eq. (11) yields:
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The non-zero solutions that satisfy the condition can be approximated as:

	 c/cs = (0.87 + 1.12ν)/(1 + ν)� (13)

It follows that the Rayleigh wave velocity c is independent of frequency and depends on the shear wave speed 
cs and Poisson’s ratio ν. Therefore, in a homogeneous elastic half-space, the shape of Rayleigh waves remains 
unchanged during propagation, making them a type of non-dissipative wave.

Rayleigh wave form
The displacement components for the 2D wave propagation problem in a plane are:

	
u1 =

∂φ

∂x1
+

∂ψ

∂x2
� (14)

	
u2 =

∂φ

∂x2
− ∂ψ

∂x1
� (15)
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By substituting Eqs. (3) and (4) into Eqs. (14) and (15), and combining with Eqs. (9) and (10), the displacement 
field of the Rayleigh wave can be obtained.

	 u1 = U1 (ω, x2) e
i(ωt−ω

c x1)� (16)

	 u2 = U2 (ω, x2) e
i(ωt−ω

c x1)� (17)

Analytical solution 1
According to Liao’s related theory51–53, consider the displacement of Rayleigh waves in a uniform elastic half-
space as

	 ui = ui (ζ, x2) , i = 1, 2� (18)

where ζ = t− x2/c,the horizontal displacement time of a point (0,0) (as shown in Fig. 1) on the free surface 
u1 (t, 0) = u0 (t) is known, and the Fourier transform can be used to construct the displacement time 
ui (ζ, x2) , i = 1, 2 of any point in the wave field
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Fig. 1.  The half-space site model.
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where x1 represents the displacement along the x-direction, x2 denotes depth along the z-direction; c, cs and 
cp are the Rayleigh, shear and compressional wave velocities of the site, respectively. In the self-programmed 
FORTRAN program, the Fast Fourier Transform (FFT) was used to obtain the numerical results of Eqs. (22) 
and (23).

Analytical solution 2
The Ricker wavelet, a widely used type in seismic exploration, is derived rigorously from the wave equation. 
Professor Yanghua Wang54 from Imperial College London has provided an in-depth analysis of the Ricker 
wavelet. Building on the theoretical methods associated with the Ricker wavelet, a method has been developed to 
easily obtain the analytical solution for the input wavefield of Rayleigh waves55. Let the horizontal displacement 
component of Rayleigh wave at a point of free surface be

	
u0 (ζ) =

ζ20
π

· ζ20 − ζ2

(ζ20 + ζ2)
2 , ζ0 > 0� (27)

Its frequency spectrum is

	 U0 (ω) = ζ20ωe
−ζ0ω, ω > 0� (28)

The spectrum reaches its maximum value at ω = ω0 = 1/ζ0, i.e., its superior frequency is ω0 = 1/ζ0. Therefore, 
the frequency component of the input ground vibration ζ0 can be controlled by the choice of parameter u0 (ζ).

Substituting Eq. (28) into Eqs. (22) and (23), it was obtained that
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where
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2 , B = 2 (cs/c)
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where A, B, m1, and m2 represent the relevant parameters.

Algorithm validation
Based on Eqs. (19)–(23), we implemented a FORTRAN program (Analytical solution 1) to obtain the analytical 
solution for Rayleigh waves in a homogeneous elastic half-space. Additionally, we developed a corresponding 
program (MATLAB code, Analytical solution 2) based on Eqs. (29)–(31) to compute another analytical solution 
for Rayleigh waves in the same medium. A comparative analysis was conducted to verify the consistency of 
the computational results obtained from these two analytical solutions when applied to the same field. The 
comparison revealed identical results, thus ensuring the accuracy and reliability of the implemented algorithms. 
Subsequently, the synthesized wave field was utilized as the input for the free field analysis. A wave field 
simulation was conducted using a finite element program combined with a multiple transmission artificial 
boundary approach. The correctness of the program was validated by comparing the results obtained from 
the free field analysis with those obtained from the finite element analysis. Acknowledging the importance of 
accurately characterizing the Rayleigh wave field in practical applications, this verification process served to 
validate the implemented FORTRAN program, ensuring its fidelity and suitability for further analyses.

Model and parameters
In Fig. 2, the calculation area of the two-dimensional uniform elastic half-space is 200 m × 200 m, and the soil 
material parameters are presented in Table 1. The soil was discretized into 1.0 m × 1.0 m quadrilateral four-node 
elements in the x- and z-directions, comprising a total of 40,000 elements and 40,401 nodes. For site analysis, 
observation points A (0,0), B (50,50), and C (100,100) are illustrated in Fig. 2.

Figure 3 depicts the acceleration time history and Fourier spectrum of the motion. To facilitate a comprehensive 
comparison between the two analytical solutions, we generated the pulse waveform displayed in Fig. 3 as the 
input wave by applying Eqs. (8) and (9) with a value of ζ0 = 0.05. The input wave is vertically introduced from 
the bottom of the bedrock, with a total duration of 3.2738 s and a cut-off frequency approximately 3.18 Hz. 
This was done through Fourier transform analysis, where UF1 represents the spectrum obtained by Fourier 
transform in MATLAB for the pulse timescale, and UF2 represents each frequency point used in wave creation.
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Results analysis
To solve the site, a custom program written in FORTRAN was utilized, and three observation points displayed 
in Fig.  2 were selected, as demonstrated in Figs. 4 and 5. Upon comparing the results, it was observed that 
the computed values obtained from both solution methods exhibit complete agreement, thereby providing 
initial validation of the accuracy of the approach applied in this paper for solving the uniform elastic half-space 
Rayleigh wave field.

The site was simulated using a finite element program incorporating multiple transmission artificial 
boundaries, with the analytical solution employed as the input for the free field. Moreover, the results from the 
three observation points depicted in Fig. 2 were selected for comparative analysis, as presented in Figs. 6 and 7. 
Notably, a precise agreement was observed between the finite element results and the free field results, thereby 
providing further validation of the accuracy and correctness of the implemented program.

The properties of Rayleigh wave field
Rayleigh waves are surface waves that propagate along the interface between two distinct media, commonly the 
surface and subsurface. Characterized by an elliptical particle motion, these waves involve simultaneous vertical 
and horizontal particle displacements. Rayleigh waves hold particular significance in seismic exploration due 
to their role in conveying valuable information about the subsurface structure and properties. In earthquake 
engineering, a comprehensive analysis of Rayleigh wave propagation is crucial for assessing site response and for 
the design of structures capable of withstanding seismic forces.

Fig. 3.  Input impulse wave.

 

Density (kg/m3) Modulus of elasticity (Pa) Poisson’s ratio Rayleigh wave velocity (m/s) Shear wave velocity (m/s)

1000 3.0 × 108 0.25 370 400

Table 1.  Soil parameters.

 

Fig. 2.  Homogeneous elastic half-space site model.
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In this study, based on the response results in the x-direction and z-direction, a total of 12 points within 
the site were selected, and the trajectory of the mass points was plotted, as illustrated in Fig. 8. From Fig. 8, it 
is evident that the trajectory of the mass at the free surface of the soil follows a clockwise elliptical pattern. The 
elliptical motion at the free surface is a result of the superposition of vertical and horizontal components of 
the Rayleigh wave particle motion. Meanwhile, the clockwise rotation at the surface indicates that the vertical 
component of motion leads the horizontal component. As the depth increases, the elliptical trajectory gradually 
narrows, eventually transitioning into a counterclockwise ellipse until both the horizontal and vertical motion 

Fig. 5.  The responses of each observation point in z-direction (x2-direction) (Compared with the two 
analytical solutions).

 

Fig. 4.  The responses of each observation point in x-direction (x1-direction).
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components approach zero. This change in direction is due to the decrease in the amplitude of the horizontal 
component relative to the vertical component. In the horizontal direction, the trajectory remains consistent, 
aligning with the distinctive wave characteristics of Rayleigh waves.

Based on the propagation characteristics of Rayleigh waves, Rayleigh wave response with a frequency of 10 Hz 
was selected, and horizontal and vertical displacement curves of Rayleigh waves with depth were plotted, as 
depicted in Fig. 9. This figure presents the variation of A2 and A1/D with depth, where the horizontal coordinate 
is X/λ, and λ = 2πc/ω denotes the Rayleigh wave wavelength. The vertical coordinates represent the ratio of the 
vertical and horizontal displacements along the depth to the vertical and horizontal displacements of the free 
surface point for A2 and A1/D, respectively. As the depth increases, the vertical component amplitude (A2) initially 

Fig. 7.  The responses of each observation point in z-direction (x2-direction).

 

Fig. 6.  The responses of each observation point in x-direction (x1-direction).
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increases slightly due to the focusing effect of the wave. However, it then decreases and eventually approaches 
zero, indicating the attenuation of the wave with depth. In contrast, the horizontal component amplitude (A1/D) 
decays more rapidly with depth. This is because the horizontal component of the Rayleigh wave is more sensitive 
to the properties of the subsurface layers. Ultimately, both horizontal and vertical components tend towards 
zero, indicating that fluctuation energy is mainly concentrated within one wavelength range.

To illustrate the propagation characteristics of Rayleigh waves in a homogeneous elastic half-space more 
effectively, a wavefield diagram is presented in Fig. 10. The diagram illustrates the displacement time history 

Fig. 8.  Trajectory of points in the uniform elastic half-space Rayleigh wave field.
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at various depths along the x-direction. The diagram displays displacement timescales for 101 points along the 
depth direction, starting from zero and incrementing in 2 m intervals up to a depth of 200 m. Upon observing 
the graph, it becomes evident that the displacement in the x-direction rapidly decreases to zero as the depth 
increases. Subsequently, it reverses its direction, reaching a certain value before gradually diminishing back to 
zero. Conversely, the displacement in the z-direction decreases at a slower rate compared to the x-direction and 
does not exhibit any reverse direction motion. The decay rate of the x-direction displacement is faster than that 
of the z-direction, ultimately leading to both responses approaching zero at a depth of 200 m. This observation 
indicates that the Rayleigh wave energy is predominantly concentrated near the surface and decays more rapidly 
in the horizontal direction compared to the vertical direction.

We analyzed the faster decay rate of the x-direction displacement compared to the z-direction and its 
implications for wave propagation and site response. Figure  11 illustrates the response from the entire site 
at twelve specific time instances: t = 1.6384  s, t = 1.7184  s, t = 1.7984  s, t = 1.8784  s, t = 1.9584  s, t = 2.0384  s, 
t = 2.1184  s, t = 2.1984s, t = 2.2784  s, t = 2.3584  s, t = 2.4384  s, and t = 2.5184  s. These moments capture the 
wavefield clouds in the x- and z-directions. The plots showcase that the waveforms of Rayleigh waves remain 
constant throughout their propagation. Additionally, the energy is predominantly concentrated near the surface 
in the depth direction. It is notable that the decay rate of displacement is more pronounced along the x-direction 
compared to the z-direction as depth increases.

As the decay of Rayleigh waves along depth is measured in wavelengths, it is theoretically expected that 
higher frequency waves decay first. To account for this, a FORTRAN program was utilized to generate pulses 
that are constant in the 0–20 Hz range on the spectrum and zero at other frequency points, as depicted in Fig. 12. 
The two coincide perfectly, verifying the accuracy of the wave creation procedure.

Fig. 10.  Uniform elastic half-space Rayleigh wave field time course diagram.

 

Fig. 9.  Variation of horizontal and vertical mass displacement of Rayleigh waves with depth x2.
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In this study, the wave field of the pulse shown in Fig. 12 was solved using a self-programmed analytical 
solution procedure, which served as a free field for wave field analysis by finite element method. We discussed 
the frequency dependency of Rayleigh wave attenuation using the input pulse and frequency spectrum presented 
in Fig. 12. We can find that higher frequency components of the Rayleigh wave decay faster with depth due to 
their shorter wavelengths and higher sensitivity to subsurface properties. This observation is consistent with 
theoretical expectations and provides valuable insights into the relationship between frequency and wave 
attenuation.

Figures  13 and 14 illustrated the responses of three points with coordinates (0,0), (50,50), and (100,100) 
respectively, as shown in Fig. 1. It can be observed that as depth increases, high frequency Rayleigh waves decay 
faster along the z-direction. In the x-direction, the Rayleigh waves exhibit a pattern of decreasing, increasing, and 
then decreasing again from high to low frequencies due to the inverse increasing property of mass motion. This 

Fig. 11.  Uniform elastic half-space Rayleigh wave field cloud.
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is due to the inverse relationship between frequency and particle motion, where higher frequencies correspond 
to smaller particle motion amplitudes.

Rayleigh wave fields in horizontally stratified elastic half-spaces
When the shear wave velocity of a layered medium is lower than that of the underlying semi-infinite space, 
Rayleigh waves with the same frequency exhibit varying propagation velocities and wavelengths. In other words, 
there are multiple propagation modes for Rayleigh waves at the same frequency. The higher the phase velocity, 
the higher the order of the mode for a given frequency. All modes, except for the fundamental mode (first-order 
mode), have a cut-off frequency. A mode will only appear if its frequency is above the cut-off frequency. Therefore, 
as the frequency increases, more modes become available. The curve depicting the relationship between the 
phase velocity and frequency of a mode is referred to as the dispersion curve. It provides information about the 
stratification of the site. Consequently, solving the dispersion curves for Rayleigh waves plays a crucial role in 
geophysical exploration.

Currently, there exist various computational methods for calculating Rayleigh wave fields in horizontally 
layered elastic half-spaces. The two most common methods are the rapid scalar method and the thin layer 
stiffness method. Qin et al.56 compared the advantages and disadvantages of these two methods and found 

Fig. 13.  The responses of each observation point in x-direction (x1-direction). (Relation between attenuation 
of Rayleigh wave along depth direction and frequency).

 

Fig. 12.  Input pulse (Rayleigh wave decay along depth versus frequency).
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that the overall trend of the dispersion curve results obtained by both methods is consistent. However, the thin 
layer stiffness method exhibits better performance in calculating the dispersion curves at lower frequencies. 
Considering that seismic waves predominantly consist of low-frequency waves below 50 Hz, this study employs 
the thin layer stiffness method to compute the Rayleigh wave field in a horizontally layered elastic half-space.

Dispersion curve
As depicted in Fig. 15, the calculation of a horizontally stratified site is initially simplified into a one-dimensional 
model. Subsequently, N elements and N + 1 nodes are generated by dividing the model into discrete elements.

For small element sizes relative to the wavelength, the stratification stiffness can be approximated as follows:

	 K = Ak2 + Bk +G− ω2M � (32)

Fig. 15.  Simplified model for calculating rayleigh wave field by thin layer stiffness method.

 

Fig. 14.  The responses of each observation point in z-direction (x2-direction). (Relation between attenuation 
of Rayleigh wave along depth direction and frequency).
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where

	

A =
d

6




2(λ+2µ) 0 λ+2µ 0

0 2µ 0 µ

λ+2µ 0 2(λ+2µ) 0

0 µ 0 2µ


� (33)

	

B =
1

2




0 λ− µ 0 −λ− µ

λ− µ 0 λ + µ 0

0 λ + µ 0 −λ + µ

−λ− µ 0 −λ + µ 0


� (34)

	

G =
1

d




µ 0 −µ 0

0 λ + 2µ 0 − (λ + 2µ)

−µ 0 µ 0

0 − (λ + 2µ) 0 λ + 2µ


� (35)

	

M =
ρd

6




2 0 1 0

0 2 0 1

1 0 2 0

0 1 0 2


� (36)

Here, d, λ and μ are the layer thicknesses, Lamé constants and shear moduli of the corresponding thin layers, 
respectively, and the above four matrices are real symmetric matrices. In 2005, Kausel’s “mass lumping” pointed 
out that equivalence of Eq. (37) can be used to replace Eq. (36)

	

M =
ρd

6




3 0 0 0

0 3 0 0

0 0 3 0

0 0 0 3


� (37)

Integrating the element stiffness array according to the stress–strain continuity condition yields that

	
(
Ãk2 + B̃k + G̃

)
Ũ = ω2M̃Ũ � (38)

where Ã, B̃, G̃ and M̃  are combined by the thin layer stiffnesses of Eqs. (33)–(35) and (37) respectively, and

	 Ũ = [u0, ω0, u1, ω1, . . . , uN−2, ωN−2, uN−1, ωN−1]
T � (39)

For Eq.  (38), when a value ω is given, it becomes a problem of finding quadratic eigenvalues for k, which is 
difficult to solve, and therefore, by introducing an intermediate variable a = kŨ  it is obtained that

	
k

[
I 0

0 G̃

] [
Ũ

a

]
=

[
0 I

ω2M̃ − Ã2 −B̃

] [
Ũ

a

]
� (40)

Using Eq. (40), the quadratic eigenvalue problem is converted into a primary eigenvalue problem.
It follows that there should be 4N sets of eigenvalues and eigenvectors. However, not all sets of eigenvalues 

and eigenvectors need to be considered. For computational efficiency, only the first n modal orders are typically 
calculated. Since the largest eigenvalue corresponds to the smallest phase velocity, which represents the 
fundamental mode, only the n consecutive eigenvalues and their corresponding eigenvectors that are smaller 
than or equal to the fundamental mode need to be computed. The phase velocity of the fundamental mode is 
obtained through the arithmetic square root of the smallest root of Eq. (41).

	

1

v6s
x3 − 8

v4s
x2 +

(
24

v2s
− 16

v2p

)
x− 16

(
1−

(
vs
vp

)2
)

= 0� (41)

where vs and vp correspond to the transverse wave velocity and longitudinal wave velocity of the minimum 
transverse wave velocity soil layer.

After solving the characteristic equations by a self-programmed program in FORTRAN language, the phase 
velocity and group velocity can be obtained by the following equations

	 vphase = ω/k� (42)
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vgroup =

δω

δk
=
ŨT (2kG + B) Ũ

2ωŨTMŨ
� (43)

The wavefield we want can be synthesized by self-programmed in the FORTRAN language according to the 
independent propagation of the different modes with their corresponding phase velocities.

To meet the accuracy requirements, each mode at each frequency must satisfy the following two points.

	(1)	� Model depth should be deep enough

The model depth is required to be at least twice the maximum sensitivity depth. That is

	 L > 2× 0.5 ml = ml� (44)

where m represents the modal order, l is the wavelength, and L is the model depth.

	(2)	� Element thickness should be small enough

At all depths greater than the maximum sensitivity depth, the wavelength should be greater than 5 times the cell 
thickness. That is

	 l > 5hs� (45)

In the expression, l represents the wavelength and hs represents the sum of the thicknesses of all the elements 
below the maximum sensitivity depth.

Furthermore, it should be noted that not all modes obtained satisfy the geometric attenuation characteristics 
of Rayleigh waves. To determine if a mode satisfies the depth-wise attenuation of Rayleigh waves, the vertical 
displacement of each particle is examined. If the depth-wise displacement attenuates faster than linearly, i.e., if 
the ratio of the integral of the attenuation function for the upper half of the model to that of the lower half is 
greater than three, then the mode is considered a valid Rayleigh wave mode. Otherwise, the mode should not be 
included in the set of required modes.

Modal displacement
The relative displacement of each mode at a specific frequency point can be determined by normalizing the 
obtained modes at that frequency point as discussed in the previous subsection. The normalization process 
involves rewriting the stiffness arrays DA and DB as follows:

	

DA =
d

6




2(λ + 2µ) λ + 2µ

λ + 2µ 2(λ + 2µ)

2µ µ

µ 2µ
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
� (46)
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1

2
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xz 0


� (47)

	 Ũ = [u0, ω0, u1, ω1, . . . , uN−2, ωN−2, uN−1, ωN−1]
T � (48)

Based on the eigenvalues k and eigenvectors Ũ  derived for each mode at a given frequency, the intermediate 
variables are constructed

	
S =

[
DAx 0

DBT
xz DAx

]
� (49)

	 yz = [ku0, ku1, . . . , kuN−2, kuN−1, ω0, ω1, . . . , ωN−2, ωN−1]� (50)

	 zy = [u0, u1, . . . , uN−2, uN−1, kω0, kω1, . . . , kωN−2, kωN−1]� (51)

	 kzy = yz · S · zyT � (52)

	 k_beta = sqrt(kzy/k)� (53)

The normalized displacement of each mode can be solved for,

	 Ux = Ũx/k_beta� (54)

	 Uz = Ũz/k_beta� (55)
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For a given pulse waveform, it is first transformed into a frequency spectrum using Fourier transform. The 
displacement of each mode is then computed at every frequency point. After normalization, the displacement 
of each mode at a specific frequency is multiplied by its corresponding absolute displacement coefficient to 
obtain the wave field response at that frequency. The array of each mode propagates independently in the site 
according to its corresponding phase velocity. Finally, the total response of the site is obtained through adding 
the responses at all frequency points.

Validations of an analytical algorithm for horizontal layered elastic half-space 
Rayleigh wave fields
Two-layer soil wave field analysis
Building upon the fundamental principles outlined in Section “Basic Principle”, we developed a FORTRAN 
programs to synthesize the Rayleigh wave field in a horizontally layered elastic half-space. The results were 
inputted as the free field for our simulations, which were conducted using a finite element program and multiple 
transmission artificial boundary. By comparing the free field and finite element results, we were able to verify 
the accuracy of our programs.

A two-dimensional, 200  m × 200  m horizontal layered elastic half-space site was created, with media 
parameters for each layer detailed in Table 2 and shown in Fig. 16. The soil was discretized into quadrilateral 
four-node elements measuring 1.0 m × 1.0 m in the x- and z-directions, totaling 40,000 elements and 40,401 
nodes. The input pulses depicted in Fig. 3 were utilized for this example, with a calculation step count of 32,768 
steps and an excitation frequency of 3.18 Hz.

Fig. 17.  Modes at 10 Hz. (two-layer soil site).

 

Fig. 16.  Horizontal stratified elastic half-space site model.

 

Material number Soil layer thickness Density (kg/m3)
Modulus of elasticity 
(Pa) Poisson’s ratio (μ)

Rayleigh wave 
velocity (m/s)

Shear wave 
velocity (m/s)

Compression 
velocity 
(m/s)

② 100 m 1000 1.0 × 108 0.25 370 400 700

③ 100 m 1200 3.0 × 108 0.25 475 516 894

Table 2.  Horizontal layer-forming elastic half-space soil parameters.
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After normalizing the calculated mode shapes at each frequency point, the first three orders of modes at 
10 Hz were visualized in Fig. 17. Within the soil layers, clear turning points in the mode pattern were observed 
at layer intersections. At the free surface, the fundamental mode dominates, with the shortest wavelength at a 
given frequency due to its lowest phase velocity. As depth increases, the fundamental mode decays at a faster 
rate, with the proportion of other modes increasing. Higher order modes require greater depth to bring mass 
motion to zero.

Fig. 19.  The responses of each observation point in z-direction (x2-direction).

 

Fig. 18.  The responses of each observation point in x-direction (x1-direction).
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Employing a self-programmed FORTRAN code, we obtained the Rayleigh wave field by combining each 
mode at each frequency with its corresponding phase velocity. The first ten order modes were considered at 
each frequency point, with the cutoff frequency set to 60 Hz. Since each mode propagates independently at 
its corresponding phase velocity and retains its waveform during propagation, we superimposed the wavefield 
of each mode corresponding to each frequency point to obtain the entire Rayleigh wavefield. The wavefield 
boundary was then utilized as the free field input, and the wavefield response was obtained via finite element 
analysis. To verify the accuracy of our approach, we selected three reference points, namely A (0,0), B (50,50), 
and C (100,100), for comparison. As illustrated in Figs. 18 and 19, the results are highly consistent, indicating 
the correctness of our procedure.

Multi-layer soil wave field analysis
To validate the program’s suitability for wavefield calculations in multiple soil types, we selected a 2D soil 
calculation area, as depicted in Fig.  20. This area consists of three layers: a 10  m deep soil layer ①, a 10  m 
deep soil layer ②, and an 80 m deep half-space soil layer ④. The dimensions of the 2D soil model were set to 
200 m × 100 m, and the media parameters for each layer are presented in Table 3. The soil was discretized into 
quadrilateral four-node elements with dimensions of 1.0 m × 1.0 m in the x- and z-directions, resulting in a total 
of 15,000 elements and 15,651 nodes. For this example, we employed the input pulses illustrated in Fig. 3.

As illustrated in Fig. 21, the characteristics of each vibration pattern are consistent with those described in 
the previous section. The resulting wavefield was utilized as a free field input to obtain site response via finite 
element analysis. The results for the three points at coordinates (0,0), (50,50), and (100,100) are shown in Figs. 
22 and 23, and they demonstrate the applicability of this procedure to Rayleigh waves in multi-layered soils. 
Consequently, our adopted procedure is deemed suitable for solving Rayleigh wave fields in multi-layered soils.

Fig. 21.  Modes at 10 Hz. (Multi-layer soil site).

 

Material number Soil layer thickness Density (kg/m3)
Modulus of elasticity 
(Pa) Poisson’s ratio (μ)

Rayleigh wave 
velocity (m/s)

Shear wave 
velocity (m/s)

Compression 
velocity 
(m/s)

① 10 m 800 1.0 × 108 0.25 206 224 400

② 10 m 1000 2.0 × 108 0.24 368 400 700

④ 80 m 1200 6.0 × 108 0.23 413 451 760

Table 3.  Parameters of the model.

 

Fig. 20.  Schematic diagram of the soil model for a three-layered soil site.
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Fig. 23.  The response of each observation point in z-direction (x2-direction). (Multi-layer soil site).

 

Fig. 22.  The response of each observation point in x-direction (x1-direction). (Multi-layer soil site).
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The implementation of Rayleigh wavefield in stratified ground
Below is a simplified example of FORTRAN code used to synthesize the dynamic response of Rayleigh wavefield 
in stratified ground. Please note, this is a basic example:

The aforementioned FORTRAN program is utilized for synthesizing Rayleigh wavefield in stratified ground. 
The program computes Rayleigh wave velocity based on provided stratified ground parameters and iterates 
over both spatial and temporal domains to synthesize the dynamic response of Rayleigh wavefield. Ultimately, 
the Rayleigh wavefield data is outputted to a text file for further analysis. Practical applications may necessitate 
additional algorithms and input parameters to accurately simulate seismic scenarios.

Conclusions
In this study, we have developed and validated novel numerical algorithms for synthesizing Rayleigh wave 
fields in both uniform elastic half-spaces and horizontally layered elastic half-spaces. Our key findings and 
contributions are summarized as follows:

	(1)	� We have successfully developed a FORTRAN program for synthesizing Rayleigh wave fields in a uniform 
elastic half-space for synthesizing Rayleigh wave fields in horizontally layered elastic half-spaces. The accu-
racy and effectiveness of these algorithms have been rigorously validated through comparisons with analyt-
ical solutions and benchmark problems from the literature.

	(2)	� The relevant results indicate that: the Rayleigh waves exhibit elliptical particle motion at the free surface, 
transitioning from clockwise to counterclockwise motion with increasing depth. The vertical and horizon-
tal components of Rayleigh waves decay with depth, with the horizontal component decaying more rapidly. 
Rayleigh wave energy is predominantly concentrated near the surface, with faster decay in the horizontal 
direction. Higher frequency components of Rayleigh waves decay faster with depth due to their shorter 
wavelengths and higher sensitivity to subsurface properties.

	(3)	� Our study enabled the synthesis of Rayleigh wave fields for both uniform elastic half-spaces and horizontal 
laminated elastic half-spaces, laying the foundation for calculating soil-structure interaction with Rayleigh 
wave input. By extending the application of PASSI to analyze soil-structure interaction under Rayleigh wave 
action, our study further improved the PASSI method.
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This work establishes a precedent for subsequent inquiries into the utilization of Rayleigh waves for soil-structure 
interaction analysis. Potential avenues for future research include the extension of these algorithms to address 
three-dimensional configurations and the integration of soil nonlinearity effects into the PASSI framework.

Data availability
Data is provided within the manuscript or used during the study are available from the corresponding author 
by request.
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