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Unconventional phonon blockade
effect in array of three coupled
weakly nonlinear nanomechanical
resonators

Bhaskar Kumar & Prabhu Rajagopal™

Phonon antibunching, a phenomenon arising from the quantum statistics of mechanical vibrations,
has attracted significant attention due to its potential applications in quantum information processing,
sensing, and energy harvesting. Here, we present a comprehensive investigation of phonon
antibunching in a system consisting of three weakly nonlinear coupled nanomechanical resonators.
We analytically derive and study the antibunching behavior of phonons in the proposed system and
bring insight into the underlying mechanisms. The optimal phonon blockade results from destructive
quantum interference due to distinct two-phonon excitation pathways. Due to this quantum
interference, these unconventional phonon blockade systems can achieve antibunched statistics even
in weakly nonlinear regimes, in contrast to conventional phonon blockade systems that require strong
nonlinearity. We show that with the inclusion of an additional resonator, there are multiple additional
two-phonon excitation pathways compared to two resonator cases, which results in stronger phonon
antibunching and supports single phonon for longer duration. These findings are interesting for
practical phononics using coupled-resonator systems.

Phonons are quanta of lattice vibrations crucial in transporting and manipulating mechanical energy in various
physical systems, including solid-state materials, nanoscale devices, and microelectromechanical systems
(MEMS). While much progress has been made in the study of quantum phenomena involving photons, electrons,
and atoms, there is a growing interest in exploring the quantum nature of mechanical vibrations'™.

Coupled resonator systems have emerged as a versatile platform for investigating the quantum properties
of phonons>®. These systems consist of multiple mechanical resonators or acoustic cavities coupled through
mechanical interactions or phonon tunneling. The strong coupling between the resonators allows for the coherent
exchange of phonons, enabling the exploration of various intriguing phenomena, including antibunching.

In recent years, cavity optomechanics has been a significant area of study, where the motional degrees of
freedom of a mechanical oscillator are coupled to optical fields inside the cavity. This results in a true two-
way interaction between electromagnetic field inside an optical cavity and the oscillator displacement”®. The
excellent coupling makes cavity optomechanical systems exquisite candidates for potential uses in quantum
information processing”!?, quantum communication, quantum sensors, etc.!!. Recent advances in ground state
cooling experiments have opened new doors for potential applications of cavity optomechanics by enabling
the realization of mechanical resonators near the ground state!*"'4. Currently, almost all experiments of cavity
optomechanics are based on linearized single photon-phonon interactions. However, the intrinsic nature of
interaction in the strong coupling regime is nonlinear. This has led to much interest in nonlinear optics, including
the generation of non-Gaussian states'®, photon blockade effects'S, nonclassical state of antibunched mechanical
resonators!”. Nonclassical light, a necessary component of quantum information and communication, has been
produced by nonlinear coupling of optomechanical systems!®.

Antibunching is a phenomenon that arises from the quantum statistics of Bosonic particles such as
photons and phonons, with this paper focusing on the latter. Under phonon antibunching, the probability
of simultaneously detecting two quanta of phonons is suppressed compared to what would be expected for
a classical distribution. This phenomenon, also termed as the Phonon blockade effect (PBE), has significant
implications for the generation and manipulation of quantum states of mechanical motion and applications in
quantum information processing and sensing. Nonlinearity is required to realize the phonon blockade effect. It
can be either intrinsic or realized by coupling the mechanical resonator to an ancillary two-level system (qubit or
two-level defects) assuming far off-resonant interactions'®-2!. The latter can be a Kerr-type third-order y (362122
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Fig. 1. Schematic of the proposed system consisting of three coupled weakly nonlinear mechanical resonators,
one of which is driven. J is the coupling strength between the resonators.

or second-order x(?2*2* nonlinearity or Duffing type nonlinearity. The Duffing nonlinearity can be induced in a

spin-mechanical system where a nanomechanical resonator is magnetically coupled to a single nitrogen-vacancy
(NV) center?.

Two approaches are commonly used to achieve phonon antibunching, namely the conventional and
unconventional phonon blockade effects (CPB and UPB, respectively). CPB draws parallels from conventional
photon blockade effects?®?® and relies on stronger nonlinearity with respect to the decay rate of the system to
suppress the two phonon excitation states. The strong nonlinearity results in anharmonic energy levels in the
resonator where the two phonon states will be blockaded at larger detuning after the first phonon is excited by
an external field. CPBs with such principles have been studied in NAMRs coupled to a qubit?®, quadratically
coupled optomechanical systems? or spin qubits nonlinearly coupled to phonons®. The nonlinearity required
to observe antibunching behavior is very high for the case of CPB. However, the typical intrinsic nonlinearity
is weak, and strong nonlinearities are challenging to realize. Recently, unconventional photon blockade has
been predicted in the regime of weak nonlinearities in which strong photon antibunching can be observed via
destructive quantum interference®!~%. Similarly, UPBs are explored for phonons, which can be realized even in
weak nonlinear regimes due to quantum interference effects. In the case of UPB, the presence of two phonons in
the system is mitigated by the destructive quantum interference between different excitation pathways from the
ground to the two-phonon state®%*’. Phonon blockades have also been proposed in hybrid systems®**-*. Similar
to CPB, sub-Poissonian phonon statistics are expected from UPB. Our group has shown UPB in a coupled
resonator system with its prospective realization in a hermetically sealable device at near-micron dimensions
and milliKelvin temperatures*!. Here, we study the effect of an array of three coupled resonator systems on the
UPB, with the goal of exploring better antibunching performance.

Results
Model and hamiltonian
We consider a three-mode system where three weakly nonlinear NAMRs are suspended, one above the other.
The resonators are clamped on both sides and coupled to each other through Coulomb interaction. A schematic
of the proposed system is given in Fig. 1. We consider one of the resonators to be driven.

The Hamiltonian of the system can be broken into four parts as follows:

H= Hfrec + Hnl + Hw + Hdriiim (1)

where H . is the free Hamiltonian of all the resonators combined, H,, is the Hamiltonian describing Kerr
nonlinearity U in all the three mechanical resonators and H,, represents Coulomb-coupled interaction between
the resonators. The corresponding terms are given as:

Hfree = Wn <Z bjbz> (2)

where b,-,(bf) are the annihilation (creation) operators for the i;;, mechanical resonator modes and w,, is the
resonant frequency of the mechanical modes. The nonlinearity Hamiltonian is given by:

S (s e
H, ;U(bl—s—b,,) (3)

where U is the nonlinearity in all the mechanical resonators. Similarly, the coupling Hamiltonian is given by:

n n

Hoy =323 0 (0 +00) (b1 + 1)) (@)

i=1 j=1

where J;; is the coupling strength between the ith and the jth resonator respectively. The term J;; depends on the
potential energy U;;, masses (m;, m;) and resonant frequency wy, by the following equation®#>43;
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Fig. 2. Energy level diagrams of states under the Hamiltonian.

1d%U¢ 1
Jij == 2;] — (5)
2 dz mimawsz,

In the weak coupling regime, considering only the resonant terms the Coulomb interaction Hamiltonian reduces

to’:

n—1 n

Heo =Y > J (bj,bj + bﬁ’l’) ©

i j=itl

The three mechanical modes are given by pumps with frequencies w;, ws, and w3 with corresponding pump
amplitudes €2y, {2 and Q3 described in the term Hy,;,.. We assume that w; = wy = w3 = w,.

H qrive = Z Q; (bj et | b; empt) )
j=1
Using rotating wave approximation, H,, can also be simpified:
Ha = YU (blboits) (®)
i=1

Thus, the Hamiltonian describing the mechanical resonators in the frame rotating with the mechanical drive
frequency assuming that only one of the resonators is driven so that {2y = {23 = 0 and Q; = Q is given by:

H' = 8b{by 4+ Abfby + A0y + Ub{blbaby + Ublibabs + Ublibabs + T (blby + bub] + bls + babh) +2 (o] +-01)  (9)

where A is detuning from the mechanical pump frequency, w,, — w,. Here, we have further assumed that the
coupling of resonator 1 and resonator 3 is negligible compared to the coupling of resonator 1 to resonator 2 and
similarly resonator 2 to resonator 3. This assumption is valid in our proposed scheme of stacking resonators one
above the other as the separation between resonator 1 and resonator 3 would be large compared to the other two.

Phonon blockade with single drive: analytical study

We consider the energy level diagram of the system at low temperature and weak driving field (2 << ) as
shown in Fig. 2. Hence, we can assume that only the lower energy states of the system are occupied. We represent
the state of the system with the ansatz wavefunction by truncating the Hilbert state of the system to n=2:

) =Co0]000) + Coo1[001) + C19[100) + Co10]010) + Cp2|002) + C1[101) + Co1[011) + Clap]110) + Conp|200) + C20[020)  (10)

with C

112103
coefficients we substitute the ansatz for the state into the Schrédinger equation i

being the probability amplitude for the corresponding state |ny;10m43). Now, to determine these

d[) .
& = Huou|t) where H,yqy is the
iy

non-Hermitian Hamiltonian H,,, = H' — %b{bl - %bgbz - ?bgbg to obtain a set of evolution equations for the
coefficients C,;, ,,n,; from which the optimal conditions can be obtained. The details of the procedure is given

in the Method section.

Numerical method
The evolution of an open quantum system is given by Lindblad master equation of the form:

dp
E_Og(p% (11)
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9b1(2)(°)

where L is the Liouvillian of the form:

ZL(p)=—i[H', p]+ D(p) (12)

Here 9 is the dissipator of the system which is of the form:
P0) =3 % {Lka; - Hidn, p}] 13
k
For the case of harmonic oscillator subject to finite temperature bath, the dissipator is given by:
D(p) =~(A+1) {bpb* - % {b'd, p}} + A {bfpb - % s p}} (14)

Thus, for the proposed system the master equation describing the time evolution of density matrix is given by:

p=—i[H pl+7(nm1+1)Lbi]p+ynmiL [bﬂ p+7 (nin2 + 1) L [bo] p+ oL [bz} p+7 (nens+ 1) L[bs] p+ ynmsL [bt] p (15)

where L [b;] p = b; pb} — %b:f bip — % pbsz- is the Liouvillian operator for the mode b;, H' is the effective Hamiltonian

in rotating frame of reference (Eq. 9) and ny,; denotes thermal phonon number at thermal bath temperature,

T given by nuy,; = 1/ [exp (wn/ksT) — 1] We consider nf(,_l = N2 = Ny 3. The master equation is solved

numerically using the methods described in**. We calculate gbf (0) numerically by solving:

o (6 R

g (0) = ————5~ (16)
Tr (bl blﬁss)

g})?(o) indicates probability of occupation of two phonons in the mechanical mode b; at the same time and

approaches value of zero at phonon blockade.

Model validation
First, we plot the second-order correlation function, 91(;?)(0) in Fig. 3a for the case of two resonator system at

optimal values of nonlinearity U, corresponding to .J/~y values of 1.5, 2.0 and 2.5 respectively. The choice of
parameters is inspired by experimental work in cavity optomechanics*>*. Thus, it is within the expectation of
the authors that the proposed system has a reasonable prospective experimental realization. The values of U,
are obtained from an iterative procedure prescribed by Bamba et al.” in connection with photon blockade. The

analytical expressions for U,,, and A, for fixed values of ] and  are given by:

AOI)t (572 + 4A§pt)
222 — 42

1
Aoyt = ii\/ 9J1 1+ 872 J2 — 42 — 3J2, Upy = (17)

912(0)
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Fig. 3. (a) Plot of second order correlation function g,(j)(()) as a function of normalized detuning A/~ for

different values of .J/+ for a two resonator system. (b) Plot of second order correlation function g,(j)(O) asa

function of normalized detuning A/~ for different values of .J/~ for our proposed three resonator system.

Scientific Reports|  (2024) 14:23258 | https://doi.org/10.1038/s41598-024-73662-8 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

|°91o(gb1(2)(0))

(a) (b) gb1(2)(0)
T T T T 4 . T T i &0
3 10
r-1.0
>
52 T
- -3.0
1 -
-5.0
‘
1 1 1 1 0 I 1 0
-2 -1 0 1 2 -2 0 2
Aly Any

Fig. 4. (a) Plot of second order correlation function log;( gl(j)(())) as a function of normalized detuning

A/~ for different values of U /7y = U,y 1ven by analytical computations for our proposed three resonator
system, and (b) Contour Plot of logw(gb1 (0)) as functions of normalized U and A Parameters: {2 = 0.01y and

The optimal A, /7y values are given by these analytical expressions for .J/ values of 1.5, 2.0, and 2.5 are 0.24,
0.26, and 0.27, respectively. The correspondlng U = Ugpt/~y values are 0.18, 0.09 and 0.06, respectively. Using
numerical simulation, we plotted 9b1)< 0)atU = U,/ for each J/~.It is evident from Fig. 3a that strong phonon

antibunching occurs at A,/ values given by the analytical expression. Thus, our model and the numerical
simulation based on it are in strong agreement with analytical results given by Bamba et al.¥’, providing cross-
verification for our approach.

Phonon antibunching
Next, using the thus-verified analytical model for our three resonator proposed system (described in the previous
section), the optimal conditions for the phonon blockade are calculated for the same values of normalized coupling
rate, i.e., for J/7 values of 1.5, 2.0, and 2.5, respectively: J/v = 1.5: (U/y = 1.55, A/y = 1. 428) U/ =5.22,
Afy=—1.00) J/y=2: (U/y =072 Afy=1.995), (U/y =37, AJy=—1.36) J/y=25 (U/y=0.48,
Ay =2.52),(U/y=0.66, A/y = —2.031), (U/y = 2.00, A/y = =2.30), (U/y =3.84, AJy = 1 68)

Using numerical methods, we plot the normalized equal time second-order correlation function q( )(0) in

> Jbl

Fig. 3b for the corresponding values of .J/~y and U,/ given by analytical results. As we can see from the figure,
complete phonon antibunching is observed at the values of A/~ given by the optimal conditions as predicated
from our analytical model. This complete antibunching is due to quantum interference that happens as a result
of distinct pathways that interfere destructively, resulting in the complete suppression of two phonon excitations
in resonator 1. To see this, consider the two phonon excitation pathways in the energy level diagram of Fig. 2a
direct excitation path (solid red arrow) |100) KN |200> and (b) tunnel-mediated transition pathways (dashed

blue arrows): like \100><—>|010> (|110)<—>\101)) EN |200), among others. This leads to quantum interference

under appropriate conditions which results in unconventional phonon blockade effect. The introduction
of additional resonator results in multiple additional two-phonon excitation pathways compared to the two
resonator case. This results in observance of stronger phonon blockade in our system as compared to the system
with two coupled resonators (Fig. 3). The optimal parameters taken for the simulations are U = U,/y= 1.55,
0.72 and 0.48 for J/~v = 1.5, 2.0 and 2.5 respectively.

For better visualization of the phonon blockade effect, the logarithmic 91(;1) (0) values are plotted for all the

solutions for J/ in Fig. 4a and the corresponding contour color plots of loglg(g,(j)(())) is plotted as a functions

of normalized cavity detuning, A/ and normalized nonlinearity strength, U/~ are presented in Fig. 4b. Similar
contour color plots are shown in Fig. 5a and b for the case of J/y = 1.5 and J/v = 2.5 respectively. All these
plots show that phonon antibunching occurs at the values predicted by the analytical calculations.

The delayed second-order correlation function is plotted in Fig. 6a as a function of normalized time delay
7/(27/J). J}()l) (7) indicates the probability of detecting a second phonon at time ¢ + 7 after detecting a phonon

at time t, in the b1 bosonic mode. As we can see from the figure that qg)( 0) ~ 0 but at any delayed time
7> 0, g,(] (1) > gbl (O) for the plotted optimal values of .J/,U,, and A,/ and finally reaches the value 1.

Therefore, it is evident that phonons are antibunched and have sub-Poissonian distribution. We observe that the
antibunching behavior is sustained for a longer duration. As we increase the delay, the glE 1)( ) value eventually

approaches 1 and becomes uncorrelated.
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Fig. 6. (a) Plot of second order correlation function with finite time-delay g,(j)(O) as a function of delay 7. (b)

Effect of environmental temperature on gg)(O). Parameters: 2 = 0.01v, A = A,y = 1.428, 1.995 and —2.30 and

Now, we plot gg)(O) as a function of phonon number, n, in Fig. 6b to study the effect of environmental
phonon population on the phonon blockade characteristic.For J/v=1.5, gg)(O) reaches 1 at ny, = 2.08 x 1072,
whereas, for J/vy=2.0 and J/y=2.5, gﬁ)(O) remains below 1 up to ny, = 6.12 x 107° and ny, = 3.47 x 107

respectively. We can see that the environmental thermal population has a considerable unwanted effect on the
phonon blockade characteristics.

Discussion

In summary, we have studied unconventional phonon blockade (UPB) in a system comprised of three coupled
weakly nonlinear mechanical resonators. Phonon statistics are characterized in terms of second-order correlation
functions. From the model Hamiltonian, we analytically derived the optimal conditions for achieving UPB in the
proposed system. We also numerically studied the characteristics of UPB with zero time second-order correlation
function, where we showed that by applying a single drive to one of the resonators, strong antibunching results
for our proposed system at the optimum values of detuning and nonlinearity determined by our analytical
derivation. Next, we studied the time-delayed second-order correlation function, where we found that the
antibunching behavior was sustained for a longer duration until the phonons became uncorrelated. However, we
saw that environmental phonons have a deleterious effect on phonon blockades. The most interesting finding of
this study is the requirement of weak nonlinearity for the generation of phonon blockade effect. UPB with such
weak nonlinearity is conducive for experimental realization of single phonon sources and thus can be crucial in
quantum information and communication technologies.
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Recently, there has been a growing interest in using carbon-based bottom-up devices due to their excellent
mechanical and electrical properties. Carbon Nanotubes (CNT) based nonlinear resonators have been
experimentally fabricated that approach quantum ground states*®. These devices do not suffer excessive damping
as their surfaces can be defect-free at the atomic scale. Thus, it is possible to fabricate carbon-based resonators
that have very high quality factors and can operate at much higher frequencies?*->!. These high frequency
resonators relax the temperature required to achieve the ground state for the resonators, and thus, phonon
blockade can be achieved at higher temperatures. The experimental realization of phonon blockade is still a
challenge. While coupling between mechanical phonons and electromagnetic photons has been achieved in
the quantum regime®, the controlled coupling between multiple mechanical modes has so far been restricted
to classical devices®*%. The challenge also lies in detection of antibunched phonon states that require ultra-
strong coupling between the mechanical mode and optical mode for detection using photons: an elusive feat in
optomechanics, though this has been achieved in related Quantum Electrodynamics (QED) experiments®>>.

Methods
The optimal conditions for the phonon blockade can be determined by solving the set of evolution equations
obtained from Schrodinger equation:

iCoon = Q2Co01;

¥

iCio0 = (A — ZZ)CU)() + QCoo0 + V2QCa00 + JClou;

iCoro = (A — Z%)G]m + QC110 + JChoo + JCoot;

iCoor = (A — 7%)0001 + QC01 + JCono;

iCao = 2(A — % +U)Cono + V2QC100 + V2J C1yo;

iCro = 2(A — ’I%)Cuo + QCoro + V2J (Cozo + Cano) + JCron;

iConn = 2(A — 15’ +U)Coon + V2JCory;

iCon = 2(A — Z%)Con + JCho1 + V2J (Cooz2 + Cono) ;

iCio1 = 2(A — i%)cml + J (Con + Chio) + QCo01;

iCooo = 2(A — Z% +U)Co0 + V27 (Cor1 + Cino)
In order to achieve UPB at resonator 1, the amplitude of |200) state must be suppressed. In the weak driving
limit (€2 < =), the probability of excitation of phonons to higher energy levels becomes subsequently lower and
thus we can assume Cjygg >> {Cho0, Co10, Coo1} >> {Ca00, C110, Co20, Ci01, Co11, Cooz }- The optimal condition for

phonon blockade in the driven resonator then corresponds to the case when Cy vanishes. We solve the above
set of equations under these assumptions to obtain the coefficients:

—Q((A=i2)?*=J%)

Croo = = = - Cooo;
(A —i) (A —1i3)2—2J?)
JQ
Colo = ———————Cooo;
010 (A—iar—277) 0003
—J*Q

Coor = Cooo;

Mg (@ g2 (19)
02 (A —i3)2 — J?)

Cho = - N2 5 Cooo;
J(A —iv/2) (A —id)? —2J?)
—V2A—il+U

Con = %C(m;

—Q?2(2(A =22 - J?
Ci1 = (2 ) )Coou — V2G40

F(A—ir—27)

We substitute these to get three sets of equations for the unknown coeflicients Cpgp, Cozo and Cyp. We then look
for nontrivial solutions for which the determinant of the coefficient matrix must be zero. This gives us set of
two equations, one for the real part and one for the imaginary part, solving which we obtain the set of optimal
conditions for fixed values of coupling, ] and damping rate, .

We then substitute the value of ] and + in the above equation to two equations for two unknowns, which can be
numerically solved for optimal values for detuning A and nonlinearity U.

Data availability
The data that support the findings of this study are available from corresponding author upon reasonable request.
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