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In this work, we employed an attractive hybrid integral transform technique known as the natural 
transform decomposition method (NTDM) to investigate analytical solutions for the Noyes-Field (NF) 
model of the time-fractional Belousov–Zhabotinsky (TF-BZ) reaction system. The aforementioned 
time-fractional model is considered within the framework of the Caputo, Caputo–Fabrizio, and 
Atangana–Baleanu fractional derivatives. The NTDM couples the Adomian decomposition method 
and the natural transform method to generate rapidly convergent series-type solutions via an elegant 
iterative approach. The existence and uniqueness of solutions for the considered time-fractional 
model are first investigated via a fixed-point approach. The reliability and efficiency of the considered 
solution method is then demonstrated for two test cases of the TF-BZ reaction system. To demonstrate 
the validity and accuracy of the considered technique, numerical results with respect to each of the 
mentioned fractional derivatives are presented and compared with the exact solutions as well as with 
those from existing related literature. Graphical representations depicting the dynamic behaviors of 
the chemical wave profiles of the concentrations of the intermediates are presented with respect to 
varying fractional parameter values as well as temporal and spatial variables. The obtained results 
indicate that the execution of the method is straightforward and can be employed to explore nonlinear 
time-fractional systems modeling complex chemical reactions.
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Many chemical reactions encountered in laboratory experiments are reversible if concentrations of the reactants 
and products attain equilibrium or irreversible in the case of total conversion of the reactants into products1. 
However, researchers have also observed the existence of another class of chemical reactions characterized by 
periodic and/or repeated oscillations under certain conditions2. This class of chemical reactions (sometimes 
called chemical oscillators) was once deemed impossible or unrealistic by the chemical scientific community 
as it negates the equilibrium principle of the second law of thermodynamics3. Chemical oscillators are very 
important to both theoretical and experimental chemists as they demonstrate exceptional cases where that do 
not exhibit thermodynamic equilibrium. Additionally, they provide evidence that the state of non-equilibrium 
can persist for an extended length of time with inherent chaotic evolution. It is now well documented that 
not only does the aforementioned class of chemical reactions exhibit observable wave-like oscillations, it also 
undergoes periodic variations which depends on the concentrations of one or more of the reacting species4. 
Some members of this class include the Belousov–Zhabotinsky (BZ) reaction, Briggs–Rauscher reaction, and 
Bray–Liebhafsky reaction4,5. Among these, the BZ reaction is one of the most fascinating, well-studied, and well-
understood prototype chemical reactions that exhibit self-sustaining oscillatory characteristics under varying 
conditions5. In the early 1950s, Russian biochemist Belousov6 made the unintentional discovery of what is now 
called the BZ reaction while searching for a non-organic counterpart of the Krebs cycle. With a monotonic color 
transition from colorless Ce(III) ions to pale yellow Ce(IV) ions as an expected result from his test tube mixture 
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of bromate ion (BrO−
3 ) as an oxidizing agent, citric acid as an organic substrate and cerium ions as catalyst, 

Belousov observed with surprise that the reaction did not proceed to equilibrium methodically and uniformly, 
like most chemical reactions. Instead, it turned yellow then colorless, then yellow again and colorless, oscillating 
periodically between oxidized and reduced states. At that time, skeptical journal editors contemptuously turned 
down the publication of his results even though he incorporated a simple recipe and oscillographic representations 
of different reaction phases in one of his submissions3. His work later gained considerable research interest and 
was posthumously published in 1981 after the immense research efforts of Anatoly Zhabotinsky5. By replacing 
citric acid and cerium with malonic acid (CH2(CO2H)2) and ferroin, respectively, Zhabotinsky demonstrated 
the appearance of cycles of self-sustaining oscillations in the concentrations of the intermediates with visible 
color change that alternate between bright blue and reddish purple. In the years that followed, the BZ reaction 
attracted substantial research studies from both theoretical and experimental scientists with a flurry of papers 
discussing both temporal oscillations and spatial patterns exhibited by the BZ reaction system7,8.

While the whole chemical kinetics of the BZ reaction entails several reaction processes with many intermediate 
steps, it essentially involves a complex Ce(IV)/Ce(III) catalyzed oxidation and bromination of CH2(COOH)2 by 
BrO−

3  in a sulfuric acid (H2SO4) medium9. On the the basis of the Field, Körös and Noyes7 reaction mechanism 
for the BZ reaction, Field and Noyes abstracted a simplified five-step reaction model which still retains the 
significant features of the complete BZ system and which can be approximated by the sequence8,9:

	



A + Φ

k1−→Ψ + P, Φ + Ψ
k2−→P,

B + Ψ
k3−→2Φ + Z, 2Φ

k4−→Q, Z
k5−→fΨ,

� (1)

where k1, · · · , k5 are forward reaction rate constants, 
Φ = HBrO2, Ψ = Br−, Z = Ce+4 , A = BrO−

3 , P = HOBr, and f is a constant stoichiometric factor9. An 
application of the law of mass action on 1 led to the following system of differential equations:

	




Φτ = k1AΨ− k2ΦΨ + k3BΦ− k4Φ
2,

Ψτ = −k1AΨ− k2ΦΨ + k5fZ,

Zτ = k3BΦ− k5Z.

� (2)

By setting Z = 0 in 2 and assuming that the intermediates Φ and Ψ diffuse with constant diffusion rated D1 and 
D2, respectively, Field and Noyes7,8 further propose the following reaction-diffusion system to model the BZ 
reaction system:

	

{
Φτ = k1AΨ− k2ΦΨ + k3BΦ− k4Φ

2 +D1Φχχ,

Ψτ = −k1AΨ− k2ΦΨ +D2Ψχχ,
� (3)

where Di > 0 (i = 1, 2) denotes the diffusion constant and χ is the spatial coordinate in one-dimension.

One significant feature of the BZ reaction system lies in the fact that it permits visible observation of complex 
periodic spatio-temporal pattern formations in a time frame of tens of secs and a spatial dimension of a few 
millimeters. This peculiar characteristics provides significant avenue for extensive scientific investigations into 
the realm of bifurcation analysis and chaotic oscillatory behaviors of chemical oscillators within the framework 
of fractional calculus. As a generalized extension of the classical (or integer-order) differential operators to their 
fractional (or non-integer) order counterparts, fractional calculus has recently attracted extensive interest in 
diverse research directions. Its theory generally covers all studies related to the properties and analysis of ODEs/
PDEs whose derivatives are of fractional order (see for instance10–28,30 and the references therein). In existing 
literature, there are different definitions for different types of fractional order derivatives (FODs). However, the 
Caputo11, Caputo-Fabrizio (CF)12,13 and Atangana-Baleanu (AB)14 fractional derivatives are the most commonly 
used types of FODs. While the Caputo derivative is known to employ the power-type kernel with its associated 
singularity as a limitations, the CF and AB derivatives employ non-singular kernels of exponential and Mittag-
Leffler types, respectively15,16. Their wide applicability in modern scientific research extends to diverse areas 
such as mathematical epidemiology17–21, climate change22, oscillatory systems and electric networks23, nanofluid 
flow24, chaotic systems with singular and non-singular kernels25, bifurcation of neural network systems with 
delays26,27, catalyzed hydrogenolysis of glycerol28, propagation of waves in complex media29 and nonlinear 
optical fibers30.

The choice of studying mathematical models within the framework of fractional calculus stems from the 
fact that the dynamics of many physical processes incorporate intricate nonlocality behaviors which cannot 
be adequately explained within the context of classical calculus31,32. Many studies have demonstrated that the 
nonlocality behaviors incorporate a variety of complex global attributes such as non-Markovian processes, 
fractal behaviors, stochastic and anomalous diffusion processes, random walk as well as memory and historical 
effects33. Unlike the local properties associated with integer order differential operators, the nonlocal behaviors 
of FODs allow that the future states of any physical system are not only influenced by the current state, but also 
by all other preceding states10. From this perspective, nonlocal behaviors characterizing the chaotic and non-
equilibrium phenomena of the BZ reaction system are evidenced by periodic oscillations between oxidized and 
reduced states of the intermediates. These periodic oscillations which are observable via color transitions under 
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experimental settings are further affirmation of the influence of memory effects where past interactions of the 
intermediates depend on their future states. Furthermore, in view of the the high degree of freedom of FODs, 
the ability of chemical oscillators to produce thousands of oscillatory cycles within a closed system allows for 
significant studies and numerical simulations of a wide range of chemical waves profiles and patterns without 
any need for a constant replenishment of the reacting species.

The focus of this work is to obtain and investigate analytical solutions of the following non-dimensionalized 
Noyes-Field model for the time-fractional Belousov-Zhabotinsky (TF-BZ) reaction34–36:

	




Ξ(µ)Dµ
τΦ = ϱ1Φχχ + βξΨ + Φ(1− Φ− ξΨ),

Ξ(µ)Dµ
τΨ = ϱ2Ψχχ + γΨ− ζΦΨ,

Φ(χ, 0) = h1(χ),Ψ(χ, 0) = h2(χ).

� (4)

Here, Ξ(µ)Dµ
τ  denotes the fractional derivative either in the Caputo, CF or AB sense and µ ∈ (0, 1] is the fractional 

parameter index. In view of 1–3, Φ = Φ(χ, τ ) and Ψ = Ψ(χ, τ ) are space-time dependent functions denoting 
concentrations of bromous acid (HBrO2) and bromide ion (Br−) with respective diffusion coefficients ϱ1 and 
ϱ2. Additionally, γ and β are constants while ξ and ζ ̸= 1 are positive parameters. Although, there exists no 
known direct method for finding closed-form solutions of nonlinear fractional order PDEs, numerous semi-
analytical and numerical techniques have been effectively employed to obtain approximate solutions for this 
class of problems. Particularly, on studies related to the BZ reaction system, Akinyemi34 and Baishya and 
Veeresha35 employed the q−homotopy analysis transform method and Laplace transform to obtain numerical 
solution for the TF-BZ reaction system with Caputo derivative. Karaagac et al.36 considered the TF-BZ model 
with AB fractional derivative by using the fractional version of the Adams-Bashforth technique. Algehyne et. 
al37 employed a hybrid technique that combines the power series approach and Lie symmetry method to extract 
analytical solutions for the classical model. Alaoui et al.38 investigated solutions of the TF-BZ model by using 
the Yang transform decomposition method (YTDM) and the homotopy perturbation Yang transform method 
(HPYTM). An adapted Runge-Kutta method was employed in39 to study the classical BZ system. Alsallami et. 
al40 applied the double Laplace transform method to study the TF-BZ system with respect to the Caputo and 
AB fractional derivatives. Recently, Rehman et. al41 studied the approximate solutions of TF-BZ system by using 
natural transform iterative method (NTIM) and optimal homotopy asymptotic method (OHAM). Other methods 
that have also been used to obtain approximate solutions for other nonlinear fractional order PDEs include 
the differential transform method42, homotopy perturbation method and its hybrid versions43,44, Elzaki and 
Yang transform methods as well as their hybrid versions45, homotopy Sumudu transform method46, homotopy 
analysis method and its hybrid versions47 and the natural transform decomposition method (NTDM)48.

With the aim of investigating the effects of varying fractional order index µ on the chemical wave profiles 
for the concentration of the intermediates, this work employs the NTDM to derive analytic solutions for the 
TF-BZ reaction system 4. In contrast to other methods, the NTDM is a hybrid integral transform technique 
that elegantly incorporates the Adomian polynomial into the natural transform method (NTM) to provide 
a simplified iterative scheme that ensures rapid convergence of the generated series. This method does not 
incorporate massive calculations or round-off errors. It has great accuracy with minimal processing time. The 
NTDM is easy to implement and is notable for producing suitable approximate solutions for both linear and 
nonlinear fractional differential equations. To the best of our knowledge, the obtained results are compared for 
the Caputo, CF and AB FODs for the first time in the same study as well as with results obtained for the exact 
solutions and from existing literature.

The rest part of this paper is highlighted as follows: section "Mathematical preliminaries" provides important 
preliminary tools needed for subsequent sections of this work. Section "Some qualitative analysis of the TF-BZ 
reaction system" presents some useful qualitative features on the solution of the TF-BZ reaction system (4) as 
well as the result on the existence of a unique solution via fixed point theory. The NTDM solution procedure 
is discussed in section "NTDM solution procedure" for a general coupled system of time-fractional differential 
equations. In section "Numerical implementation and results" the NTDM is applied to the following two cases of 
the TF-BZ reaction system. For each of the considered cases, we investigate the obtained numerical results with 
respect to the Caputo CF and AB derivatives. Section "Discussion of results" presents a discussion on the obtained 
results while in section "Conclusion" a conclusion is provided.

Mathematical preliminaries
The Caputo, CF and AB derivatives have been the most extensively used fractional derivatives in recent times. 
On the nature of their kernels, the Caputo derivative has a power-type kernel function, whereas the CF and AB 
derivatives have the exponential and Mittag-Leffler kernel functions, respectively. This section presents some 
important information on the above-mentioned derivatives as well as the natural transform operator.

Definition 1  11The Riemann-Liouville fractional integral of order µ of a function g ∈ Cµ, µ ≥ −1 is defined as

	

J µ
τ Φ(χ, τ ) =




Φ(χ, τ ), µ = 0, τ > 0,

1

Γ(µ)

 τ

0

(τ −ϖ)µ−1Φ(χ,ϖ)dϖ, µ > 0, τ > 0.
� (5)

Definition 2  11For a continuous function Φ(χ, τ ), the Caputo fractional partial derivative (FPD) is given as
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CDµ

τΦ(χ, τ ) =
1

Γ(κ− µ)

∫ τ

0

(τ −ϖ)κ−µ−1Φ(κ)(χ,ϖ)dϖ, κ− 1 < µ ≤ κ ∈ N,� (6)

and

	
CDµ

τΦ(χ, τ ) =
∂κΦ(χ, τ )

∂τκ
, µ = κ ∈ N.� (7)

If κ = 16 becomes

	
CDµ

τΦ(χ, τ ) =
1

Γ(1− µ)

∫ τ

0

(τ −ϖ)−µΦ′(χ,ϖ)dϖ, 0 < µ ≤ 1 ∈ N.� (8)

Definition 3  12Let τ > 0 and µ ∈ (0, 1]. The CF FPD of a function Φ(χ, τ ) is given as

	
CFDµ

τΦ(χ, τ ) =
M(µ)

1− µ

∫ τ

0

exp

[
− µ

1− µ
(τ −ϖ)

]
Φ′(χ,ϖ)dϖ,� (9)

where M(µ) denotes the normalization functions satisfying M(0) = M(1) = 1.

Definition 4  13The definition of the fractional integral associated with the CF derivative is

	
CFJ µ

τ Φ(χ, τ ) =
1− µ

M(µ)
Φ(χ, τ ) +

µ

M(µ)

∫ τ

0

Φ(χ,ϖ)dϖ, 0 < µ < 1, τ ≥ 0.� (10)

Definition 5  14Let τ > 0 and µ ∈ (0, 1]. The AB FPD of a function Φ(χ, τ ) is given as

	
ABDµ

τΦ(χ, τ ) =
B(µ)
1− µ

∫ τ

0

Eµ

[
− µ

1− µ
(τ −ϖ)µ

]
Φ′(χ,ϖ)dϖ,� (11)

where Eµ[·] denotes the Mittag-Leffler function and B(µ) is the normalization functions satisfying the same 
property B(0) = B(1) = 1.

Definition 6  14The fractional integral related to the AB derivative is defined as

	
ABJ µ

τ Φ(χ, τ ) =
1− µ

B(µ)
Φ(χ, τ ) +

µ

B(µ)Γ(µ)

∫ τ

0

(τ −ϖ)µ−1Φ(χ, τ )dϖ.� (12)

Definition 7  49–52The natural transform NT[·] is defined over the set of functions

	
S =

{
Φ(χ, τ ) : ∃ K, r1, r2 > 0, |Φ(χ, τ )| < K exp

(
|t|
ri

)
, if τ ∈ (−1)i × [0,∞)

}
,

by the integral

	
NT[Φ(χ, τ )] =

∫ ∞

−∞
exp(−sτ )Φ(χ, ωτ )dτ, −∞ < s, ω < ∞,� (13)

and for τ ∈ (0,∞) the natural transform is defined by the integral

	
NT+[Φ(χ, τ )] =

∫ ∞

0

exp(−sτ )Φ(χ, ωτ )dτ, 0 < s, ω < ∞,� (14)

where s and ω are the natural transform parameters.

Definition 8  For the function Φ(χ, s, ω), the inverse natural transformation is given as

	 NT−1[Φ(χ, s, ω)] = Φ(χ, τ ), ∀ τ ≥ 0.� (15)

Furthermore, the following important properties are satisfied by the natural transform operator49–52: 

	 (i)	� NT+[1] =
1

s
; NT+[t] =

ω

s2
;

	(ii)	�
NT+

[
τκ−1

(κ− 1)!

]
=

ωκ−1

sκ
, κ = 1, 2, · · · ; NT+[τµ] =

µ(µ + 1)ωµ

sµ+1
, µ > −1;
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	(iii)	� NT+[δ1Φ1(χ, τ ) + δ2Φ2(χ, τ )] = δ1NT+[Φ1(χ, τ )] + δ2NT+[Φ2(χ, τ )] where δ1 and δ2 are positive con-
stants;

	(iv)	�
NT+[Φκ(χ, τ )] =

( s

ω

)κ

NT+[Φ(χ, τ )]−
κ−1∑
k=0

sκ−k−1

ωκ−k
Φ(k)(χ, 0), κ ∈ N

.

Theorem 1  49–52Let NT+[Φ(χ, τ )] denote the natural transform of the function Φ(χ, τ ). Then the natural trans-
form for the Caputo, CF and AB derivatives of Φ(χ, τ ) are given by

	
NT+

[CDµ
τΦ(χ, τ )

]
=
( s

ω

)µ
[
NT+[Φ(χ, τ )]−

(
1

s

)
Φ(χ, 0)

]
, � (16)

	
NT+

[CFDµ
τΦ(χ, τ )

]
=

1

1− µ + µ (ω/s)

[
NT+[Φ(χ, τ )]−

(
1

s

)
Φ(χ, 0)

]
, � (17)

and

	
NT+

[ABDµ
τΦ(χ, τ )

]
=

B(µ)
1− µ + µ (ω/s)µ

[
NT+[Φ(χ, τ )]−

(
1

s

)
Φ(χ, 0)

]
,� (18)

respectively.

Some qualitative analysis of the TF-BZ reaction system
This section presents a qualitative analysis of the TF-BZ reaction system (4). Firstly we establish some estimates 
and then proceed to investigate the existence of a unique solution to the considered problem. In this direction, 
let

	 Z1(χ, τ,Φ,Ψ) = ϱ1Φχχ + βξΨ + Φ(1− Φ + ξΨ) and Z2(χ, τ,Φ,Ψ) = ϱ2Ψχχ + γΨ− ζΦΨ,� (19)

to represent the right-hand terms of each equation of (4), the TF-BZ system can be rewritten as

	

{
Ξ(µ)Dµ

τΦ(χ, τ ) = Z1(χ, τ,Φ,Ψ),
Ξ(µ)Dµ

τΨ(χ, τ ) = Z2(χ, τ,Φ,Ψ),
� (20)

so that the existence and uniqueness of its solutions can be investigated under certain conditions via a fixed-point 
approach. To this end, let Φ and Ψ be bounded above and ∥(Φ− Φ̄)χχ∥ ≤ δ1∥Φ− Φ̄∥, ∥(Ψ− Ψ̄)χχ∥ ≤ δ2∥Ψ− Ψ̄∥
, ∥Φ∥ ≤ m1, ∥Ψ∥ ≤ m1 for some constants δ1, δ1,m1,m2 > 0. Then for any pair of solutions (Φ,Ψ) and (Φ̄, Ψ̄) 
of (4) the triangle inequality yield

	 ∥Z1(χ, τ,Φ,Ψ)−Z1(χ, τ, Φ̄, Ψ̄)∥ ≤ L1∥Φ− Φ̄∥ and ∥Z2(χ, τ,Φ,Ψ)−Z2(χ, τ, Φ̄, Ψ̄)∥ ≤ L2∥Ψ− Ψ̄∥,� (21)

where L1 := (ϱ1δ1 + 1−m1 + ξm2) > 0 and L2 := (ϱ2δ2 + γ +m1) > 0. Moreover, if 0 ≤ L1,L2 < 1, then the 
nonlinear functions are Z1(χ, τ,Φ,Ψ) ans Z2(χ, τ,Φ,Ψ) as well contractions.

Theorem 2  Consider the time-fractional BZ reaction model (4) in the sense of Caputo. Then under the assump-
tion that Φ(χ, τ ) and Ψ(χ, τ ) are bounded functions, the operators T[Φ(χ, τ )] and T[Ψ(χ, τ )] expressed as

	
T[Φ(χ, τ )] = Φ(χ, 0) +

1

Γ(µ)

∫ τ

0

Z1(χ,ϖ,Φ,Ψ)(τ −ϖ)µ−1dϖ,� (22)

and

	
T[Ψ(χ, τ )] = Ψ(χ, 0) +

1

Γ(µ)

∫ τ

0

Z2(χ,ϖ,Φ,Ψ)(τ −ϖ)µ−1dϖ,� (23)

respectively, satisfy the Lipschitz condition (LC).

Proof  Given limited functions Φ1(χ, 0) = Φ2(χ, 0), let Φ1(χ, τ ) and Ψ2(χ, τ ) be defined. Then

	

∥T[Φ1(χ, τ )]− Ψ[Φ2(χ, τ )]∥

≤ 1

Γ(µ)

∫ τ

0

∥Z1(χ,ϖ,Φ,1 ,Ψ1)−Z1(χ,ϖ,Φ,2 ,Ψ1)∥(τ −ϖ)µ−1dϖ ≤ τµ

Γ(µ + 1)
L1∥Φ1 − Φ2∥.

This implies
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	 ∥T[Φ1(χ, τ )]− Ψ[Φ2(χ, τ )]∥ ≤ Z1∥Φ1 − Φ2∥,

where Z1 :=
τµ

Γ(µ+1)L1. Similarly, we have

	 ∥T[Ψ1(χ, τ )]− Ψ[Ψ2(χ, τ )]∥ ≤ Z2∥Ψ1 − Ψ2∥,

for any two bounded functions Ψ1(χ, τ ) and Ψ2(χ, τ ) with Ψ1(χ, 0) = Ψ2(χ, 0), where Z2 :=
τµ

Γ(µ+1)L2. □

Theorem 3  Let the time-fractional differential operator in (4) be defined in the CF sense. Then under the as-
sumption that Φ(χ, τ ) and Ψ(χ, τ ) are bounded functions, the operators T[Φ(χ, τ )] and T[Ψ(χ, τ )] expressed as

	
T[Φ(χ, τ )] = Φ(χ, 0) +

(1− µ)

M(µ)
Z1(χ,ϖ,Φ,Ψ) +

µ

M(µ)

∫ τ

0

Z1(χ,ϖ,Φ,Ψ)(τ −ϖ)µ−1dϖ,� (24)

and

	
T[Ψ(χ, τ )] = Ψ(χ, 0) +

(1− µ)

M(µ)
Z2(χ,ϖ,Φ,Ψ) +

µ

M(µ)

∫ τ

0

Z2(χ,ϖ,Φ,Ψ)(τ −ϖ)µ−1dϖ,� (25)

respectively, satisfy the LC.

Proof  The proof is similar to that of Theorem 2 and is therefore omitted. □

Theorem 4  Let the time-fractional differential operator in (4) be defined in the AB sense. Then under the as-
sumption that Φ(χ, τ ) and Ψ(χ, τ ) are bounded functions, the operators T[Φ(χ, τ )] and T[Ψ(χ, τ )] expressed as

	
T[Φ(χ, τ )] = Φ(χ, 0) +

(1− µ)

B(µ)
Z1(χ,ϖ,Φ,Ψ) +

µ

Γ(µ)B(µ)

∫ τ

0

Z1(χ,ϖ,Φ,Ψ)(τ −ϖ)µ−1dϖ,� (26)

and

	
T[Ψ(χ, τ )] = Ψ(χ, 0) +

(1− µ)

B(µ)
Z2(χ,ϖ,Φ,Ψ) +

µ

Γ(µ)M(µ)

∫ τ

0

Z2(χ,ϖ,Φ,Ψ)(τ −ϖ)µ−1dϖ,� (27)

respectively, satisfy the LC.

Proof  The proof is similar to that of Theorem 2 and is therefore omitted. □

Theorem 5  Suppose that Φ(χ, τ ) and Ψ(χ, τ ) are bounded functions, then the operators given by

	 F(Φ) = ϱ1Φχχ + βξΨ + Φ(1− Φ + ξΨ) and F(Ψ) = ϱ2Ψχχ + γΨ− ζΦΨ,

satisfy | ⟨F(Φ)− F(Φ1),Φ− Φ1⟩ | ≤ S1∥Φ− Φ1∥2 and | ⟨F(Ψ)− F(Ψ1),Ψ− Ψ1⟩ | ≤ S2∥Ψ− Ψ1∥2, 
respectively.

Proof  Let Φ(χ, τ ) and Ψ(χ, τ ) be bounded functions, then we get

	

| ⟨F(Φ)− F(Φ1),Ω⟩ | =
∣∣∣
〈([

ϱ1Φχχ + βξΨ + Φ
(
1− Φ + ξΨ

)]
−

[
ϱ1Φ1xx + βξΨ + Φ1

(
1− Φ1 + ξΨ

)])
,Φ− Φ1

〉∣∣∣
≤ |⟨ϱ1(Φ− Φ1)χχ,Φ− Φ1⟩| +

∣∣∣
〈
Φ
(
1− Φ + ξΨ

)
− Φ1

(
1− Φ1 + ξΨ

)
,Φ− Φ1

〉∣∣∣
≤ϱ1∥(Φ− Φ1)χχ∥∥Φ− Φ1∥ +

(
1 + ∥Φ∥ + ∥Φ1∥ + ξ∥Ψ∥

)
∥Φ− Φ1∥2

≤
[
ϱ1δ1 + 2m1 + ξm2

]
∥Φ− Φ1∥2.

By setting S1 =
[
ϱ1δ1 + 2m1 + ξm2

]
 we have

	 | ⟨F(Φ)− F(Φ1),Φ− Φ1⟩ | ≤ S1∥Φ− Φ1∥2.

Similarly, we have | ⟨F(Ψ)− F(Ψ1),Ψ− Ψ1⟩ | ≤ S2∥Ψ− Ψ1∥2 where S2 =
[
ϱ2δ2 + γ + ζm1

]
 . This completes 

the proof. □

Theorem 6  Let Φ(χ, τ ) and Ψ(χ, τ ) be bounded functions and 0 < ∥Ω∥ < ∞ then the operators

Scientific Reports |        (2024) 14:25015 6| https://doi.org/10.1038/s41598-024-74072-6

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


	 F(Φ) = ϱ1Φχχ + βξΨ + Φ(1− Φ + ξΨ) and F(Ψ) = ϱ2Ψχχ + γΨ− ζΦΨ,

satisfy:

	 | ⟨F(Φ)− F(Φ1),Ω⟩ | ≤ S1∥Φ− Φ1∥∥Ω∥ and | ⟨F(Ψ)− F(Ψ1),Ω⟩ | ≤ S2∥Ψ− Ψ1∥∥Ω∥,

respectively.

Proof  Let the functions Φ(χ, τ ) and Ψ(χ, τ ) be bounded and 0 < ∥Ω∥ < ∞, then we acquire

	

| ⟨F(Φ)− F(Φ1),Ω⟩ | =
∣∣∣
〈([

ϱ1Φχχ + βξΨ + Φ
(
1− Φ + ξΨ

)]
−
[
ϱ1Φ1xx + βξΨ + Φ1

(
1− Φ1 + ξΨ

)])
,Ω

〉∣∣∣
≤ |⟨ϱ1(Φ− Φ1)χχ,Ω⟩| +

∣∣∣
〈
Φ
(
1− Φ + ξΨ

)
− Φ1

(
1− Φ1 + ξΨ

)
,Ω

〉∣∣∣
≤ϱ1∥(Φ− Φ1)χχ∥∥Ω∥ +

(
1 + ∥Φ∥ + ∥Φ1∥ + ξ∥Ψ∥

)
∥Φ− Φ1∥∥Ω∥

≤S1∥Φ− Φ1∥∥Ω∥.

Hence,

	 | ⟨F(Φ)− F(Φ1),Ω⟩ | ≤ S1∥Φ− Φ1∥∥Ω∥,

where S1 =
[
ϱ1δ1 + 2m1 + ξm2

]
. Similarly, for S2 =

[
ϱ2δ2 + γ + ζm1

]
, it can be shown that

	 | ⟨F(Ψ)− F(Ψ1),Ω⟩ | ≤ S2∥Ψ− Ψ1∥∥Ω∥.

This completes the proof. □

Existence and uniqueness analysis
Theorem 7  Let Φ(χ, τ ) and Ψ(χ, τ ) be bounded functions, then the solution of the time-fractional IVP (20) 
unique if

	





1− τµ

Γ(µ + 1)
Li


> 0, if Ξ(µ)Dµ

τ = CDµ
τ ,


1− 2(1− µ)

(2− µ)M(µ)
Li −

2µ

(2− µ)M(µ)
Liτ


> 0, if Ξ(µ)Dµ

τ = CFDµ
τ ,


1− 1− µ

B(µ)
Li −

τµ

B(µ)Γ(µ)
Li


> 0, if Ξ(µ)Dµ

τ = ABDµ
τ ,

i = 1, 2.

� (28)

Consequently, the solution of the TF-BZ model (4) is unique.

Proof  Existence: Application of any of the fractional integral operators (5), (10) or (12) on the time-fractional 
IVP (20) yields

	

{
Φ(χ, τ )− Φ(χ, 0) = J Ξ(µ)

τ Z1(χ,ϖ,Φ,Ψ),

Ψ(χ, τ )− Ψ(χ, 0) = J Ξ(µ)
τ Z2(χ,ϖ,Φ,Ψ),

� (29)

where J Ξ(µ)
τ  denotes the time-fractional integral operator either in the Caputo, CF or AB sense. In particular, 

if the fractional derivative of (20) is considered in the Caputo sense, then the system of integral equations (29) 
reads

	




Φ(χ, τ )− Φ(χ, 0) =
1

Γ(µ)

 τ

0

(τ −ϖ)µ−1Z1(χ,ϖ,Φ,Ψ)dϖ,

Ψ(χ, τ )− Ψ(χ, 0) =
1

Γ(µ)

 τ

0

(τ −ϖ)µ−1Z2(χ,ϖ,Φ,Ψ)dϖ.
� (30)

Given the integral representations in (30), the following recursive integral equations are presented:

	




Φκ+1(χ, τ ) =
1

Γ(µ)

 τ

0

(τ −ϖ)µ−1Z1(χ,ϖ,Φ,κ ,Ψκ)dϖ,

Ψκ+1(χ, τ ) =
1

Γ(µ)

 τ

0

(τ −ϖ)µ−1Z2(χ,ϖ,Φ,κ ,Ψκ)dϖ,

κ = 0, 1, 2, · · · ,

� (31)
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with initial conditions

	 Φ0(χ, τ ) = Φ(χ, 0) = Φ0(χ), Ψ0(χ, τ ) = Ψ(χ, 0) = Ψ0(χ).� (32)

The difference between each integral equations subsequent terms in (31) is therefore taken into consideration as

	





Ξ1
κ(χ, τ ) :=Φκ(χ, τ )− Φκ−1(χ, τ ) =

1

Γ(µ)

 τ

0

(τ −ϖ)µ−1

Z1(χ,ϖ,Φκ−1,Ψκ−1)−Z1(χ,ϖ,Φκ−2,Ψκ−2)


dϖ,

Ξ2
κ(χ, τ ) :=Ψκ(χ, τ )− Ψκ−1(χ, τ ) =

1

Γ(µ)

 τ

0

(τ −ϖ)µ−1

Z2(χ,ϖ,Φκ−1,Ψκ−1)−Z2(χ,ϖ,Φκ−2,Ψκ−2)


dϖ.

� (33)

Clearly,

	
Φκ(χ, τ ) =

κ∑
k=0

Ξ1
κ(χ, τ ), Ψκ(χ, τ ) =

κ∑
k=0

Ξ2
κ(χ, τ ).� (34)

By taking the norm in each of equation (33), the triangle inequality and the knowledge that Z1 and Z2 satisfy 
the LC result gives

	




∥Ξ1
κ(χ, τ )∥ ≤ 1

Γ(µ)
L1

 τ

0

(τ −ϖ)µ−1∥Ξ1
κ−1(χ,ϖ)∥dϖ,

∥Ξ2
κ(χ, τ )∥ ≤ 1

Γ(µ)
L2

 τ

0

(τ −ϖ)µ−1∥Ξ2
κ−1(χ,ϖ)∥dϖ.

� (35)

Using the recursive approach and taking into account each of the inequalities in (35), we acquire

	




∥Ξ1
κ(χ, τ )∥ ≤


τµ

Γ(µ + 1)
L1

κ
∥Φ(χ, 0)∥,

∥Ξ2
κ(χ, τ )∥ ≤


τµ

Γ(µ + 1)
L2

κ
∥Ψ(χ, 0)∥.

� (36)

This establishes the functions in (34), as well as their presence and smoothness. We define the following to 
demonstrate that these functions are solutions to (20):

	

Φ(χ, τ )− Φ(χ, 0) = Φκ(χ, τ )−H1
κ(χ, τ ),

Ψ(χ, τ )− Ψ(χ, 0) = Ψκ(χ, τ )−H2
κ(χ, τ ).

� (37)

Then we acquire

	

∥H1
κ(χ, τ )∥ =

∥∥∥∥
1

Γ(µ)

∫ τ

0

(τ −ϖ)µ−1
[
Z1(χ,ϖ,Φ,Ψ)−Z1(χ,ϖ,Φ,κ−1 ,Ψκ−1)

]
dϖ

∥∥∥∥
≤ 1

Γ(µ)

∫ τ

0

(τ −ϖ)µ−1∥Z1(χ,ϖ,Φ,Ψ)−Z1(χ,ϖ,Φ,κ−1 ,Ψκ−1)∥dϖ

≤ τµ

Γ(µ + 1)
L1∥Φ− Φκ−1∥.

Recursively repeating the procedure at t = t0 results in

	
∥H1

κ(χ, τ )∥ ≤
(

τµ0
Γ(µ + 1)

)κ+1

Lκ+1
1 M.

Similarly, it is also demonstrable that

	
∥H2

κ(χ, τ )∥ ≤
(

τµ0
Γ(µ + 1)

)κ+1

Lκ+1
2 M.

As κ → ∞, we have that ∥Hi
κ(χ, τ )∥ → 0, i = 1, 2. This shows that there are solutions. To demonstrate the 

existence of a unique solution, let Φ1(χ, τ ) and Ψ1(χ, τ ) be any two distinct solutions of (20). Next, we acquire

	

∥Φ(χ, τ )− Φ1(χ, τ )∥ ≤ 1

Γ(µ)

∫ τ

0

(τ −ϖ)µ−1∥Z1(χ,ϖ,Φ,Ψ)−Z1(χ,ϖ,Φ,Ψ1)∥dϖ

≤ τµ

Γ(µ + 1)
L1∥Φ(χ, τ )− Φ1(χ, τ )∥.

Equivalently, we have
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∥Φ(χ, τ )− Φ1(χ, τ )∥

(
1− τµ

Γ(µ + 1)
L1

)
≤ 0.� (38)

Likewise, it may also be demonstrated that

	
∥Ψ(χ, τ )− Ψ1(χ, τ )∥

(
1− τµ

Γ(µ + 1)
L2

)
≤ 0.� (39)

A similar line of argument leading to (29)–(39) also yield

	
∥Φ(χ, τ )− Φ1(χ, τ )∥

(
1− 2(1− µ)

(2− µ)M(µ)
L1 −

2µ

(2− µ)M(µ)
L1τ

)
≤ 0,� (40)

	
∥Ψ(χ, τ )− Ψ1(χ, τ )∥

(
1− 2(1− µ)

(2− µ)M(µ)
L2 −

2µ

(2− µ)M(µ)
L2τ

)
≤ 0,� (41)

if the TF-BZ reaction system (4) is considered in the CF and

	
∥Φ(χ, τ )− Φ1(χ, τ )∥

(
1− 1− µ

B(µ)
L1 −

τµ

B(µ)Γ(µ)
L1

)
≤ 0,� (42)

	
∥Ψ(χ, τ )− Ψ1(χ, τ )∥

(
1− 1− µ

B(µ)
L2 −

τµ

B(µ)Γ(µ)
L2

)
≤ 0,� (43)

if it is considered in the AB sense.

Therefore, the inequalities (38)–(43) suggest that ∥Φ(χ, τ )− Φ1(χ, τ )∥ = 0 and ∥Ψ(χ, τ )− Ψ1(χ, τ )∥ = 0 if and 
only if (28) is met. Hence, Φ(χ, τ ) = Φ1(χ, τ ) and Ψ(χ, τ ) = Ψ1(χ, τ ). Therefore (20) has a unique solution. 
Consequently, the TF-BZ reaction system possesses a unique solution. □

NTDM solution procedure
Given the following coupled system of time-fractional nonlinear PDEs

	

Ξ(µ)Dµ
τΦ(χ, τ ) + ℑ1[Φ(χ, τ ),Ψ(χ, τ )] + ℵ1[Φ(χ, τ ),Ψ(χ, τ )] = G(χ, τ ),

Ξ(µ)Dµ
τΨ(χ, τ ) + ℑ2[Φ(χ, τ ),Ψ(χ, τ )] + ℵ2[Φ(χ, τ ),Ψ(χ, τ )] = H(χ, τ ),

Φ(χ, 0) = Φ0(χ), Ψ(χ, 0) = Ψ0(χ),

� (44)

where 0 < µ ≤ 1, Ξ(µ)Dµ
τ  denotes either the Caputo, CF or AB derivative, ℑi and ℵi(i = 1, 2) denote linear and 

nonlinear partial derivatives, respectively, while G(χ, τ ) and H(χ, τ ) signify non-homogeneous functions. By 
operating both sides of each equation in (44) with NT+ we get

	

NT+
[
Ξ(µ)Dµ

τΦ(χ, τ )
]
= −NT+[ℑ1[Φ(χ, τ ),Ψ(χ, τ )]]− NT+[ℵ1[Φ(χ, τ ),Ψ(χ, τ )]] + NT+[G(χ, τ )],

NT+
[
Ξ(µ)Dµ

τΨ(χ, τ )
]
= −NT+[ℑ2[Φ(χ, τ ),Ψ(χ, τ )]]− NT+[ℵ2[Φ(χ, τ ),Ψ(χ, τ )]] + NT+[H(χ, τ )].

� (45)

Thanks to the natural transform property (16)–(18) for the Caputo, CF and AB derivatives, (45) implies

	

1

F(µ, ω, s)

(
NT+[Φ(χ, τ )]− Φ0(χ)

s

)
= NT+

[
−ℑ1[Φ(χ, τ ),Ψ(χ, τ )]− ℵ1[Φ(χ, τ ),Ψ(χ, τ )] + G(χ, τ )

]
,

1

F(µ, ω, s)

(
NT+[Ψ(χ, τ )]− Ψ0(χ)

s

)
= NT+

[
−ℑ2[Φ(χ, τ ),Ψ(χ, τ )]− ℵ2[Φ(χ, τ ),Ψ(χ, τ )] + H(χ, τ )

]
,

� (46)

where

	

F(µ, ω, s) =





ω
s

µ

, if Ξ(µ) = C,

1− µ + µ
ω
s


, if Ξ(µ) = CF,

1− µ + µ
�
ω
s

µ
B(µ)

, if Ξ(µ) = AB.

� (47)

Operating the equations in (46) with NT−1 yields
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Φ(χ, τ ) = NT−1

[
Φ0(χ)

s
+ F(µ, ω, s)NT+

[
−ℑ1[Φ(χ, τ ),Ψ(χ, τ )]− ℵ1[Φ(χ, τ ),Ψ(χ, τ )] + G(χ, τ )

]]
,

Ψ(χ, τ ) = NT−1

[
Ψ0(χ)

s
+ F(µ, ω, s)NT+

[
−ℑ2[Φ(χ, τ ),Ψ(χ, τ )]− ℵ2[Φ(χ, τ ),Ψ(χ, τ )] + H(χ, τ )

]]
.

� (48)

The NTDM assumes a solution of the system of equations (44) in the form of the infinite series

	
Φ(χ, τ ) =

∞∑
κ=0

Φκ(χ, τ ), Ψ(χ, τ ) =
∞∑
κ=0

Ψκ(χ, τ ),� (49)

while the nonlinear terms are given by the decomposition series

	
ℵ1[Φ(χ, τ ),Ψ(χ, τ )] =

∞∑
κ=0

Aκ(χ, τ ), ℵ2[Φ(χ, τ ),Ψ(χ, τ )] =
∞∑
κ=0

Bκ(χ, τ ),� (50)

where Aκ and Bκ are Adomian polynomials defined by

	
Aκ =

1

Γ(κ + 1)

[
dκ

dλκ

[
ℵ1

( ∞∑
κ=0

λκΦκ(χ, τ ),
∞∑
κ=0

λκΨκ(χ, τ )

)]]

λ=0

,

and

	
Bκ =

1

Γ(κ + 1)

[
dκ

dλκ

[
ℵ2

( ∞∑
κ=0

λκΦκ(χ, τ ),
∞∑
κ=0

λκΨκ(χ, τ )

)]]

λ=0

,

respectively. Inserting (49) and (50) into (48) gives

	

∞∑
κ=0

Φκ(χ, τ ) =NT−1

[
Φ0(χ)

s
+ F(µ, ω, s)NT+[G(χ, τ )]

]

− NT−1

[
F(µ, ω, s)NT+

[
ℑ1

[ ∞∑
κ=0

Φκ(χ, τ ),

∞∑
κ=0

Ψκ(χ, τ )

]
+

∞∑
κ=0

Aκ

]]
,

∞∑
κ=0

Ψκ(χ, τ ) =NT−1

[
Ψ0(χ)

s
+ F(µ, ω, s)NT+[H(χ, τ )]

]

− NT−1

[
F(µ, ω, s)NT+

[
ℑ2

[ ∞∑
κ=0

Φκ(χ, τ ),
∞∑
κ=0

Ψκ(χ, τ )

]
+

∞∑
κ=0

Bκ

]]
.

� (51)

Equating terms on both sides of each equation in (51) yields the recurrence relation

	

Φ
Ξ(µ)
0 (χ, τ ) = NT−1

[
Φ0(χ)

s
+ F(µ, ω, s)NT+[G(χ, τ )]

]
,

Ψ
Ξ(µ)
0 (χ, τ ) = NT−1

[
Ψ0(χ)

s
+ F(µ, ω, s)NT+[H(χ, τ )]

]
,

Φ
Ξ(µ)
κ+1 (χ, τ ) = −NT−1

[
F(µ, ω, s)NT+ [ℑ1[Φκ(χ, τ ),Ψκ(χ, τ )] + Aκ]

]
, κ ≥ 1,

Ψ
Ξ(µ)
κ+1 (χ, τ ) = −NT−1

[
F(µ, ω, s)NT+ [ℑ2[Φκ(χ, τ ),Ψκ(χ, τ )] + Bκ]

]
, κ ≥ 1.

� (52)

After substituting (52) into (49), the approximate solution for the coupled system (44) is given as

	

ΦΞ(µ)(χ, τ ) =
∞∑
κ=0

ΦΞ(µ)
κ (χ, τ ) = Φ

Ξ(µ)
0 (χ, τ ) + Φ

Ξ(µ)
1 (χ, τ ) + Φ

Ξ(µ)
2 (χ, τ ) + Φ

Ξ(µ)
3 (χ, τ ) + · · · ,

ΨΞ(µ)(χ, τ ) =
∞∑
κ=0

ΨΞ(µ)
κ (χ, τ ) = Ψ

Ξ(µ)
0 (χ, τ ) + Ψ

Ξ(µ)
1 (χ, τ ) + Ψ

Ξ(µ)
2 (χ, τ ) + Ψ

Ξ(µ)
3 (χ, τ ) + · · · .

� (53)

Remark 1  We refer to50 for results concerning the convergence analysis of the NTDM for the Caputo, CF and 
AB derivatives.

Numerical implementation and results
In this section, two versions of the TF-BZ reaction system (4) are studied within the framework of Caputo, CF 
and AB derivatives using in considered method.
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Problem 1
Suppose ϱ1 = ϱ2 = 1 and γ = β = 0, ζ ̸= 1, we consider the following version of the TF-BZ reaction system 
subject to

	




Ξ(µ)Dµ
τΦ− Φχχ − Φ + Φ2 + ξΦΨ = 0,

Ξ(µ)Dµ
τΨ− Ψχχ + ζΦΨ = 0,

Φ(χ, 0) =
1

e


ζ
6χ + 1

2 , Ψ(χ, 0) =

(1− ζ)e


ζ
6χ


e


ζ
6χ + 2



ξ


e


ζ
6χ + 1

2 .

� (54)

Here, Ξ(µ) represents either the Caputo, CF or AB derivative. When µ = 1, the exact solution for (54) is

	

Φ(χ, τ ) =
e
5ζ
3 τ

(
e

√
ζ
6χ + e

5ζ
6 τ

)2 , Ψ(χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2e

5ζ
6 τ

)

ξ

(
e

√
ζ
6χ + e

5ζ
6 τ

)2 .� (55)

Next, by defining the solutions Φ(χ, τ ) and Ψ(χ, τ ) in form of the infinite series

	
Φ(χ, τ ) =

∞∑
κ=0

Φκ, Ψ =

∞∑
κ=0

Ψκ,

and representing the nonlinear terms Φ2 and ΦΨ by the Adomian polynomials

	
Φ2 =

∞∑
κ=0

Aκ, ΦΨ =

∞∑
κ=0

Bκ,

with some of its components as

	

A0 = Φ2
0,

A1 = 2Φ0Φ1,

A2 = 2Φ0Φ2 + Φ2
1,

A3 = 2Φ0Φ3 + 2Φ1Φ2,

B0 = Φ0Ψ0,

B1 = Φ0Ψ1 + Φ1Ψ0,

B2 = Φ0Ψ2 + Φ1Ψ1 + Φ2Ψ1,

B3 = Φ0Ψ3 + Φ1Ψ2 + Φ2Ψ1 + Φ3Ψ0,

� (56)

the NTDM procedure leading to (51) yields

	

∞∑
κ=0

ΦΞ(µ)
κ (χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 − NT−1

[
F(µ, ω, s)NT+

[
−

∞∑
κ=0

∂2Φκ(χ, τ )

∂χ2
− Φκ(χ, τ ) +

∞∑
κ=0

Aκ(χ, τ ) + ξ
∞∑
κ=0

Bκ(χ, τ )

]]
,

∞∑
κ=0

ΨΞ(µ)
κ (χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2

)

ξ

(
e

√
ζ
6χ + 1

)2 − NT−1

[
F(µ, ω, s)NT+

[
−

∞∑
κ=0

∂2Ψκ(χ, τ )

∂χ2
+ ζ

∞∑
κ=0

Bκ(χ, τ )

]]
,

� (57)

for the considered problem (54). Furthermore, we obtain the following recursive equations from (57):

	

Φ
Ξ(µ)
0 (χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 ,

Ψ
Ξ(µ)
0 (χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2

)

ξ

(
e

√
ζ
6χ + 1

)2 ,

Φ
Ξ(µ)
κ+1 (χ, τ ) = −NT−1

[
F(µ, ω, s)NT+

[
−∂2Φκ(χ, τ )

∂χ2
− Φκ(χ, τ ) + Aκ(χ, τ ) + ξBκ(χ, τ )

]]
,

Ψ
Ξ(µ)
κ+1 (χ, τ ) = −NT−1

[
F(µ, ω, s)NT+

[
−∂2Ψκ(χ, τ )

∂χ2
+ ζBκ(χ, τ )

]]
, κ ≥ 1.

� (58)

NTDM series solution for (54) in Caputo sense:
By setting
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F(µ, ω, s) =

(ω
s

)µ

,

in (58), some few iterations obtained are

	

ΦC
0(χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 , ΨC
0(χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2

)

ξ

(
e

√
ζ
6χ + 1

)2 ,

ΦC
1(χ, τ ) =

5ζτµe

√
ζ
6χ

3Γ(µ + 1)

(
e

√
ζ
6χ + 1

)3 , ΨC
1(χ, τ ) =

5(ζ − 1)ζτµe

√
ζ
6χ

3ξΓ(µ + 1)

(
e

√
ζ
6χ + 1

)3 ,

ΦC
2(χ, τ ) =

25ζ2τ 2µe

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

18Γ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 , ΨC
2(χ, τ ) =

25(ζ − 1)ζ2τ 2µe

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

18ξΓ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 .

Similar expressions for ΦC
κ(χ, τ ) and ΨC

κ(χ, τ ) for κ ≥ 3 can also be obtained using the recurrence relation in 
(58). Furthermore, we have

	

ΦC(χ, τ ) =ΦC
0(χ, τ ) + ΦC

1(χ, τ ) + ΦC
2(χ, τ ) + ΦC

3(χ, τ ) + · · · ,
ΨC(χ, τ ) =ΨC

0(χ, τ ) + ΨC
1(χ, τ ) + ΨC

2(χ, τ ) + ΨC
3(χ, τ ) + · · · ,

� (59)

as the solution obtained by the NTDM for fractional system (54) in the Caputo sense.

NTDM series solution for (54) in CF sense:
By setting

	
F(µ, ω, s) = 1− µ + µ

(ω
s

)
,

in (58), we generate the following few iterations

	

ΦCF
0 (χ, τ ) =

1

ξ

(
e

√
ζ
6χ + 1

)2 , ΨCF
0 (χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2

)

ξ

(
e

√
ζ
6χ + 1

)2 ,

ΦCF
1 (χ, τ ) =

5ζ(µ(τ − 1) + 1)e

√
ζ
6χ

3

(
e

√
ζ
6χ + 1

)3 , ΨCF
1 (χ, τ ) =

5(ζ − 1)ζ(µ(τ − 1) + 1)e

√
ζ
6χ

3ξ

(
e

√
ζ
6χ + 1

)3 ,

ΦCF
2 (χ, τ ) =

25ζ2
(
µ2

(
τ 2 − 4τ + 2

)
+ 4µ(τ − 1) + 2

)
e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

36

(
e

√
ζ
6χ + 1

)4 ,

ΨCF
2 (χ, τ ) =

25(ζ − 1)ζ2
(
µ2

(
τ 2 − 4τ + 2

)
+ 4µ(τ − 1) + 2

)
e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

36ξ

(
e

√
ζ
6χ + 1

)4 .

Similar expressions for ΦCF
κ (χ, τ ) and ΨCF

κ (χ, τ ) for κ ≥ 3 can also be obtained using (58). Furthermore, the 
NTDM series solution for (54) with CF derivative is given according to

	

ΦCF(χ, τ ) =ΦCF
0 (χ, τ ) + ΦCF

1 (χ, τ ) + ΦCF
2 (χ, τ ) + ΦCF

3 (χ, τ ) + · · · ,
ΨCF(χ, τ ) =ΨCF

0 (χ, τ ) + ΨCF
1 (χ, τ ) + ΨCF

2 (χ, τ ) + ΨCF
3 (χ, τ ) + · · · .

� (60)

NTDM series solution for (54) in AB sense:
By setting

	
F(µ, ω, s) =

1− µ + µ
(
ω
s

)µ
B(µ)

,
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in (58) with B(µ) = 1 we generate the following iterates

	

ΦAB
0 (χ, τ ) =

1

ξ

(
e

√
ζ
6χ + 1

)2 , ΨAB
0 (χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2

)

ξ

(
e

√
ζ
6χ + 1

)2 ,

ΦAB
1 (χ, τ ) =

5ζe

√
ζ
6χ (µτµ − (µ− 1)Γ(µ + 1))

3Γ(µ + 1)

(
e

√
ζ
6χ + 1

)3 , ΨAB
1 (χ, τ ) =

5(ζ − 1)ζe

√
ζ
6χ (µτµ − (µ− 1)Γ(µ + 1))

3ξΓ(µ + 1)

(
e

√
ζ
6χ + 1

)3 ,

ΦAB
2 (χ, τ ) =

25ζ2e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)(
Γ(µ + 1)

(
(µ− 1)2Γ(2µ + 1) + µ2τ 2µ

)
− 2(µ− 1)µΓ(2µ + 1)τµ

)

18Γ(µ + 1)Γ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 ,

ΨAB
2 (χ, τ ) =

25(ζ − 1)ζ2e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)(
Γ(µ + 1)

(
(µ− 1)2Γ(2µ + 1) + µ2τ 2µ

)
− 2(µ− 1)µΓ(2µ + 1)τµ

)

18ξΓ(µ + 1)Γ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 .

Similar expressions for ΦAB
κ (χ, τ ) and ΨAB

κ (χ, τ ) for κ ≥ 3 can also be obtained using (58). Furthermore, the 
NTDM series solution for (54) with AB derivative is given according to

	

ΦAB(χ, τ ) =ΦAB
0 (χ, τ ) + ΦAB

1 (χ, τ ) + ΦAB
2 (χ, τ ) + ΦAB

3 (χ, τ ) + · · · ,
ΨAB(χ, τ ) =ΨAB

0 (χ, τ ) + ΨAB
1 (χ, τ ) + ΨAB

2 (χ, τ ) + ΨAB
3 (χ, τ ) + · · · .

� (61)

Problem 2
Let ϱ1 = ϱ2 = 1, γ = ζ  and β = 1, then we consider the following version of the TF-BZ reaction system with the 
given initial conditions

	




Ξ(µ)Dµ
τΦ = Φχχ + ξΨ + Φ− Φ2 − ξΦΨ,

Ξ(µ)Dµ
τΨ = Ψχχ + ζΨ− ζΦΨ,

Φ(χ, 0) =
1

e


ζ
6χ + 1

2 , Ψ(χ, 0) =
ζ − 1

ξ


e


ζ
6χ + 1

2 .
� (62)

Here, Ξ(µ) represents either the Caputo, CF or AB derivative. When µ = 1, the exact solution for (62) is

	

Φ(χ, τ ) =
e
5ζ
3 τ

(
e

√
ζ
6χ + e

5ζ
6 τ

)2 ,Ψ(χ, τ ) =
(ζ − 1)e

5ζ
3 τ

ξ

(
e

√
ζ
6χ + e

5ζ
6 τ

)2 .� (63)

Next, by defining the series

	
Φ =

∞∑
κ=0

Φκ, Ψ =

∞∑
κ=0

Ψκ,

and representing the nonlinear terms Φ2 and ΦΨ by the Adomian polynomials

	
Φ2 =

∞∑
κ=0

Aκ, ΦΨ =

∞∑
κ=0

Bκ,

the NTDM procedure leading to (51) yields
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∞∑
κ=0

ΦΞ(µ)
κ (χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 − NT−1

[
F(µ, ω, s)NT+

(
−

∞∑
κ=0

∂2Φκ(χ, τ )

∂χ2

−ξ
∞∑
κ=0

Ψκ(χ, τ )−
∞∑
κ=0

Φκ(χ, τ ) +
∞∑
κ=0

Aκ(χ, τ ) + ξ
∞∑
κ=0

Bκ(χ, τ )

)]
,

∞∑
κ=0

ΨΞ(µ)
κ (χ, τ ) =

(1− ζ)e

√
ζ
6χ

(
e

√
ζ
6χ + 2

)

ξ

(
e

√
ζ
6χ + 1

)2

− NT−1

[
F(µ, ω, s)NT+

(
−

∞∑
κ=0

∂2Ψκ(χ, τ )

∂χ2
− ζ

∞∑
κ=0

Ψκ(χ, τ ) + ζ
∞∑
κ=0

Bκ(χ, τ )

)]
.

� (64)

Furthermore, we acquire the following recursive equations from (64):

	

Φ
Ξ(µ)
0 (χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 ,

Ψ
Ξ(µ)
0 (χ, τ ) =

ζ − 1

ξ

(
e

√
ζ
6χ + 1

)2 ,

Φ
Ξ(µ)
κ+1 (χ, τ ) = −NT−1

[
F(µ, ω, s)NT+

[
−∂2Φκ(χ, τ )

∂χ2
− ξΨκ(χ, τ )− Φκ(χ, τ ) + Aκ(χ, τ ) + ξBκ(χ, τ )

]]
,

Ψ
Ξ(µ)
κ+1 (χ, τ ) = −NT−1

[
F(µ, ω, s)NT+

[
−∂2Ψκ(χ, τ )

∂χ2
− ζΨκ(χ, τ ) + ζBκ(χ, τ )

]]
, κ ≥ 1.

� (65)

NTDM series solution for (62) in Caputo sense
In view of (65) with

	
F(µ, ω, s) =

(ω
s

)µ

,

we generate the following few iterations

	

ΦC
0(χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 , ΨC
0(χ, τ ) =

ζ − 1

ξ

(
e

√
ζ
6χ + 1

)2 ,

ΦC
1(χ, τ ) =

5ζτµe

√
ζ
6χ

3Γ(µ + 1)

(
e

√
ζ
6χ + 1

)3 , ΨC
1(χ, τ ) =

5(ζ − 1)ζτµe

√
ζ
6χ

3ξΓ(µ + 1)

(
e

√
ζ
6χ + 1

)3 ,

ΦC
2(χ, τ ) =

25ζ2τ 2µe

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

18Γ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 , ΨC
2(χ, τ ) =

25(ζ − 1)ζ2τ 2µe

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

18ξΓ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 .

Similar expressions for ΦC
κ(χ, τ ) and ΨC

κ(χ, τ ) for κ ≥ 3 can also be obtained using (65). Furthermore, the 
NTDM series solution for (62) in Caputo sense is given according to

	

ΦC(χ, τ ) =ΦC
0(χ, τ ) + ΦC

1(χ, τ ) + ΦC
2(χ, τ ) + ΦC

3(χ, τ ) + · · · ,
ΨC(χ, τ ) =ΨC

0(χ, τ ) + ΨC
1(χ, τ ) + ΨC

2(χ, τ ) + ΨC
3(χ, τ ) + · · · .

� (66)

NTDM series solution for (62) in CF sense
In view of (65) with

	
F(µ, ω, s) = 1− µ + µ

(ω
s

)
,

we obtain the following few iterations
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ΦCF
0 (χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 , ΨCF
0 (χ, τ ) =

ζ − 1

ξ

(
e

√
ζ
6χ + 1

)2 ,

ΦCF
1 (χ, τ ) =

5ζ(µ(τ − 1) + 1)e

√
ζ
6χ

3

(
e

√
ζ
6χ + 1

)3 , ΨCF
1 (χ, τ ) =

5ζ(µ(τ − 1) + 1)e

√
ζ
6χ

3

(
e

√
ζ
6χ + 1

)3 ,

ΦCF
2 (χ, τ ) =

25ζ2
(
µ2

(
τ 2 − 4τ + 2

)
+ 4µ(τ − 1) + 2

)
e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

36

(
e

√
ζ
6χ + 1

)4 ,

ΨCF
2 (χ, τ ) =

25(ζ − 1)ζ2
(
µ2((τ − 4)τ + 2) + 4µ(τ − 1) + 2

)
e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)

36ξ

(
e

√
ζ
6χ + 1

)4 .

Similar expressions for ΦCF
κ (χ, τ ) and ΨCF

κ (χ, τ ) for κ ≥ 3 can also be acquired using (65). Furthermore, the 
NTDM series solution for (62) with CF derivative is given according to

	

ΦCF(χ, τ ) =ΦCF
0 (χ, τ ) + ΦCF

1 (χ, τ ) + ΦCF
2 (χ, τ ) + ΦCF

3 (χ, τ ) + · · · ,
ΨCF(χ, τ ) =ΨCF

0 (χ, τ ) + ΨCF
1 (χ, τ ) + ΨCF

2 (χ, τ ) + ΨCF
3 (χ, τ ) + · · · .

� (67)

NTDM series solution for (62) in AB sense
In view of (65) with B(µ) = 1 and

	
F(µ, ω, s) = 1− µ + µ

(ω
s

)µ

,

we obtain the following few iterations

	

ΦAB
0 (χ, τ ) =

1(
e

√
ζ
6χ + 1

)2 , ΨAB
0 (χ, τ ) =

ζ − 1

ξ

(
e

√
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6χ + 1

)2 ,
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1 (χ, τ ) =

5ζe
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6χ (µτµ − (µ− 1)Γ(µ + 1))

3Γ(µ + 1)

(
e

√
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6χ + 1

)3 , ΨAB
1 (χ, τ ) =

5(ζ − 1)ζe

√
ζ
6χ (µτµ − (µ− 1)Γ(µ + 1))

3ξΓ(µ + 1)

(
e

√
ζ
6χ + 1

)3 ,

ΦAB
2 (χ, τ ) =

25ζ2e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)(
Γ(µ + 1)

(
(µ− 1)2Γ(2µ + 1) + µ2τ 2µ

)
− 2(µ− 1)µΓ(2µ + 1)τµ

)

18Γ(µ + 1)Γ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 ,

ΨAB
2 (χ, τ ) =

25(ζ − 1)ζ2e

√
ζ
6χ

(
2e

√
ζ
6χ − 1

)(
Γ(µ + 1)

(
(µ− 1)2Γ(2µ + 1) + µ2τ 2µ

)
− 2(µ− 1)µΓ(2µ + 1)τµ

)

18ξΓ(µ + 1)Γ(2µ + 1)

(
e

√
ζ
6χ + 1

)4 .

Similar expressions for ΦAB
κ (χ, τ ) and ΨAB

κ (χ, τ ) for κ ≥ 3 can also be acquired using (65). Furthermore, the 
NTDM series solution for (62) with AB derivative is given according to

	

ΦAB(χ, τ ) =ΦAB
0 (χ, τ ) + ΦAB

1 (χ, τ ) + ΦAB
2 (χ, τ ) + ΦAB

3 (χ, τ ) + · · · ,
ΨAB(χ, τ ) =ΨAB

0 (χ, τ ) + ΨAB
1 (χ, τ ) + ΨAB

2 (χ, τ ) + ΨAB
3 (χ, τ ) + · · · .

� (68)

Discussion of results
This section presents a discussion of results obtained via the NTDM for the approximate solutions of the TF-
BZ model considered within the scope of Caputo, CF and AB derivatives. In demonstrating the behaviors of the 
chemical wave profiles for the concentrations of the intermediates Φ(χ, τ ) and Ψ(χ, τ ) with respect to varying 
parameter values, these results are presented in 2D and 3D graphical representations as well as tabular displays 
showing comparisons of numerical errors for various values of the spatial and temporal variables at µ = 1. For 
ξ = 2, ζ = 3 and µ = 1, Tables 1, 2 show comparisons of absolute errors obtained for the approximate solutions 
of Φ(χ, τ ) and Ψ(χ, τ ) in Problem 1 with respect to the Caputo, CF and AB derivatives. Tables 3, 4 display 
comparisons of absolute errors obtained for the approximate solutions of Φ(χ, τ ) and Ψ(χ, τ ) in Problem 2 
with respect to the Caputo, CF and AB derivatives when ξ = 2, ζ = 2 and µ = 1. As presented in these tables the 
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considered method demonstrates good accuracy as the results closely approximate those obtained via FRDTM34, 
q−HATM34, NTIM41 and OHAM41 for the Caputo derivative. Tables 5 and 6 present numerical results obtained 
for Problem 1 and Problem 2, respectively, for different values of χ and τ  and for µ = 0.25, 0.5, 0.75, 1. These 
numerical solutions are obtained for TF-BZ model in Problem 1 and Problem 2 with respect to the Caputo, 
CF and AB derivatives and are also compared with the exact solutions. The results obtained via the considered 
method demonstrate close proximity with that of the exact solutions for any given values of χ and τ . In particular, 
the results show that as the fractional index approaches 1, the approximate solutions with respect to all three 
derivatives approach the exact solutions.

Graphical simulations in 3D and 2D in Figs.  1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 are presented to offer visual 
representations of the chemical wave profiles for Problem 1 and Problem 2. This aim here is to provide insights 
into the systems dynamic behavior with respect to varying values of the fractional derivatives and for cases 
where χ and τ  are considered fixed in the 2D plots. The 3D surface plots in Figs.  1 and 2 demonstrate the nature 
of the wave profiles when ξ = 2 and ζ = 3 for the intermediates Φ(χ, τ ) and Ψ(χ, τ ), respectively, in Problem 
1. Similarly, by taking ξ = 2 and ζ = 2, the 3D surface plots in Figs. 3 and 4 demonstrate the nature of the wave 
profiles for the intermediates Φ(χ, τ ) and Ψ(χ, τ ), respectively, in Problem 2. It should be noted that in each of 
these figures, the wave profiles are shown for solutions obtained via the NDTM with respect to the Caputo, CF 
and AB fractional derivatives at µ = 0.95 as well as for the exact solutions. It is observed that for µ = 0.95, the 
3D representations with respect to each of the considered fractional derivatives show similarity with the surface 
wave profiles of the exact solutions for each for the intermediates and for each version of the TF-BZ system. For 
fixed χ, the 2D simulations in Figs.  5 and 6 depict the nature of the approximate solutions for Problem 1 and 
Problem 2, respectively, with respect to the considered derivatives. In Figs. 5 we take χ = 3, ξ = 2, ζ = 3 for 
Problem 1 while in Fig. 6 we take χ = 5, ξ = 2, ζ = 2 for Problem 2. These 2D plots demonstrate the influence 
of varying values of the fractional parameter index µ on the concentrations of the intermediates Φ(χ, τ ) and 
Ψ(χ, τ ) for fixed χ and for 0 ≤ τ ≤ 0.5. These simulations also show that as the value of µ increases from 
0.75 to 1, the approximate solutions tend to the exact solutions. The plots in Figs. 7 and 8 are 2D wave profile 
representations of Problem 1 for Φ(χ, τ ) and Ψ(χ, τ ) at τ = 0.1 and τ = 0.5, respectively. Similarly, the plots in 
Figs. 9 and 10 are 2D wave profile representations of Problem 2 for Φ(χ, τ ) and Ψ(χ, τ ) at τ = 0.1 and τ = 0.7, 
respectively. For each problem, these wave profiles show the behavior of the concentrations of the intermediates 
under varying values of the fractional parameter index for µ(= 0.75, 0.85, 0.95, 1) over the range −20 ≤ χ ≤ 20
. These simulations demonstrate a some chaotic oscillatory trajectory at µ = 0.75 which are more obvious in 
Figs. 8 and 10 for the solutions of Ψ(χ, τ ) where the wave curves exhibit some marked deviations from those 
of the exact solutions. However as µ approaches 1, these behaviors decreases so that the wave curves for the 
approximate solutions align with that of the exact solution. The behaviors in Figs. 7, 8, 9 and 10 assert that the 
concentrations of the intermediates attains uniform dynamics as µ → 1. These analysis and assertions provide 
evidence that the considered method yield approximate solutions that exhibit consistent behaviors for all three 
fractional derivatives. Furthermore, the obtained approximate solutions demonstrate good resemblance to the 
exact solutions.

Conclusion
The time-fractional Belousov–Zhabotinsky system was solved using the natural transform decomposition 
method. To evaluate the efficacy of the method, we examined two test cases of the considered problem. In each of 
the considered cases, we examined the considered model within the context of the Caputo, CF, and AB fractional 
derivatives. The effect of the varying values of the fractional parameter index was observed and presented via 
comparison of approximate solutions as well as simulations in 2D and 3D plots demonstrating the dynamic 
behaviors of chemical wave profiles of the intermediates. The obtained numerical solutions and absolute errors 
with respect to each of the considered fractional derivatives are compared with the exact solutions as well as with 
those from related literature. The graphical representations provided more interesting physical behavior of the 
model in terms of varying values of the index of differentiation. Particularly, the simulations show the behavior 
of constituent chemicals of the Belousov–Zhabotinsky reaction system over temporal and spatial dimensions 
by using fractional derivatives concepts to capture non-local and memory-dependent features. This allow us 
to obtain more accurate representations of the complex spatio-temporal trajectories that can be observed in 
the reaction system. The results obtained here shown that the methodology employed is capable of yielding 
approximate solutions that exhibit good convergence towards the exact solutions as µ → 1. Hence, the current 
approach has the potential to serve as a valuable instrument for investigating various nonlinear time fractional 
systems of PDEs modeling diverse physical systems that do not attain thermodynamic equilibrium.
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χ τ |ΦExact − ΦC| |ΦExact − ΦCF| |ΦExact − ΦAB| FRDTM34 q-HATM34

0 0.01 2.07041e− 11 2.07016e− 11 2.07041e− 11 2.07040e− 11 2.07040e− 11

0.03 5.20348e− 09 5.20348e− 09 5.20348e− 09 5.20348e− 09 5.20348e− 09

0.05 6.90958e− 08 6.90958e− 08 6.90958e− 08 6.90958e− 08 6.90958e− 08

1 0.01 2.83274e− 11 2.83278e− 11 2.83274e− 11 2.83274e− 11 2.83274e− 11

0.03 6.84094e− 09 6.84094e− 09 6.84094e− 09 6.84094e− 09 6.84094e− 09

0.05 8.73606e− 08 8.73606e− 08 8.73606e− 08 8.73606e− 08 8.73606e− 08

2

0.01 1.34195e− 11 1.34164e− 11 1.34195e− 11 1.34195e− 11 1.34195e− 11

0.03 3.33523e− 09 3.33523e− 09 3.33523e− 09 3.33523e− 09 3.33523e− 09

0.05 4.38521e− 08 4.38521e− 08 4.38521e− 08 4.38521e− 08 4.38521e− 08

3 0.01 2.80693e− 12 2.80955e− 12 2.80693e− 12 2.80693e− 12 2.80693e− 12

0.03 6.64710e− 10 6.64715e− 10 6.64710e− 10 6.64710e− 10 6.64710e− 10

0.05 8.31173e− 09 8.31173e− 09 8.31173e− 09 8.31173e− 09 8.31173e− 09

4 0.01 3.37710e− 12 3.37825e− 12 3.37710e− 12 3.37710e− 12 3.37710 e− 12

0.03 8.26454e− 10 8.26457e− 10 8.26454e− 10 8.26454e− 10 8.26454 e− 10

0.05 1.07019e− 08 1.07019e− 08 1.07019e− 08 1.07019e− 08 1.07019 e− 08

χ τ |ΨExact − ΨC| |ΨExact − ΨCF| |ΨExact − ΨAB| FRDTM34 q-HATM34

0 0.01 2.07039e− 11 2.07045e− 11 2.07039e− 11 2.07040e− 11 2.07040e− 11

0.03 5.20348e− 09 5.20348e− 09 5.20348e− 09 5.20348e− 09 5.20348e− 09

0.05 6.90958e− 08 6.90958e− 08 6.90958e− 08 6.90958e− 08 6.90958e− 08

1 0.01 2.83275e− 11 2.83267e− 11 2.83275e− 11 2.83272e− 11 2.83272e− 11

0.03 6.84094e− 09 6.84094e− 09 6.84094e− 09 6.84094e− 09 6.84094e− 09

0.05 8.73606e− 08 8.73606e− 08 8.73606e− 08 8.73606e− 08 8.73606e− 08

2 0.01 1.34194e− 11 1.34187e− 11 1.34194e− 11 1.34193e− 11 1.34193e− 11

0.03 3.33523e− 09 3.33523e− 09 3.33523e− 09 3.33523e− 09 3.33523e− 09

0.05 4.38521e− 08 4.38521e− 08 4.38521e− 08 4.38521e− 08 4.38521e− 08

0.01 2.80698e− 12 2.80720e− 12 2.80698e− 12 2.80687e− 12 2.80687e− 12

3 0.03 2.56908e− 10 2.56869e− 10 2.56908e− 10 6.64710e− 10 6.64710e− 10

0.05 8.31173e− 09 8.31173e− 09 8.31173e− 09 8.31173e− 09 8.31173e− 09

0.01 3.37697e− 12 3.37708e− 12 3.37697e− 12 3.37730e− 12 3.37730e− 12

4 0.03 8.26454e− 10 8.26454e− 10 8.26454e− 10 8.26455e− 10 8.26455e− 10

0.05 1.07019e− 08 1.07019e− 08 1.07019e− 08 1.07019e− 08 1.07019e− 08

Table 1.  Comparison of absolute errors for Φ(χ, τ ) and Ψ(χ, τ ) in Problem 1 when ξ = 2, ζ = 3, µ = 1.
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χ τ |ΦExact − ΦC| |ΦExact − ΦCF| |ΦExact − ΦAB| NTIM41 OHAM41

0.1 2.78454 e−10 2.78454 e−10 2.78454 e−10 3.46778 e−07 3.27824 e−05

0.001 0.3 1.7778e−10 1.7778e−10 1.7778e−10 3.79106e−07 3.00729e−05

0.5 7.63204e−11 7.63204e−11 7.63204e−11 3.97046e−07 2.71800e−05

0.1 7.54153e−09 7.54153e−09 7.54153e−09 3.11923e−06 9.56651e−05

0.003 0.3 4.8245e−09 4.8245e−09 4.8245e−09 3.41148e−06 8.76522e−05

0.5 2.08434e−09 2.08434e−09 2.08434e−09 3.57426e−06 7.91159e−05

0.1 3.5022e−08 3.5022e−08 3.5022e−08 8.65953e−06 1.54961e−04

0.005 0.3 2.24488e−08 2.24488e−08 2.24488e−08 9.47491e−06 1.41802e−04

0.5 9.75955e−09 9.75955e−09 9.75955e−09 9.93078e−06 1.27816e−04

0.1 9.6395e−08 9.6395e−08 9.6395e−08 1.69627e−05 2.10655e−04

0.007 0.3 6.19098e−08 6.19098e−08 6.19098e−08 1.85679e−05 1.92514e−04

0.5 2.70818e−08 2.70818e−08 2.70818e−08 1.94686e−05 1.73277e−04

χ τ |ΨExact − ΨC| |ΨExact − ΨCF| |ΨExact − ΨAB| NTIM41 OHAM41

0.1 2.78454e− 10 2.78454e− 10 2.78454e− 10 3.46778e− 07 1.18952e− 06

0.001 0.3 1.7778e− 10 1.7778e− 10 1.7778e− 10 3.79106e− 07 1.13777e− 06

0.5 7.63203e− 11 7.63203e− 11 7.63203e− 11 3.97046e− 07 1.06865e− 06

0.1 7.54153e− 09 7.54153e− 09 7.54153e− 09 3.11923e− 06 7.39727e− 06

0.003 0.3 4.8245e− 09 4.8245e− 09 4.8245e− 09 3.41148e− 06 7.20459e− 06

0.5 2.08434e− 09 2.08434e− 09 2.08434e− 09 3.57426e− 06 6.87421e− 06

0.1 3.5022e− 08 3.5022e− 08 3.5022e− 08 8.65953e− 06 1.86987e− 05

0.005 0.3 2.24488e− 08 2.24488e− 08 2.24488e− 08 9.47491e− 06 1.83192e− 05

0.5 9.75955e− 09 9.75955e− 09 9.75955e− 09 9.93078e− 06 1.75676e− 05

0.1 9.6395e− 08 9.6395e− 08 9.6395e− 08 1.69627e− 05 3.50801e− 05

0.007 0.3 6.19098e− 08 6.19098e− 08 6.19098e− 08 1.85679e− 05 3.44727e− 05

0.5 2.70818e− 08 2.70818e− 08 2.70818e− 08 1.94686e− 05 3.31448e− 05

Table 2.  Comparison of absolute errors for Φ(χ, τ ) and Ψ(χ, τ ) in Problem 1 when ξ = 2, ζ = 3, µ = 1.
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χ τ |ΦExact − ΦC| |ΦExact − ΦCF| |ΦExact − ΦAB| FRDTM34 q-HATM34

0

0.01 2.71078e− 12 2.71033e− 12 2.71078e− 12 2.71072e− 12 2.07040e− 12

0.03 6.73927e− 10 6.73926e− 10 6.73927e− 10 6.73927e− 10 6.73927e− 10

0.05 8.86033e− 09 8.86033e− 09 8.86033e− 09 8.86033e− 09 8.86033e− 09

1

0.01 3.21043e− 12 3.21060e− 12 3.21043e− 12 3.21052e− 12 3.21051e− 12

0.03 7.72406e− 10 7.72406e− 10 7.72406e− 10 7.72406e− 10 7.72406e− 10

0.05 9.82970e− 09 9.82970e− 09 9.82970e− 09 9.82970e− 09 9.82970e− 09

2

0.01 3.00746e− 12 3.00693e− 12 3.00746e− 12 3.00748e− 12 3.00748e− 12

0.03 7.36736e− 10 7.36735e− 10 7.36736e− 10 7.36736e− 10 7.36736e− 10

0.05 9.54952e− 09 9.54953e− 09 9.54952e− 09 9.54952e− 09 9.54952e− 09

3

0.01 4.48808e− 13 4.48114e− 13 4.48808e− 13 4.48808e− 13 4.48808e− 13

0.03 1.13509e− 10 1.13508e− 10 1.13509e− 10 1.13509e− 10 1.13509e− 10

0.05 1.51797e− 09 1.51797e− 09 1.51797e− 09 1.51797e− 09 1.51797e− 09

4

0.01 5.04097e− 13 5.04558e− 13 5.04097e− 13 5.04100e− 13 5.04100e− 13

0.03 1.21954e− 10 1.21955e− 10 1.21954e− 10 1.21954e− 10 1.21954e− 10

0.05 1.56086e− 09 1.56086e− 09 1.56086e− 09 1.56086e− 09 1.56086e− 09

|ΨExact − ΨC| |ΨExact − ΨCF| |ΨExact − ΨAB| FRDTM34 q-HATM34

0

0.01 1.35539e− 12 1.35547e− 12 1.35539e− 12 1.35536e− 12 1.35536e− 12

0.03 3.36964e− 10 3.36964e− 10 3.36964e− 10 3.36964e− 10 3.36964e− 10

0.05 4.43017e− 09 4.43017e− 09 4.43017e− 09 4.43017e− 09 4.43017e− 09

1

0.01 1.60522e− 12 1.60510e− 12 1.60522e− 12 1.60526e− 12 1.60526e− 12

0.03 3.86203e− 10 3.86203e− 10 3.86203e− 10 3.86203e− 10 3.86203e− 10

0.05 4.91485e− 09 4.91485e− 09 4.91485e− 09 4.91485e− 09 4.91485e− 09

2

0.01 1.50373e− 12 1.50362e− 12 1.50373e− 12 1.50374e− 12 1.50374e− 12

0.03 3.68368e− 10 3.68368e− 10 3.68368e− 10 3.68368e− 10 3.68368e− 10

0.05 4.77476e− 09 4.77476e− 09 4.77476e− 09 4.77476e− 09 4.77476e− 09

3

0.01 2.24404e− 13 2.24336e− 13 2.24404e− 13 2.24404e− 13 2.24404e− 13

0.03 5.67546e− 11 5.67546e− 11 5.67546e− 11 5.67546e− 11 5.67546e− 11

0.05 7.58984e− 10 7.58984e− 10 7.58984e− 10 7.58984e− 10 7.58984e− 10

4

0.01 2.52048e− 13 2.52081e− 13 2.52048e− 13 2.52050e− 13 2.52050e− 13

0.03 6.09771e− 11 6.09771e− 11 6.09771e− 11 6.09771e− 11 6.09771e− 11

0.05 7.80430e− 10 7.80430e− 10 7.80430e− 10 7.80430e− 10 7.80430e− 10

Table 3.  Comparison of absolute errors for Φ(χ, τ ) and Ψ(χ, τ ) in Problem 2 when ξ = 2, ζ = 2, µ = 1.

 

Scientific Reports |        (2024) 14:25015 19| https://doi.org/10.1038/s41598-024-74072-6

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


χ τ |ΦExact − ΦC| |ΦExact − ΦCF| |ΦExact − ΦAB| NTIM41 OHAM41

0.001

0.1 8.51031 e−11 8.51031 e−11 8.51031 e−11 2.38719 e−11 2.88115e−06

0.3 6.09674e−11 6.09674e−11 6.09674e−11 3.42036e−11 2.70417e−06

0.5 3.62378e−11 3.62378e−11 3.62378e−11 4.52451e−11 2.51242e−06

0.003

0.1 2.30234e−09 2.30234e−09 2.30234e−09 6.39987e−10 1.02084e−05

0.3 1.65092e−09 1.65092e−09 1.65092e−09 9.18695e−10 9.64541e−06

0.5 9.83212e−10 9.83212e−10 9.83212e−10 1.21683e−09 9.0176e−06

0.005

0.1 1.06800e−08 1.06800e−08 1.06800e−08 2.94183e−09 1.9619e−05

0.3 7.6654e−09 7.6654e−09 7.6654e−09 4.23099e−09 1.86281e−05

0.5 4.57410e−09 4.57410e−09 4.57410e−09 5.61126e−09 1.74951e−05

0.007

0.1 2.93638e−08 2.93638e−08 2.93638e−08 8.01463e−09 3.11086e−05

0.3 2.10948e−08 2.10948e−08 2.10948e−08 1.15488e−08 2.96491e−05

0.5 1.26122e−08 1.26122e−08 1.26122e−08 1.53364e−08 2.79431e−05

χ τ |ΨExact − ΨC| |ΨExact − ΨCF| |ΨExact − ΨAB| NTIM41 OHAM41

0.001

0.1 4.25514e− 11 4.25514e− 11 4.25514e− 11 1.1936e− 11 8.90479e− 06

0.3 3.04836e− 11 3.04836e− 11 3.04836e− 11 1.71018e− 11 8.31684e− 06

0.5 1.81189e− 11 1.81189e− 11 1.81189e− 11 2.26226e− 11 7.69092e− 06

0.003

0.1 1.15117e− 09 1.15117e− 09 1.15117e− 09 3.19993e− 10 2.62487e− 05

0.3 8.25461e− 10 8.25461e− 10 8.25461e− 10 4.59347e− 10 2.44863e− 05

0.5 4.91606e− 10 4.91606e− 10 4.91606e− 10 6.08413e− 10 2.26156e− 06

0.005

0.1 5.34002e− 09 5.34002e− 09 5.34002e− 09 1.47092e− 09 4.29701e− 05

0.3 3.83270e− 09 3.83270e− 09 3.83270e− 09 2.11549e− 09 4.00354e− 05

0.5 2.28705e− 09 2.28705e− 09 2.28705e− 09 2.80563e− 09 3.69301e− 05

0.007

0.1 1.46819e− 08 1.46819e− 08 1.46819e− 08 4.00732e− 09 5.90667e− 05

0.3 1.05474e− 08 1.05474e− 08 1.05474e− 08 5.77442e− 09 5.49628e− 05

0.5 6.30612e− 09 6.30612e− 09 6.30612e− 09 7.6682e− 09 5.06334e− 05

Table 4.  Comparison of absolute errors for Φ(χ, τ ) and Ψ(χ, τ ) in Problem 2 when ξ = 2, ζ = 2, µ = 1.
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Fig. 2.  3D chemical wave oscillations of Ψ(χ, τ ) in Problem 1 at ξ = 2 and ζ = 3.

 

Fig. 1.  3D chemical wave oscillations of Φ(χ, τ ) in Problem 1 at ξ = 2 and ζ = 3.
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Fig. 3.  3D chemical wave oscillations of Φ(χ, τ ) in Problem 2 at ξ = 2 and ζ = 2.
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Fig. 5.  2D chemical wave profiles depicting solutions of Φ(χ, τ ) and Ψ(χ, τ ) for Problem 1 at χ = 3, ξ = 2, 

 

Fig. 4.  3D chemical wave oscillations of Ψ(χ, τ ) in Problem 2 at ξ = 2 and ζ = 2.
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Fig. 7.  2D-plots depicting solutions for Φ(χ, τ ) and Ψ(χ, τ ) of Problem 1 at τ = 0.1, ξ = 2, ζ = 3.

 

Fig. 6.  2D chemical wave profiles depicting solutions of Φ(χ, τ ) and Ψ(χ, τ ) for Problem 2 at χ = 5, ξ = 2, 
ζ = 2.
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Fig. 9.  2D-plots depicting solutions for Φ(χ, τ ) and Ψ(χ, τ ) of Problem 2 at τ = 0.1, ξ = 2 and ζ = 2.

 

Fig. 8.  Solutions for Φ(χ, τ ) and Ψ(χ, τ ) of Problem 1 at τ = 0.5, ξ = 2, ζ = 3.
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