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derivative

Mohammed Kbiri Alaouil, Md. Mamunur Roshid?*?, Mahtab Uddin3?, Wen-Xiu Ma*>:6:7>,
Harun-Or-Roshid® & Mohammod Jahirul Haque Munshi?

The perturbed Korteweg-de Vries (PKdV) equation is essential for describing ion-acoustic waves in
plasma physics, accounting for higher-order effects such as electron temperature variations and
magnetic field influences, which impact their propagation and stability. This work looks at the
generalized PKdV (gPKdV) equation with an M-fractional operator. It uses bifurcation theory to

look at critical points and phase portraits, showing system changes such as shifts in stability and

the start of chaos. Figures 1, 2 and 3 provide detailed analyses of static soliton formation through
saddle-node bifurcation. We also use the modified simple equation (MSE) method to look for ion-
acoustic wave solutions directly, without having to first define them. This lets us find shapes like
hyperbolic, exponential, and trigonometric waves. These solutions reveal complex phenomena,
including double periodic waves, periodic lump waves, bright bell-shaped waves, and singular soliton
waves. Additionally, we analyze modulation instability in the gPKdV equation, which signifies chaotic
transitions and is crucial for understanding nonlinear wave dynamics. Those methods demonstrate
their value in generating precise soliton solutions relevant to nonlinear science and mathematical
physics. This research illustrates how theoretical mathematics and physics can support solutions to
practical world issues, especially in energy and technological advancement.

Keywords Modified simple equation technique, Generalized perturbed Korteweg-de Vries equation,
Bifurcation theory, Phase portrait, Soliton solution, Clean energy technologies

Nonlinear evolution equations are pivotal in capturing the dynamics of complex systems across various scientific
and engineering fields. Unlike linear equations, nonlinear ones can model phenomena where interactions lead to
unpredictable and rich behaviors, such as turbulence in fluid dynamics!, chemical reaction pattern formation?,
soliton of telecommunication systems®?, quantum physics>S, etc. These equations represent critical thresholds,
bifurcations, and chaotic regimes, making them indispensable for understanding and predicting real-world
phenomena. Their applications extend to physics, where they describe wave propagation and quantum mechanics,
finance for modeling market fluctuations’, and ecology for ecosystem dynamics®. The study and solutions of
nonlinear evolution equations deepen our theoretical understanding and drive advancements in technology and
practical problem-solving across disciplines'~'°. Numerous methods are continually being discovered to explore
exact solutions of NLEEs such as multi exp-function technique!!, Hirota bilinear process'>!3, JEFE scheme!4,

1Department of Mathematics, College of Science, King Khalid University, P.O. Box 9004, 61413 Abha, Saudi
Arabia. 2Department of Mathematics, Hamdard University Bangladesh, Dhaka, Bangladesh. 3Institute of
Natural Sciences, United International University, Dhaka, Bangladesh. “Department of Mathematics, Zhejiang
Normal University, Jinhua 321004, Zhejiang, China. *Department of Mathematics, King Abdulaziz University,
21589 Jeddah, Saudi Arabia. ®Department of Mathematics and Statistics, University of South Florida, Tampa, FL
33620-5700, USA. "Material Science Innovation and Modelling, Department of Mathematical Sciences, North-
West University, Mafikeng Campus, Mmabatho 2735, South Africa. ®Department of Mathematics, Sunamgan;j
Science and Technology University, Shantiganj, Sunamgonj, Bangladesh. *‘email: mamunmath307 @gmail.com;
wma3@usf.edu

Scientific Reports|  (2025) 15:11923 | https://doi.org/10.1038/s41598-024-84941-9 nature portfolio


http://www.nature.com/scientificreports
http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-024-84941-9&domain=pdf&date_stamp=2025-4-5

www.nature.com/scientificreports/

- ~

Fig. 1. The phase portraits of the system (5) for 2K a; (¢ — asK) > 0.
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Fig. 3. The two-dimensional phase portraits of the system (9) for € = a3z K.

variational technique'®, enhanced MSE technique!®, NK and improved F-expansion technique'’, extended direct
algebraic scheme!®, MSSE technique!®, new mapping scheme?’, modified extended tanh and NMK techniques®!,
unified method?>?3, exp-expansion and NMK schemes?*, extended tanh expansion technique?®, and so on?*-%°,
The generalized perturbed Korteweg-de Vries (gPKdV) equation is a mathematical model that describes
the evolution of waves in a nonlinear and dispersive medium. The gPKdV equation®® can be written as follows:

Pt+a1PPx+a2waz+a3Px:O- (1)

where P is the wave function, ¢ is the time variable, x is the spatial variable, and a1, a2, and a3 are constants
that characterize the nonlinear, dispersive, and perturbative effects, respectively. The term a1 P P, represents the
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nonlinear interaction in the wave. Nonlinearity often leads to wave steepening, which can cause the formation
of shock waves or solitons. The constant a; determines the strength of this nonlinear effect. The term a2 Pryx
accounts for the dispersion in the medium. Dispersion leads to the spreading of the wave packet over time and
space. The constant a2 controls the degree of dispersion, balancing the nonlinear steepening effect. The term
a3 P, represents a perturbative effect, which could arise from various physical mechanisms such as damping,
external forces, or higher-order corrections. The constant a3 quantifies the magnitude of this perturbation.
The coeflicient of perturbation a3 plays an acute role in articulating the influence of the Coriolis parameter in
the horizontal module. The model in Eq. (1) is employed to illustrate particular events in theoretical physics
associated with quantum mechanics. This model is applicable for representing phenomena such as the formation
of shock waves, solitons, turbulence, boundary layer dynamics, and mass transport, particularly within the areas
of fluid dynamics, aerodynamics, and continuum mechanics*-%.

In Eq. (1), the parameter a3 represents the Coriolis effect, which is the deflection of moving objects like air
and water caused by Earth’s rotation. Equation (1) provides a generalized version of both the geophgsical and
classical KdV equations. The geophysical KAV equation®*-* can be reconstructed by setting a2 = 3, as = +
and a1 = wo. The perturbed-KdV model is commonly used in fields such as acoustics, aerodynamics, and
medical engineering to explain sound propagation in fluids. Various significant characteristics and applications
of the gPKdV equation have been thoroughly discussed in the literature3°-32,

The primary objective of this work is to apply bifurcation theory to examine the critical points and phase
portraits of the gPKdV model, where systems transition to new behaviors, such as changes in stability or the onset
of chaos. To explore ion-acoustic wave solutions and the influence of fractional derivatives, we utilize a direct
approach known as the modified simple equation technique on the M-fractional gPKdV model. Additionally, we
illustrate some complex behaviors of the obtained solutions through three-dimensional, two-dimensional, and
density diagrams, highlighting the impact of the fractional parameter in a two-dimensional diagram. Finally, we
assess the modulation instability of the M-fractional gPKdV model.

The article is arranged as follows: Section two discusses the significance and features of the M-fractional
derivative; Section three explores the working principles of the modified simple equation method; Section four
applies bifurcation theory to Eq. (1) and presents the effect of parameters on equilibrium points and phase
portraits. We execute orbits such as homoclinic, periodic, and heteroclinic, and obtain their corresponding
phenomena, including periodic waves and kink waves. Section five implements the MSE technique to integrate
the M-fractional gPKdV model. Section six discusses the numerical form of the obtained solutions with three-
dimensional diagrams, density plots, and two-dimensional plots. Section seven presents the modulation
instability of the M-fractional gPKdV model. Section eight provides the comparison, advantages, and limitations
of this work and methodology. Finally, Section nine provides a summary of this work.

Fractional derivative

Fractional derivatives are crucial in the study of nonlinear evolution equations (NLEEs) due to their ability to
model complex phenomena with greater accuracy than integer-order derivatives. They provide a more flexible
framework for capturing the memory and hereditary properties inherent in many physical, biological, and
engineering systems. By using fractional derivatives, NLEEs can describe unusual diffusion and wave propagation
in various types of media. This lets us make more accurate predictions and find better solutions. This improved
modeling capability is essential in fields such as viscoelasticity, fluid dynamics, and signal processing. Using
fractional derivatives in NLEEs also makes it easier to come up with new numerical and analytical methods
that help us understand and solve difficult nonlinear problems. The growing interest in fractional calculus
underscores its significance in advancing theoretical and applied research across various scientific disciplines
such as**~42,

Definition and some features of M -fractional derivative
Definition: The mapping ¢ : [0, c0) — 93 and an order , M -fractional operator is described as:

Do — tim (v (7)) — ¢ (1)

e—0 €

,t>0,9 > 0.

Here, ¢ () is Mittag-Leffler function in one parameter clear as*!, and taking belong to (0,1) :

k n
Py (7) = Z Tont 1)

n=0
Features. Let [, m — R, 1 > x > 0. Let R, H be functions. Then.

DY}, IR+ mH) = IDY;%, (R) + mD;", (H) .
DY%, (RH) = RDY;", (H) + HD)}", (R) .
HDX:%(R)—RDX;" (H)

X% (RY _ M, t M,t
DM,t (ﬁ) - H?
D% (t7) = wt™ X, weR

-
g
- & %
Iy
o
y

7 )= RI(H) D%}?@H (¢), for F is differentiable at G.
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D%{’ﬁR (t) = % 4B for F'is differentiable.

Methodology of MSE technique

In this point, the working rule of the MSE technique*>** is useful to solve any nonlinear PDEs problem. The
main advantage of the MSE method is its ability to directly investigate traveling wave solutions for nonlinear
partial differential equations (NLPDEs). This method does not use any auxiliary equation to find the solution
such as an extended direct algebraic scheme!®, MSSE techniquelg, new mapping scheme?’, modified extended
tanh and NMK techniques?!, unified method?*?* and so on. For this purpose, we study nonlinear PDEs in the
succeeding form:

43,44

L (Gt,Gz,Graz,Gtz) = 0. (2)
Using the relation ¢ = E — 0¢; G (z,t) = G () in Eq. (2) then we attain,
L (—@Gg,EQGg, E3GCCCv —@EG(C) =0. (3)

The proposed trial solution is:
S H q
GO =) (pq(H/((g))> ) : (4)
q=0

Here, q is a balanced number that can be calculated using the following formula,

arG NdPG
aer =qg+pand G dév

=Ng+(g+p).

Now we use the proposed trial solution Eq. (4) in Eq. (3), then we get
PH)=Co+CiH () " +CoH () >+ C3H ()2 +---+CoH ()™ If we set the coefficient
Cr=0;k=0,1,2,3,...,n,then we get a system of equations. To get the values of p,, Z,H (¢) , H/ ({) , ©, we
solve the obtained system of equations. Substituting these parameters into Eq. (4) yields the required solutions.

Bifurcation analysis and phase portrait
In this section, we apply the bifurcation theory for analysis of the phase portrait of the time M-fractional
generalized perturbed KdV (tMf-gPKdV) equation. To fully grasp the dynamics of nonlinear wave propagation,
especially in the context of solitons and other wave phenomena, bifurcation analysis of the gPKdV equation is
essential. The gPKdV equation models the evolution of shallow water waves and other physical systems with
dispersive nonlinearity. Bifurcation analysis identifies critical parameter values at which the system undergoes
qualitative changes, such as the creation or destruction of solitons. This analysis reveals how system behavior
transitions between stable and unstable states, offering insights into wave stability and the formation of complex
patterns. Phase portraits, which represent the state space of the system, provide a visual method for studying
the stability and dynamics of solutions. By analyzing fixed points, limit cycles, and the system’s behavior near
bifurcation points, one can predict the system’s long-term behavior. Fluid dynamics, optical fibers, and nonlinear
media widely apply this approach for wave stability analysis and pattern formation.

The time M-fractional generalized perturbed KdV (tMf-gPKdV) equation is considered in the subsequent
arrangement:

D?\/’I”;P+Q1PPI+GQPICL‘I+G’3PCL‘ =0. (5)
Using the relation ¢ = Kx — ew; P (z,t) = P () in Eq. (5) and we attain,

—ePr+ Ka1 PPr + K3asH" + as KPr = 0. (6)

Integrating one time and setting integrating constant to zero.

p2 ,
Kai— + K?a2P" + (a3K —¢) P = 0. 7)
From Eq. (7), we develop as,
d’p —(asK —¢) —Kai .o
— = P P~ 8
dgpz K3as + 2K3as )

According to the bifurcation theory, the Eq. (8) is as,

aP __

i =,
dH __ —(ag,K'—e)P—%P2 (9)
dp K3ag ’
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H? 1 P?  Kai s

Here, L is the Hamiltonian constant.

The charge of L, Eq. (10) generates a phase portrait of Eq. (9). When L varies, numerous types of orbits
emerge in Eq. (10), resulting in diverse dynamical behaviors as explained for Eq. (10). According to bifurcation
theory™, the periodic heteroclinic, and homoclinic orbit are identified by using phase portrait diagram. From
Eq. (9), we attain the point of equilibrium as follows:

b ¢ H=o0,
E { —(azk—op—Epip2 0 (11)
———m—— =0.

a K>ag

From the Eq. (11), we get the Ep = (0,0) and E; = (2(5;(73?1(), 0). The stability of equilibrium points is

checked now. The Jacobian matrix of the linearized Eq. (9) is now shown to be:

0 1
JEg = ( 7(G3K7€)7K;1 Pg ) 5

Kgag

— (a3K — 6) — %PE
K3CL2 ’

D(E) = -

According to the theory of planar, the observations are: if D(E) < 0, then E is the saddle point. If D(E) > 0
and T'(E) = 0, then the point F is the center point. If D(E) = 0, then F is the cusp point.
Therefore, we get.

(a) The point Ep is saddle and E; is the center and when 2Ka; (e —a3K) > 0, and D(E1) > 0,
D(Ey) < 0,T(E1) =0.

(b) The point E; is saddle and Ey is the center and when 2Ka; (e —a3K) <0, and D(E1) > 0,
D(Ey) < 0,T(E1) = 0.

According to the equilibrium point, the values of L are:
Lo =H (Eo) =0,

2 (agK — 6)3

Li=H(E) = _73(1(}11)2[(30,2 .

The behavior of Figure 1, 2, and 3, as follows:
When 2K a; (¢ — azK) > 0, we obtain.

(i) Eq. (1) has the bell-type solitary wave if L. = Lo, and the orbit of the homoclinic is obtained.
(ii) Eq. (1) has the periodic solitary wave if L < Lo, and the orbit of the heteroclinic is obtained.

When 2K a; (e — asK) < 0, we obtain.

(i) Eq. (1) has the bell-type solitary wave if L = Lo, and the orbit of the homoclinic is obtained.
(ii) Eq. (1) has the periodic solitary wave if L < Lo, and the orbit of the heteroclinic is obtained.

When e = as K.
If L = 0, then the Eq. (10) developed as:

1 P?  Kai .
H=2]—— ((c—asK) — — p3 ).
\/K%2 <(€ )5 7% )

When 2K a; (e — azK) > 0, the heteroclinic orbit is obtained in (P, H)-plane from Eq. (10). If we set the
value of H into dP/d¢ = H, then we attain,

_ 3(e—a3K) 2 (1 [(e—a3K)
P (z,t) = ~ Ka sech (2 “iK%ay ® (12)

Figure 4 for the values e =2, K =1,a1 = 1.5,a2 = 1,a3 = —0.2,n = 1.5, and Figure 5 for the values
e=2K=1,a1 =1.5,a2 = —1,a3 = —0.2,n = 1.5.

When 2Ka; (e —asK) < 0, the heteroclinic orbit is obtained in (P, H)-plane from Eq. (10). Then
similar to Eq. (12) we attain, The solitary periodic wave solution is shown in Fig. 6. for parametric values
e=1,K=1a=15,a2=1,a3=2,n=1.5
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Fig. 4. Visualization of the bright bell wave of the solution Eq. (12) for specific parametric values
e=2,K=1,a1 =1.5,a2 =1,a3 = —0.2,n = 1.5.
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Fig. 5. Visualization of dark bell shape wave of the solution Eq. (12) for specific parametric values
e=2,K=1,a1 =15,a2 = —1,a3 = —0.2,n = 1.5.
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Fig. 6. Visualization of the periodic wave of the solution Eq. (13) for specific parametric values
e=1,K=1,a1 =1.5,a2 =1,a3 =2,n=1.5.
3(e —asK 1 €—ask
( as ) 2 ( a3 ) . (13)

P(z,t) = a, sec 5 a,

Application of modified simple equation technique
In this section, we solve the gPKdV model by using the MSE technique analytically. Under specific conditions

on the free parameters, we expressed the obtained solution in terms of trigonometric and hyperbolic function
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forms. The main advantage of the proposed method is to solve all NLEEs directly. To solve the NLEEs, the
MSE method doesn’t use any auxiliary equation or any predefined solutions like as tanh-coth method!, (G7/G)

-expansion technique?, Sardar sub-equation method® and others*™'?, it derives the exact solitary wave solution
directly.
According to the MSE technique the balance number s = 2. So, the solution of the Eq. (7) is:

L (o) L)\
P_50+51< ) >+52( (@) > . (14)

If we use the trial solution in Eq. (14) into Eq. (7), then the algebraic equations are obtained below:

—€Bo + %Ktnﬁg +a3KpBo =0,
Koas (L) ) + Kan (- L0)) o+ sk (L)) — et [ Lwre) ) =0
a21d<p3(’0 alldsoﬁp 0T as 1d90(P €1d8090—»
fffz(ipt m) +1Ka (z az(—L m) ‘5ﬂ+»7f(%¢'(¢))‘> + Ko (2 52 (,—L (v >) (%wm) —3p (%;um) (d‘f‘yﬁum) +2m<%;w <p>)2) m{\m(%ww)).r o,

3 3 2 5
Ka152<£01/1(s0)) By + Kaz <251<£p¢(<ﬁ)> 10ﬁz<;fpw(s0)) (;@M(w)) 0,

4

4
1 of d 3 d
-K — K — =0.
5 Ka1hs <d¢¢(@)> + 6K azf, <d@’¢)(90)) 0
Using the Maple software, we get the following solution sets.

SetOL: K = /550, B0 = —HKr e = —o | T (a1l + 2a362),
P
P(p) = hy + hae” P .

B1
Bie -
_ 2p. 0" Fr (hze /)
Plat)=—2lek=9 _ Bihee % | (15)

Kax B2 (hl + hoe ’32 ) B2 (hl + hgeffi>

—3 T 1)t
Here, 0 = — B”’,ga— \/ 1‘;2‘;2 72162’/572152(“6%4_2“362) %

If a1 S2a2 > 0 then the following forms are derived.
If h1 # hg, then Eq. (15) becomes,

2(asK —¢) f7 hiha
P(x,t)= ———r—+%——
(@,7) Ka; B2 | cosh® (h2 + h2) + 2hiha + sinhd (h2 — h3) (16)
If h1 = hg, then Eq. (15) becomes,
2(asK —¢) f [1 (0)}
=" J_ iz -1 17
P (z,t) Ka. 5 2sech 3 17)
If h1 = +iho, then Eq. (15) becomes,
2(a3K —¢) Bt [ 1 ]
P =2 7 . 18
(z,t) Ka; 52 1 F isinh® (18)
If a?azasfB? + 36€%a3 > 0 then the following forms are derived.
If h1 # hg, then Eq. (15) becomes,
2(a3K —¢) f7 hihz
P(x,t)= ————+ — =
(1) Kai Bs | cost (h2 + h2) + 2h1ha + isind (b2 — h2) (19)
If h1 = hg, then Eq. (15) becomes,
2 (asK —¢€) ,61 [ <0)}
= . 20
P (z,t) Ka. 5 sec| 5 (20)
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If h1 = +iho, then Eq. (15) becomes,

_ 2 (a3K — 6) /31 1
Pxt)=— Kai 52 [1 + smﬂ} @D

— - e
Here, = ﬂw \/?ai?er 7252\/@ 0151 + 2a382 ) n+ AL Ll

Set02: K = —1‘;;‘:2,50 = 0,6 = — g/ P2 (a1 87 + 2a303),
_P1¥
Y(p) = ha + hae™ P2

B 52 (h _Bie\ 2
et i)
P({L’,t) == B1h2e - Bie\ 2 (22)
ﬁ (hl + hse 2 ) ﬁ2 (hl + h26_72)
Here, ¢ = \/ 1‘;22295 - 7\/—1‘;222 (a1fBo + 2a3) M
If BoB2 > 0 and aza1 82 < 0 then the following forms are derived.
If h1 # ha, then Eq. (22) becomes,
Bl hlhz
Pt = B2 | coshf (h2 + h2) + 2h1ha + sinhf (K2 — h2) |~ @3)
If h1 = hg, then Eq. (22) becomes,
3 [ (3)]
P =_2L|z 2. 24
(z,t) 5 2sech 3 (24)
If h1 = *iho, then Eq. (22) becomes,
2 1
Pz,t)=—-2 | ——|. 25
(1) B2 [1:Fz'sz'nh9} (25)

If BoB2 < 0 or aza1B2 > 0 then the following forms are derived.
If h1 # ha, then Eq. (22) becomes,

B fh
P (1) = B2 | cost (h? + h3) + 2h1ha + isinf (h2 — h3) | o

If h1 = hg, then Eq. (22) becomes,

B 0
P (z,t) = 5 [gsec (5)} . (27)
If h1 = +iho, then Eq. (22) becomes,
B 1
Pt = B2 [1 + smﬂ} (28)

Here = %’ Y= \/?Zizx + 721B2 W (Mﬁf + 2asﬁ2) W

2

Set 03: IBO = 0, ﬁ2 = —7125 a2’ /31 = i—?\/Kéaz — K2a3a2,
\/Keaz—K2a3a2

P(p) = b1 + hge” Koz 7

P (z,t) = 12 (Keas — Kazas) hae’ (nae”)” (29)
Tt = KZ2aza, (hi+hae?)  (hy + hae?)? |

v/ Keas—KZ2azas
Here, 0= ALY L

KZag
If Keas — K2asas > 0 then the following forms are derived.
If h1 # ha, Then Eq. (29) becomes,

p,o=Kzx— Lt 7
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12 (Keaz — K2a3a2) hiho

P (z,t) =

If h1 = hg, then Eq. (29) becomes,

12 (Keaz — K2asaz) [1 0
P - = 1.
(@,1) K2aza; {2566}1 (2)}

If h1 = =iho, then Eq. (29) becomes,

12 (Keaz — K?azaz) { 1 ]

P (z,t) = Kasa,

1 F isinh6

If Keaz — K2azaz > 0 then the following forms are derived.
If h1 # hg, then Eq. (29) becomes,

K2asa; [cosh@ (h2 + h2) 4 2h1he + sinhd (h3 — h%)] ’

P (z,t)

_ 12 (KECLQ — K2a3a2) h1h2
o K2a2a1

If h1 = hg, then Eq. (29) becomes,

12 (Keaz — K2a3a2) 1 0
P(z,t) = K2aya bsec (5)} .

If h1 = *iho, then Eq. (29) becomes,

cos0 (h? 4+ h3) + 2h1hs + isind (h? — h%)} '

12 (Keas — K2asa
Py = 2o Kol 1)
K?aza; 1+ sind

Here, § = Y/Ceea K00t ) jeg (Lot

Kasz—e¢) 12K%a 144aze+244/a2aza3B8%+36€2a2
Set 04: By = —2Kas—e) g, _ _12K%ap pr

Kay ! a ! 288aszas ]
() = h1 + hoe®.

T 2
P(x,t) = 76 (28§a2 — €) azaz 4 6912a1a2a3 53 hae® (h2e?)
7 La L? (h1+h2e?)  (hy + hoe?)® |

6912u1B1a2a2 144age4+244/a2aza382+36e2a2 T 1)t
0= —"—F2p,p= La0at 2p — Lt

Here, 2 > 288az a3

If alaza3B? + 36€2a2 > 0 then the following forms are derived.
If h1 # hg, then Eq. (36) becomes,

P . 12 (Keaz — K2a3a2) h1h2
(@,1) = K2aza; coshf (h2 + h2) + 2hiha + sinh (B2 — h2) |~
If h1 = hg, then Eq. (36) becomes,
12 (Keag — K2a3a2) 1 0
P (z,t) = Koaza, {isech (5)} .
If h1 = +iho, then Eq. (36) becomes,
12 (Keas — K2asa
P (a,1) = 22U “)[ 1 ]
K2a0a1 1 F isinh6
If a?azasBi + 36€%a3 > 0 then the following forms are derived.
If h1 # ha, then Eq. (36) becomes,
p ' 12 (Keag — K2a3a2) h1h2
() = K2asa1 cos (h? + h2) + 2h1ha +isind (h? — h3) |

If h1 = hg, then Eq. (36) becomes,

(32)

(33)

(34)

(37)

(38)

(39)

(40)
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12 (KECLQ — K2a3a2) 1 0
_ Leee (V] (41)
P (z,t) Kasa, [2560 (2)}

If h1 = +iho, then Eq. (36) becomes,

Pla.t) = 12 (Keaz — K2a3a2) |: 1 :| (42)
Y= K2asa1 1+ sinf
Here, 6 = 7\/W4p, p=Kzx— eir(”tlﬁa .

Set 05:
__\/6BoB2¢
_1';;[22, €= 1/ _13352 (a1Bo + 2a3) , f1 = V6B0B2, Y(p) = h1 + hae” Pz .

_ /6BoBay 2
_ V6BoB2¢ 650 hge B2

_ Gﬁohge B2
P (z,t) = Bo — NG + a2 (43)
hi+hge 72 (h1 + hoe T P2 >
Here, ¢ = \/—Egmg - 7\/—122/232 (a1Bo + 2as) w
If BoB2 > 0 and aza1 82 < 0 then the following forms are derived.
If h1 # ha, then Eq. (43) becomes,
_ hihs
P (z,8) = Bo =650 [coshe (h2 + h2) + 2h1ha + sinh (h2 — hg)] ‘ (44)
If h1 = hg, then Eq. (43) becomes,
P(m,t)zﬁo—Gﬁo{ sech(g)}. (45)
If hy = %iho, then Eq. (43) becomes,
1
P = Bo — EE—
(2,8) = fo — 65 {1 Iisinh@] (46)
If BoB2 < 0 or azai B2 > 0 then the following forms are derived.
If h1 # hg, then Eq. (43) becomes,
hihs
P(x,t) = po — :
(@,2) = fo — 65 Los@ (h? + h2) + 2h1hs + isind (R — h%)} “7)
If h1 = hg, then Eq. (43) becomes,
0
P (z,t) = 50—650[ sec(2)}. (48)
If h1 = +iho, then Eq. (43) becomes,
1

\/GBon —a1f 1 —a1p T(n+1)t°
Here, 6§ = , Ton® = 51/ T2ag> (@10 + 2a3) ———~—.

Figure analysis

This section provides an in-depth examination of the graphical representation of solutions derived from the
M-fractional generalized perturbed Korteweg-de Vries (gPKdV) equations, focusing on their waveforms
and unique characteristics. The analysis highlights the importance of ion acoustic waves within the gPKdV
framework due to their stability and persistence, making them essential for modeling nonlinear wave phenomena
in environments like shallow water and plasma systems. The gPKdV equation integrates perturbation terms
that account for real-world complexities, including higher-order dispersion and nonlinear effects, allowing it
to model a wide range of wave behaviors. Solitary wave solutions arise from the balance between nonlinearity,
which steepens the wave, and dispersion, which spreads it. This balance leads to stable, localized waveforms that
travel without changing shape. Numerical simulations illustrate diverse wave patterns using 3D density plots
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and 2D representations. These include double periodic waves, interactions between kink and periodic lump
waves, periodic rogue waves, bell-shaped bright and dark waves, singular soliton waves, and V-shaped periodic
rogue waves. Different waveforms serve distinct purposes in modeling physical phenomena. Kink waves, which
describe transitions between states, are crucial for systems with topological structures and phase interfaces. Bell
waves, balancing nonlinearity and dispersion, are useful for studying localized energy transport in optical fibers
and water waves. Periodic waves capture oscillatory behavior and pattern formation, aiding in the study of fluids
and plasmas. Rogue waves, characterized by extreme amplitudes and sudden energy localization, are critical for
understanding rare events in fields like oceanography and nonlinear optics.

The gPKdV equation effectively models nonlinear wave phenomena across diverse systems, enhancing insights
into wave stability, energy transport, and the emergence of complex patterns. This comprehensive approach
reveals the equation’s versatility in capturing the intricate dynamics of nonlinear interactions. The effect of
M-fractional parameters is shown in two-dimensional plots, here the red color is used for ¢ = 0.1; the red color
is used for 0 = 0.5; the red color is used for & = 0.9. Figure 7 represents the double periodic wave of Eq. (19)
for specific parametric values a1 = 0.2,a2 =0.5,a3 =0.2,h1 =2,ho = —0.2,51 =3,2=1,n=1.5
. Figure 8 represents the periodic lump-type wave of the solution Eq. (20) for specific parametric values
a1 =0.2,a3=02,h1 =2,a2 =0.5,he = —2,8; = 3,82 = 1,n = 1.5. The real portion of this solution
provides an interaction of periodic lump wave and kink wave and the imaginary portion characterizes
the episodic lump wave. Figure 9 represents the bell shape wave of Eq. (25) for specific parametric
values hi; =1,a3 =0.1,82 =0.5,a1 =1,h2 = —i,81 =0.5,a2 = —0.1,n = 1.5. The real portion
characterizes a bright bell shape wave and the imaginary portion provides a singular soliton wave. Figure 10
visualizes the wave of the interaction of periodic wave and kink of Eq. (32) for specific parametric values
e=1,a1 =1,a2 = —0.1,a3 = 0.1, h1 = 1,ho = —i, K = 0.5, B2 = 0.5, n = 1.5. Figure 11, Visualizes the
wave of double periodic wave periodic lump type wave interaction of periodic lump wave and kink wave episodic
lump wave bright bell shape wave singular soliton wave interaction of periodic wave and kink wave of Eq. (33) for
specific parametric values e = —1,a; = 1,a2 = 3,a3 = 0.5,h1 =0.5,ho =1, K =0.5,82 = 0.5,n = 1.5.
Figure 12, visualizes the diagram of the V-shape periodic rogue wave of Eq. (41) for specific parametric values
e=3,a1 =3,a2 =0.5,a3 = —3,h1 = 1,ho = 1,81 = 3,n = 1.5. Figure 13, visualizes the diagram of
Eq. (47) for specific parametricvaluesa; = 1h; = 1,a2 = 1,80 = —0.5,a3 = 2,82 = 0.5,n = 1.5, hy = —2
. The real portion provides a linked rogue wave with a dark bell shape and the imaginary part
provides an episodic rogue wave. Figure 14, visualizes the diagram of Eq. (48) for the values
a1 =1,a2=1,a3=2,h1 =1,ha =1,580 =0.5,82 =0.5,n =1.5. The real portion provides the
interaction of periodic wave and kink and the imaginary portion characterizes periodic lump wave.

Modulation instability

Modulation instability (MI)?>~#8 refers to the exponential growth of small perturbations in a continuous wave or
a uniform background, leading to the formation of localized structures or patterns. This phenomenon arises in
nonlinear and dispersive media and plays a crucial role in various physical systems, including optical fibers, fluid
dynamics, and plasma physics. The underlying mechanism of MI involves a balance between nonlinearity and
dispersion (or diffraction), where a small initial disturbance can draw energy from the continuous background.
This process amplifies specific frequencies, causing the system to evolve into localized wave packets or soliton-
like structures. In this section, we investigate the modulation instability of traveling waves for M -fractional
perturbed Korteweg-de Vries. Modulation instability in the gPKdV equations is significant because it describes
the exponential growth of small perturbations in a wave train, leading to the formation of localized, high-
amplitude structures. Nonlinear and dispersive effects drive this instability, which is crucial in generating rogue
waves and other extreme events in fluids, plasmas, and optical systems. By analyzing modulation instability,
researchers can better understand wave-breaking mechanisms, pattern formation, and the transition from
regular wave patterns to chaotic states, enhancing the predictive power and real-world applicability of the
gPKdV model in diverse nonlinear wave phenomena.
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Fig. 7. Periodic wave of the solution Eq. (19).
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Fig. 9. Double bell waves the solution Eq. (25).

Scientific Reports|  (2025) 15:11923 | https://doi.org/10.1038/s41598-024-84941-9 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

¥ F] ¥ X
4001 li soo)| |- i i
| i | 3
! 7004|] I il "
2 300 I - II l n
+ = ' I~ 6001 | [ 4 .-
% i ! 500 [ { ! '
& g | X | I “
[ . 1 b
- 200 - & a00{|| Y i £
o 7/ v/ ) 4 P ll
g o r 4 /! e
o 3004}] -1 .
o [} 4 1 1"
& 100 4 |l 2
-0 200 *
: ] 1
% 1004 {; |
0.
ol
-010  -0.05 0 0.05 0.10 -2 -1 0 1 2
t X
Bo-01.Mo05 =09 Bo-o1.Wo05 o009
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o,n
D]\/’I,tP + G,lPPz + a2Pz:vz + a3Pz =0. (50)

An MI analysis is performed by looking for perturbed solutions of the following form:

P(z,t) =g+ EH (z,t). (51)

Inserting Eq. (51) into Eq. (50), then we get.
EDX/}Z:H + FEai1(9+ EH) Hy + EasHyzw + FasH, = 0.

And linearizing in F,

ED;'V‘;’;H + Fga1Hy + EasHyoo + EasH, = 0. (52)

Let us consider the solution of Eq. (52) as:
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Fig. 12. Linked periodic rogue wave of the solution Eq. (41).
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P (2,1) = O, (53)
. . . . . i(0zte DED 2y
Inserting Eq. (53) into Eq. (52) and divide the entire equation by e x , then we get,
iEBe + iEga10 — iEas0® + iFasf = 0.
This equation defines the dispersion relation:
€= — (ga19 - a203 + a39) . (54)

It is evident from Eq. (54) that the dispersion is stable and that, for negative values of ¢, any superposition of the

solutions will seem to decay. Figure 15 depicts the 3-D and 2-D diagram of the Eq. (54).
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Comparison, advantages and limitations
In this section, we perform both analytical and graphical comparisons between our work and the published
results*2. Additionally, we highlight some advantages and limitations of our applied method.

Comparison with extended Tanh-method

In this subsection, we compare the solutions obtained in our study with those presented in*2, which were derived
using the extended tanh method and the generalized Kudryashov (GK) method. Using these methods, Sayed
Saifullah et al.*® investigated the fractional gPKdV equation and identified eight analytical soliton solutions.
Their work revealed known phenomena, including bright and dark solitons, singular solutions, hyperbolic
traveling wave solutions, and singular periodic solutions under specific parameter conditions. In contrast, our
research employed the modified simple equation method to address the fractional gPKdV equation, yielding
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thirty-four analytical soliton solutions. For selected parameter values, we uncovered phenomena such as double
periodic waves, periodic lump-type waves, interactions between periodic lump and kink waves, bright bell-
shaped waves, singular soliton waves, and V-shaped periodic rogue waves. Our approach proves effective and
straightforward for identifying unique solitary wave solutions, introducing new phenomena for the M-fractional
gPKdV equation.

Advantages and limitation of the MSE technique

The primary advantage of the MSE (Modified Simple Equation) technique lies in its ability to derive soliton
solutions for nonlinear partial differential equations (NLPDEs) in various forms, including hyperbolic,
trigonometric, or exponential functions. Unlike other methods, this technique does not require auxiliary
differential equations or predefined solutions. In contrast, methods such as the NK and improved F-expansion
technique'’, the extended direct algebraic approach'®, the MSSE method!®, the new mapping approach?, the
modified extended tanh and NMK methods?!, the unified approach?*?*, and the exp-expansion and NMK
techniques? rely on predefined auxiliary differential equations and predetermined solutions. Consequently, the
MSE method uniquely allows for the direct resolution of NLPDEs. However, the scope of the MSE approach is
limited; it cannot handle all types of NLPDEs, particularly when the balance number of an NLPDE exceeds two,
making the solution process significantly more complex.

Conclusion

This work applies the modified simple equation (MSE) method to the gPKdV equation with an M-fractional
derivative, elucidating key properties of the M-fractional operator. By using the MSE technique, we explored
ion-acoustic wave solutions in hyperbolic, exponential, and trigonometric forms. These solutions manifested as
double periodic waves, periodic lump-type waves, interactions between periodic lump and kink waves, bright
bell-shaped waves, singular soliton waves, V-shaped periodic rogue waves, and more for specific constraint
values. We further analyzed the system’s dynamic behavior through bifurcation and phase portrait studies.
Additionally, we conducted a detailed modulation instability analysis, confirming the stability of the derived
solutions in Fig. 15. To our knowledge, this approach to fractional nonlinear PDEs is novel. Consequently, our
methods provide valuable tools for generating unique and precise soliton solutions, relevant for applications in
nonlinear science and mathematical physics. In future work, we plan to investigate the chaotic dynamics and
sensitivity analysis of the gPKdV equation and explore the efficacy of various fractional derivatives using a novel
generalized approach.
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