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Space debris around the Earth are becoming an increasing threat for space missions. Their number 
is growing due to the frequent launches of satellites from space agencies and private enterprises. 
This study examines simulated break-up events alongside actual samples of catastrophic events; we 
analyse the generated fragments with the objective of assigning them to clusters and classifying the 
debris based on their dynamical properties. We propose to accomplish these goals by performing 
the analysis using the so-called proper elements, which are quantities obtained by implementing 
perturbation theory to average the equations of motion over the angle variables. Subsequent to this 
filtering procedure, the proper elements enjoy the remarkable property to remain nearly constant 
over time. We find that proper elements are highly suitable for the analysis through machine learning 
methods with the purposes of clustering and classifying the fragments.

The European Space Agency estimates that in the space around the Earth there are more than 54 000 objects of 
size larger than 10 cm and 140 millions of space debris with size between 1 mm and 1 cm1. Although having a 
small size, these objects can be extremely dangerous, due to their high velocity impact2,3. It is therefore of utmost 
importance to classify the debris and identify groups of fragments generated by a break-up event, on the basis of 
the dynamical properties of the fragments.

We contribute to investigate these issues by presenting results with a twofold aim. The first goal (G1) is to devise 
a procedure to identify clusters of debris, generated by satellites that underwent catastrophic events; this task will 
be achieved through unsupervised machine learning techniques. The second goal (G2) consists in classifying the 
fragments by introducing a quantity that allows one to keep track of the debris during their evolution; this task 
will be reached through a supervised classification method. The goals (G1) and (G2) complement each other 
and they both have important practical consequences: we can use the classification to follow each fragment in 
time and then use this information at any time to identify clusters in the orbital elements space; alternatively, we 
can first find clusters of fragments and then evolve backward in time to develop a debris archeology to infer past 
properties of the fragments. We emphasize that these goals enable to reconnect the debris to their source body 
and to keep track of the evolution of the fragments.

We will consider objects between 2000 and 36 000 km of altitude, namely outside the Low-Earth Objects 
(LEO) region, wherein the effect of the atmosphere must be taken into account. Objects situated beyond LEO 
will be described by a conservative dynamical system. Furthermore, objects that are not in close proximity to 
resonances will be considered, specifically those whose frequencies are not (nearly) commensurable with those 
associated to Earth, Moon and Sun.

The methodology proposed in this study relies on the computation of dynamical quantities known as proper 
elements, which are the outcome of a mathematical computation based on the application of perturbation theory 
(see “Supplementary material”). They can be briefly introduced as follows. The dynamics of each fragment is 
characterised by the following set of variables: (a, e, i, ℓ, ω, Ω), where a is the semimajor axis, e the eccentricity, 
i the inclination, ℓ the mean anomaly, ω the argument of perigee, Ω the longitude of the ascending node (and 
similarly for Moon and Sun). The variation in time of such quantities is obtained by integrating the equations 
of motion; outside LEO, these equations include the Keplerian term, the geopotential to account for the non-
spherical form of the Earth (with expansions in spherical harmonics where only the most significant terms are 
retained), the gravitational influence of Moon and Sun (which are treated as third-body perturbations), and 
the Solar radiation pressure (hereafter SRP). The equations of motion including such contributions depend on 
the above sets of variables describing the dynamics of debris, Moon and Sun (see “Supplementary material”). 
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Consequently, the equations of motion depend on angular variables that vary on different time scales: the mean 
motion of the debris and the sidereal time (describing the rotation of the Earth) vary over days, the mean 
anomalies of Moon and Sun vary, respectively, on periods of one month and one year, the arguments of perigee 
and the longitudes of the ascending nodes vary over periods of several years. The dependence on different time 
scales requires the implementation of a dedicated perturbation theory to remove the oscillations in time through 
a hierarchical procedure. According to which averaging is implemented, we obtain three distinct sets of elements. 
The osculating orbital elements, which are measured by astronomical observations or computed integrating the 
complete equations of motion (without any filtering). The other two sets of elements, called mean and proper 
elements, are determined through a two-steps procedure. (1) The mean elements are obtained integrating the 
equations of motion after filtering over the fast variables, precisely after averaging over the mean anomaly and 
the sidereal time. The proper elements are obtained implementing perturbation theory by averaging over all 
angle variables (see, e.g.,4); this step is achieved by determining a transformation of coordinates prescribed by a 
suitable generating function. (2) Mean and proper elements are back-transformed to the original variables, using 
the generating function to determine the inverse transformation of coordinates.

We will make substantial use of the property that proper elements are quasi-integrals of motion, namely 
they are nearly preserved under the evolution, since they have been obtained by removing the dependence on 
the angles. This property enhances the efficacy of proper elements for the dynamical characterisation of the 
fragments, either leading to the debris classification labeled by their proper elements or rather by using the proper 
elements to assign the fragments to clusters. We recall that proper elements were introduced in5 for the study of 
asteroids families and further developed in6–9 (see also references therein); more recently, proper elements for 
space debris have been investigated in10–13 (see also the pioneer work14). To achieve (G1), we rely on a procedure 
based on machine learning clustering methods, that allows one to group fragments after a break-up event (either 
simulated or real) on the basis of the information provided by mean and proper elements. Such procedure 
combines different ingredients: a simulator of break-up events (to get sample cases of collisions or explosions of 
satellites), perturbative methods (to compute the proper elements), measures of probability quantities (to predict 
whether the clustering procedure is reliable and successful), machine learning techniques (to identify clusters 
with similar dynamical properties). To obtain the goal (G2), we implement a supervised classification method, 
employing a small percentage of the data for training. We anticipate that clustering and classification methods 
give very effective results when accomplished through proper elements, due to their nearly-constancy property. 
We emphasize that the proposed procedures are based on a theoretical ground, which ensures robust methods 
to classify the debris and to allocate them in clusters.

Results
Clustering
The identification of clusters of fragments after a break-up event is investigated using two cases: simulated 
samples and a real test case.

Simulated samples
We propose a procedure consisting of several steps which are summarised in the flowchart of Fig. 1, each step 
being described below, together with a representative test case.

Synthetic data are obtained through the program SIMPRO15, which is a simulator of break-up events 
(either explosions or collisions) and a propagator of the orbits of the generated fragments16. The simulation of 
a catastrophic event is based on the model EVOLVE 4.0, developed in17,18. In case of explosions, the input data 
of the simulator are the orbital elements (a, e, i, ℓ, ω, Ω), the maximum size of the generated fragments and the 
type of parent body (e.g., Molniya satellite, Ukranian Tsyklan, Titan Transtage); in case of collisions, the type 
of parent body is different than that for explosions (for example, upper stage or spacecraft) and one needs to 
provide the mass of the parent body, the mass of the impact projectile, and the collision velocity.

Datasets DM  and DP
We consider explosions of two or three satellites (either of the same or different type), generating an overall 
number of fragments varying between 150 and 200. The fragments after the break-up event have different 
velocities, but the same position as the parent body at the time of break-up. For each fragment, we transform 
the Cartesian state vector to the orbital elements, we compute their mean elements, which coincide with the 
osculating elements filtered over small oscillations, and we let them evolve in time (usually up to 20 years).

Considering that in practical situations the elements of the fragments may not be consistently available at all 
times, we construct our test datasets (DM ) so that each fragment is stored at random times. To simulate realistic 
scenarios where the information pertaining to the fragments deteriorates over time, we control the shuffling 
process by specifying the observable times as values of a χ2 distribution with 2 degrees of freedom. Results 
for a test case are described in Fig. 2, which gives a) the initial distribution in (a, e, i) after the break-up of two 
satellites, b) the distribution of the fragments at a controlled shuffled time, representing our dataset DM , with 
different colours to distinguish the two groups and without colours as in c).

Subsequently, for each fragment within DM  we compute the proper elements to construct the set DP . Proper 
elements are obtained through a procedure based on perturbation theory (see “Supplementary material”). In 
short, after averaging over the fast variables, one expands the Hamiltonian around reference values for the 
eccentricity and the inclination. A normal form is implemented on the expanded Hamiltonian to remove, up 
to a given order, the dependence on all angle variables. This is obtained by constructing a canonical change of 
coordinates by using a suitable generating function. The resulting generating function is then used to obtain the 
proper elements by back-transforming to the original variables through the inverse canonical transformation.
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Clustering the fragments
We apply a machine learning technique to reconstruct groups of fragments, based on data from DM  and DP . We 
privilege an unsupervised clustering method that does not need in input the number of clusters. In particular, we 
choose DBSCAN, which is common in many platforms and easy to implement; in19 we also made comparisons 
with other unsupervised and semi-supervised methods, e.g. Kmeans or GaussianMixture. Our goal is to cluster 
fragments by assigning them to different groups, which means to find a map from the features (a, e, i) of each 
fragment to categories, based on the distribution of the dataset in the space of features.

A comparison between the results obtained clustering mean or proper elements for a test case is given in 
Fig. 2 plots d) and e), which show the clusters projected on the (e, i)-plane. The colours serve to differentiate 
the resulting groups: (erroneously) three groups for mean elements and (accurately) two groups for proper 
elements. Given that proper elements are quasi-constants of motion, clustering exhibits enhanced performance 
when utilizing proper elements as opposed to mean elements, as evidenced by the ensuing result. As the dataset 
is simulated, the initial grouping is known a priori; hence, we can define the accuracy as the number of correctly 
classified objects divided by the total number of instances. According to this definition, in the example of Fig. 2 
the accuracy is 0.92 for mean elements and 1 for proper elements (which represents the maximum accuracy).

Clustering along the evolution of mean and proper elements
To leverage the dynamical properties of the proper elements, the evolution of both proper and mean elements 
is computed. For each element in DM  and DP , we determine the evolution over a period of 40 years (20 years 
backward and 20 years forward); this leads to define new datasets {Di

M } and {Di
P } which contain the evolution 

of mean and proper elements, respectively, recorded every 6 months.
It is essential to consider that the evolution of the elements might experience fluctuations. As a consequence, a 

critical information is whether mean and/or proper elements spread in time; this implies that the elements at the 
final time may significantly differ from those at the initial time, and possibly that the elements of all fragments 
do not maintain the same configuration observed initially. To evaluate whether the distribution of fragments 
undergoes temporal modifications, an estimation of the probability density function (PDF) for the inclinations 
is computed, followed by the construction of a smooth histogram utilizing a kernel density estimation method. 
In Fig. 3, panel a) represents the initial distribution of the fragments, while panel b) shows the evolution of mean 
and proper elements over a period of 40 years. For this test case, and for all samples we considered, we noticed 
that the PDFs of the mean elements vary in time, while those of the proper elements are nearly constant as shown 
in Fig. 3, panel c).

As a recommended guideline, to effectively implement the clustering method, it is advisable to apply 
the procedure to cases where the proper elements do not experience significant deviations throughout the 
evolutionary process. Furthermore, clustering methods typically rely on the analysis of the distances among 
the orbital elements (a,  e,  i) of the fragments. The default distance is the Euclidean one; however, for large 
eccentricities, say bigger than 0.1, it is convenient to adopt the following distance among the elements (aj , ej , ij), 
j = 1, 2, of two groups:

Fig. 1.  Flow-chart of the clustering procedure.
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	 D(a1, a2, e1, e2, i1, i2) = [(a1(1 − e1) − a2(1 − e2))2 + (sin i1 − sin i2)2]
1
2 .� (2.1)

The modification induced by the choice of the distance (2.1) while using DBSCAN (or other methods) is significant, 
since (2.1) measures the distances at perigee; as a consequence, the clustering method inherits a dynamical 
information which contributes to improve its performance. We compute the performance of DBSCAN for the 
datasets {Di

M } and {Di
P }; the accuracy obtained clustering the fragments using mean and proper elements is 

given in panel d) of Fig. 3, which shows a remarkable high average value equal to 0.994 for proper elements, and 
a lower average value of 0.63 for mean elements.

Real test case
A real sample case is considered to test our procedure; the data of the fragments are taken from SpaceTrack20. 
These data allow us to compute the initial mean and proper elements, that we propagate up to a final time equal 
to t = 20 years.

Fig. 2.  (a) The distribution in (a, e, i) at the initial time of two groups of fragments generated by the break-up 
of two satellites. (b) The distribution of the same groups choosing each fragment at a controlled shuffled time. 
(c) Same as (b), but without colours. (d) DBSCAN correctly provides two clusters, shown in the projected plane 
(e, i), when using proper elements at shuffled times. (e) DBSCAN erroneously provides three clusters, projected 
in the plane (e, i), when using mean elements at shuffled times.
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We consider the satellites SATCOM 3 (which failed reaching the geosynchronous orbit upon its launch in 
1979) and ATLAS 5 CENTAUR R/B (which was used to deliver the GOES 17 satellite into orbit on 2018).

The available data of the generated debris consist in, respectively, 15 and 134 fragments; their orbital elements 
are located around 28 000 km for the semimajor axis, 0.45 for the eccentricity and between 6 and 14 degrees 
for the inclination. The groups of fragments are shown in panel a) of Fig. 4. Under the evolution, the proper 
elements of the two groups of fragments are nearly constant, while the mean elements experience fluctuations, 
observed over 20 years, which are moderate in eccentricity and larger in inclination (see Fig. 4, panel b)). We 
compute the evolution of mean and proper elements, storing the results at 40 different times with time-step 
equal to 6 months. Panel c) of Fig. 4 shows the PDF in inclination of the fragments of both groups in mean and 
proper elements.

For most of the times, DBSCAN correctly finds 2 clusters when analysing the data corresponding to the 
proper elements. The accuracy in proper elements averaged over all times up to 20 years is about 0.948, which 
provides a better performance with respect to the mean elements whose average accuracy is about equal to 0.731. 
At the onset of the evolutionary process, the precision of clustering based on mean elements surpasses that 
achieved through the use of proper elements, which aligns with expectations in practical scenarios. However, 
the comprehensive results of the procedure indicate a considerable benefit in employing proper elements over 
extended durations, as shown in panel d) of Fig. 4.

The inadequacy of clustering via mean elements is principally attributable to the substantial fluctuations 
observed in the evolution of the mean inclination. As shown in panel c) of Fig. 4, the estimated PDF for the 
inclination changes significantly over 20 years when we analyse the mean elements, while it remains almost 
constant when we consider the proper elements.

Classification of the fragments
In light of multiple, generally two or three, nearby break-up events, this study examines methodologies for the 
classification of the generated fragments. To reproduce a realistic scenario, we assume to know the early structure 
of the break-up events and we seek to classify each newly observed object in the proximity of these catastrophic 
occurrences. We analyze our experiment in two scenarios: (i) using a sample of the data just after the break-up 
to train the classifier and test it for the full dataset at any time; (ii) using a sample of controlled shuffled data 
to train the classifier and test it at any time. We do not focus here on different classification methods or on the 
parameters tuning, but rather on the difference of the results when classifying through mean or proper datasets. 

Fig. 3.  (a) Initial distribution of all fragments in mean elements. (b) Evolution (in lighter colours) of the two 
groups (purple and green) in the mean (light) and proper (darker) colours for a period of 40 years. (c) The 
evolution of the estimated PDF in inclination over 40 years in mean (orange) and proper (blue) elements. (d) 
The evolution of the accuracy of DBSCAN for mean (orange) and proper (blue) elements.
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We define our classifier by using the Support Vector Machine (SVM) method1 and keep the split thresholds fixed 
at 5%( when analysing 2 groups) and 15%( when analysing 3 groups); this choice reproduces a real situation 
in which we might have limited information. We validate the predicted classes with the actual classes known a 
priori, and we define the accuracy as the ratio between the number of correct predictions and the total number 
of predictions.

We present the results of the experiments in Fig. 5, which contains the confusion matrices of the training-
testing process and the evolution in time of the accuracy. We consider two examples composed by 2 and 3 groups 
of fragments.

The mean elements might give better results close to the break-up time; however, the accuracy of their 
prediction decreases with time. Conversely, even using a small amount of data, the proper elements are always 
close to full accuracy, either when training close to break-up time or at shuffled times.

Discussion
The tasks of clustering (goal G1) and classifying (goal G2) fragments produced by an explosion or collision of 
satellites are of critical importance. This is particularly pertinent in light of the increasing number of satellites 
currently in orbit, which consequently elevates the probability of break-up events.

The procedure proposed in this work to cluster and classify space debris relies on the mathematical 
construction of quantities that, at all effects, act as fingerprints of the fragments generated by the catastrophic 
event. The proposed approach is based on the rigorous determination of the proper elements, whose nearly-
invariance over time, as it can be proved by implementing perturbation theory, guarantees a theoretical control 
of the procedure.

The computation of the proper elements leads to identify clusters of fragments formed by homogeneous 
elements that exhibit similar orbital characteristics, in particular in terms of semimajor axis, eccentricity and 
inclination. To identify the clusters, we have used DBSCAN, an unsupervised machine learning method. A 
crucial point for the success of the method is to combine it with information about the dynamics; this task has 

1 We have tested as well other methods (Random Forests, Naive Bayes etc.), but we did not notice big differences with SVM.

Fig. 4.  (a) Initial distribution of the fragments from SATCOM 3 and ATLAS 5 CENTAUR R/B in mean 
elements (a, e, i). (b) Evolution of mean elements (orange) and proper elements (blue) for both groups of 
fragments in the e − i plane. (c) The evolution of the estimated PDF in inclination over 20 years in mean 
(orange) and proper (blue) elements. (d) Accuracy over time of DBSCAN for mean (orange) and proper (blue) 
elements (using the same set of parameters).
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been achieved by replacing the standard (Euclidean) distance by a user-defined quantity that takes into account 
the distance at perigee. Classifying fragments at any time is another important goal when studying space debris. 
Also this task is successfully accomplished using proper elements, even starting from a small fraction of known 
fragments at the break-up time. Both objectives have practical relevance: clustering allows one to separate the 
fragments and to form groups of debris, each one connected to a given parent satellite; classifying assigns the 
fragments to specific groups.

According to the analysis performed on our set of experiments, clustering and classifying through proper 
elements is successful whenever (i) the proper elements do not experience large excursions over time and (ii) 
whenever the initial groups of fragments do not have a strong overlap in terms of the orbital elements, namely 
semimajor axis, eccentricity, and inclination (see also19).

When conditions (i) and/or (ii) are violated, then the procedure might fail, since the elements of the fragments 
are mixed from the break-up time and therefore they can hardly be classified or attributed to different clusters. 
This is an inevitable consequence of the fact that the failure of condition (i) implies that the proper elements 
are not signatures of the dynamics, so that their use might not be a big improvement with respect to the mean 

Fig. 5.  (a) Analysis of 2 groups: training the classifier close to break-up and (b) at shuffled times. (c) Analysis 
of 3 groups: training the classifier close to break-up and (d) at shuffled times. The panels provide the confusion 
matrices at the training time and the evolution of the accuracy recorded every 6 months up to 20 years for (a), 
(b) and up to 30 years for (c), (d).
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elements; on the other hand, the failure of condition (ii) implies that the parent satellites are indistinguishable in 
terms of orbital elements; hence, they generate too many nearby fragments to allow for their separation, just on 
the basis of their dynamical characteristics.

The potentiality of the described procedures for clustering and classifying space debris extends well beyond 
the cases analysed in the current work, where we investigated regions which are governed by a conservative 
dynamical system and with initial conditions far from resonances. To have a more comprehensive overview, two 
main lines of research will be further addressed. On one side, we intend to proceed to analyse fragments that 
orbit close to resonances21, either tesseral resonances (hence, with frequency commensurable with the Earth’s 
rotational period) or lunisolar resonances (with frequency commensurable with the rates of variation of the 
angles describing the geometry of the orbits of Moon and Sun). This goal requires the implementation of a 
resonant normal form for the computation of the proper elements. If successful, it could give information on 
clustering debris generated by resonant objects, like Geostationary and GPS satellites. On the other side, we 
intend to investigate the behaviour of the quasi-integrals for satellites orbiting in LEO, namely in the region 
where the dynamics is affected by the atmospheric drag; this region is characterised by a constant economic 
growth, due to the large number of satellites placed in LEO orbits by space agencies, academies, and commercial 
providers. The exploitation of proper elements in LEO requires a dedicated development of a normal form, 
which includes a dissipative effect22. These extensions exhibit significant potential and possess practical utility, 
attributable to the substantial number of satellites positioned in resonant orbits or operating at low altitudes.

Data availability
Data and relevant programs are available on GitHub at

​h​t​t​p​s​:​​/​/​g​i​t​h​​u​b​.​c​o​m​​/​V​T​u​d​o​​r​9​5​/​c​​l​u​s​t​e​r​​i​n​g​_​c​l​​a​s​s​i​f​y​​i​n​g​_​s​p​a​c​e​_​d​e​b​r​i​s.
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