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Sampled-data stabilization of
delayed Boolean control networks
with state inequality constraints

Xiangshan Kong?, Enguo Gu?, Xinyun Liu?, Yalu Li? & Guanpeng Wang**

This paper studies the set stabilization of delayed Boolean control networks (DBCNs) with state
inequality constraints via time-variant nonuniform sampled-data control. State inequality constraints
are introduced into DBCNSs. Firstly, the equivalent algebraic forms of DBCNs and the solution set of
state inequality constraints are constructed via the algebraic state space representation approach,
based on which an inequality constrained controllability matrix is constructed. Then, by the inequality
constrained controllability matrix, new criteria are proposed for the nonuniform sampled-data
inequality constrained reachability of DBCNs. Finally, a time-variant nonuniform sampled-data
stabilizers are designed for DBCNs by utilizing the nonuniform sampled-data inequality constrained
reachability. The effectiveness of the obtained results is verified through the cell apoptosis network.

Keywords Delayed Boolean control networks, State inequality constraints, Stabilization, Nonuniform
sampled-data control, Algebraic state space representation

Boolean networks (BNs) are a special kind of nonlinear systems with logical operations'. The model of BNs was
established by Kauffman to study gene regulatory networks (GRNs)?. Furthermore, BNs with inputs are referred
to Boolean control networks (BCNs), which is a correct method to describe the dynamics of GRNs*. For some
basic theory and applications of BNs, please refer to>°. However, due to the lack of mathematical methods for
handling logical processes, it becomes very inconvenient to study the control issues of BNs’.

Recently, a new matrix product, called semi-tensor product of matrices, has provided great convenience for
the study of BNs®. Based on the characteristics of matrix product, an algebraic state space representation (ASSR)
framework has been constructed for the research of BNs. Therefore, researchers can use the ASSR to investigate
BNs through the traditional control theory®. In the past twenty years, many excellent results have been achieved
for BNs via the ASSR framework!%!!. Observability and controllability for BNs were investigated in'>!3. Stability
and stabilization of BCNs were investigated in'4-1°.

Control design is always a core issue in control theory!'”!8. Recently, many control design methods have
been introduced to address the control problems of BCNs through the ASSR'. Furthermore, how to design
appropriate control techniques to reduce control costs is an important topic in modern control theory. As we
all know, sampled-data control (SDC) is an effective technique, which reduces the update frequency of the
controller and significantly reduces the computational burden?*?!. In?2, a self-triggered implementation of
the proposed event-triggered sampling scheme was presented. Based on the ASSR framework, SDC method is
introduced into the control of BCNs!*?3, and some basic results are proposed for the sampled-data stabilization
and controllability of BCNs??. There are two types of SDC: uniform SDC and nonuniform SDC (NSDC). Since
the sampling length of NSDC is time-varying, it can more effectively utilize information resources than uniform
SDC?, which also makes the controller design more challenging.

In GRNs, time delay is generally used to represent slow biochemical reactions. In addition, external
environmental factors, such as nutrient concentration and temperature may also lead to time delays in GRNs.
For example, the coupled oscillatory biochemical network in cell cycle is simplified as the delayed BN?7:

Cl(t-i-l):—‘ C1(t—2)/\02(t—1) R (1)
02(t+ 1) = C1(t — 1) /\Cg(t— 2) s

where C1(t) and C2(t) represent the state of two cells at time ¢, and time delays are caused by the delayed

translocation between cells. In the past ten or more years, delayed BNs have attracted the research interest
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of many scholars. Delayed BNs were firstly investigated through the ASSR in®. Subsequently, delayed BCNs
(DBCN) were also well investigated in some works!>?8. In?’, fault detectability of asynchronous DBCNs with
sampled-data control was investigated.

As is well known, constraints play a very important role in nonlinear systems®’. In GRNs, it is necessary
to impose constraints on certain gene states that may lead to diseases and treatment options that may lead to
serious complications“. For example, in WNT5A gene networks, states of the WNT5A=1 are undesirable as
they accelerate the opportunity for transfer’. State inequality constraints, as an important form of constraints,
often appear in the control logic design of dynamic systems™. They are usually physical constraints of the system
and have wide practical applications®!. For example, in a semi-batch reactor, due to the volume constraint of
the reactor, only a limited amount of substrate can be fed. Similarly, for safety reasons, one may not want the
reactor to operate above a certain maximum temperature. In a feed batch bioreactor, there may be constraints on
cell mass concentration (beyond which oxygen transfer is restricted) or substrate concentration (beyond which
unexpected side reactions may occur). However, there are no relevant results on the investigation of DBCNs
with state inequality constraints via NSDC.

In this paper, based on the ASSR framework, we analyze the inequality constrained set reachability and
inequality constrained set stabilization of DBCNs with state inequality constraints via NSDC. The main
contributions can be summarized in two aspects: (i) State inequality constraints are introduced into DBCNS,
and an inequality constrained controllability matrix is constructed for studying the inequality constrained set
stabilization of DBCNS. (ii) NSDC provides us with more control schemes to achieve control objectives and
reduce control costs. The traditional control and uniform SDC can be considered as a special case of NSDC.

The remainder of this paper is organized as follows: Section “Problem formulation” presents the equivalent
system of DBCNs with state inequality constraints through the ASSR framework. The inequality constrained
controllability matrix and nonuniform sampled-data inequality constrained reachability are considered in
section “Inequality constrained set reachability”. The time-variant state feedback inequality constrained set
stabilization of DBCNs is studied in section “Inequality constrained set stabilization”. Section “Illustrative
example” and section “Conclusions” provide an illustrative example and a brief summary, respectively.

Notations: R, Z, N and Z represent the set of real numbers, integers, nonnegative integers and positive

integers, respectively. Os := (0,---,0)". 15 := (1,---,1) 7. Is denotes the s-order identity matrix. (A)s,m
—— ——

s

denotes the (s, m)-th element of matrix A. Col;(A) denotes the i-th column of matrix A. 2 := {0, 1},

D" =D X - X D. A := {6; :1=1,---,s}, where 5= Col;i(Is). Asxm is called a (s, m) logical matrix,
—_—

if Coli(Asxm) € Ag,i =1, ,m. Lsxm denotes the set of s x m logical matrices. Wis,m and M, , are

swap matrix and power-reducing matrix, respectively®. [a,b)|z = {a, -+ ,b—1} CZ, a,b € Z,a < b. |¢]

represents the maximum integer not greater than c. Denote a1 /\a2 = min{a1, az}. In this paper, the default

matrix product is semi-tensor product (x)%.

Problem formulation
Consider the following DBCN:

1‘1(t+1) = :‘il(X(t_§+]-)7 aX(t)vU(t))7

: 2)
Tn(t+1) = wn(X(E—c+1),--, X (1), U(1)),
where ¢ € Z is the time delay, X (¢) := (x1(¢), -+ ,zn(?)) € 2",i = —¢+1,---,0,1,- - denote the state,
here U(t) := (vi(t), -+ ,vm(t)) € 2™ denotes the control input, and x; : 2™ — P, i =1,--- ,n are
Boolean functions. Assume that Yy := (X (—¢ +1),--- , X(0)) € 2" denotes the initial state trajectory.
Furthermore, consider state inequality constraints for binary variables z;(i) € 2,5 =1,--- ,n:
where f : 2™ — R is the inequality constrained function, and a, b € R are inequality constrained boundaries.
For DBCN (2), we assume that f(z1(¢), -+ ,2zn (7)) satisfies the following linear form:
flea(@), - ma(@) = (2°,2%, -, 2" ) (@1(0), -+, 2a(d) 4)

It is worth pointing out that all possible states in 2™ correspond one-to-one to indicator set [0, 2")|z, and some
other types of inequalities (nonlinear) can be transformed into linear constraint forms of (4) through column
expansion®’,

Example 1 Consider the cell apoptosis network>®

TAP(t + 1) = ~C3a(t) ATNF(t),
C3a(t+ 1) =-IAP(t) A C8a(t), (5)
C8a(t+1) = C3a(t) VTNFE(t),
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where IAP, C3a, and C8a represent concentration levels (low or high) of apoptosis inhibitor protein, active
cystatin 3, and active cystatin8, respectively; the concentration level of tumor necrosis factor (TNF) is considered
as a control input. The network graph of (5) is shown in Fig. 1.

Set z1(t) = TAP(t), z2(t) = C3a(t), z3(t) = C8al(t), v(t) = TNF(t), and

FX@) = (2%,2",28)(X (1) T = 2%21 () + 2 @2 (t) + 2%23(t).

From 2° = {(0,0,0),(1,0,0),(0,1,0),( 1, 1, 0), (0, 0, 1), (1, o0, 1), o, 1, 1),
(1,1,1)}, the corresponding indicator can be obtained as f(0,0,0) =0, f(1,0,0) =1,
f(0,1,0) =2, f(1,1,0) = 3, f(0,0,1) = 4, f(1,0,1) = 5, f(0,1,1) = 6, f(1,1,1) = 7.

In practice, the concentration ratio of IAP, C3a, and C8a can only be effective within an indicator range, so only
the data within the range needs to be considered. For example, the indicator range requires 2 < f(X(t)) < 5,
then the corresponding solution set is C, = {(0, 1,0), (1, 1,0), (0,0, 1), (1,0, 1)}, that is, the states of system
(5) are constrained to C,.

Firstly, we give the definitions of NSDC and nonuniform sampled-data inequality constrained set
stabilization®.

Definition 1 Given a set of sampling points {¢5, : h € N} with to = 0. {U(¢) : t € N} C 2™ is said to be an
NSDC, if

U(t) =U(tn),t € [th, thr1)|z, ther — th = Th, (6)

where the interval length 7, € Z between sampling points are time-variant.
Especially, when 7, = 7 holds for any h € N, the definition of uniform SDC can be given, where 7 € Z is
called the sampling period™.

Definition 2 Let a state inequality constraint (3) and a nonempty state set & that satisfies (3) be given. DBCN
(2) is said to be nonuniform sampled-data inequality constrained set stabilizable to &, if for any Yy that satisfies
(3), there exist a time-variant state feedback NSDC

vi(t) = gi(tn, X(th — <+ 1), , X(tn)),t € [t tht1)lz 7)

withg; : {tn : h € N} x 9™ — 2, i =1,--- , m being time-variant logical functions, and a positive integer
Tsuch that X (¢t) € &,V t>T,anda < f(X(t)) <bVit>1.
Secondly, based on the ASSR®, we provide the equivalent algebraic form of DBCN (2).

Identifying 1~43, 0~d3.  Setting a(t) = XI_12;(t) € Agn,  v(t) = x7qv;(t) € Agm,
y(t) = Xi—y_.412(i) € Agns, we can convert DBCN (2) into the algebraic form

z1(t+1) = Kiv(t)y(?),

: (8)
zo(t+1) = Kpv(t)y(t),
where K; € %y onct+m is the structural matrix of ks, ¢ = 1, - - - , n. Multiplying the n equations in (8), we can
obtain the following form of (8):
z(t+1) = Kv(t)y(), )
where K € Zon yonc+m satisfies Col; (K) = xI—,Col;(K;),j = 1,--- ,2™ "™ For detailed instructions on

how to use the ASSR to represent logical functions, please refer to®.
In addition, from (4) and the construction of z(t) = Xj—;x(t) € A2n, we can easily obtain the following
result.

Proposition 1 If f(p1, - ,pn) =D, (P1, -+ ,Pn) € D", then 55:{1 = 55"“ Moo X 651“ € Agn holds.

Fig. 1. Network of the cell apoptosis network (5).
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Based on Proposition 1, we present the following algorithm to determine the solution set for the state inequality
constraint (3).

Input: a,b

Output: C,

1: C. <0

2:foralla<s<bdo

3: Decompose &' as 85! = & x - x 831
4: Gy G UK, 8,7}

5: end for

Algorithm 1. Construction of the solution set for the state inequality constraint (3).

Similar to DBCN (2), we can convert the NSDC (7) into the algebraic form:

v(t) = G(tr)y(tn), t € [tn,tht1)lz, (10)

where G(t,) € Zamxans is referred to as the time-variant state feedback sampled-data gain matrix.
In order to unify the dimensions of states in system (9), we convert system (9) into the augmented form

y(t+1) = xity ,2(i)
1271, ® IQ"L) ( ).Z‘(t + 1)

(
=(13n @ Ion)y(t) Kv(t)y(t)
. 2 an
:(12n X IQTL)(IQ’H-C &® K)ngyznc]v(t)’y (t)
:(1;1 % Ign)(fgng %) K)ngygnc] (IQm [ MT727L§)'U(t)y(t)
=Kov(t)y(t),
where? (12n X Izn ]2n< (% 277:. ,2n¢] (]Qm ® M, an) S $2n<><2n<+m.
Assume Cp = {050, , 050} C A2" where 11 < -+ < 1g. Correspondingly, the states of (11) are
constrained to
Cy:{y: xg:lx ‘T GC } _{62n§7"' 7657?:}7 (12)
where p1 < - -+ < pgs. For the nonempty set & C C in Definition 2, we denote
b ={y=xi_a' 2’ € &} CC,. (13)

Finally, we study the relation between nonuniform sampled-data inequality constrained set stabilizable to & of
DBCN (2) and nonuniform sampled-data inequality constrained set stabilizable to &% of system (11). Before this,
we first provide the definition of nonuniform sampled-data inequality constrained set stabilizable to & for (11).

Definition 3 For the nonempty set & C Cy, system (11) is said to be nonuniform sampled-data inequali-
ty constralned set stablhzable to £’e, if V yo € Cy, there exist an NSDC (10) and an integer T > 0 such that
()Eé"e,Vt>T andy(t) € Cy,V t > 0.

Then, we have the following result.

Proposition 2 DBCN (2) is nonuniform sampled-data inequality constrained set stabilizable to &, if and only if
system (11) is nonuniform sampled-data inequality constrained set stabilizable to &.

Proof (Necessity) From Definition 2, for any Yo = ?_,gHUC( ) € Cy, there exist a time-variant state feedback
NSDC sequence and a positive integer T such that z(t) € &, V t > T,andz(t) € Cz, V ¢t > 1, which implies
y(t) = Xty cp12(i) € &y Y2 T+ — Landy(t) = Xiey_412(i) € Cy, V t > 1. From Definition 3,

system (11) is nonuniform sampled-data inequality constrained set stabilizable to é..

(Sufficiency) From Deﬁmtlon 3, for any yo € Cy, there exist a time-variant state feedback NSDC sequence
and a positive integer T such that y(t) € é’e, Vit>T,andy(t) € Cpo ¥V t > 1. From the construction of &,
and the unique factorization of y(t) = x‘_,_. ,2(i), we have z(t) € &,V t > T, and z(t) € Cp, VE> 1.
From Definition 2, DBCN (2) is nonuniform sampled-data inequality constrained set stabilizable to &. ]
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Inequality constrained set reachability
In this section, by constructing an inequality constrained controllability matrix, we investigate the nonuniform
sampled-data inequality constrained set reachability of the augmented system (11).

Firstly, we give the concept of nonuniform sampled-data inequality constrained set reachability of system

(11).

Definition 4 Given a nonempty set (ga:i C Cy and an initial state yo € C}. c:(’:i is called nonuniform sampled-da-
ta inequality constrained set reachable from yo at sampling point ¢, under NSDC, if one can find an NSDC
sequence {U(O),v(l), sty — 1)} C Agm such thaty(tr) € Saandy(t) € Cy, V1 <t < tp.

Secondly, we construct the inequality constrained controllability matrix.
For system (11), split K into 2™ equal blocks as

K = [Blk(K) -+ Blkym(K)). (14)

'Then, Blk;(K) corresponds to the control §4m,i = 1 s 52" Inorder to reduce the computational complexity
caused by state inequality constraints, define 5 € R*" *%"" with

. — (‘%"‘)Ta ie{#h"' 7/“5‘}7
Rowi(E) = { Ogne, otherwise. (15)

Let

Blki(K) = E(Blki(K))E" i =1,--- 2™ (16)

o~

Intuitively, Blk;(K) is obtained from Blk;(K) by substituting zeros in the corresponding rows and columns

with indices {1,---,2"}\ {p1, -+, ups}. Then, the inequality constrained controllability matrix is
constructed as follows:
gm o
Q=Y (Blki(K)) , (17)
=1

where 7, = the+1 — th, h € N.
Finally, we present a criterion for the nonuniform sampled-data inequality constrained set reachability by
(17).

Theorem 1 Given a nonempty set & C Cy and an initial state y(0) = 645, € Cy. &y is nonuniform sampled-da-
ta inequality constrained set reachable from y(0) at sampling point t, under NSDC, if and only if

Z (Qrey - Qo) g > 1. -

Proof (Necessity) Assuming that &y is inequality constrained set reachable from y(0) = 659 at t; under
NSDC, we prove (18) by induction.

For }, — 1, from Definition 4, there exist v(0) = 050, - -+ ,v(t; — 1) = §5% and y(t1) = Syni € &y such
- =y TO =\ T
that §aii = (szgn (K)) 846, and y(t) € Cy, ¥ 1 < t < t1. Thus, ((BmEo (K)) ) — 1, which
11, Ho
shows that b
2m N N
Z (QTU)Hlivl’«{J 2 (Z (Blkj(K)) O) 2 ((Blkﬁo(K))TO) =1, (19)
i — 11, Mo 11, Ho
Sont€E4 J

that is, (18) holds for A = 1.
Assume that (18) holds for some 4, = )\ > 1, thatis

Z (Q"'A—l "'QTO)#Ai7H9 > L

IV
Syl €8y

(20)

Then, there exist v(t) ?::01 =050, 7v(t)|§;;171 = 65%_1 and y(ty) = 5532 € &, such that
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((BlkgH(F))“—l (szgo(F))”’) —1 (1)
B3, Mo
where v(t )|th+1 ! = 65k denotes an NSDC sequence {v(tn) = 05k, -+, v(thi1 — 1) = 855} C Agm,
heN.

We prove that (18) holds for h=X+4+1. By (21) and Deﬁnit}pg/ 4, there exist
v(t)|iL tol =65, -, v(t) i*;}l = (5%{1 v(t) ?fi t= = 05% and y(tas1) = dpna ™7 € &4 such that
the trajectory from 857, to 627§§+1>1 can be decomposed to the trajectory from §5%. to

y(tr) = ((BUQH(F))TH -+ (Blkg, (F))”’)ég‘& = Gyt € C, (22)

M5 HoaTD),
at sampling point ¢ and the trajectory from d,,¢ to 52752“)1 in 7 steps. Then, from (19) and (22), we have

((Bu% (?))”) =1 and ((Blkg)\_l (K))™" - (Blke, (F))T°> =1,
PoFD, P B3, ohe
which show that
2’7’L§
Z (QUQU\71 ' QTO)/"'()\+1) e = Z(QU) (ﬁ)i’j (Q7>ﬁ1 e Qfo)j,ue
I =
2T(L§+1)Le(@ Jj=1
> ((Bu% (?))”) ((Bu%_l(?))fH (szgo(?))ﬂ =1.
HEFD Frarke
Thus, (18) holds for h = X 4 1. By induction, the necessity is proved.
(Sufficiency) Assume that (18) holds, that is,
om gm R
Z (QTh—l'“QTO)I—Lh,i»#O = Z (Z(Blk (K)) " 1Z(B”€J(K)) 0) > 1.
7 ~ : - Hhy skl
5ynd €84 Syniedy I =t e
tp—1 3 oy 2
Then, there exist v(¢)|L tol =852, (t)ihy, |, = 0am " and y(tn) = 8ynd € &g such that
((Btke, ., ()™ (Blke, ())") = 1.
)

h;

" =\ =
Thus, y(tn) = 52:2 = ((Blkgh_l(K)) h=1 .. (Blkﬁo(K)) >6u¢9S c éad

Finally, we prove y(t) € Cy, V 1 <t < ¢, by reduction to absurdity. In fact, if there exists 1 < ¢’ < tp
satisfying y(t') ¢ Cy, then by (16), y(¢) = Ozns forany ¢’ < ¢ < tp, which is a contradiction to y(ts) € &;.
Thus, from Definition 4, &} is inequality constrained set reachable from y(0) at ¢, under NSDC. O

Example 2 Consider DBCN (2) with equlvalent algebraic form (11), where ¢ =1, Cz = Ays, and
K=063[1783457636324678]. Assume & = {633, y(0) = ds.

(i) Suppose T, =1,V heN. According to Theorem 1, & s inequality constrained set
reachable from &3 at time t=17 under the traditional state feedback control sequence
{U(O):(sga ( )_523 ( )_627 ( )_627 ( )_627 ( )_62a ( )_62}

(ii) Suppose 7, =T = 2,V h € N, where 7 = 2 is the sampling period. According to Theorem 1, &y is un-
reachable from &3 under any state feedback uniform SDC sequence; N

(iii) Suppose 79 =2,71 =4,72 =1,73 =2,---. According to Theorem 1, &; is inequality con-
strained set reachable from 58 at sam;l)hng onmt t4 under the state feedback NSDC sequence
{'U( ) 7131:7501 _627 ( ):2:1611 762, ( )t :2 _627 ( ):4t31 752}

Remark 1 Traditional state feedback control'® and state feedback uniform SDC*” can be viewed as a special case
of NSDC. NSDC can provide us with more control schemes to achieve control objectives and reduce control
costs (see Fig. 2).

Inequality constrained set stabilization
Based on the inequality constrained set reachability, we investigate the nonuniform sampled-data inequality
constrained set stabilization.
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Fig. 2. State trajectories in (i) and (iii).

Firstly, we introduce the concept of the largest nonuniform sampled-data inequality constrained invariant
subset.

Definition 5 A nonempty subset &’ C C|, is referred to as a nonuniform sampled-data inequality constrained
invariant subset, if for any y(0) € &, one can find a state feedback NSDC v(to) € Agm such that y(t) € &
holds for any ¢t < 7,7 = max{r,,h € N}.

From Definition 5, the union of inequality constrained invariant subsets is still an inequality constrained
invariant subset.

Definition 6 Given a nonempty set & C Cy, I(&) is said to be the largest nonuniform sampled-data inequality
constrained invariant subset of &, if I(&") is the union of all nonuniform sampled-data inequality constrained

invariant subsets contained in &.

From Definition 6, the construction method of the largest nonuniform sampled-data inequality constrained
invariant subset I (&) is given as fellow:

(i) SetTo:={u: dbn. € &}
(ii) Set ;.= {,u € I'j_1: there exists an integer

0< <27, such that/\_ (Coer, , (Blke, (K))'), ) =1}, 5 €24

(iii) Find the smallest positive integer ¢ < |&| such that 'y = T'gy1;
(iv) I(&) = {85ne : p € Tg}.

Secondly, given x € Z, we define the nonuniform sampled-data inequality constrained reachable sets as
E. _, (I((?e)) = {ng € O : there exists an integer 1 < &,

< 2" such that ((Blkga(%))”"l)l :1},
x5O

g ~
shxien(8e)

and
Er otr (1(62))
= {5§‘n,< € Cy : there exists an integerl < &,

< 2™ such that Z ((Blkéa (%))TXJ)H( Do 1}'
x—1)i>

Ky —1): ~
Spk Vier, | (1(8)

Keeping this procedure going, we define
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Eox—1_ ( (;“’;)) = {SE‘M € Cy : there exists an integerl < &,

i=0 T

< 2™, such that > ((Blke, (K)™) = 1}.

B,
5%

62ns cE sx—1_ (I(&e))
i=1 "1

Thus, by the construction process of the largest nonuniform sampled-data inequality constrained invariant

subset, if I (& ) # 0, 05m € Egx (I(é’A)) then 05nc € Fxa - (I((;”’;)),V g > x — 1. Hence, we have the
T i=

following result on the 1nequahty constramed reachable sets.

Proposition 3 IfI((g’Ae) # 0, then Egx—1_ (I(;‘o;)) CEex o (I(;“’;)) holds for any x € Z.
i=0 i=

i

Finally, based on the inequality constrained reachable sets, we provide the result on the inequality constrained
set stabilization.

Theorem 2 System (11) is nonuniform sampled-data inequality constrained set stabilizable to &, under a time-var-
iant state feedback NSDC (10), if and only if

M) I(&)#0;
(ii) there exists an integer 1 < x < 8° such that Eg.x—1_ (I(&)) = Cy.
1=0

Proof (Necessity) Obviously, from Definition 3, (i) holds. Now, we prove (ii).
From Definition 3, there exist an integer 7" > 0 and a time-variant state feedback NSDC such that
y(t) € I(6),V t > T, ¥ y(0) € C,. (23)

Take T to represent the smallest integer T > 0 that satisfies (23). By reduction to absurdity, we prove T’ < 3°7. If
T > 37, wehavey(tn) ¢ I(&.),h =0,--- , 3°. However, since system (11) with the state inequality constraint
has at most 3° different states, there exist different hi,he € {0,1,---, 3%} such that y(tn, ) = y(tn,). Hence,
under the NSDC, starting from ¢’ (0) = y(¢, ), the state trajectory forms a cycle, which contradicts the fact that
system (11) is inequality constrained set stabilizable to &, under the NSDC.

Setting x = |T/7] + 1 < 8°, we have Ex~x 1 . (I(ée)) = Cy. Thus, (ii) holds.

(Sufficiency) Assume that (i) and (i) hold. Fiozroeach y(0) = d5ns € Egx—1_(I (;“’;)) = Cy, there exists an
i=0 TP

integer 0 < £ < 2™ such that Fyx (I (()2 )) is inequality constrained set reachable from d5nc in 7o steps
Tl

under the NSDC v(to) = 555’2 Set G(to) = Gam [0 - 7i%.], where
to {§a} ifi=« SOU= b1, UGS,
€ { {1,---,2™}, OtherW1se (24)

Under the NSDC v(to) = G(t0)y(0), let

Try ((0)) = {(t0)[y(tr) = Ro(to) *y(0) € Cyy(0) € Bywr_ (8}
al 1 R 1=0
— {52,;,... 5o } C Bger (I8),
For each d,1s € T, (y(0)), j =1, , 01, there exists an integer 1 < &, 1 < 2™ such that sz—l (I(é”e))

is inequality constrained set reachable from y(t1) = 62n< in 71 steps under the NSDC v(t1) = 62m Set

G(tl) = (52777, [’r]il . n;}ﬂ(]) where

op s 1 .
t1 {§a1}7 le:ajv.]Zlv"'agla
;€ J 25
i { {1,{~~ ,2™}, otherwise. 25)

Under the NSDC v(t1) = G(t1)y(t1), let
Trrimn @0) = {y(t2)[(t2) = (Ro(t2)) (1) € Oy (i) € T (4(0)) )

o2 a2 ~
— {524§,... soe2 } C Egr (I(8))).

i=2 't
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Keeping this procedure going, we have G (t;) = dam [1}* -+ nbic], i =0,--+, x — 1. Under the NSDC
v(tx-1) = Gltx-1)y(tx-1),

let
T, O) = {500 [5() = Ro(ty-1)) (1) € Corylir) € Tgoa, (O } € (&),

From (i) and the largest nonuniform sampled-data inequality constrained invariant subset, for each dgns € I (é‘J )
there exists an integer 0 < £, < 2™ such that y(t) = (K65%)" " 65uc € I(E.),¥ th <t < tny1,V h > x.

Set G(tn) = Gam[ny* -+ my¥e], where
X ¢ { {§&}7 ifi=a, (26)

t
i {1,---,2™}, otherwise.
For each y(tn) € 1(32), under the NSDC  v(tp) = dam[ny* - nysc]y(tn), we have
y(t) S I(éoe),\v/ th S t S th+17 h 2 X-
Thus, we obtain the time-variant state feedback NSDC as follows:

'7X715

v(t)—G(th>y<th)—{ Sl - mghly(tn). b @7)

=0
Sam [ -+ myiely(tn), h > x.

t G/\[th, th+1)|z, under which system (11) is nonuniform sampled-data inequality constrained set stabilizable
to &.. 0

Corollary 1 For & C C, given in Definition 2, DBCN (2) is nonuniform sampled-data inequality constrained set
stabilizable to & by a time-variant state feedback NSDC (7), if and only if (i) and (ii) of Theorem 2 hold.

Remark 2 The state constraints in BNs are generally directly given a state constraint set, while state inequality
constraints require solving the state constraint set based on the constraints satisfied by the state. Meanwhile, this
paper provides a method for determining the state constraint set based on the state inequality constraints. This
provides technical support for studying the stabilization problem of BNs under different constraint conditions.

Illustrative example
Example 3 Consider the apoptosis network (5):

{ z1(t+1) = —z2(t — 1) Aov(e),
Jiz(t—l—l)I—‘CE1(t—1)/\.T3(t—1), (28)
x3(t+1) = z2(t — 1) Vo(t),

with the state time delay ¢ = 2 and the state inequality constraint
2 < 2% (i) + 2'22(4) + 2%23(i) <4, i=—1,0,1,--. (29)
Setting () = xi_y2:(t), y(t) = x(t — 1) x x(t), from system (11), we have
y(t+1) = Ko(t)y(t), (30)
where

K = 864[7 15 23 31 39 47 55 63 7 15 23 31 39 47 55 63 3 11 19 27 35 43 51 59 3 11 19 27 35 43 51 59
5132129 37455361 7152331394755631 91725334149 5731119 27 3543 5159
71523 31 39 47 55 63 7 15 23 31 39 47 55 63 8 16 24 32 40 48 56 64 8 16 24 32 40 48 56 64
5132129 37 45 53 61 7 15 23 31 39 47 55 63 6 14 22 30 38 46 54 62 8 16 24 32 40 48 56 64].

By Algorithm 1, we have C,, = {03, 83, 6% }.
Next, we study the nonuniform sampled-data inequality constrained set stabilization of system (28) with
(g) - {58 ’ 58}

and

From (12) and (13), we have Cyy = {589, 661, 663, 064, 564766476647 81,0 }and<§’ = {683, 041, 061, 064

By the proof process of Theorem 1, we have I((?e) = & and E. (I (él)) = Cy. From Corollary 1, system
(28) is inequality constrained set stabilizable to &-. In addition, by Theorem 2, the time-variant state feedback
sampled-data gain matrix is designed as
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G(to) = G2 -+ meql, G(tn) = da[m" -+ mghl, (32)
where
h>1.

w0 ¢ { {2} i =47,50,54,55 i f {2}, i=47,54,55
i {1,2}, otherwise T {1,2}, otherwise

Remark 3 According to Example 3, the convergence speed of the proposed control algorithm can be controlled
by (17). Using the traditional control'®, it needs two state feedback controllers to make all states reach &,. How-
ever, using the nonuniform sampled-data control, it only need one state feedback controller to make all states
reach &%. Therefore, it reduces the frequency of controller updates, and the amount of calculation will be reduced.

Conclusions

In this paper, we have analyzed the nonuniform sampled-data set stabilization of DBCNs with state inequality
constraints via time-variant state feedback NSDC. We have presented an effective criterion for the nonuniform
sampled-data inequality constrained set reachability of DBCNs under NSDC by constructing an inequality
constrained controllability matrix. By virtue of the inequality constrained reachable set and the largest inequality
constrained invariant subset, we have proposed a procedure to design time-variant state feedback nonuniform
sampled-data stabilizers for DBCNs. In future works, we will further investigate the stabilization and
synchronization of stochastic Boolean networks with state inequality constraints by establishing a new algebraic
representation. It is worth pointing out that stochastic Boolean networks with state inequality constraints have
more possibilities in the state transition process, which will bring greater challenges to research.
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