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Traditional building materials have significant limitations in function and performance: insulation
materials are easy to peel and age, waterproof materials have a short life, and fireproof materials
have degraded flame retardancy. These shortcomings cannot meet the needs of modern buildings for
energy efficiency, safety and durability. Therefore, it is imperative to study gradient building materials
that integrate function and structure. In this study, based on the non-Fourier heat conduction law,

a heat wave propagation model is established to derive a complete analytical solution for the heat
wave scattering field of a subsurface circular defect in an exponentially gradient material. The effects
of thermal diffusion length (u/a), wave number (ka), non-uniformity coefficient (o;1a), and defect
embedding ratio (b/a) on the surface temperature distribution are systematically analysed by the
wavefunction expansion method and the virtual mirror technique combined with the independently
developed numerical procedure. The results show that: the peak temperature amplitude occurs in the
region directly in front of the scatterer; the thermal fluctuation effect is significantly enhanced with the
increase of the thermal diffusion length or the decrease of the defect size; the temperature fluctuation
response is strengthened by the high modulation frequency (large ka) and the shallow burial depth

of the defects; and the increase of the non-uniformity parameter of the material o;a results in the
increase of the surface temperature. The study confirms the limitations of traditional Fourier’s law in
short-pulse heat conduction scenarios, and the results provide theoretical basis and data support for
the design of functional gradient materials and nondestructive inspection by infrared thermography.

Keywords Gradient Building materials, Non-Fourier law, Thermal wave scattering, Temperature
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Gradient building materials, also known as functionally graded materials (FGMs), refer to new composite
materials with continuous changes in composition and structure along the thickness or length direction,
resulting in gradient changes in performance. FGMs are composed of two or more materials, with different
performance materials at both sides and gradient changes in the middle material, properties, and functions, fully
leveraging the advantages of both materials. FGMs feature gradient variations in physical parameters, including
thermal conductivity, specific heat, and density'. FGMs have diverse applications in engineering. They serve as
thermal protection coatings, spacecraft re-entry shields, and optical gradient refractive index materials. These
versatile materials unlock innovative solutions in various fields. Gradient materials are now extensively utilized
across multiple domains: tissue engineering>>materials science’optics”®biomedical science®!%aerospace
engineering'!and automation technologies'2.

Currently, most building materials use traditional basic building materials such as concrete, steel, wood,
brick, and block. Traditional building materials have many shortcomings. For example, The original insulation
material is layered glue, causing material peeling and strength reduction over time, unable to meet the efficient
insulation needs. Traditional waterproof materials are simply coated and pasted, causing material aging and
tensile strength reduction over time, unable to meet efficient waterproof needs. Traditional fireproof materials are
stacked layer by layer, causing material shedding over time, exposing the material and reducing flame retardant
performance, unable to meet efficient fireproof needs. Therefore, studying gradient materials integrating
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functionality and structure is considered. Gradient building materials demonstrate superior performance and
efficiency compared to traditional building materials in terms of function and performance. FGM has the
following advantages: (1) Through carefully designed composition structure and physical parameter adjustment,
FGM can effectively enhance the bonding strength between different material interfaces; (2) Differentiation of
functions or properties within the same material is achieved, thus achieving excellent interface bonding effect;
(3) In complex and variable usage environments, FGMs can also maintain the stability and matching of its
performance, ensuring that the material will not be damaged. This makes the applicability of FGMs greater than
traditional building materials, suitable for pursuing higher performance, safer, and multifunctional building
material fields. Traditional basic materials are often combined with new types of insulation, heat insulation,
waterproof, fireproof, and other functional materials to form a multifunctional, multi-gradient complex
structural system meeting the higher requirements of modern buildings for energy efficiency, safety, and
function. Gradient building materials can better adapt to external environmental changes. For example, in cold
regions, the bottom uses high thermal resistance materials to maintain temperature and reduce heat loss, while
the top uses high reflective materials to reduce solar radiation absorption and decrease heat energy, achieving
energy-saving and emission reduction effects. By enhancing fibers, particles, and strengtheners through gradient
distribution, the overall strength, seismic performance, and comprehensive performance of the material can be
improved while reducing structural weight. FGMs can avoid temperature changes and reduce thermal stress.
For example, in building construction, different parts of the house have different temperature requirements,
necessitating the use of FGMs with varying thermal conductivity rates for material design. This allows effective
control of heat conduction in different parts of the house and reduces thermal stress impact and damage on
building construction.

There are numerous methods for fabricating FGMs, including but not limited to 3D printing, powder
metallurgy, vapor deposition, and electrodeposition. However, during the fabrication process, FGM:s inevitably
develop micro-defects, which can impact their overall performance!. Among the advanced modern fabrication
techniques, 3D printing undoubtedly leads in the field of FGMs preparation. This technology achieves a
gradual transition of material properties from one surface to another by precisely controlling the layer-by-
layer deposition of multiple materials, successfully fabricating FGMs. Notably, cracks can be observed in the
linearly graded structures of FGMs manufactured through laser-based 3D printing!%. Additionally, 3D concrete
printing technology has brought innovation to the construction industry, providing both lightweight and
robust functionally graded building materials'>. With 3D printing, it becomes feasible to construct walls using
high-performance insulating materials, which can reduce energy demands in both residential and commercial
settings'. Remarkable achievements have also been made in small-scale construction projects'”. Many scholars
both domestically and internationally have conducted in-depth research on 3D printing technology for FGMs.
For instance, Valizadeh!® and his team employed grayscale digital processing within FGMs 3D printing
technology to successfully develop materials with specific hyperelastic properties and realize functionally graded
structures with limited deformation. These studies provide valuable experience and guidance for 3D printing
technology in FGMs.

Recent advancements in non-Fourier heat conduction theory have further expanded the understanding of
thermal wave behaviors in heterogeneous materials. The Guyer-Krumhansl equation, which incorporates both
temporal and spatial relaxation effects, has been widely applied to study thermal wave propagation in FGMs. For
instance, Yadav et al.-?2 investigated wave propagation in porous micropolar fractional-order thermoelastic
diffusive media under initial stress using generalized thermoelasticity theory, exploring the modulation of quasi-
plane waves (qLD/qT/qQMD/qTD) in rotating orthotropic magneto-thermoelastic diffusive media via Lord-
Shulman theory. Further studies analyzed reflection characteristics and energy distribution of coupled plane
waves in rotating magneto-thermoelastic half-spaces with impedance boundaries, as well as wave reflection
in nonlocal porous-thermo-micropolar diffusive half-spaces based on memory-dependent derivative (MDD)
thermoelasticity. Meanwhile, in optoelectronic FGMs, Lotfy et al.>*-2¢ uncovered the magneto-thermo-electro-
elastic coupling in elastic semiconductors under hydrostatic stress and mechanical loads via dual-phase-lag
photothermal theory. Their work further revealed 2D magneto-elastic-plasma-thermal transport in rotating
semiconductors with microtemperature fields, and 1D elastic-plasma-thermal wave coupling induced by Hall
currents in semiconductor rods under strong magnetic fields. Complementarily, Alharbi et al.?” proposed exact
solutions (trigonometric, hyperbolic, rational) for photothermal transport equations using exp(-f({))-expansion
and finite difference methods, validating solution stability. Ismail et al.?® demonstrated temperature-dependent
thermo-electro-elastic wave interference in microstretch semiconductors via variable thermal conductivity
models.

Computer simulation analysis is an effective method for designing FGMs. L.J. Gray studied the classical
Fourier heat conduction of exponential gradient materials. Nevertheless, in scenarios involving laser pulse
heating, the conventional Fourier heat conduction theory encounters constraints. Wave theory signifies progress
beyond the conventional Fourier law of heat conduction by incorporating relaxation properties of thermal energy
transfer. If the heat carrier’s wavelength aligns with the structural feature’s length scale, or if the heat transfer
period is less than the time needed for thermal equilibrium, wave-like characteristics will be observed in the
heat transfer process. Since the 1990s, researchers worldwide have extensively studied the challenges of thermal
conduction resulting from short pulse laser heating and the complex scattering of thermal waves in homogeneous
materials with subsurface defects. Reza V H? and colleagues employed a radial point interpolation technique to
investigate wave propagation in FGMs subjected to thermal conditions, demonstrating its greater convenience
and accuracy compared to the moving least squares method. Daneshjou® and colleagues conducted research
grounded in the principles of non-Fourier heat conduction, employing an advanced state-space methodology
to investigate heat transfer within a two-dimensional functionally graded material (FGMs) hollow cylinder
subjected to a transient heat source. Their findings revealed that an elevation in the thermal conductivity
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ratio results in a reduction of non-Fourier temperature distribution along the radial axis. In a separate study,
Jiang®!' and team utilized a non-Fourier heat conduction model, incorporating complex function theory and
mapping techniques, to examine thermal wave scattering in the vicinity of apertures within platinum-rhodium
fiberglass leak plate structures, offering a thorough examination of the phenomenon. Najibi*? and his research
group undertook an examination of the axisymmetric heat conduction equation in two dimensions, focusing on
hollow cylindrical structures fabricated from one-dimensional FGMs, through the application of hierarchical
finite element methods. Yaghoobi®® and colleagues applied first-order temperature theory and energy methods
to study the performance of inner and outer layers in cylindrical bodies of varying thicknesses and the impact
of heterogeneity on cooling and heating curves. AK Kheibari** and colleagues employed the Cattaneo-Vernotte
theory to delve into deriving an analytical solution for non-axisymmetric temperature profiles within large-
scale multilayer composite cylinders. Their research revealed that material inhomogeneities exert a substantial
influence on both the temperature distribution and thermal deformation of functionally graded cylinders. Salari*®
and his team conducted research on the nonlinear dynamic snap-through buckling and vibrational behavior of
thermally post-buckled functionally graded (FG) porous nanobeams, focusing on their response under static
and sudden mechanical loads, grounded in the theory of nonlocal elasticity.In a separate study, Zeighami*®
adopted the complex variable approach to investigate thermal stresses in porous plates composed of asymmetric
functionally graded carbon nanotube-reinforced composites (FG-CNTRC) under conditions of uniform heat
flux. Likewise, Najibi A et al.>? utilized the finite difference approach to explore heat conduction in FGMs at
steady-state, grounding their analysis in classical theories. Han*” along with his team, conducted an analysis
of the steady-state and transient heat transfer processes in FGMs by utilizing a coupled thermomechanical
model within the finite element software MultiFracS. He®® along with his team, conducted an extensive study
on the influences of the distribution characteristics of elastic modulus, the properties of thermal expansion
coeflicient, and the features of fracture toughness of FGMs on the material, specifically focusing on the processes
of thermal damage, crack formation, and crack propagation. Kushnir®in collaboration with his team, devised
an innovative polynomial approach for the investigation of thermoelastic wave propagation within functionally
graded material plates, grounded on the principles of the Green-Nagdhi thermoelastic theory. Collectively,
these investigations build upon classical thermal diffusion principles while advancing the analytical framework
through specialized computational techniques, thereby establishing a robust foundation for modeling thermal
wave scattering in functionally graded materials.

The presence of defects in materials can lead to numerous scattering events of thermal waves, causing
changes in the amplitude and phase of the surface temperature. Measuring these changes using a laser thermal
wave detection system can obtain internal structural information of materials for detection and flaw detection
purposes. Thermal wave nondestructive testing technology can not only timely detect tiny defects in materials
and prevent potential safety hazards but also provide valuable experimental basis for the optimization design
of materials, promoting the continuous progress and development of aerospace technology, and has important
significance in the research of new materials for aerospace, among other issues.

This section studies the scattering of circular holes on thermal waves and surface temperature distribution in
exponential gradient materials based on heat transfer theory. A comprehensive solution for the scattering field
has been successfully formulated through the application of the wave function expansion method in conjunction
with the virtual image technique, and an associated numerical computation program has been devised.

Heat fluctuation equation and answer

The structure under investigation is a semi-infinite one, characterized by its FGMs composition. A spherical
column, which serves as a thermal insulator, has a radius of ‘a’ and is located at a depth of ‘b’ below the surface.
A modulated ultrashort laser pulse with frequency fis directed along the z-axis, causing the material surface to
heat up and initiating a thermal wave process within the solid, as illustrated in Fig. 1.

The gradient building materials studied in this paper adopt an exponential component distribution
characteristic, with their core physical parameters (thermal conductivity A and specific heat capacity ¢, ) exhibiting
an exponential variation along the material thickness direction. Specifically, this is expressed as: A = oexp(20z),
c,=c_exp(20z), where z is the material depth coordinate; A, and ¢, are the reference values at the surface; and
o is the non-uniformity parameter. This exponential grading design achieves a smooth transition of thermal
properties by continuously adjusting the material’s internal microstructure. Compared to traditional segmented
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Fig. 1. Modulated light wave incident on semi-infinite FGMs.
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grading materials, it offers superior interface bonding strength and thermal shock resistance. The mathematical
simplicity of the exponential model makes it particularly suitable for analytical modelling, effectively describing
the propagation and attenuation characteristics of heat waves in non-uniform media.
Among them, a is the radius of the adiabatic spherical column, b is the burial depth, and fis the frequency.
The equation describing temperature distribution in gradient materials, derived from the non-classical
Fourier law of heat conduction, is presented below:

oT o*T
V- (AVT) = pcp ((% T ) (1)

where T is the temperature inside the gradient material; The Hamilton operator is represented by v/,
V = “9 -+ J < i 66 The symbols A is the thermal conductwlty,c is specific heat at constant pressure, and p

is den51ty of FGMs, respectively; 7 denotes the thermal relaxation time. Assuming constant density and thermal
relaxation time, the thermal conductivity and specific heat at constant pressure exhibit an exponential trend:

A = Ao exp(202) (2a)

¢p = cpo exp(202) (2b)
In this formula, A, and ¢ , denote the complex thermal conductivity and the specific heat at constant pressure
when z=0; o denote the spatial variation indices for the material’s thermal conductivity and specific heat,
reflecting the material’s non-uniformity parameters that can be represented as complex variables, specifically
0=0,+1i0,.
By substituting Eq. (2) into Eq. (1), the resulting equation is acquired:

ar  10*T 10T
ZT — 3
VT +205-= 557+ 5o )

D represents the thermal diffusivity, which is a constant; D = 2~ = 20 54 constant; The speed of thermal
P Cp P Cpo

wave propagation is represented by ¢, ¢ = 4/ g.

The steady-state periodic solutions of the problem under investigation will be examined and analyzed.
We define the complex amplitude function 9(x,y,z) such that the total temperature field is expressed as:
T =To + Re[¥ exp (—iw t)]. T is the ambient temperature; Re denotes the real part of a complex quantity;
9(x,y,2) represents the spatially dependent complex amplitude of the temperature fluctuation; w is the angular
frequency of thermal wave excitation. After separating variables by T = Ty + Re [¥ exp (—iw t)], the
temperature control Eq. (3) can be reduced to the following form:

2 .
Vﬁ+2gw+<“’2+w)ﬂ—o (4)
C D

T, denotes average temperature of the environment; w denotes angular frequency, w =27, The imaginary unit
is e =+/—1.

The particular solution to Eq. (4) is given and displayed in the mathematical form below:
0 = exp(—oz)u(z,y,2) ()
The u(x,)y,z) satisfies the given equation:
Viu+rk*u=0 (6)
1

/9
_(wl w2 — ;
The complex wave number k is a key parameter for thermal waves, k= ( Z T Do ) @ +if ,
comprising two parts: « and f. a the wave number associated with thermal wave propagation. while f represents
absorption coefficient of thermal waves.

1
o= 2{ (k2 — o2 +—+[ 02]} \/,/ K? — o2 7)
1 5 w? 1 2 1 1
—_ |z 2 _ 42 2 521\ k2 _ 42 k2 42 8
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In the absence of diffusion effect (undamped), k= %, w =/ WQ. u the thermal diffusion length, D is the

thermal diffusivity, c is the propagation speed of thermal waves. When ¢ — oo ,the expressions for o and f8

simplify:
a%\/ 202—#%—%02 (%9a)

i ¢ e o
W

Afteranalysis, it is recognized thata fluctuation processin the form of ¥ e 7t = ¢ ge~ (% To 1)z ille o 2)e—wi]
occurs in FGMs, representing a propagating temperature wave with decaying vibration amplitude in the z
direction.

The Eq. (4) determines the general solution for the thermal wave scattering field within FGMs, providing an
exhaustive and precise account:

¥ = exp(—ox) Z Z Apn b (k) P (cos 0)e'™? (10)
n=0 m=—oco

This general solutionis derived viaseparation of variablesin spherical coordinates. The expression for the first-order

spherical Hankel function, denoted as RV (+), is provided in the form of S (z) =4/7 / o H (1)1 ().
n+/o.

The Hankel function of the second kind is denoted by H. o (- ), the associated Legendre function is repregented

by P7"(-), and the scattering wave mode coefficient A, which originates from subsurface defects, is

determined by the boundary conditions related to those defects.

Thermal wave excitation, incidence, and overall wave field characteristics

Modulated ultrashort pulse laser beams can generate heat waves on the surface of gradient materials, resulting in
a steady-state thermal wave that propagates along the positive z-axis on the material’s surface. The incident wave,
in accordance with Bloch wave propagation theory, can be described as follows:*°.

91" = 99 exp(ikb) exp(—oz) exp [i (kz — wt)] (11)

9, is temperature amplitude of thermal waves; k is the wave number of the incident waves; j, ()is the spherical
Bessel function; P (-) is the Legendre polynomial.

The scattered waves generated by the virtual images characterize the reflected waves at the boundary of a
semi-infinite body. The formula for the mirror incident waves propagating in the negative direction along the 2’
axis is provided as follows:

95" = do exp(inb) exp(—a2') exp [~ (k7' +wt)] .

In (r,0,¢) the thermal wave scattering field generated by subsurface defects is a complex phenomenon, with its
expression given as follows:

1953) = exp [—or cos 0] Z ALRY (k1) P, (cos 0) exp(—iwt) (13)

n=0

In the mirrored local coordinate system, which is defined by the coordinates (7,6’,¢’) representing the radial,
polar, and azimuthal directions respectively, the scattered waves that emerge from subsurface defects can be fully
described and characterized:

o0
ﬂgs> = exp [ar/ cos 9} Z BLRE (k1) P (cos ) exp(—iwt) (14)
n=0
The thermal wave mode coeflicients of scattering are denoted as Al and B!, (l=12,...... , 00 ), determined

by satisfying boundary conditions. The adiabatic boundary condition at the defect surface (r=a, where a is the
defect radius) requires:

0 09
ain r=a — _E |7‘:u, =0 (15)

When describing the boundary characteristics of a defective cylinder, the variable n is used to represent the
normal direction of the boundary.
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Fig. 2. This is a figure. Schemes follow another format. If there are multiple panels, they should be listed as: (a)
Temperature distribution on the surface of the object; (b) The effect of burial depth on the maximum surface
temperature; (c) The impact of wave number on the maximum surface temperature; (d) The influence of in-
homogeneous parameter burial depth on the maximum surface temperature.

Ignoring the time factor, the surface temperature distribution of FGMs has this mathematical expression:

iiA RS (k1) Py (cos 0)

AR (k") Po(cos 0)

¥ = Yo exp(ikb) exp(—oz) exp(ikz) + exp(—

+exp ii

This research investigation concentrates on adiabatic boundary conditions associated with subsurface defects,
where the characteristic length is designated as the radius a of the subsurface spherical cylinder. The amplitude
of the incident temperature is denoted by the given value |9 |. Utilizing the non-dimensional parameter defined
below: non-diffusive traveling wave number, denoted as ka, with a range of ka=0.01 ~ 3.0. The relative thermal
diffusion length, denoted as u/a, falls within the range of y/a=0.1~5.0. The real part of the inhomogeneity
parameter is (0;a)=0.01~1.0, the imaginary part is (0,a)=0.01~1.0. The burial ratio is b/a=1.1~3.0;

temperature ratio 9/9,. And, the complex wave number in dlmensmnless form is given by ka, with ka=aa +ifa.

(16)

Numerical example

The wave number ka=0 and the inhomogeneous parameter 0=0 in Fig. 2(a) correspond to the pure thermal
diffusion case without fluctuation terms in the heat equation for a homogeneous material. As can be seen from
Fig. 2(a), the results of the temperature analysis calculations on the surface of the gradient material are consistent
with the theory. At this time, the parameters are: the heat diffusion coefficient D=75mm?/s, the radius of the
hole is a=2.0 mm, and the buried depth is b=2.2 mm. curve 1 and curve 2 correspond to the temperature
distribution when the frequency is f=20 Hz,f=80 Hz respectively. And it can be seen that the larger the relative
thermal diffusion length, the larger the temperature change. The maximum value of the temperature is obtained
at the right-angle coordinate (0,0,-b).
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It can be seen from Fig. 2(b) that the effect on the temperature starts when the relative thermal diffusion
length is small and the wave number ka is relatively large, e.g. ka=1.0. i.e., when the thermal diffusion length
is small or the defect size is large, the effect of the fluctuation in the heat transfer is negligible. The change in
temperature amplitude decreases when the defects are buried at larger depths. Again, it can be seen that the effect
of volatility in heat propagation is weak when the wave number ka is small.

As can be seen in Fig. 2(c), the effect of volatility on temperature in heat transfer is greater when the thermal
diffusion length is larger or the defect size is smaller. When the wave number ka is relatively large, it corresponds
to high-frequency vibration (short-wave case), when the corresponding heat propagation characteristics have a
particle nature.

As can be seen in Fig. 2(d), when the thermal diffusion length is large, the surface temperature of the gradient
material increases as the non-uniform coefficient o,a increases.

Conclusion

This paper offers a comprehensive approach to addressing the scattering of thermal waves in exponential
gradient materials via the thermal conduction wave model. The research involved meticulous and systematic
calculations to examine the variation trends of the temperature amplitude across diverse parameters, and the
corresponding alterations in the temperature amplitude were represented by plots on relevant curves. These
curves visually demonstrate the propagation of thermal waves and their impact on temperature in exponential
gradient materials under various factors.

1) Particularly in the area directly in front of the scatterer, it is observed that the amplitude of temperature
variation attains its highest value.

2) Larger thermal diffusion length or smaller defect size increases the wave-like behavior effect on temperature.

3) Higher modulation frequency of the incident temperature increases the wave-like behavior effect on temper-
ature.

4) Shallower defect burial depth intensifies the defect’s impact on temperature.

In certain conditions, the traditional Fourier’s law of heat conduction fails to accurately describe thermal
wave propagation, requiring consideration of wave effects. Focusing on the impact of subsurface defects on
heat conduction highlights the importance of wave effects. The presence of defects can notably influence the
propagation and energy distribution of thermal waves, resulting in substantial effects on the material as a
whole. The research outcomes offer a theoretical basis and reference data, contributing to the investigation of
functionally gradient materials and the interpretation of infrared thermal imaging.
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able request.
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