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This paper presents two discrete circuit solutions for realizing passive, electronically adjustable 
constant-phase elements, specifically half-order capacitors with a –45° phase shift. Fractional-order 
capacitors with electronically adjustable pseudocapacitance are especially useful for designing tunable 
filters and oscillators. The ability to adjust pseudocapacitance electronically and continuously is a 
major improvement over traditional passive solutions. Their pseudocapacitance can be controlled 
by a DC voltage, allowing key parameters like the cut-off or oscillation frequency to be tuned. Two 
presented design approaches differ in accuracy, tuning range, and signal-handling capability. Both 
solutions maintain a constant phase over one frequency decade, with a phase ripple within ± 2°. The 
tuning range spans from hundreds of Hz to several MHz. Presented solutions allow pseudocapacitance 
tuning in range of hundreds of nano F/sec0.5 (with varicaps) and tens of micro F/sec0.5 (with MOSFETs). 
The MOS-based circuit offers a tuning ratio of 7 but shows a 19% deviation between simulation and 
measurement. It also suffers from notable nonlinearity, with undistorted operation limited to signal 
levels up to 20 mV peak-to-peak. The varicap-based solution achieves a tuning ratio of 5, with high 
accuracy (up to 6% error), and handles input signals in the hundreds of mV with acceptable distortion. 
PSpice simulations and laboratory measurements confirm the performance of both designs.
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Abbreviations
a	� Order of the CPE
CDS	� Drain source capacitance of the MOS transistor
Cjo	� Initial zero-bias pn junction capacity
Cp	� Parasitic (stray) capacity
CPE	� Constant phase element
Cv	� Decoupling capacity
Ca	� Pseudocapacitance (initial/nominal general RC prototype)
Ca_MOS	� Pseudocapacitance of CPE using MOS transistors
Ca_var(s)	� Pseudocapacitance of CPE using varicaps
DC	� Direct current
gfs	� Transconductance of MOS transistor
M	� pn junction grading coefficient
MOS, MOSFET	� Metal oxide silicium transistor
PSpice	� Personal Simulation Program with Integrated Circuit Emphasis
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RC, R or C	� Resistor, capacitor
RDSon	� Small signal on resistance of the MOS transistor
Rm	� Auxiliary resistor for varicap adjustment
THD	� Total harmonic distortion
varicap	� Variable capacitance diode
VCH1,2	� Voltage of channel 1,2 of the oscilloscope inputs
VGS	� Gate source voltage of MOS transistor
VHF	� Very high frequency
Vj	� pn junction potential
Vset_Ca	� Driving DC voltage for adjustability of CPE
Vth	� Threshold voltage of MOS transistor
Vvar	� Reverse bias voltage for varicap capacity adjustment
ZCPE(s)	� Impedance of the general CPE device (RC prototype)
ZCPE_MOS(s)	� Impedance of the CPE using MOS transistors
ZCPE_var(s)	� Impedance of the CPE using varicaps
ZCvar(s)	� Impedance of the varicap
ZDSon(s)	� Impedance of the MOS transistor

Fractional-order passive elements have increasingly attracted the attention of researchers and designers in recent 
decades1. This class of elements has electrical impedance characteristics between traditional passive elements 
(e.g. resistors, capacitors, and inductors). For this reason, these elements are often referred to as fractional-order 
capacitors or fractional-order inductors1,2 when the device impedance is between a resistor and capacitor or 
resistor and inductor, respectively. Focusing on a fractional-order capacitor, which is also widely referred to as 
a constant phase element (CPE), the impedance of this element is given by: ZCPE (s) = 1/(sαCα), where α is the 
fractional-order (0 < α < 1) and Cα is the so-called pseudocapacitance (physical unit F/sec1−α). The theoretical 
phase of this element is within the range −90° < ϕα < 0° and is related to the order such that: ϕα = −α⋅90°. Notice 
that it is the fractional-order which sets the impedance phase and that this is independent of frequency. The 
special case when α = 0.5 (ϕα= −45°) is referred to as a half-capacitor in this work. It is important to note that the 
language fractional-order is in reference to the electrical impedance relationship of these elements being defined 
by fractional-order differential equations3, the branch of mathematics concerning differentiation and integration 
to non-integer orders.

The use of fractional-order circuit models to represent the measured experimental impedance of materials 
and devices, such as solid-state devices and liquid substances2, is an expanding field of research. Many of these 
research efforts are focused on characterization of these systems and identification of circuit models (and circuit 
model parameters4,5) to accurately represent the system or device. The underlying motivation is linked to using 
changes in circuit model parameters (associated with underlying changes in electrical impedance) to understand 
the device structure or device changes over time or conditions. This motivates the exploration of fractional-order 
models for food quality assessments (fruit6, drinks/liquids7–9, , storage and degradation10–12), characterizing 
healthy and pathology tissues in biology and medicine13–16, and supporting agriculture and plant cultivation17,18.

The use of fractional-order circuit elements to support modeling and design applications is usually referred 
to as the field of fractional-order circuits and systems19. Within this field, when focused on using these 
elements in the design and realization of electrical circuits for signal conditioning, these circuits are referred 
to as fractional-order filters20–24. The unique features of a fractional-order filter (in comparison to its integer 
order counterpart) are the independent control of attenuation and phase slope, which also has implications 
for filter delay characteristics. Similarly, these fractional-order components enable continuous and arbitrary 
phase shift between generated sinusoidal waveforms for multiphase oscillators25–30. These solutions highlight the 
important theoretical contribution of a fractional-order mindset in circuits and system design28–30. For example, 
recent work by A.S. Mohapatra et al.30 combines both fractional-order impedance modeling and fractional-
order circuit design to advance knowledge and applications of fractional-order impedance measurements using 
oscillator circuits.

While it is possible to design fractional-order circuits with theoretical fractional-order elements, their 
realization requires using physical elements. However, fractional-order elements are not yet commercially 
available and are limited to research groups with the expertise and facilities to fabricate them31–34. Until 
these devices become widely available fractional-order circuit designs require an approximant to be realized. 
Approximants can be broadly classified as active or passive based on if they use components that require external 
power for their operation. A common passive approximant uses resistor-capacitor (RC) ladder structures22–27,35,36 
to realize a device that emulates the fractional-order impedance of the designed element37,38. With this approach, 
the resistor and capacitor components are used to realize poles and zeros (roots) of the target impedance function. 
Active designs use a similar approach but utilize components such as operational amplifiers, operational 
transconductance amplifiers, and current conveyors19–21. This approach has higher flexibility based on features 
that can be adjusted using a tuning voltage or current. However, many tuning features have to be modified 
simultaneously and the circuitry to achieve this is extensive20, 21. There are also active design approaches that 
utilize so-called bilinear sections (two-port networks or impedances of independently adjustable zero and pole 
locations) to realize a target function by cascade of these sections39–41. But this approach also brings complexity 
to the resulting circuitry.

For interested readers a recent survey of methods to approximate fractional-order elements is available42. 
For a brief comparison, Table 1 presents typical features and physically allowed features of recent approximates. 
Emerging themes from this comparison are: (a) liquid and solid-state solutions31,32,34 may have a very large 
frequency band, but the operational frequency range of constant phase (defined by allowed phase error/ripple 
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Δϕα) is limited to approximately one decade, (b) many solutions31–34 do not prioritize pseudocapacitance values, 
(c) electronic adjustment of pseudocapacitance is not possible and studied in passive solutions, (d) CPEs can 
be influenced by long-term stability of material features31–33, (e) the fabrication costs may be high for complex 
technological process31–34 in comparison with passive elements-based CPE approximants35,36.

Motivation and goals
From the review of recent works and available approaches to realize fractional-order elements, it is clear 
that passive designs with features to easily adjust the pseudocapacitance are not available. This limitation is 
expected to decrease wider interest in using fractional-order elements because their theoretical improvements 
cannot be easily realized or tuned during implementation of a design. This motivates this work, which has 
the goal to design and validate a practical implementation of a variable fractional-order capacitor (α = 0.5) 
with a single tuning feature to adjust the pseudocapacitance. The target goals and driving expectations for this 
practical implementation include: (a) propose and verify features of simple RC-based CPE allowing single 
voltage electronic adjustment of pseudocapacitance, (b) operational bandwidth (validity of defined phase ripple) 
reaching at least one frequency decade, (c) frequency range at least up to 100 kHz, (d) using grounded topology 
of CPE because of its simple implementation having low influence of stray capacitances (and other parasitics), 
(e) linearly operating element creating insignificant distortion and waveform degradation to applied signals, (f) 
possibility to use low-cost solution and components available on the market for designers in the field.

The following sections outline the measurement setup utilized to collect experimental data throughout this 
work (Sect. 3), the design approaches for scaling and parameter adjustment (Sect. 4), proposed solutions using 
MOSFETS (Sect. 5) and varicaps (Sect. 6) as adjustable elements with their experimental validation, and the 
wider discussion of this work in the context of this field (Sect. 7), and overall conclusion (Sect. 8).

Measurement setup
To measure the electrical impedance of the proposed fractional-order designs in this work a custom read-out 
design interfaced to an oscilloscope was utilized. The high-level design and physical implementation of this 
read-out interface is given in Fig. 1(a) and (b), respectively. This interface is designed to measure impedances in 
the frequency range of 10 Hz to 10 MHz and is compatible with a Keysight DSO-X 3024T oscilloscope. In this 
setup the unknown impedance (ZCPE(s) in this case) is a component in a resistive divider. The voltage across the 
sensing resistor (Rsens) and unknown impedance are both captured by the oscilloscope as shown in Fig. 1(a). 
The resulting impedance is expressed as: ZCPE(s) = Rsens⋅KV(s), where KV(s) = VCH2(s)/VCH1(s) is the voltage 
transfer between channels. For these measurements, the oscilloscope is configured to generate a sinusoidal 
voltage at the GEN output and the frequency is swept from a start to end frequency. The collected measurements 
of this transfer voltage are reported in dB and require conversion to impedance amplitude using: |ZCPE(s)| = 
Rsens⋅10(|KV(s)| [dB]/20). The phase (argument) characteristic φCPE (φα) of the impedance directly corresponds with 
the phase characteristic of KV(s), i.e. φKV. The choice of Rsens does influence the voltage magnitude and values of 
100 Ω (suitable for small values of impedances) and 10 kΩ (for large scale of measured impedance) were used in 
this work based on the expected magnitude of ZCPE(s) measurements.

CPE design approach
To realize an approximant with tunable pseudocapacitance we propose the substitution of either MOSFETs or 
varicaps for elements within a traditional RC ladder structure. These elements have voltage-dependent resistance 

References Solution
Total number 
of elements

Experimentally tested 
frequency band (number 
of decades of valid 
operation) Available Ca

Targeted phase 
(α)

Electronic 
tunability 
of Ca

Insignificant 
influence of 
time stability of 
parameters

Design 
and 
fabrication 
costs+

31 Liquid - 20 kHz→200 kHz (1) N/A −10 → −12° 
(0.11 → 0.14) No No High

32 Liquid - 100 Hz→1 MHz* (1) N/A various** No No High
33 Solid-state - 20 Hz→2 MHz* (5) N/A −30° (0.33) No No High
34 Solid-state - 200 Hz→5 kHz (1) N/A −37° (-0.41) No Yes High
35 RC, RL 16 10 Hz →1 MHz*** (5) Any*** Any*** No Yes Low
36 RC 12 10 mHz→1 kHz (4) 20 mF/sec0.5 −45° (0.5) No Yes Low

Proposed

Figure 6 MOS(RDS) + C 8 500 Hz→100 kHz (1)* 15→109 µF/sec0.5 −45° (0.5) Yes Yes Low

Figure 12 R + varicap 13 8 kHz→5 MHz (1)* 138→654 nF/sec0.5 −45° (0.5) Yes Yes Low

Table 1.  Comparison of basic features of recent and typical passive fractional-order two-terminal devices 
(including liquids, solid-state and RC, RL approximants). Cα – pseudocapacitance; α – order; *one decade 
of operability at frequencies in indicated range; **several different CPE samples of various Cα and α tested; 
***frequency range fulfilled with each CPE, various Cα and α possible for set of novel RC values; +the 
fabrication costs tend to be high (several hundreds of Euros or more) when specialized chemicals, materials, or 
CMOS processes (chip design) are involved. Conversely, costs remain low when readily available, off-the-shelf 
components are used – typically limited to just a few Euros.
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(MOSFETs) or capacitance (varicaps) which can be used to adjust the overall impedance of the ladder (and 
representative pseudocapacitance). Further, these components are both widely available and affordable making 
them attractive options for a practical, easily realizable design. However, prior to this substitution the following 
section outlines the design of the RC ladder structure.

Theoretical explanation of initial CPE features and scaling
An RC approximant of a CPE can use several parallel or serial sections of RC elements37,38,42. Generally, the 
greater the number of sections, the greater the approximated impedance accuracy. The design of the approximant 
requires that its zeros and poles are placed at frequencies appropriate to shape the impedance characteristics 
to approximate the impedance of the CPE, ZCPE(s)35,37–41. However, these pole/zero locations are mutually 
dependent on all circuit elements in the structure. This requires pairs of values to be recursively calculated 
from previous sets until the design requirements are achieved (which increases in complexity with increasing 
numbers of segments). As a result of this iterative approach, it is possible for various values of RC elements to 
form the complete impedance function. This mutual dependence complicates (or can even prevent) tunability of 
a CPE because each single value variation has global impact on all poles and zeros.

As an example, the RC ladder structure in Fig. 2 represents an approximant CPE formed by the parallel 
combination of serial RC segments37,38 with the following features: α = 0.5 (φa = φCPE = −45°), Cα ≅ 350 nF/
sec0.5 (actually 330 nF/sec0.5, after rounding to E12 series), frequency range from 30 kHz up to 5 MHz (more 
than two decades), and phase ripple Δφα = ΔφCPE = ± 2°. Note that the design and element values in Fig. 2 were 
selected intentionally to be close to the feasible ranges of the electronically adjustable substitutes (MOSFETs 
and varicaps) that will be used for later Cα tunability in this work. The magnitude and phase of this RC ladder 
structure is given in Fig. 3(a) and (b), respectively, as the thickest solid line.

Note that in Fig. 2 the resistor and capacitor values have scaling factors k and m, respectively, which can be 
used to change the Cα value (where k = m = 1 yields the unscaled case) of the approximant. Both factors have 
intentional impact on Cα with k impacting the impedance magnitude (RCPE value when frequency approaches 
0 Hz) and operational frequency range. The factor m impacts the operational frequency range, but RCPE remains 
unchanged for all values of m. To demonstrate how ZCPE(s) is scaled, the impedance was calculated when k 
and m were varied from 0.1 up to 10 (kmax = Rmaxi/Rmini, mmax = Cmaxi/Cmini, where i = 1, 2, 3, … is number of 
specific RC segments). From Fig. 3(a), notice that increasing k (when m = 1) increases the magnitude across all 
shown frequencies and increases operational frequency range. Similarly, increasing k (when m = 1) shifts the 

Fig. 1.  The (a) high-level read-out interface design and (b) physical implementation of the interface connected 
to a Keysight DSO-X 3024T oscilloscope.

 

Scientific Reports |        (2025) 15:21892 4| https://doi.org/10.1038/s41598-025-07319-5

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


approximated phase frequency band to lower frequencies in Fig. 3(b). Similar shifts are observed in Fig. 4 for 
increasing m (when k = 1). This demonstrates that by scaling the RC ladder values the impedance magnitude 
and phase can be transformed. From review of the impedance magnitude in Figs. 3 and 4, the theoretical value 
of Cα ranged from 110 nF/sec0.5 to 1.1 µF/sec0.5 for this set of k and m variations. This suggests that 2 decades 
of k and m change are required for one decade of Cαvariation (for this specific ladder and component values). 
As a summary, both parameters influence the pseudocapacitance value. Parameter k corresponds to variation 
of resistor values and m to variation/scaling of capacitor values. We can observe that k has influence on the 
impedance for frequencies close to 0 Hz. On the other hand, the parameter/scale m does not have effects on the 
DC resistance of CPE. We can see that both parameters are shifting the operational bandwidth in the horizontal 

Fig. 4.  Ideal impedance (a) magnitude and (b) phase responses of approximated CPE using RC ladder 
structure with k = 1 and m = 0.1, 1, 10.

 

Fig. 3.  Ideal impedance (a) magnitude and (b) phase responses of approximated CPE using RC ladder 
structure with m = 1 and k = 0.1, 1, 10.

 

Fig. 2.  A sample RC ladder structure to realize a CPE approximant with scaling factors (k, m) used for tuning 
Cα.
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(frequency) direction. From the analysis shown in Figs. 3 and 4 we can see that change of the pseudocapacitance 
by one decade requires change of the k and m by two decades (therefore k and m between 0.1 and 10 were used 
in demonstrations, to be able to present one decade shift in case of pseudocapacitance. The initial design values 
of Valsa’s prototype in Fig. 2 without scaling are obtained for k = m = 1.

Component scaling is an effective approach for Cα adjustment in this topology but does have limitations. 
Specifically, the element values of the RC segments are distributed across several decades. Therefore, an adjustable 
device to use as a substitute for either R or C in the ladder will require a wide range of operating values and 
needs identical scaling changes for identical driving voltages. In the context of the sample shown, a replacement 
device should be available with values across several decades Rmini→Rmaxi (Cmini→Cmaxi) and adjusted by the same 
driving voltage Vset_Cαmin→Vset_Cαmax in each segment, e.g. 1 kΩ→10 kΩ, 10 kΩ→100 kΩ, etc. all by the same 
voltage (e.g. 1 V → 10 V).

Single-parameter control of pseudocapacitance
The adjustment of resistor and capacitor values in each section of the topology in Fig. 2 for the demonstrated 
k and m is not practical by standard electronically adjustable passive elements because of the wide range of 
values (e.g. 0.82 kΩ → 82 kΩ for R1). There are no electronically adjustable equivalents of linearly operating 
resistors with an operating range over 2 decades for this particular frequency bandwidth43. Another challenge 
that needs to be addressed is how to use only a single tuning parameter (e.g. one tuning voltage) to adjust the 
pseudocapacitance. Therefore, a design approach to select appropriate component values to meet the design 
requirements and that are within the tuning range of the variable components is needed.

To address this challenge, we propose a design approach that unifies the value of resistors and capacitors 
across segments (with the unified value used for single-parameter tunability) and scales the non-unified 
component values as required to meet the impedance requirements. This approach limits the usable operational 
range of the approximated CPE to a single frequency decade only (demonstrating the trade-off of increasing 
tunability at the cost of operational range).

The high-level design process is described in Fig. 5. Starting with an RC ladder circuit, with topology and 
parameter values selected using established methods (such as that proposed by Valsa38), the values of resistors or 
capacitors are then fixed to a user-selected value in each segment. Next, a numerical optimization procedure is 
implemented to solve for values of the non-unified components (e.g. capacitors when resistors are fixed or vice 
versa). In this work, the optimizer tool of the PSpice Advanced Analysis module was utilized and configured to 
solve for component parameter values that would yield impedance phase values at a set of discrete frequencies 
within the target ripple (e.g. −45° with +/− 2° ripple). Finally, after identifying all values they are rounded to 
the nearest E12 value to support the rapid realization of the design. The use of this approach and the resulting 
values that it yields are demonstrated for both approaches (e.g. unifying resistors and unifying capacitors) in the 
following sections.

MOSFET-based controllable half-capacitor
To demonstrate the design approach to realize a tunable CPE approximant using k scaling, components with 
an adjustable resistance are required. One type of component with this behavior is a MOSFET operating in the 
triode regime. To demonstrate the variable impedance of a BS17044 device, experimental measurements of the 
drain-source impedance (ZDSon(s)) for gate voltages from 2 V to 4 V were collected. These magnitude and phase 
measurements of BS170 are shown in Fig. 6, demonstrating an on-resistance from approximately 3 Ω to 300 Ω 
for this range. While the measured transconductance, gfs = 200 mA/V2, was lower than the datasheet this is not 
unexpected based on the large parameter tolerance, complex nonlinearity for RDSon ≅ 1/(gfs⋅(VGS − Vth))), and 
particular threshold voltage Vth = 2.02 V (from experimental evaluation). For reference, the nominal (typical) 
parameters of the BS170 device relevant to our purposes, according to the datasheet44, are: gfs = 320 mS and Vth = 
2.1 V. However, the variations in Vth due to fabrication process and temperature effects are expected to fall within 
the range of 0.8 V and 3 V – more than a 50% deviation.

The frequency dependent impedance of this device is clear from the measurements in Fig. 6 with changes 
in both magnitude and phase as frequencies approach 10  MHz. From the datasheet, the inter-terminal 
capacitances CGS and CDS are quite high (tens of pF), which is the expected cause of the decreasing magnitude 
at frequencies above 1 MHz (when RDSon > 100 Ω). The device inductance is expected to be the source of the 
increasing impedance magnitude in Fig. 6(a) at frequencies above 1 MHz (when RDSon < 100 Ω). The inductive 
and capacitive high frequency behaviors are also observed in the phase of Fig. 6(b). This highlights that this 
device does not behave as an ideal resistor, which will have impacts on the frequency bands over which it can be 
used for a CPE approximation. Note that all parameters indicated in the figures are the measured results unless 
otherwise stated. The simulated low frequency (100 Hz) drain-source resistance for varying gate-source voltage 
is shown in Fig. 6(c). Note that the transistor has a very large difference between simulation and experiment/
theory for VGS > 2.2 V, but clearly demonstrates a voltage-dependent resistance that can be used for our design.

Our design of a tunable MOS-based CPE (Fig. 7) starts with the initial circuit shown in Fig. 2 with nominal 
value Cα = 330 nF/sec0.5 and k = m = 1. Using the approach outlined in Fig. 5, all resistors were fixed to 100 Ω 
(because RDSon = 100 Ω is a feasible value with the MOSFETs). Next, the criterion frequencies from 10 kHz to 
100 kHz (10 kHz, 30 kHz, 60 kHz, 100 kHz) were selected for the optimizer with phase band from −47° and 
−43° (e.g. −45° ± 2°). The specific frequency band was selected because the approximation in this frequency 
band (shown in Figs. 3 and 4) well represented the target impedance. Next, using the optimization tool of PSpice 
Advanced Analysis module yielded the capacitor values of 51 nF, which were reduced to 47 nF (to compensate 
for the MOSFET CDS contribution and select the closest E12 series value). While the capacitors have the same 
value, this is unique to this particular case and not a general rule.
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The physical realization of this design is given in Fig. 8 using discrete components assembled on a copper plate 
to minimize parasitic capacitances (compared to a standard printed circuit board or breadboard realization). 
The experimental impedance was measured (using the sensing readout and experimental interface described 
in sec3) for applied gate source voltages of 2.03 V, 2.1 V, and 2.2 V. The experimental results compared with 
PSpice simulations of the design are shown in Fig. 9 for both magnitude and phase. The experimental maximum 
value of Cα_MOS is larger than the nominal (Cα = 330 nF/sec0.5), which is attributed to the significantly lower 
resistor values (when compared to the ideal nominal case). The Cα_MOS value is strongly associated with the fixed 
parameter values of the CPE (RDSon range in this case). The experimentally obtained Cα_MOS range (Fig. 10) spans 
from 15 µF/sec0.5 to 109 µF/sec0.5 when Vset_Cα ranges from 2.03 V to 2.2 V. This is very close to the simulation 
range of 17 µF/sec0.5 to 107 µF/sec0.5. These simulation and experimental results confirm the tunability of the Cα 
value by adjusting only one single value of this design. Overall, this design has a center value 45 µF/sec0.5 and valid 
bandwidth between 4.6 kHz and 49 kHz (meeting the 1-decade operational frequency goal of this work). The 
larger differences between simulation and experimental results (greater than 10%) shown in Fig. 10 are primarily 
due to significant variations in the parameters of real MOS transistor (BS170), particularly the threshold voltage, 
when compared to the PSpice model. Additionally, there is a notable difference between the behavior of the 
nominal simulation model and the experimentally tested sample illustrated in Fig. 6. These variations in static 
parameters depend on fabrication tolerances and temperature effects, as provided in datasheet44. However, the 
inaccuracies between measurement and simulation are less significant for practical applicability. Based on Fig. 6 
(behavior of simulated, measured and theoretically described MOS element), the deviation from theory will be 
significantly lower (units of %) than in comparison to simulation. The suitability of the device BS170 for high-
frequency design is very limited by the gate-source, gate-drain and drain-source parasitic capacitance (up to 
40 pF44) creating in the CPE segments an additional undesired zero-pole frequencies disturbing overall phase 
response of the CPE (above 100 kHz).

While the physical realization aimed to reduce parasitics associated with the overall assembly, there are still 
parasitic influences of the BS170 above 100 kHz. These influences are observed in both magnitude and phase 
deviations of the experimental values from the simulations above 100 kHz. This is especially clear in the phase 

Fig. 5.  Design methodology of electronically adjustable CPE: (a) general methodology and the design flow, (b) 
high-level design procedure to revise an RC ladder structure to realize a single-feature tuning topology.
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Fig. 7.  The MOSFET-based adjustable CPE to realize a half-capacitor with Cα = 330 nF/sec0.5 tunable using a 
single voltage.

 

Fig. 6.  Experimental characteristics of MOS-based impedance (BS170) in triode regime: (a) impedance 
magnitude plots, (b) impedance phase plots, (c) dependence of low-frequency drain-source resistance on gate-
source voltage.
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data of Fig. 9(b) for Vset_Cα= 2.2 V where the phase ripple is not fulfilled in the operational band and deviating 
significantly from the simulated expectations.

Another important consideration when using the MOS device is the high nonlinearity and changes of regime 
of operation when VDS > > 0 V. As a result of this nonlinearity, the total harmonic distortion (THD) can rapidly 
increase over different operational ranges. To evaluate the THD of the adjustable CPE, experimental values were 
collected using the sensing readout (shown in Fig. 1). For this analysis, a testing frequency 30 kHz was selected 
because it is in the middle of the operational bandwidth of the CPE (configured as Cα_MOS = 15 µF/sec0.5). The 
THD of the voltages of channel 1 (voltage across the sensing resistor) and channel 2 (voltage across the CPE) 

Fig. 10.  Dependence of pseudocapacitance of MOSFET_based CPE design on the driving voltage.

 

Fig. 9.  Measured and simulated impedance (a) magnitude and (b) phase of proposed MOSFET adjustable 
CPE.

 

Fig. 8.  Physical realization of the adjustable CPE designs using the (a) MOS-based, (b) varicap-based methods.
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are given in Fig. 11. The THD value starts to increase rapidly over 1% when the applied voltage level is larger 
than 100 mV (green axis and green trace). This suggests that this MOS adjustable CPE with controllable value of 
Cαwill have the best performance for amplitude levels up to several tens of mV.

Varicap-based half-capacitor
To demonstrate the design approach to realize a tunable CPE approximant using m scaling, components with a 
adjustable capacitance are required. One type of component with this feature are voltage adjustable capacitors (or 
varicaps). As an example of this feature, the varicap BB11245 has a capacitance, Cvar, ranging from approximately 
800 pF to 30 pF for DC driving voltages (reverse bias voltage) Vvar from 0 V to 8 V. This driving voltage range is 
very wide in comparison with the adjusted capacitance range, but it makes the design more stable and accurate 
than the previous MOS-based CPE.

The biasing of this varicap requires additional circuitry, specifically a resistor (Rm) and coupling capacitor 
(Cv) shown in Fig. 12(a). These additional elements impact the impedance of the overall structure (ZCvar(s)). 
Observing this design, a pole is contributed by Rm and Cvar at frequency fp_Cvar ≅ 1/(2π⋅Rm⋅Cvar). This frequency 
will be within the range from 2 kHz to 50 kHz for Cvar (ranging from 800 pF to 30 pF) when Rm = 100 kΩ. The 
impact of CV can be significantly below the operational range when an appropriately large value is selected. A 
value of 10 nF was selected to meet this requirement for the design. To validate the variable capacitance of the 
varicap with additional circuitry, shown in Fig. 12(a), the impedance magnitude and phase was measured and 
are shown in Figs. 13(a) and (b), respectively. Measurements were collected using driving voltages (Vvar) of 0 V,  
and 8 V. To evaluate the agreement between experimental data and theoretical expectations, simulations of the 
design impedance were generated. However, as the BB112 model is not a standard library element or available 
from the device manufacturer a custom model was required. This model was created using the fundamental 
definition equation of the model46–48: Cvar = Cjo/(1 + Vvar/Vj)

M, where Cjo is initial zero-bias pn junction capacity, 
Vvar is reverse bias/driving voltage, Vj is pn junction potential and M is pn junction grading coefficient. The 
specific model parameters for the PSpice implementation are given in Fig. 12(b). It is important to note that 
this only describes the varicap operation under reverse biasing (operating as a diode model). The parameters 
were selected to model the experimental data (not the datasheet information). The simulation values of the 
impedance magnitude and phase using this model and model parameters are given in Fig. 13 (for boundaries of 
allowed range of Vvar). The difference of expected results and experimental measurement is significantly smaller 
than in previous MOS-based approach. The agreement supports that the measured varicap does have variable 

Fig. 12.  Explanation of varicap: (a) testing circuit of varicap connected as DUT in Fig. 1, (b) model of the 
varicap.

 

Fig. 11.  The dependence of THD on voltage levels measured in experimental setup (Fig. 1) for MOS-based 
CPE.
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capacitance that aligns with the theoretical definition of this class of device. Overall, the capacitance as a function 
of the bias voltage using both experimental and simulated data are given in Fig. 13(c), validating the approximate 
tuning range from 30 pF to 800 pF.

The circuit topology of the varicap-based tunable CPE is given in Fig. 14 with the varicaps used as substitutes 
for the traditional capacitors in each segment. The coupling capacitors and auxiliary resistors are all identical 
CV1,2,3 = 10 nF (sufficient for operational bands of tunable CPE above 1 kHz) and Rm1,2,3 = 100 kΩ (feasible 
in various design technologies). In this case, fixed values of capacitors are set (again in the middle of capacity 
range performed by varicap) and the optimization tool is used to identify values of resistors R1 to Rp. The same 
design criteria are used here for this process (focused on phase ripple at same frequencies as in the previous case: 
10 kHz, 30 kHz, 60 kHz, 100 kHz, tolerance defined by ΔφCPE = ± 2°). The value of Cα is different than the initial 
theoretical design in Fig. 2 resulting from the (fixed) values of all varicaps Cvar1,2,3 being 470 pF, that is available 
for Vvar = 1 V. The optimization process yielded R1 = 16.6 kΩ, R2 = 14.4 kΩ, R3 = 1.4 kΩ, and Rp = 20 kΩ. To 
compensate for the effects of the Rm, modification of R1-R3 were implemented to better fit the intended operation 
band and Cα_var value. The AC model of a single segment is shown in Fig. 15(a) with impedance given by:

	
Zseg_var (s) = s Cvar1Rm1R1 + R1 + Rm1

sCvar1Rm1 + 1 � (1)

To highlight the impact of Rm on the zero/pole locations, the impedance magnitude and phase were simulated 
(for values of 10 kΩ, 100 kΩ, 1 MΩ). These simulations are shown in Fig. 15(b) and (c). From these simulations, 
it is clear that larger values of Rm reduce the variations of the segment from its ideal behavior. While using 1 
MΩ values would be the most appropriate based on these simulations, this value is challenging to realize for a 
practical microelectronic implementation. As a compromise, values of 100 kΩ are selected to balance the trade-
offs of implementation and performance.

Using these values, the remaining resistors were modified such that: R1 = 12 kΩ, R2 = 10 kΩ, R3 = 1 kΩ, Rp = 20 
kΩ). Also, in this specific design the correction capacitor Cp has no significant effect (increase of phase outside 
of operational band). Therefore, Cp was omitted. The physical realization (photo) of this final design is shown 
in Fig. 8(b).

Fig. 13.  Experimental characteristics of varicap BB112 impedance: (a) impedance magnitude plots, (b) 
impedance phase plots, (c) dependence of capacitance on reverse bias voltage.
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The impedance magnitude and phase of the physical prototype were measured using the readout setup 
(shown in Fig. 1 and described in sec3). The cases when Vset_Cα = 0 V and 8 V are shown in Fig. 16(a) and (b). 
For comparison, the circuit simulations of the impedance magnitude and phase are also provided. Overall, the 
experimental results indicate that Cα_var ranges from 654 nF/sec0.5 to 138 nF/sec0.5 for Vset_Cα from 0 V to 8 V. 
This shows very good agreement with the simulation range of 645 nF/sec0.5 to 135 nF/sec0.5. The dependence of 
the pseudocapacitance on the driving voltage is shown in Fig. 17. The center value is approximately Cα_var = 297 
nF/sec0.5 (for Vset_Cα = 4 V) and has an operational bandwidth between 54 kHz and 680 kHz (again, fulfilling the 
1 decade goal of this work). This result (Vset_Cα = 4 V) has been omitted in Fig. 16 for clarity. The examples for 
the lowest and the highest value of Vset_Cα are shown.

The varicaps are typically used in high-frequency (VHF) designs. Therefore, there are no significant deviations 
from the expected performance at high frequencies (unlike the MOS-based CPE). Similar to the previous design, 

Fig. 15.  Impact of Rm value on varicap-based CPE performance: (a) the simplified model of simple CPE 
segment, (b) impedance magnitude responses of CPE, (c) impedance phase responses of CPE.

 

Fig. 14.  The varicap-based adjustable CPE to realize a half-capacitor with Cα = 330 nF/sec0.5 tunable using a 
single voltage.
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an analysis of signal distortion (using the same approach previously described) indicates very good performance. 
The varicap based CPE was tuned to Cα_var = 654 nF/sec0.5 (Vset_Cα = 0 V) at frequency 30 kHz (the center of 
operational bandwidth). The corresponding THD results of both channel 1 (voltage across the sensing resistor) 
and channel 2 (voltage across the CPE) are shown in Fig. 18. The values of THD do not exceed 0.1% for signal 
levels reaching hundreds of mV (with THD < 1% for signals of approximately 1 V). Therefore, this solution has 
significantly better linearity when compared with the previous solution.

Comparison and discussion of both approaches
Overall, this work has presented the design and validation of two approaches to realize an approximated 
fractional-order capacitor with variable pseudo-capacitance using a single tuning voltage. This design uses 
the substitution of elements in a traditional RC-ladder approximation with voltage-dependent alternatives; 
specifically, MOSFET devices and varicaps for variable resistance and capacitance, respectively. Designs were 
realized using available commercial components to demonstrate feasibility and component values are suitable 
for further microelectronic implementations. These designs have the potential to support rapid prototyping and 
design optimization for fractional-order circuits that require fractional-order capacitors.

A comparison of the significant features of this solution compared to existing solutions is provided in Table 2. 
To summarize, the MOS-based CPE has advantages that include: (a) high sensitivity to driving voltage (very 
small range of Vset_Cα is used) and very large adjustability ratio, (b) high adjustability range of Cα (almost one 
decade – Cα can be increased 7×), (c) simple implementation (only capacitors and MOS elements as direct 
replacements of resistors are required in the topology), (d) design of pseudocapacitances having very high values 
of Cα (because of very low RDSon – tens, hundreds of Ω). It is important to note the significant disadvantages of 
the MOSFET-based CPE as well. These include that it is: (a) highly nonlinear with inaccurate dependence of Cα 
on Vset_Cα (differences of almost 20% from expectation, i.e. simulation), (b) no possibility to reach low Cα values 
(due to RDSon range), (c) parasitic device capacitances (CGS, CGD, CDS) degrade high-frequency operational band 

Fig. 17.  Dependence of the varicap-based CPE pseudocapacitance on the driving voltage.

 

Fig. 16.  Measured and simulated impedance (a) magnitude and (b) phase of proposed varicap-based 
adjustable CPE.
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(defined operational band of CPE is not fulfilled above 100 kHz for used type of MOS BS170), (d) low THD for 
only very small signal levels.

The varicap based CPE solves some of the issues of the previous MOS-based solution and has these advantages: 
(a) better accuracy (error up to 6%) and agreement with theoretical expectations/simulations (attributed to 
better component tolerances between devices), (b) suitability for high-frequency design (frequency responses 
are still valid in range above 100 kHz), (c) minimal impact of Cα tunability on defined operational band (1 decade 
maintained), (d) the pseudocapacitance Cα following initial ideal expectation (Figs.  2, 3 and 4) is achieved, 
(e) the signal levels up to several hundred of mV can be applied with acceptable or very low distortion. The 
disadvantages of this design are that it has: (a) slightly reduced range of Cα adjustability (Cα can be increased 
5x) in comparison to MOS-based CPE, (b) quite large range of required driving voltage Vset_Cα (0→8 V), (c) 
increased complexity of circuit topology (auxiliary elements as Rm and coupling capacitors CV).

Each of the presented solutions has the potential to support different applications or implementations. 
The MOS-based solution has the potential to be integrated into microelectronic scale designs. The integrated 
implementation supposes operation with very low signal levels (so the THD of this design may not significantly 
effect its performance for these applications). Similarly, RDSon can be influenced by specific design of MOS 
elements (aspect ratio width/length) or the resistor of CPE can be created by different way (several MOS 
elements49, special active element as linear transconductance amplifier50, etc.), providing greater design flexibility 
with an integrated design than was possible using a single commercial element. On the other hand, the design 
of adjustable capacitances (of large values especially) is challenging and limited for integrated designs (chip area 
requirements are high). Also, discrete design of large Cα values (tens of µF) is typical for discrete MOS-based 
CPE. The varicap-based CPE is more suitable for discrete circuit design expecting linear processing of higher 
signal levels and high accuracy.

While this work has demonstrated the feasibility of this design approach, there are a few limitations which 
require future investigation. This work was limited to a device with half-order (α = 0.5) and further investigation 
to evaluate this approach for the range of fractional orders (0 < α < 1) is needed. Similarly, further work is needed 
to evaluate the feasibility of using this approach to extend the operating frequency range beyond one decade 
which would increase the usability of devices designed with this method. A limitation of the current design 
approach is the requirement to adjust component values based on the characteristics of the substitution element. 

Solution MOS-based Varicap-based

Approximate operational frequency range of CPE (Cαvaried and valid in 1 frequency decade) 500 Hz→100 kHz 8 kHz→5 MHz

Driving voltage Vset_Cα 2.03→2.2 V 0→8 V

Simulated Cα range 17→107 µF/sec0.5 645→135 nF/sec0.5

Measured Cα range 15→109 µF/sec0.5 654→138 nF/sec0.5

Ratio of max and min Cα(Cα_max / Cα_min) 7 5

Maximal Cα error in adjustable range −19% −6%

Accuracy Low High

Measured adjustability ratio
[(Cα_max / Cα_min)/(Vset_Cα_max / Vset_Cα_min)] 6.7 < 1 when Vset_Cα → 0

Approximate maximally processed voltage without significant signal shape distortion 100 mVP−P units of VP−P

Maximal THD in measuring setup (VCH1 = 100 mVP−P) 5.5% 0.1%

The lowest achieved THD in the measuring setup 0.6% (VCH1 = 20 mVP−P) 0.1% (VCH2 = 80 mVP−P)

Table 2.  Comparison of proposed designs of single voltage adjustable cpes.

 

Fig. 18.  Dependence of THD on voltage levels measured in the experimental setup (Fig. 1) for varicap-based 
CPE.
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Future algorithms could be improved by including these tuning steps into the design procedure conducted with 
the simulation tools and their available models. Finally, these designs only investigated one type of MOSFET 
(BS170) and vari-cap (BB112) device, which may limit the performance range due to the specific characteristics 
of each. Future work should investigate the voltage-dependent resistance and capacitance of other commercially 
available components to determine if there are available devices that can improve the accuracy of these designs 
(or extend their operating ranges).

Conclusion
Our work has demonstrated two methods to design a constant phase element with variable pseudocapacitance 
controlled by a single driving DC voltage. The design targets for this work were to achieve a single frequency 
decade operability with phase ripple of ± 2°. We obtained two ranges of pseudocapacitance (15µF/sec0.5 to 
109 µF/sec0.5 and 138 nF/sec0.5 to 654 nF/sec0.5) adjusted by DC driving voltage in two solutions of CPE using 
standard discrete elements (resistors or capacitors) and electronically adjustable equivalents of these elements 
(MOSFET transistors and varicaps, respectively). The obtained ranges of pseudocapacitance are very close to 
the design intentions. The MOS-based approach has a wider adjustability range but is limited to low amplitude 
signals but has greater potential for integration as a simple and compact integrated circuit. The operational 
frequency range for the MOS-based solution spans from 4.6 kHz to 49 kHz, while for the varicap-based solution 
it ranges from 54 kHz to 680 kHz (both ranges valid for center value of pseudocapacity, i.e. the valid operational 
frequency decade/bandwidth is located in the middle of possible frequency positions). Both solutions were 
designed to cover one decade of frequency. The full frequency range where the operational bands can be shifted 
by pseudocapacitance variation (still valid in 1 decade) falls between 500 Hz and 100 kHz and between 8 kHz and 
5 MHz. Overall, the experimental measurements confirmed an acceptable match with the designed parameters. 
While this work demonstrates the feasibility of this approach, the driving goal of pseudocapacitance adjustment 
requires further research focused on design approaches, algorithms and methodologies (fixation of values of 
specific elements for their simultaneous adjustment), i.e. modification of algorithms serving for the design 
of fractional-order RC approximants to address the current limitations. The electronically adjustable CPE, 
controlled by DC voltage, offers a significant advantage in the design of electronically adjustable fractional-order 
circuits and systems. This adjustability is particularly important for modifying the time constant, which directly 
impacts key parameters of various circuit applications, such as passive and active filters, phase shifters, and 
oscillators. Modern analog electronics increasingly demand designs that incorporate electronically controlled 
(by DC voltage) parameters of devices, enabling simple and seamless adjustment via computer or digital systems. 
This allows important analog systems parameters, such as cut-off frequencies, gains, and others, to be easily 
modified or automatically adapted to chaining conditions. There are various unsolved issues in the field of passive 
and active adjustable CPEs (implementation of active devices bringing the feature of adjustability, increasing the 
ranges of adjustability, improvements of linearity, changing the trends and dependences of pseudocapacitance 
on control parameters, solving the aspects of the signal distortion (passive vs. active), designing the circuits with 
simple single-parameter adjustability of the order/phase, etc.). These issues deserve further research efforts and 
our research opens some of them.

Data availability
Key data of all results is provided within the manuscript. Supplementary data (datasets of computer-aided anal-
ysis of circuits and detailed measurement results) can be shared with readers based on their reasonable request 
(addressed to corresponding author).
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