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In this work, we construct Lyapunov functionals to analyze the global stability of the equilibria in
reaction-diffusion systems arising in biological models. We employ Lyapunov functionals originally
constructed for associated ordinary differential equation (ODE) models and extend them to partial
differential equation (PDE) systems involving spatial diffusion. We analyze disease-free and endemic
equilibrium stability in terms of the basic reproduction number %, a threshold parameter. Specifically,
we show that when %, < 1 the disease-free equilibrium is globally asymptotically stable, while for
Zo > 1the endemic equilibrium is globally stable under certain conditions. To make our methods
more feasible, we supply some examples from epidemiology and good health, including spatially
structured models with diffusion. Numerical simulations are provided to justify the theoretical results
and to show the convergence behavior of the solutions.
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Infectious diseases have always represented a threat to the health of populations in the world and their dynamics
follow complex patterns both in space and time!. The spread can occur either within a population or as spatial
diffusion between regions through human mobility, environmental factors, or due to interactions between the
host and a vector. The knowledge of the dynamics of infectious diseases is paramount for designing control
strategies. Mathematical modeling has become a very powerful means for the analysis of infectious disease
dynamics: Keeling and Rohani* and Murray>.

The motivation behind this study stems from the urgent need to understand how spatial heterogeneity and
individual movement patterns influence the spread of infectious diseases. Traditional compartmental models try
to ignore spatial interactions, yet real epidemics exhibit clear geographical structure that can be formulated only
within the framework of spatial modeling. We attempt here to plug this hole by adding diffusion processes to
the conventional epidemiological model and thus better understand how diseases propagate in realistic, spatially
structured environments. Such information is important to design effective containment and mitigation
strategies.

Diftusion in infectious disease modeling is the transmission of an infection or infected population in space.
They observe the spread of diseases through dispersal or movement and are especially useful in observing
geography-, environment-, or mobility-mediated outbreaks®. Ignoring this would result in unrealistic uniform
mixing assumptions and fail to capture observed spatial spread patterns such as epidemic waves or hotspots.
Therefore, spatial diffusion allows the model to reflect geographically heterogeneous dynamics more accurately.

The coupling between local reaction kinetics, e.g., infection, recovery, and immunity, and spatial dispersion
generates complex phenomena like traveling waves and pattern formation. Fisher-KPP-type equations, for
instance, have been used to model the spread of epidemics in space, e.g., in the seminal papers of Aronson and
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Weinberger®, and more recently by Wang and Zhao®. Traveling wave solutions have been applied to describe
rabies spread in fox populations (see Mollison” and®?) and dengue outbreaks (see Smith et al.'%).

Lyapunov functionals have been successfully adapted from ODE to PDE epidemic models to establish global
stability of equilibria. Examples of such works are those by Wang and Zhao!!, where Lyapunov functionals were
established for age-structured and spatially structured models, and Salako and Smith!?, where global dynamics
were studied in diffusive SEIR systems.

The threshold value % is important for the determination of the destiny of an epidemic. Its usefulness also
extends to spatial models, where it continues to be a bifurcation parameter for disease extinction or persistence
(Diekmann et al.'’; Wang and Zhao'*). If Zo < 1 then the disease-free equilibrium is globally asymptotically
stable, if Zo > 1, an endemic equilibrium generally emerges, which can also exhibit spatial persistence or
wavefronts depending on the structure of the system.

Moreover, numerical techniques are of great use in depicting and calculating dynamics of spatial epidemic
models. Finite difference and finite element techniques are among the techniques often utilized to simulate
solutions and calculate the effect of variables like mobility, heterogeneity, and controls on outcomes. Study by
Wu etal.!, Brauer et al.'%, and Allen et al.'” illustrates the application of simulations to guide public health policy
by describing various intervention strategies.

The study addresses the mathematical analysis and numerical simulation of diffusive epidemic models. It
develops Lyapunov functionals for reaction-diffusion equations derived from classical epidemiological models.
The goal is to understand the global stability behavior of equilibria with respect to %, and to support the
analytical results with computational simulations. Our work contributes to the growing literature on spatial
disease modeling by bridging theoretical analysis and real-world applicability.

Part I: global dynamics of reaction—diffusion SITR epidemic model

The SIR model, developed in 1927'%, assumes that an individual recovering from a disease develops lifelong
immunity and the population size is constant. This model can help a lot in understanding how disease can spread
in global networks, such as the recent HIN1 outbreak. It can be adapted for understanding the rate of spread in
different countries and how it may re-enter a country after the initial epidemic phase has passed!'’. This model
can guide public health responses, give warnings of expected re-emergence times, and can be used in cost-
benefit analysis of vaccinations and antiviral drugs®®2!.

This section deals with the SITR model in epidemiology, which investigates the impact of treatment on
infected individuals and the spread of infectious diseases?’~2%. It compares the disease-free equilibrium and
the endemic equilibrium, and the stability of the equilibrium. The paper also plots graphs of the number of
susceptibles, infectives, and removed through time. It suggests introducing a treatment rate to the rate of recovery
for infected people, assuming that the rate of recovery is inversely proportional to the duration of infection. We
consider the following model

Sy = dsAS+v—vS(w,t) — xS(w,t)I(w,t),
I = diAT+ xS(w, ) (w,t) — (v+n+0+7)(w,t)+ T (z,t), ]
T, = drAT+d0l(w,t)— (v+k+0)T(w,t), (1)
R = drAR+~vI(w,t)+ kT (w,t) — vR(w,t).

where S(w,t), I(w,t), T(w,t), R(w,t) are respectively the densities of the susceptible individuals, infected
persons,individuals in treatment, and recovered persons at time ¢ and position w. v is the natural death coefficient.
The rate [ is the probability for transmission of the infection.y is recovering coeflicient without resorting to
treatment. 7 is infection related death rate.The rate of treatment d.x is the recovery rate after treatment. o the rate
of return to infected compartment. We assume that the initial conditions and Neumann boundary conditions
are written in the form:

§lw,0) = So() > 0 I(,0) = Io(w) >0 T(w,0) = To(w) >0 R(w,0) = Ro(w) >0 in Q=[] 2

{ 25 = 2L = 9L — 0 we I x (0, +0),
Model (1) accounts for spatiotemporal dynamics of an infectious disease through a reaction-diffusion
framework with four compartments: susceptible (S), infected (I), quarantined or treated (T), and recovered
(R). The susceptibles are recruited at a fixed rate and lost due to natural death or due to infection through
normal mass-action contact with infectives. The infected class increases with new infections and decreases with
natural mortality, disease-caused death, treatment, or cure. Interestingly, the model has a term for relapse or
treatment failure, where individuals in the treated class re-enter the infectious class. Treated individuals are
hypothesized to enter this class from the infected compartment at some specific rate, and may recover, relapse,
or die naturally. The recovered class is formed through two pathways: direct recovery from disease or recovery
after treatment, and permanent immunity is gained by these individuals. Each compartment diffuses in space,
mimicking human travel or diffusion of infection vectors, and allowing spatial spread to be explored like traveling
waves or regional clustering of disease.The spatial diffusion and relapse of treatment incorporate realistic and
complex epidemiological dynamics such as delayed clearance, reinfection through treatment failure, and non-
homogeneous geographical spread. The formulation provides a solid framework to analyze stability, persistence,
and infectious disease control, in particular the threshold behavior governed by the basic reproduction number

Ro.
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Existence and uniqueness of solution
Let X in Banach space C(Q;R) contain real-value function ®,(Q2) with ||®||x = sup,cq |P(w)|. Let L,

L3,L3 and Ly be four linear operators, D(L;)(X — X) defined by:

0 0? 07 82
Li®=ds5—® L@ =dig—®, Li®=drg—® Li®=dr5—5®,

and

0

D(Li) = {q> € (C2(Q;R),8—n<b =0,we€ 8(2} (i=1,2,3,4)

L; : D(L;) — X are continuous and bounded linear operators in D(L;) . Therefore, L1, L2, L3, Ly are
generators of uniformly continuous particles.semi- groups {T's(t)}icr+, {T7(t)}ier+ {Tr(t)}ier+ and
{Tr(t)}+er+ on X (see Theorem?), in deduces that the semi-groups are positive. The existence and uniqueness
of the solution are determined by the following theorem:

Theorem 2.1 The diffusive model (1) have a unique solution (S(.,t),I1(.,t),T(.,t),R(.,t)) €© for
(S0, In, To, Ro) € Q

Proof Since L1, L2, L3, L4 are generators of uniformly continuous semigroups {Ts(¢) }rer+> {T7(t) }rer+»
{Tr(t)}ser+ and {Tr(¢)};er+ on X and the model (1) can be inserted by abstract form in the following

O: = f(O(w,t)) + D,

f1(©) v—vS(w,t) — BS(w,t)(w,t), dsAS
£(0) = f200) | _ | xS, I ( t)y—(v+n+d+7)(w,t)+ 0T (w,t), " dr Al

f3(©) 6I(z,t) — (v+ K+ 0)T(z,t), dr AT

fa(©) ~I(z,t) + kT (x,t) — vR(z, t). drARS

with X (z,t) = (S(x,t), I(x,t), T(z,t), R(z,t)). Note that f; are of class C", then it is locally Lipschitz with
respect to the second variable, so implies the existence and uniqueness of the solution. |

Steady states
As stated in the previous section.Clearly, the 4th equation of the system (1) independent of other equations. So,
we can reduction the system (1) to the following form

dsAS +v(1 — S(w,t)) — xS(w,t)I(w,t),
drAT + xS (w0, )1(,1) — (0 + 7+ 0 4 W I(@,8) + 0T (w, 1), ()
dr AT + 61 (w,t) — (v + £+ 0)T(w,t).

——
He
1

The system (1) admits a unique disease free steady state (DFSS) Eg = (S0, 0, 0), with:
So = 1.

Now, to find the positive steady state say (endemic steady state) and referred to as (ESS) , according to the results
in the following lemma

Lemma 3.1 When Ro > 1, the model (1) has a unique endemic steady state (ESS), which represents to
E* = (S*,I*,T").

Proof E* verified the following system

v(l—8")—xS"I" = 0,
xS I = (v+n+d+)I"+oT* = 0, (4)
I —(v+r+0)T" = 0.
Using similar calculations to the proof of Lemma 3.1, we deduce the result:
(AL %)
v+Kk+o
we replace (5) in the second equation of (4) we get:
S — (V+n+6+w)*ﬁ ) (6)

X

and
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v(1-8")  v(l—%")

I" = = 7
xS* xS @
Thus, themodel (3) guarantee hasaunique (ESS), E7 = (S*, I, T"),ifandonlyif Zy = ———X——+— > 1
(V+7]+5+’Y)*W
with
= (5*7 1*7 T*)7
where
w (N tot) - 72— . va-25h) . 51"
§'=——3"7 I's—5—, T"= 34
The proof of this lemma is therefore completed. O

Stability analysis

he obtained results are summarized in the following theorem:
Theorem 4.1 If #o < 1 the disease-free state is globally asymptotically stable and unstable if o > 1

Proof Consider the following system of eigenvalues:

—AU = \U .
W _ 0 wedQ ®

The function U(w) = ¢(w) € C*(Q) which checks the system (8) and we call it eigenfunctionﬁwhere An > 0is
eigenvalue of —AU. Now we pose 2 = [, ] so we get U (w) = cos(mr) )and A, = (T)

S(w,t) = S(t) cos("llw) I(w,t) = I(t) cos(“E

) T(w,t) = T(t) cos(ZX

)

with we put J the Jaccobian matrix associated with (3) in the steady state Eo, we write the system in the form:

U, = DU + JU
with
82
D= (dlm 0. )
0 dagz
and
—v — 0
Jgo = 0 x—-(@w+n+d+7) g
0 ) v+k+o0)
therefor

—)\ndsS( ) cos(ZE
—AndrI(t) cos(**
AndrT () cos(Zrw

&=

o

S}

w
B2

€
<
([l

os( ) + xvi; cos(2E Tw).

Ands — vV —X 0
K= 0 Xx—(W+n+0+7)— Audr o
0 1) —(v+Kk+0)— Adr
In not that
g1 = —Mds — v <O.

Clearly, the 1st eigenvalue of K.
So, the remain tow eigenvalues of (DFSS), are calculated from the following matrix.

M = X_(V+77+6+7+)\nd1) o
- ) —(v+Kk+0+ Adr)
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with:
{TT‘(M) = X—(Ww+d+y+v+n+r+0)—Adr — Andr
Det(M) = —x(w+rc+o+ddr)+w+n+0+v+Idr)(v+ K+ 0+ Audr) — do
oo od
TT(M)(V+77+5+’Y)+W|:%0—1:|—(V+I€+O')—And1—kndT—V+K+o_<0

and

Det(M)=w+n+d+7)v+r+0)—d0[—Zs + 1]+ Mdi(v + £+ 0+ Andr) + Adr(v + 6+ 7 + 7).

we get Det(M) > 0 weher %5 = — fg:f{?;;’jr:iti’;‘ﬁga < 1 because 1> Zo > Z;,hence,Ey is locally

asymptotically stable.To complete the proof of Theorem 4.1, we need to prove the global attraction for Zo < 1
using Lyapunov function. We consider it is in the following

L(w,t):/SM(SgJ(;t)) F 1w, 1) + eT(w, t)dw,

here h is Volterra function h(z) = z — 1 — In(z); z € RT. Let, L(w, t) is a positive defined function at the
(DFSS) (So; 0;0). The time derivative of L(w, t) is:

y , S(w, t
= & ) Soh<%> + I(w, 8) + T (w, t)dw,

wit 0 S(w,t)
OL(w,t)  _ ,
e = /ﬂ En <Soh< 5 ) + I(w,t) + T'(w, t)) dw,

- 1- % (dsAS + vS° — vS(w, 1) — BI(w, £)S(w, 1))

dzﬂAI + xS(w, ) (w,t) = (v + 5+ v)I(w,t) + 0T (x,t) + c(dr AT + 6I(w,t) — (v +n+ K+ 0)T(w, t))dw,
_ / VS0 (1 - %) (1 - %) + (1 - % dsAS — xI(w, £)S(w, 1) + xI (@, )So + xS(w, )I(w, 1)

—SEI/ + 0+ I(w,t) + 0T (w,t) + c(dr AT + 61 (w,t) — (v + 1+ Kk + 0)T(w, t))dw.
According to the simplification, we get:

oL _ / (1 - %) - g)”s‘] + (1 _ %)dsASerI(w,t)So W48t (w,8) + T (w, 1)
Q 0

+e(dr AT + 61 (w,t) — (v +n+ Kk +0)T(w,t))dw

i l 1
for where the conditions on the banks of Neumann we have {VS } = [VI :| = |:VT] =0
—1 -1 -1

s / (1 - S“) <1 - S> VS0 + xI(w,)So — (v + 6 + V) I(w, ) + 0T (w, 1)
o S So
+e(6l(w,t) — (v+n+k+0)T(w,t))dw + h/(5>dsAde,
Q 0

= / (1 - i?) (1 — 5;) vSo + xI(w,t)So — (v + 6 +7)I(w,t) + 0T (w,t) + c(61(w,t)

v+ 0+ K+ )T (w, b))z — / ds(VS)Q%dw
Q
if we put ¢ = -7, hence
OLw.t) _ 1—& 1—£ vSo + xI(w,t)So — (v + 6 + ) [ (w t)+670[(w t)dw
ot o S So 0 ’ vi+nt+r+o
- st(VS)Q%dw,

- _SN (5 ___ b0 o — _ 250

= /S2 <1 S)(l SO>VSO+<(V+5+’Y) V+n+n+g)[(w’t)[‘20 l}dw /st(VS) S2dw

< 0
and equality holds if and only if S = S and I = T = 0. That is mean (DFSS) is (GAS) if Zo < 1. O

Now, we discuss the (GAS) of the (ESS) if Zo > 1 by the following theorem
Theorem 4.2 The (ESS) of the system (3) is (LAS) if o > 1 and otherwise unstable.

Proof To prove local stability of (ESS), we consider the Jacobian matrix of the system (3) at (ESS) as follows.
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Now, we put

where
A= \ds —v—xI"

—V
R

—BS*
XS*—(Ww+n+6+v) - Andr
é

0
o .
—(v+K+0)— Apdr

A B 0
Jg==|C D o],
0 6 FE
An, B=—x8*,C =xI",D = =55~ — \,dr, E = =25 — \udr.

Consequently, the eigenvalues are given by the characteristic equation of Jg+ in the following

p

where
Al =
As =
Az =

Now, according to the Routh-Hurwitz
in the following

Clearly, when the Zy > 1, we guarantee the above conditions are hold. Where, 5™ =

A=

Next, we show that Az > 0.
As

Finally, we show the last inequality in

A1Az — Az = <S%+Ands+",%‘mnd1

- <x25*1*(% + AﬂdT)>,

> 0.

Ands + v+ xI" +

(\) =& + A1? + Age + As, )

—(A+ D+ E),
—(BC — AE =~ DE — AD + d0),
—ADE + BCE + Ado.

Criterion, we deduce that (ESS) is LAS under the conditions are satisfied

A17A3 > 07

(Hl) : { A1 Ay — A3z > 0.

(M+5+VI+’Y)—“+G%
X

P v+ Kk+0)+ Andr > 0.

~ADE + BCE + Abo,
BCE — AAnds (Hg“) > 0.

(H1), thatis,A1 A2 — A3 > 0 we have:

++ AM) <(g— + Ands) (S5 + Andr) + (& + Ands) (25 + Andr) + %S*I*)

Therefore, for Zo > 1, we guarantee the (Hj ) is satisfied, thus, the (ESS) of system (3) is (LAS). This completes

the proof.

Now, the (GAS) of (ESS) is analyzed by applied and used the lyapunov function:

L(w,t) = /QS*h<

Clearly, L(w, t) is a continuous and di

OL(w,t)
ot

Using the equilibrium propriety

= 2 S*h(
Q

S

S*

L
I*

> +cT*h< T

T= (10)

REDREN

fferentiable. Then, taking the time derivative of L(w, t), it is obtained that

)—i—["h(é) +cT*h< )dx,

S
S*

T
T*
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XS I* +oT* = +§+y)I7,
oI —oT* =w+n+r)T7,

OL(w.t) _ s S « - wf, 1 T T1I" T° T" B
s /Q<1 S)(l S*><I/S+XSI>+G'T<1 Tt Et - H2-2

07 ol (- L T Ly L 2) oo — / ds(VS)Q%dw - / dz(V1)2%dw e / dr(VT)Z%dw
JQ JQ JQ

S* S - - . I T TI*
= /Q(h(g)fh(?)) (ms +551>+UT <7h(1—*) h(F)fh(ﬁo
. - ' 25" " oI ' o T
ST h(L) = h(Z2) = h(Z) Jdw — [ ds(VS)?*Zsdw — [ di(VI)*—=dw—c | dp(VT)? = dw
et () = () () Jao = [ o8 [ oo —e [arorr

{ v=vS*+4xS"I",

we take ¢ = S

bren A(—h(i)—h(i))(us*—kﬁS*I*)+aT*<—h(?j{*)—h(f}*))dw

S* I* T
f/st(VSf?dxf/QdI(VI)2ﬁdw—c/QdT(VT)2ﬁdw
0

Therefore, when the S = S*, I = I* and T' = T"*. We have that (ESS) is GAS. O

Impact of treatment on the basic reproduction number %,
A central goal of this study is to investigate the effect of treatment efforts on the transmission dynamics of the
disease. In the model, treatment is represented by the transition of infected individuals to the treated class at a
rate §. Importantly, the model accounts for imperfect treatment, where individuals under treatment may relapse
and return to the infectious class at rate o. Therefore, understanding how variations in § influence the basic
reproduction number % is essential for evaluating the effectiveness of public health or veterinary interventions.
We derive an explicit expression for Zo, which quantifies the average number of secondary infections
generated by a single infected individual in a completely susceptible population. For this model, % is given by:

Ry = X

w+d+n+7) - o0 (1

v+kK+o

This expression highlights how treatment () influences %o through both direct removal of infectives and the
possibility of relapse via the treated class. To further understand this dependence, we compute the derivative of
Ho with respect to J:

d%o xv+£K+o0)(v+k)
= - 0.
R R | e g L (12)

This result confirms that increasing the treatment rate § always leads to a decrease in %y, despite the presence of
treatment failure. Therefore, enhancing the rate at which infectious individuals receive treatment is beneficial in
controlling the spread of the disease. This theoretical conclusion is further supported by numerical simulations
(see Fig. 3), which visually confirm the negative relationship between ¢ and Zo.

From a control perspective, a key question is determining the minimal treatment rate dmin required to ensure
disease eradication, i.e., to make Zo < 1. Solving the inequality:

X
(v+do+n+v)—

P <1,

v+K+o
leads to the critical threshold:

5> gy = X FRFO) W ENFN R+ ) (13)
V+K

This condition provides a quantitative target for policymakers or human health authorities: ensuring that the
treatment effort § exceeds dmin guarantees that %o < 1, thus leading to disease elimination in the long run. In
summary, this section emphasizes the crucial role of treatment not only in reducing disease burden but also in
shaping the overall epidemic threshold.

Numerical analysis

In this section, we perform numerical simulations to illustrate the theoretical results obtained in the previous
sections. The simulations are conducted using finite difference methods to approximate the solutions of the
reaction-diffusion system (3). The full list of parameter values used in the simulation are given in the following.

x=005 A=2 v=01 =03 n=01 6=01 6=01 k=01 de=dr =dpr =0.1.  (14)
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Fig. 1. Numerical simulations of solutions for system (3), where x = 0.05 and Zy = 0.13 < 1. The disease
dies out and the solution converges to the disease-free equilibrium.
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Fig. 2. Numerical simulations of solutions for system (3), where x = 0.5 and Zo = 1.36 > 1. The disease
persists and the solution converges to an endemic steady state (ESS).

Therefore, consider two scenarios: one where the basic reproduction number satisfies Zo < 1, and another
where Zo > 1, to demonstrate the contrasting asymptotic behaviors of the disease dynamics.

The computational space is chosen to be one-dimensional space region 2 = [0, L] with homogeneous
Neumann boundary conditions, which represents an closed setting with zero population flux along the
boundaries. The initial compartment distributions (S, I, T, R) are assumed to be spatially heterogeneous.
Parameter values are determined based on biologically reasonable assumptions and are consistent with the
analytical conditions for Zo.

Figure 1 displays the evolution of susceptible, infected, and treated populations for the case where
Ho = 0.13 < 1, with a low transmission rate x = 0.05. As expected from the theoretical analysis, the disease
dies out over time, and the solution converges to the disease-free equilibrium (DFE). This behavior is consistent
with the global asymptotic stability of the DFE under the condition Zo < 1.

In contrast, Fig. 2 presents the dynamics for the case where Zo = 1.36 > 1, with a higher transmission
rate x = 0.5. Here, the infection persists over time and stabilizes at a nontrivial endemic equilibrium. This
confirms the theoretical prediction of the global asymptotic stability (GAS) of the endemic steady state (ESS)
when %y > 1.
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Sensitivity analysis of treatment rate
To better understand the role of the treatment rate §, we investigate the sensitivity of Zo with respect to changes
in d. As shown in Figure 3, the value of %y decreases monotonically with increasing . A critical threshold dumin
is identified, beyond which Zo drops below 1, leading to disease elimination.

These simulations demonstrate the effectiveness of treatment in reducing disease spread. By increasing the
treatment effort beyond §,;,, it is possible to control or eliminate the epidemic, providing a quantitative target
for public health interventions.

Discussion

Epidemic models represent disease spread in populations. This research aims to study the behavior of a diffusive
epidemic model that considers treatment effects. We have proven that %, determines the extent of the spread
of the disease and its relationship to the treatment. Where if Zy < 1, then we find that the solution converges
to the disease free equilibrium point, that is the disease free equilibrium point is globaly stable, and this is when
the value of the treatment parameter 6 > Jymin is large. but if Zo > 1, then we find the solution converges to
the endemic equilibrium point, then the endemic equilibrium point is globaly stable, this is for for the treatment
parameter 0 < dmin. Treatment can have a substantial impact on the overall epidemic behavior. This information
can inform effective disease control strategies. In summary, the diffusive epidemic model with treatment effect
provides valuable insights into infectious disease behavior and aids in developing effective infection control
strategies.

Part II: global stability of SVIR epidemic model with diffusion

The SVIR model, an extension of the SIR model, includes vaccination into the framework!*?*-2%, An extra
compartment of the model is required for the number of vaccinated individuals (V)%. Vaccinated people can
be infected but typically will not develop severe symptoms and therefore cannot spread the virus as actively.
Reaction-diffusion models take into account the spatial spread of a population. Reaction-diffusion models have
been used in infectious disease modeling to examine the spread of a disease through a geographical region®. In
this paper, we study the global stability of the SVIR model with imperfect vaccination and reaction-diffusion®¥2.
Global stability means that a solution of the model always converges to a steady state regardless of the initial
condition.

Mathematical model

In this part, we study the proposal model of Salih et al**:
‘;?—‘f/ = dsAS+A—(p+a)S(w,t) — pI(w,t)S(w,t) + KV (w, t),
T dvAV +aS(w,t) — (p+ Kk + efl(w, 1))V (w,t), (15)
o = diAT + BI(w, t)(S(w,t) +eV(w,t)) — (u+ 0 + &)I(w,t),
55 = drAR+0I(w,t) — uR(w,t).

Under Neumann boundary conditions:

0.5 |- -

O 1 1 1
o 0.5 1 1.5 2 2.5 3

5min o

Fig. 3. The dynamics of the basic reproduction number % in relation to the treatment rate 6. When § < 6min,
we have Zo > 1 and the endemic equilibrium is globally stable. For § > 0min, Zo < 1, and the disease-free
steady state becomes globally stable.
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95 _ 0V _ 9L _ () on 90 x (0,+00)
82,02 50(&) 20 V(w.0)=Vo(w) 20 I(w,0)=Io(w) >0 in Q.

With © is a bounded interval. Let’s consider the functional space:

_ gy 95 _ 0V _ oI _
X—{¢EC(Q) 3n_5‘77_3n_0 weaQ}

Now, since the system (15) is not dependent on the R equation. So, we can reformulation it to the following a
new system.

Z.,—S = dsAS+A—(p+a)S(w,t) — fI(w,t)S(w,t) + &V (w, t),
{ ?? — Ay AV + aS(w,t) — (i + &+ eBI(w, )V (w, 1), (16)
S5 = diAI+ BI(w,t)(S(w,t) +eV(w,t)) — (u+ 6 + &) (w,t).
Steady state

The basic reproduction number of (16) given by :

G — AB(p + ae + k)
Pttt Rt

The system (16) has a steady state namely disease free steady state (DFSS) and denoted by Ey = (So, Vo, 0),

'Y . _ A _ A(k+p) _ a8,
when S' =V’ = I' = 0 with Sp = ATa-TE = ot > 0and Vp = u+?@ > 0.

Now, to find the positive steady state say (endemic steady state) and referred to as (ESS) , according to the
results in the following lemma

Lemma 9.1 If o > 1, the system (16) has a unique endemic steady state, which corresponds to the (ESS).

The (ESS) achieves the following system:
A= (p+a)S*—BI"S" +rV* =

07
aS* — (u+eBI"))V* —rV* = 0, (17)
BI*(S*+eV*)—(u+d+&6I" = 0.

Clearly, we can calculated the value of V*, from 2" equation of system (16) in the following

Vi= e >0 (18)
we substituting (18) in the 1°* equation of (16) we have:
A

S = >0 19

ptat Bl — e 1

According to the grd equation of the system (16) we have:

Bt T e+ eBI) — (p+6+6)] =0
ntr+epl
Since I* # 0, we get
a A
A uFo Bl — S _
5(M+a+/31*7w prE—— )= (u+d+o+§ =0
_ a11*2+a21*+u3 =0
aptrptp+B2I*2e+Brl*+Bul*+apl*e+Bul*e
Where
@ = eFE+u+o),
az = —AB%e+B(k+p+ae+pe)(d+p+o+8),
az = 6+ p+E(a+r+p)l — %,

where I*? is a positive root of the following equation:

a1 I*® + axI* + a3 = 0. (20)

Since that a1 > 0 and a3 < 0, we confirm that (20) has always one positive root I*, with J = a3 —4aias >0
and 1 is the determinator of (20),
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I* = 22tVd o ) 1)

2a1

where V9 > as.
Obviously, the system (16) always has a unique positive steady state denoted by E* = (5™, V™, I").

Stability anaIysns
Let’s recall that A2 are the eigenvalues of —A with n € N*. Now the Jacobian matrix of system (16) at the point
(8*,V*, I*) can 'be written as:

—(p+ ) — Bl +ds 2 K —BS
J(S,V, 1) = a (u—&-n—i—eﬁ])—i—dvaz eV .
BI eBI BS+eV)—(u+d+o0+8&+dis

Therefore, the Jacobian matrix at the (DFSS), becomes:
Theorem 10.1 The (DFSS) is LAS if o0 < 1 and unstable if #o > 1.

Proof The following Jacobian matrix is obtained at (DFSS)

—(p+a) —dsA2 K —B5So
JE, = e —p—k—dy A2 —epVh
0 0 B(So +eVo) — (u+ 8+ €) — dr )2

Clearly, the 1°¢ eigenvalue of the corresponding characteristic equation is written as
A= B(So+eVo) — (n+0+€) —diAl = (u+ 0+ €)1 — Fo] — diA2 < 0

Now, the other eigenvalues of Jg,, can be found by the following matrix

2
M:rw+2—@M u;dM4
with:
Tr = —M—H—(M+a)—ds)\i—dv>\i<0
{ Det = (u+a+ds)2)(p+r+dvdi) —ak >0
Thus, for Zo < 1, Ey is locally asymptotically stable. O

Theorem 10.2 The disease-free steady state (DFSS), Ey is globally asymptotically stable (GAS), if %o < 1.

Proof We consider the following lyapunov function:

L(w,t) :/Soh(S(SO )) +Vh<‘/w> + I(w, t)dw,

The time derivative of L(w, t) along the positive solution of system (16), it follows that:

OL(w,t) _ 9 Soh S(w7t) +Vh V(wvt) —|—I £)d.
ot 8t/Q 0 ( So 0 Vo (w, t)dw,

oLy / gt(s h(s(“’ t)) +Vh(v(‘2’t)> +I(w,t))dw,

‘ N

(dsAS+A— (p+ a)S(w,t) — fI(w, t)S(w,t) + KV (w, 1))

V
+dr AT +

(dvAV + aS(w,t) — (p+eBl(w,t))V(w,t) — nV(w7t)>
I(w,t)(S(w,t) + eV (w,t)) = (p+ 6+ &) (w, t)dw.

\_/UJ

™

Thus, by applying the propriety of the equilibrium

{ A = (,U/+0()SO - K/‘/Ov
= «

}LV() So — kVo. (22)

Clearly, according to the simplification, we get:
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Shwd) /(1SO>(1S>u50+(u+6+§>l(w,t){%)l}
o s S

+aSo|3— 5 — 35 — 25| + £V —1+S°+—SOV+2—2+§%SO—§%SO}dw
+/ 15 asas+ (1- Y ) ayavaw + |avi| |
o S v o

for where the conditions on the banks of Neumann we have {VI } = |:VS] = [VV} =0
Q Q Q

S S
OL(w,t)  _ _ 20 _ 2 . B —
- [(3)(- B oo
SoV VoS S A%
+xVo +h< >+h< >+l< )7}L(507V0>7}L<V?90>:|dw+/h (S—>dsAS+h (7>dvAde.
Q 0 0

According to (22) we replace kVp by aSo — uVo we get:

orwn _ [ (y_So\(;_S _ (S (VN WS
e = [(-5)(-Eese ool os] 4(3) 4(3) ()]
e )l ol ol ) (ot
_ Q

250
So \4 VoS
(%)) (%))
2

7/ ds(VS)2 22 dus + deVh(
o
Vo

Q 52
de <0.

=)

<

vv>2ﬁdw

} o
L) 0-2) <+6+f> oo
+HV0{ <50V> (V%)} (VS)ZS—gdf/.dv(VV)

Under the conditions S = So, I =0 and V' =V} are satisfied that guarantee the equality holds. Then, the
system (16) near (DFSS) is (GAS). O

Theorem 10.3 The (LAS) of system (16) at (ESS) is satisfied if %o > 1.

Proof The variational matrix of the system (16) around (ESS) is as follows

—(u+a) — BI* —ds)? K —BS*
Jgx = o —(u+ K+ eBI*) —dyr2 —eBV*
BI* eBI” —dr\2

Due to the (ESS), achieves the following equation:

0 = I"(B(S" +eV") = (n+4d+¢)),
A K B
Jgx = |a C D
E F —di)\2
here
A=—[(p+a)+BI" +dsAy], B=—BS",C = —(n+r+eBI") —dvA,, D= —epV*, E = BI"
and F = ¢BI"

Then, the characteristic equation is given by
p(AN) = A% 4+ A1N% + Ao\ + A3 (23)
where

Ay =—A—C+di)2
Ay = AC — FD — BE — ak — Adi )2 — Cdi)\2
As = BCE + AFD — kDE — BFa + ACd; )2 + akdi\2

According to Routh-Hurwitz criterion, characteristic equation will have negative real roots and the (ESS) is
(LAS) if the following conditions are true

[ A1, A3 >0
(Hl) . { A1A2 —A3 >0
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Clearly, when the Zo > 1, we guarantee the above conditions are hold. Such that,

A1 = (u+a)+ Bl +ds 2+ p+r+eBT* +dyI2 +diA2 >0

Next, we show that A3 > 0.

Az = (BS)(u+ Kk +eBI* +dv2)BI* 4 (u+ a + BI* + ds ) (eBV*)(efI*) 4 keB2V*T*
+eafB?S I* + ACdI N2 4+ akdi A2 > 0

Finally, we show the last inequality in (H1 ), thatis,A1 A2 — A3 > 0 we have:

A1Ay — A3 = ABE — A?C — AC? + CFD + kDE + BFa + Aak + Cak — Ad? X2 + A%dr)\2

—Cd3)\L 4+ C%dr )2 — Bdr)2E — Fdr)2D + 2ACd )2

_ 3au2 +042M+3:‘€N2 +"€2M+2N3 +63]*3E+631*382 _ Bﬁ2l*2 +ﬂ2f€1*2
B2+ BRI + 3BU%T* + 20k + 208% 1% + eaf?I*%e? 4+ 2% k12 4+ 482 uI*%e
+62ul*?e® + BaBI* (e — 1) — BAul* + aBrl* + 2aful* 4 ABkul”
—B2DI*?e® + BrDI* (e — 1) + o*BI"e + 3Bu*I"c + afkl*c + daful*c + 2Bkul*e — fuDI*e
—AdZXE + A%d 02 — Cd3X\E + C?dr )2 — Bdi)2E — Fdi)2D 4 2ACd )2

> 0

Therefore, the (ESS) of system (16) is (LAS), and the Routh-Hurwitz conditions are satisfied when %y > 1. This
completes the proof. d
The next theorem now discusses the system’s global stability (GAS) around the endemic stable state (ESS).

Theorem 10.4 If Zo > 1 the unique endemic steady state (ESS) is globally asymptotically stable (GAS).
Proof Let us consider a Lyapunov function as follows

L(w,t):/S*h<;> +V*h(“//*> +I*h([[*)dx (24)
Q

The following is the result of taking the time derivative of L(¢) along the system (16) affirmative solution

Shwd) - /Q (1 - ‘2) (dSAS +A— (p+a)S(w,t) — BI(w, t)S(w,t) + &V(w,t))
+{1- ‘g) <dvAV + aS(w,t) —efl(w, t)V(w,t) — kV (w,t) — pV(t))

+{1- I;) <d1AI + BI(w, t)(S(w,t) + eV (w,t)) = (p+o+d+ §)I(w,t))dw

By applying the propriety of the equilibrium and by doing some algebraic manipulation, we get

oL@ _ g ) oSS W|lg_ ST _sVT_V
o /Q<“b +B3 )[ S T | TP v ™

+ aS*f;JV*—sﬁI*V*)[73+%+%+%] +nv*{7§7‘:7%+2}dw

5 v* I
- /st(vsf§dw - de(VV)QVZdwf QdI(VS)Zﬁdw
s+ 8 s v sy SV sV*
= * )2 - % - = V* +eBI°V* 3— % — — - Ve - - 2| dw
/Q(,uS + 8S )[ g S*} +(u + ¢/ )[+3 5 e S*V] + K [ S S*V+ w

" S* v* I*
,/ﬂds(VS)Qﬁdwf dv(VV)Zdef d,(VS)zﬁdw

Q Q
« - st 8 . - S” |4 SV
/m <ns +BST ) |:2_§, ?} + (uv +eBIV )i[—h(?)fh(v*)—‘h(w)]

*

. . 25 1% nol
+KV [7}1(% —h(%)}dwf/!st(Vb)Qﬁdw7/de(VV)2v2dw—-/SzdI(Vb)zﬁdw
0

and equality holds when S = S* and V = V™, we replace the results in system (16) we get I = I". Which
implies that (ESS) is (GAS). O
Furthermore, our main purpose is to determine the effect of the vaccination on the spread of the contagious
disease. The responsible rate for the vaccination force is a. Note that this infection is imperfect, where it is
possible that the vaccinated person to get infected, but this infection will reduce the transmission rate (this
means that 8 > ¢ ). Due to the dependence of asymptotic dynamics to the value of Zo, we investigate the
sensibility of the Zo to o using the derivation of % with respect to cv. By a simple computation we get:

A% _ ABu(d + p+8§)lu(e —1) + k(e —1)] <0
do (w6 +p+E(a+ K+ p))? '
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Fig. 4. Numerical simulations of solutions for system (15), where 5 = 0.8 and %o = 56 > 1.
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Fig. 5. Numerical simulations of solutions for system (15),where 8 = 0.8 and Zo = 0.336 < 1.

This result means that the vaccination has a negative effect on the value of the BRN and augmenting the number
of vaccinated persons will lead to reducing the spread of the disease.

Numerical results

To look into the dynamics and make sure the analytical results are correct, we numerically simulate the effect
of the treatment on the dynamics of the system (3) using a set of parameter values that were carefully chosen to
make sense from a biological point of view.

A=3 =08 p=01¢=03 ¢=01 a=016=01 k=01 ds =dv =d; =0.1. (25)

The infection disease for different class with time to compare the distribution of the population when %o < 1
and Zo > 1 is shown in Fig. 4. In Fig. 4, the basic reproduction number, Zo = 3.36 > 1 when 3 = 0.8.
The figure tells us that the disease increases and the endemic steady state is global stable. In Fig. 5 the basic
reproduction number, Zo = 0.33 < 1 when 5 = 0.008. The figure tells us that the disease extinction and the
(DESS) is global stable.

Discussion

In this part, we have investigated the global stability of the SVIR model with imperfect vaccination and reaction-
diffusion. We have proved that the (DFSS) is (GAS) when the basic reproduction number is less than one. We
have also proved that the(ESS) is (GAS) when the %, >. Our results have several implications for the control
of infectious diseases. First, they show that imperfect vaccination can help to control the spread of infectious
diseases. Second, they show that reaction-diffusion can also help to control the spread of infectious diseases.
These results suggest that vaccination and reaction-diffusion should be considered as part of a comprehensive
strategy for controlling infectious diseases.

Combined analysis of reaction—diffusion epidemic models: SITR and SVIR
formulations

In this study, we presented a unified framework for analyzing two biologically relevant epidemic models
incorporating spatial diffusion: a SITR model and a SVIR model. Both models account for critical epidemiological
processes such as infection transmission, recovery, treatment, and vaccination, embedded within a reaction-
diffusion system. Our goal was to investigate the global stability of disease equilibria by combining analytical
tools-such as Lyapunov functionals and the basic reproduction number %o —with numerical simulations.
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Unified methodological approach
For both models, we adopted the same methodological approach. We began by formulating the reaction-
diffusion system under homogeneous Neumann boundary conditions, reflecting a closed spatial domain. The
local dynamics were modeled using nonlinear ODE compartments extended to PDEs with diffusion operators.
We derived the basic reproduction number %o using the next-generation matrix method adapted to systems with
treatment or vaccination terms. We also constructed Lyapunov functionals to investigate the global asymptotic
stability (GAS) of disease-free and endemic equilibria, with the threshold determined by the value of Zo.

For numerical simulation, we used an implicit finite difference scheme for time integration and central
differences for spatial discretization. This enabled the stable and accurate approximation of solutions in both
models.

Comparative dynamics and sensitivity

The SITR model emphasized the impact of treatment and imperfect isolation on the spread of disease. We
showed that increasing the treatment rate ¢ reduces %o, and derived the minimum value dmin needed to suppress
the outbreak. The numerical results confirmed this, showing convergence to the disease-free equilibrium for
0 > dmin and to an endemic state for 6 < dmin.

The SVIR model introduced vaccination as a preventive control measure. Similar to the treatment in the
SITR model, increasing the vaccination rate reduced the value of Zo. We derived an explicit condition for the
minimal vaccination rate necessary to ensure %o < 1, hence eliminating the disease. Simulations revealed the
critical role of vaccine coverage in disease control.

Both models illustrated how spatial effects, such as spatial heterogeneity, can persist even under strong
local control measures, emphasizing the importance of accounting for mobility and diffusion in public health
planning.

Data availability

The data used to support the findings of this study are available from the corresponding author upon request.
The articles used to support the findings of this study are included within the article and are cited at relevant
places within the text as references.
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