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Exponential kernels have been used considerably in statistics, machine learning, and artificial 
intelligence for tasks such as kernel principal component analysis (Kernel PCA), support vector 
machines(SVM), visualization, clustering, and pattern recognition. Selecting different bandwidth 
parameters for the exponential kernel can lead to varying insights about the data. Hence, 
understanding the theoretical impact of the bandwidth parameter is crucial. This paper investigates 
the influence of the exponential kernel’s bandwidth parameter on the approximation of continuous 
operators by their empirical counterparts, supported by some experimental algorithms.
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Exponential kernels are widely recognized as an effective choice in kernel-based methods. In learning algorithms 
and artificial intelligence, choosing an appropriate bandwidth parameter for a kernel is as important as selecting 
the kernel itself1,2. In most cases, statistical learning and data analysis depend on estimating the eigenvalues 
and eigenvectors of the kernel matrix, which represents the empirical version of a continuous operator. This is 
because we mostly use kernel functions to map the data to a large space, where the dimension could be infinite, 
and thus we need to deal with continuous functions. In the last decades, several works studied the connection 
between the two operators using perturbation theory. The first study that involved defining an integral operator 
by a kernel appeared in 1998 by Koltchinskii and in 2000 by Koltchinskii and Giné, where they studied the 
connection between the spectrum of the integral operator and the sectrum of their empirical counterpart. 
In 2010, another study by Rosasco3, which was focusing on any positive definite kernel has shown how close 
the egienvalues of the two operators to each other and the eigenvectors to their continuous counterpart. In a 
recent study, we were able to apply the same technique to Gaussian kernels4. We have shown the impact of the 
bandwidth parameter of the Gaussian kernels on the closeness of the two versions of the operators.

In this paper, we focus on exponential kernels and their bandwidth parameter. Therefore, it is essential to 
discuss the Reproducing Kernel Hilbert Space(RKHS) of the exponential kernel and shows its orthonormal 
basis(ONB) explicitly. With the help of Steinnwart’s results, we were able to derive an explicit description of the 
RKHS induced by the exponential kernel5, which is crucial in obtaining some bounds in the following sections. 
We then study the convergence of certain operators defined by the exponential kernel on the RKHS, and make 
some bounds that can be extended to the convergence of eigenvalues and eigenfunctions. To support our 
theoretical results and examine the impact of the exponential kernel’s bandwidth parameter, we provide some 
examples using support vector machine(SVM). These examples illustrate how the bandwidth parameter affects 
the performance of the nonlinear classifier in support vector machines.

Settings and preliminaries
In this section, we introduce some notations and discuss some properties of the exponential kernel and its 
corresponding reproducing kernel Hilbert space.

Reproducing Kernel Hilbert spaces induced by exponential kernels
Let X  be a nonempty subset of Rd, and let kλ : X × X → R be the exponential kernel6 given by

	 kλ(x1, x2) = e
⟨x1,x2⟩

λ , λ > 0, x1, x2 ∈ X ,� (1)
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where λ is the bandwidth parameter of kλ. Then, the feature map Φ(x1) : X → Hkλ (X ) of the Reproducing 
Kernel Hilbert Space (RKHS) Hkλ (X ) induced by kλ(x1, x2) is given by

	 Φ(x1) = e
⟨x1,.⟩

λ , ∀x1 ∈ X .� (2)

Hkλ (X ) admits the dot product as follows

	 ⟨Φ(x1), Φ(x2)⟩Hkλ
(X ) = ⟨e

⟨x1,·⟩
λ , e

⟨·,x2⟩
λ ⟩Hkλ

(X ) = e
⟨x1,x2⟩

λ = kλ(x1, x2).� (3)

The reproducing property of the kernel kλ can be defined by

	 f(x1) = ⟨f, e
⟨x1,·⟩

λ ⟩Hkλ
(X ), ∀x1 ∈ X and f ∈ Hkλ (X ).

Set

	 κλ = sup
√

kλ(x1, x2) = sup
√

e
⟨x1,x2⟩

λ , λ > 0, x1, x2 ∈ X .� (4)

Therefore, all evaluation functions are bounded7,8, that is

	
|f(x1)| =

√
⟨f, e

⟨x1,·⟩
λ ⟩Hkλ

(X ) ≤
√

e
⟨x1,x1⟩

λ

√
⟨f, f⟩Hkλ

(X ) ≤ κλ∥f∥Hkλ
(X ).� (5)

Integral operators defined by exponential reproducing kernel
Exponential kernels are commonly used in machine learning applications and learning algorithms. The 
bandwidth parameters chosen for exponential kernels have a significant impact on the performance of these 
algorithms. For that reason, our contribution is to provide a theoretical analysis of the extent of this effect. In 
20103, Rosasco considered the case of a positive kernel and established some bounds on eigenvalues and spectral 
projections; however, he did not investigate the impact of the kernel parameter. In our case, the analysis will be 
centered on exponential kernels. We derive some bounds that illustrate the effect of these parameters.

First of all, let X ⊂ Rd and kλ : X × X → R be the exponential reproducing kernel defined by

	 kλ(x1, x2) = e
⟨x1,x2⟩

λ , λ > 0, x1, x2 ∈ X ,

Let ρ be a probability measure on X  and L2(X , ρ) be the space of square-integrable functions with the norm 
∥f∥L2(X ,ρ) = ⟨f, f⟩L2(X ,ρ) =

´
X |f(x1)|2dρ(x1). Let Lkλ : L2(X , ρ) → L2(X , ρ) be an integral operator 

defined by

	
(Lkλ f)(x1) =

ˆ

X
e

⟨x1,x2⟩
λ f(x2)dρ(x2)� (6)

for all x1, x2 ∈ X , λ ∈ R+, and f ∈ L2(X , ρ). We know that e
⟨x1,x2⟩

λ ≤ κλ for all x1, x2 ∈ X . Therefore, Lkλ  
is a bounded operator.

Now assume that we are given a set of points {x1, . . . , xn} ⊂ Rd sampled i.id. according to ρ. The entries of 
the n × n kernel matrix Kn are computed by Ki,j = 1

n
e

⟨xi,xj ⟩
λ . Let Hkλ (X ) be the exponential reproducing 

kernel Hilbert space and define the operators TN, Tn : Hkλ (X ) → Hkλ (X ) by

	
TN =

ˆ

X

⟨·, e
⟨x1,·⟩

λ ⟩Hkλ
(X ) e

⟨x1,·⟩
λ dρ(x1), � (7)

	
Tn = 1

n

n∑
i=1

⟨·, e
⟨xi,·⟩

λ ⟩Hkλ
(X ) e

⟨xi,·⟩
λ . � (8)

Donate the inclusion map Hkλ (X ) ↪→ L2(X , ρ) and its adjoint operator by In, I∗
n respectively.

Results
In this section, we begin by introducing an explicit orthonormal basis of the exponential reproducing kernel 
Hilbert space (RKHS), as stated in the following proposition. The result is deduced from Steinwart’s results5 for 
the Gaussian kernel.

Proposition 1  Let n1, . . . , nd ∈ N and u := (n1, . . . , nd). Define enj : R → R, as follows,

	
enj (xj) =

√
1

(nj !)(λnj )x
nj

j , xj ∈ R, nj ∈ {n1, . . . , nd}.
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Then, the system eu(x) = en1 (x1) ⊗ · · · ⊗ end (xd) serves an orthonormal basis of Hkλ (Rd), with 
kλ(x1, x2) = e

⟨x1,x2⟩
λ  being its reproducing kernel.

Proof  Let us prove that kλ(x1, x2) is the reproducing kernel of Hkλ (Rd), while the reader can easily verify that 
the system forms an orthonormal basis using the same technique as in the Gaussian RKHS case5. To proceed, let 
x1, x2 ∈ Rd with x1 = (x11, x12 . . . , x1d) and x2 = (x21, x22 . . . , x2d) then the orthonormal basis we obtain

	

kλ(x1, x2) =
∞∑

n1, . . . , nd = 0
en1 ⊗ · · · ⊗ end (x1) en1 ⊗ · · · ⊗ end (x2)

=
∞∑

n1, . . . , nd = 0

d∏
j=1

√
1

(nj !)(λnj )x
nj

1j

√
1

(nj !)(λnj )x
nj

2j

=
d∏

j=1

∞∑

n1, . . . , nd = 0

1
(nj !)(λnj ) (x1j · x2j)nj

=
d∏

j=1

e
x1j ·x2j

λ

= e
⟨x,y⟩

λ . � □

Now, the above proposition leads us to another proposition in which we can compute the exact norm of the 
Hilbert-Schmidt operator TN  (7).

Proposition 2  Let X = R, and ρ(x1) be a normal distribution with a density ϕσ(x1) = 1
σ

√
2π

e
−

x2
1

2σ2 . Given the 

assumptions stated above, TN is a Hilbert-Schmidt operator, and ∥TN∥2
HS = 1√

1−4 σ4
λ2

.

Proof  First of all, for all x1, x2 ∈ R we have

	

(TNf)(x1) = ⟨kλ(x1, ·), TNf⟩Hκλ
(R)

= ⟨kλ(x1, ·), I∗
nInf⟩Hκλ

(R)

= ⟨Inkλ(x1, ·), Inf⟩L2(R)

=
ˆ

R
kλ(x1, x2)f(x2)dρ(x2).

Recall

	
(TNf)(x1) =

ˆ

R
e

x1·x2
λ f(x2)dρ(x2).� (9)

We know that {en(x1) =
√

1
λn·n! x

n
1 , n = 0, 1, . . .} is an orthonormal basis for the exponential RKHS 

Hκλ (R). Now we can find the exact value of ∥TN∥2
HS  as follows,
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∥TN∥2
HS =

∞∑
n=0

⟨TNen, TNen⟩Hκλ
(R) =

∞∑
n=0

⟨TNen, I∗
nInen⟩Hκλ

(R)

=
∞∑

n=0

⟨InTNen, Inen⟩L2(R) =
∞∑

n=0

⟨TNen, en⟩L2(R)

=
∞∑

n=0

ˆ

R
TNen(x1) · e(x1)dρ(x1) =

∞∑
n=0

ˆ

R

(ˆ
R

kλ(x1, x2)en(x2)dρ(x2)
)

en(x1)dρ(x1)

=
∞∑

n=0

ˆ

R

ˆ

R
en(x2)kλ(x1, x2)en(x1)dρ(x2)dρ(x1)

= 1
2σ2π

ˆ

R

ˆ

R

∞∑
n=0

1
λn · n!xn

2 e− x1·x2
λ xn

1 e
−

x2
2

2σ2 e
−

x2
1

2σ2 dx2dx1

= 1
2σ2π

ˆ

R

ˆ

R
e

− 1
2σ2 x2

1+ 2x1x2
λ

− 1
2σ2 x2

2 dx1dx2 = 1√
1 − 4 σ4

λ2

.

� □

Corollary 1  If X = Rd, then ∥TN∥2 = 1√
1−4 σ4

λ2

.

The following theorem will provide a new bound that depends on σ and the bandwidth parameter λ for the 
difference TN − Tn.

Theorem 1  TN and Tn are Hilbert-Schmidt operators. Given the assumptions stated above with probability 
1 − 2e−τ

	
∥TN − Tn∥HS ≤

√
2τ

n
[κλ +

(
1

1 − 4 σ4

λ2

) 1
4

].

Proof  Assume that we have a sequence of random variables (η)n
i=1 in the Hilbert space of Hilbert-Schmidt 

operators given by

	 ηi = ⟨·, e
⟨xi,·⟩

λ ⟩Hkλ
(R) e

⟨xi,·⟩
λ − TN.

It is obvious that the mean of the random variable ηi is zero, i.e. E(ηi) = 0. We can compute that

	

∥∥∥⟨·, e
⟨x,·⟩

λ ⟩Hkλ
(R) e

⟨x,·⟩
λ

∥∥∥
2

HS
=

∥∥∥e
⟨x,·⟩

λ

∥∥∥
4

Hkλ
(R)

≤ κ2
λ.

From Proposition 2, we have ∥TN∥HS =
(

1
1−4 σ4

λ2

) 1
4

 and follows

	
∥ηi∥HS ≤ κλ +

(
1

1 − 4 σ4

γ2

) 1
4

.

Now, we apply Pinelis’s9 results on concentration inequalities in Hilbert spaces with confidence 1 − 2e−τ

	

∥∥∥∥∥
1
n

n∑
i=1

ηi

∥∥∥∥∥
HS

= ∥TN − Tn∥HS ≤
√

2τ

n
[κλ +

(
1

1 − 4 σ4

γ2

) 1
4

].
� □

As can be seen in Theorem 1, the Hilbert-Schmidt operator of the difference between the operators TN and 
Tn has been bounded. As a result, we introduce the next proposition, which bounds the ℓ2-distance between the 
spectrum of Kn and the spectrum of Lkλ .

Proposition 3  There are extended enumerations {βj}j≥1, {β̂j}j≥1 of discrete eigenvalues for the operators 
Lkλ , Kn respectively such that
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∑
j≥1

(βj − β̂j)2 ≤ 2τ

n
[κλ +

(
1

1 − 4 σ4

λ2

) 1
4

]2,

with a probability greater than 1 − 2e−τ .

Proof  First, the extended enumerations {βj}j≥1, {β̂j}j≥1 of discrete eigenvalues for the operators Lkλ , Kn 
respectively, are also extended enumerations of discrete eigenvalues for TN, and Tn respectively3. Thus, the fol-
lowing inequality holds

	

∑
j≥1

(βj − β̂j)2 ≤ ∥TN − Tn∥2
HS .

Now, from Theorem 1 we obtain the following

	

∑
j≥1

(βj − β̂j)2 ≤ 2τ

n
[κλ +

(
1

1 − 4 σ4

λ2

) 1
4

]2.

� □

It is evident that Proposition 3 provides us with a bound that contains influential factors such as the number 
of examples n and the bandwidth parameter λ. Minimizing this bound means that we minimize the difference 
between the eigenvalues of the operators of Kn and Lkλ , which means that they become closer to each other. 
For example, when n reaches infinity, the eigenvalues will be almost the same. We can also minimize the targeted 
bound by maximizing the bandwidth parameter λ. We should remember that approximating the integral operator 
Lkλ  by its empirical version, which is the kernel matrix Kn is necessary to have a theoretical understanding of 
what happens in learning algorithms. Since, Proposition 3 shows how we can estimate the eigenvalues of Lkλ  
by the eigenvalues of Kn, the following theorem will show how we estimate the eigenfunctions of Lkλ  by the 
eigenvectors of Kn.

Theorem 2  Assume that M is the number of the first distinct eigenvalues of the operator Lkλ  with a total 
number of multiplicities r that satisfy β1 ≥ · · · ≥ βr > βr+1, and the rank of the kernel matrix Kn is q. Let 
û1, . . . , ûq  be the eigenvectors of Kn, which correspond to the nonzero eigenvalues in a nonincreasing order, 
and v̂1, . . . , v̂q  be the eigenfunctions of Tn obtained by the Nyström extension.

Denote by AM  the orthogonal projection from the Hilbert space of square integrable functions L2(Rd, ρ) 
onto the span of the eigenfunctions corresponding to the eigenvalues β1, . . . , βq . Assume that we are given 
τ > 0, and n number of examples such that

	
n >

32τ

(βr − βr+1)2

[
κλ +

(
1

1 − 4 σ4

λ2

) 1
4
)]2

,

then the following inequality holds true

	

r∑
j=1

∥(I − AM)v̂j∥2
L2(Rd,ρ) +

q∑
j=r+1

∥AMv̂j∥2
L2(Rd,ρ) ≤ 16τ

n(βr − βr+1)2

[
κλ +

(
1

1 − 4 σ4

λ2

) 1
4
)]2

with confidence at least 1 − 2e−τ .

Proof  Assume that the elements of the set {u1, u2, u3, . . . .} are orthonormal eigenfunctions of the operator 
Lκλ  with corresponding eigenvalues {β1, β2, β3, . . . .} that are strictly positive, and the elements of the set 
{v1, v2, v3, . . . .} are the corresponding orthonormal eigenfunctions of the operator TN . Let {v̂1, v̂2, . . . , v̂q} 
be another set of orthonormal eigenfunctions of TN . Assume that the number of examples we are given is n, and

	
n >

32τ

(βr − βr+1)2

[
κλ +

(
1

1 − 4 σ4

λ2

) 1
4
)]2

.� (10)

Using Theorem 1, Kato’s theorem10,11, and Zwald’s results12, with high confidence we derive

	

∥Tn − TH∥2
HS ≤ 2τ

n

[
κλ +

(
1

1 − 4 σ4

λ2

) 1
4
)]2

≤ (βr − βr+1)2

16

Define the orthogonal projections ATH , and ATN  as follows
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ATH =

r∑
j=1

⟨·, vj⟩Hκλ
(Rd)vj , ATN =

r∑
j=1

⟨·, v̂j⟩Hκλ
(Rd)v̂j .

Then, we yield

	

∥ATN − ATH ∥2
HS ≤ 4

(βr − βr+1)2 ∥TN − TH∥2
HS

≤ 8τ

n(βr − βr+1)2

[
κλ +

(
1

1 − 4 σ4

λ2

) 1
4
)]2

,

Now, each one of {v1, v2, v3, . . .}, and {v̂1, v̂2, v̂3, . . .} is an orthonormal basis for Hκλ (Rd). Therefore, we 
obtain

	

∥ATN − ATH ∥2
HS =

∑
i,j≥1

|⟨ATN vi − ATH vi, v̂j⟩Hκλ
(Rd)|

2

=
r∑

j=1

∑
i≥r+1

|⟨vi, v̂j⟩Hκλ
(Rd)|

2 +
∑

j≥r+1

r∑
i=1

|⟨vi, v̂j⟩Hκλ
(Rd)|

2

≥
r∑

j=1

∑

i ≥ r + 1
THvi ̸= o

|⟨vi, v̂j⟩Hκλ
(Rd)|

2 +
q∑

j≥r+1

r∑
i=1

|⟨vi, v̂j⟩Hκλ
(Rd)|

2

Now, we apply Mercer’s theorem to obtain the following

	

r∑
i=1

|⟨ui, v̂j⟩L2(Rd,ρ)|
2 = ∥AMv̂j∥2

L2(Rd,ρ)

and

	

∑

i ≥ r + 1
THvi ̸= 0

|⟨ui, v̂j⟩L2(Rd,ρ)|
2 =

∑

i ≥ r + 1
Lkλ ui ̸= 0

|⟨ui, v̂j⟩L2(Rd,ρ)|
2

= ∥(I − AM)v̂j∥2
L2(Rd,ρ). � □

As can be seen in Theorem 2, the relationship between the eigenfunctions of the operator Lkλ  and the 
eigenfunctions of the operator Kn is similar to the relationship between their eigenvalues. The impact of the 
number of examples n and the bandwidth parameter λ on the closeness between the eigenfunctions is almost 
the same.

Learning algorithms using the exponential kernel
In this section, we provide some examples to test the performance of the exponential kernel at different 
bandwidth values. In fact, the exponential kernel can be used in many learning algorithms, and sometimes 
performs better than any other kernels. This would depend heavily on how we select the value of the bandwidth 
parameter. In addition, it is essential that our experiments include testing performance across different learning 
algorithms. Therefore, we have chosen support vector machine (SVM), and kernel principal component analysis 
(kernel PCA) as examples for our study. The experiments are conducted on both synthetic and real data.

Support vector machine experiment using the exponential kernel
In machine learning, support vector classifiers are a learning algorithm used to classify data when it has two 
separable classes. The main idea of support vector classifiers is to construct the optimal hyperplane that best 
separates the two classes. The hyperplane can take two forms: linear, when the data are linearly separable, and 
nonlinear, when the data are not linearly separable. In the non-linear case, we need to use a kernel function 
that embeds the data into a feature space that admits the “dot product” as a similarity measure. Through the 
kernel functions, the data are mapped to a reproducing kernel Hilbert space, where the dot product between two 
elements can be easily computed. Therefore, in order to understand the efficiency of any kernel, it is important to 
study its mathematical properties. In other words, we need to place the arguments about kernel performance in a 
mathematical framework. In this paper, our goal is to provide a mathematical explanation for the performance of 
a particular kernel “the exponential kernel(1)” when using different values for its bandwidth parameter λ. Support 
vector classifiers are considered the best choice for our experiment. This is due to the fact that the support vector 
machine is a highly useful tool in machine learning, and also because the bandwidth parameter significantly 

Scientific Reports |        (2025) 15:40936 6| https://doi.org/10.1038/s41598-025-24761-7

www.nature.com/scientificreports/

http://www.nature.com/scientificreports


affects its efficiency. Now, we are in a suitable position to introduce the support vector classifier algorithm with 
the exponential kernel, and show some examples with different values for the bandwidth parameter.

Support vector classifier algorithm using the exponential kernel
Suppose that our training data are a set of vectors {x1, . . . , xn}, xi, xj ∈ Rd, i, j ∈ {1, . . . , n} with two classes 
yj ∈ {−1, +1}. Since we are dealing with exponential kernels, we will assume that the input data are not linearly 
separable. Our goal is to construct a hyperplane that separates the two classes, but in practice it might not exist 
due to the overlapping points. As a consequence, soft-margin hyperplanes are introduced to allow the violating 
points to lie within the margin. This is done by adding what they call “slack variables” to the optimization 
problem of support vector classifiers1,13, which can be seen below.

In order to compute the support vector classifier using the exponential kernel, the decision function will take 
the form,

	
f(x) = sgn

( n∑
i=1

yiαie
⟨x,xi⟩

λ + b

)
� (11)

where αi ∈ Rd, and b is a real number called the threshold. To compute the optimal support vector classifier that 
accepts some violating points, we need to solve the following optimization problem for some C > 0,

	
min

w∈Hkλ
(Rd),ξ∈Rn

τ(w, ξ) = 1
2∥w∥2 + C

n

n∑
i=1

ξi, � (12)

	 subject to ξi ≥ 0, where i = 1, . . . , n, � (13)

	 and yi(⟨xi, w⟩ + b) ≥ 1 − ξi, i = 1, . . . , n. � (14)

The elements of the sequence ξ1, . . . , ξn are called slack variables. A point (xi, yi) satisfying the constraint 14 
at ξi = 0 will not be considered a margin error, while the non-zero ξi corresponds to a margin error. The vector 
w can be calculated as follows:

	
w =

n∑
i=1

αiyixi� (15)

where the coefficient αi takes zero if the corresponding point (xi, yi) does not meet the constraint 14. In order 
to compute the coefficients αi, we need to solve the following quadratic problem:

	
max
α∈Rn

W (α) =
n∑

i=1

αi − 1
2

n∑
i,j=1

αiαjyiyje
⟨xi,xj ⟩

λ , � (16)

	
subject to 0 ≤ αi ≤ C

n
for all i = 1, . . . , n, � (17)

	
and

n∑
i=1

αiyi. � (18)

The threshold b can be calculated using the following equation:

	
b = yj −

n∑
i=1

yiαie
⟨xj,xi⟩

λ , for all 0 > αj > C.� (19)

Support vector classifier experiment
In this experiment, our goal is to evaluate the performance of the exponential kernel 1 when using different 
values of its bandwidth parameter λ with the support vector classifier. Therefore, we randomly generate sets of 
points ∗’s and +’s within the unit circle, labeling those in the first and third quadrants as +1, and those in the 
second and fourth quadrants as −1. First, we create 100 points in each quadrant and train the support vector 
classifier at three different values of λ: 0.2, 0.6, and 1. Second, we create 150 points in each quadrant and train 
the support vector classifier using the same values of λ. The dataset used in this paper is based on synthetic 
data created with Simulink (Mathworks, Natick, MA)14, and modified by the author to fit our findings. These 
modifications include control signals such as the number of examples in which the hyperplane classifiers are 
constructed using the exponential kernel with different bandwidth parameters.

As we can see in Figs. 1, 2, and 3, the number of examples is 100 in each quadrant, and the support vector 
classifiers are the blue lines that separate the green stars from the red pluses. The values we have chosen for the 
bandwidth parameter λ are 0.20, 0.60 and 1.00, and the out-of-sample misclassification rates are 4.50%, 4.75% 
and 5.70% respectively. These rates indicate that the exponential kernel performs well for the three different 
values, but also indicate that decreasing the value of λ leads to overfitting, while increasing its value leads to 
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underfitting. In practical applications, it is very important to choose a value for the bandwidth parameter λ that 
helps constructing the best hyperplanes for generalizations. In our case, 0.60 seems to be the best value we can 
choose for the bandwidth parameter λ from the three values, and we avoid 0.2, and 1.00 due to overfitting and 
underfitting respectively.

On the other hand, our theoretical results show how the closeness between the integral operator Lkλ  and the 
operator Kn can be controlled by the value of λ and the number of examples n. We know that the operator Lkλ  
works on a large space, which is the Hilbert space of square integrable functions L2(Rd, ρ). Mapping data into 
that space means that we can use a high dimensional space that helps detecting more information about data. 
Kernel functions including the exponential kernel are used to embed the data into a high dimensional space. 
The kernel matrix Kn is just an empirical version of the operator Lkλ . As previously noted that the closeness 
between the two operators increases by increasing the number of examples. In Figs. 4, 5, and 6, we have increased 

Figure 2.  Support vector classifiers (blue lines), when λ = 0.6 and n = 100.

 

Figure 1.  Support vector classifiers (blue lines), when λ = 0.2 and n = 100.
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the number of examples from 100 to 150 using the same values of λ, which has decreased the out-of-sample 
misclassification rates from 4.50%, 4.75%, and 5.70% to 3.67%, 3.67%, and 4.50% respectively.

In terms of our theoretical results on the bandwidth parameter λ and how they clarify the variation in the 
performance of support vector classifiers when using different values of λ, we have stated in “Results” that 
increasing the value of the bandwidth would minimize the norm of the difference between the operators Lkλ  
and Kn, which means we succeeded in embedding the data into high dimensional space, but they are mapped 
very closely. As a consequence, the ability of the exponential kernel of detecting any information about the 
data will be nearly lost. For instance, if λ goes to infinity, the exponential kernel will be equal to 1, and will be 
no longer able to distinguish between any two points. On the other hand, a very small value of λ increases the 
difference between the operators Lkλ  and Kn, but it leads to very high values for the exponential kernel that are 
not appropriate to learn about the data. One of the significant advantages of our theoretical results is that we can 

Figure 4.  Support vector classifiers (blue lines), when λ = 0.2 and n = 150.

 

Figure 3.  Support vector classifiers (blue lines), when λ = 1 and n = 100.
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select the optimal value for the bandwidth parameter λ by avoiding values that can make a huge impact on the 
difference between the operators Lkλ , and Kn. Therefore, in our examples we have avoided the values that are 
very close to zero or larger than one due to the fact that they can make a significant undesirable change in the 
performance of support vector classifiers.

A multi-class support vector classifier experiment
In this section, we have so far explained only a binary classification, where the class labels can be only +1 or −1. 
However, in many cases, real data can have more than two classes. Therefore, it is important to test the impact of 
the value of the bandwidth parameter on the performance of the exponential kernel when dealing with multiple 
classes. It is known that the multi-class support vector classifiers are just an extension of the binary classification 
technique.

Figure 6.  Support vector classifiers (blue lines), when λ = 1 and n = 150.

 

Figure 5.  Support vector classifiers (blue lines), when λ = 0.6 and n = 150.
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As can be seen in the Figs. 7 and 8, the Fisher Iris dataset was used to construct a support vector classifier that 
separates three species of 150 flowers, which are setosa, versicolor, and virginica with the colors red, blue, and 
green consecutively15. We applied the SV classifier using the exponential kernel at two different values for the 
bandwidth parameter λ, which are 0.29 and 2. At λ = 0.29, the SV classifier achieved an accuracy rate of 78%, 
which is very reasonable because the noise is significant, as we can see the interference between the blue and 
green points in Fig. 7, and the three groups are represented in a 2-dimensional space16. In Fig. 8, we increased 
λ to 2, which decreased the accuracy rate to 71%. This is because the large values of λ lead to almost a linear 
boundary decision that separates the data sets with more errors.

Note that an accuracy rate of more than 95% can be easily achieved when representing the data in 
a 3-dimensional space, but testing the performance of the exponential kernel when dealing a lot of noise is 
important. In this example, the results show that small values for the bandwidth parameter λ lead to overfitting, 
while large values lead to underfitting, which is consistent with our example on the binary classification. In both 
examples, the optimal values for λ were between 0.2 and 0.7. The relationship between the results of this example 
and the theoretical results is similar to what we have explained in the binary classification case.

Kernel principal component analysis experiment
Our second choice of a kernel-based method for our experiment is kernel principal component analysis (kernel 
PCA). This is because kernel PCA is a very useful technique, in which we compute principal components in 
high-dimensional spaces that are related to input space by kernels, which means reducing the dimensionality of 
nonlinear data. The exponential kernel is one of the best options for kernel PCA method. Furthermore, different 
values of the bandwidth parameter λ can show different information about the data. In this section, we present 
some experiments on kernel PCA using the exponential kernel on two datasets which are Fisher Iris dataset and 
Breast Cancer Wisconsin dataset. The fisher Iris dataset has 150 samples from three species, which are setosa, 
versicolor, and virginica with colors blue, orange, and green consecutively15. The Breast Cancer Wisconsin 
dataset contains 569 samples and 30 features, and the samples are labeled as malignant or benign with color blue 
and red consecutively17.

First, we computed the first eigenvectors of the exponential kernel matrix in which we projected the original 
data for visualization. In the case of Iris dataset, the first eigenvectors were computed at three different values for 
the bandwidth parameter λ, which are 3.33,  5,  and, 11.11 as can be seen in Figs. 9, 10, and 11 consecutively16. 
Clearly, this shows that a small value of λ tells us more about clusters, while a large value tells us more about the 
locations, and improves the separability of the data. In the case of Breast Cancer Wisconson dataset, a similar 
result were observed in Figs. 12, and 13, where the data exhibited a high degree of clustering at λ = 100, and a 
high degree of separability at λ = 100000.

The interpretation of our theoretical results for these observations is that a small value of λ leads to a high 
clustering, because the data are mapped into a Hilbert space very closely. Meanwhile, a large value of λ shows 
more variability and improves the separability of the data. This is because the data are embedded into a high-
dimensional Hilbert space while preserving the differences among the examples. In the theoretical sense, 
increasing the value of λ leads to a high closeness between the kernel matrix Kn, and the operator Lkλ , which 
is obvious from the bound of their difference in the previous section.

Figure 7.  A multi-class support vector classifier (a light line separates the three species) with λ = 0.29.
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Conclusion and future scope
In this paper, we investigated the impact of the bandwidth parameter of the exponential kernel on estimating the 
integral operator Lkλ  by its empirical version, which is the kernel matrix Kn as well as the number of examples 
from a theoretical perspective. Therefore, we have established a bound that controls the difference between their 
eigenvalues, and another bound controls the difference between their eigenfunctions. These bounds contain the 
bandwidth parameter λ, and the number of examples n, which means we can use them to reach the targeted 
bound for many learning algorithms. In fact, the more examples we use the more closeness between the two 
operators we obtain, while selecting small values for the bandwidth parameter λ can enlarge the difference 
between the operators.

Figure 9.  The first two eigenvectors of the exponential kernel matrix with λ = 3.33.

 

Figure 8.  A multi-class support vector classifier (a light line separates the three species) with λ = 2.
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In our experiments, increasing the number of examples have shown clear improvement in the performance 
of support vector classifiers. The value of the bandwidth parameter λ would be the value that ensures the bound 
between the operators Lkλ  and Kn is not too large or too small. In the mathematical sense, the data should 
be mapped to the perfect locations in a high dimensional space that are suitable for learning. In kernel PCA 
experiments, we can use small values for the bandwidth parameter λ to learn about clusters, and large values 
to learn about differences and separability in the data. Minimizing the closeness between the operators Kn and 
Lkλ  can be obtained by increasing the value of λ, which preserves and highlights the differences, providing a 
better visualization.

Our future studies will be extended to other kernels such as the rational quadratic kernel and the spherical 
kernel. These studies will provide a deep understanding of the Hilbert spaces established by such kernels as well 

Figure 11.  The first two eigenvectors of the exponential kernel matrix with λ = 11.11.

 

Figure 10.  The first two eigenvectors of the exponential kernel matrix with λ = 5..
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as the impact of their bandwidth parameters on learning algorithms. These techniques are very important to 
improve the performance of any kernel in any kernel-based method.

Data availability
All the datasets are available online. We have used three datasets one of them is synthetic and two are real as 
follows : 1. The synthetic dataset generated and/or analysed during the current study are publicly available at ​h​t​t​p​
s​:​​/​/​w​w​w​.​​m​a​t​h​w​o​​r​k​s​.​c​o​​m​/​h​e​l​​p​/​s​t​a​t​​s​/​s​u​p​p​​o​r​t​-​v​e​​c​t​o​r​-​​m​a​c​h​i​n​​e​s​-​f​o​r​​-​b​i​n​a​r​​y​-​c​l​a​​s​s​i​f​i​c​​a​t​i​o​n​.​​h​t​m​l​#​b​​u​a​x​6​5​6​-​1. 2. The 
second dataset is Fisher’s Iris dataset. It is available on: ​h​t​t​p​s​:​​/​/​s​c​i​k​​i​t​-​l​e​a​​r​n​.​o​r​g​​/​1​.​5​/​​a​u​t​o​_​e​​x​a​m​p​l​e​​s​/​d​a​t​a​​s​e​t​s​/​p​l​o​t​_​

Figure 13.  The first two eigenvectors of the exponential kernel matrix with λ = 100000.

 

Figure 12.  The first two eigenvectors of the exponential kernel matrix with λ = 100.
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i​r​i​s​_​d​a​t​a​s​e​t​.​h​t​m​l. 3. The third dataset is Breast Cancer Wisconsin dataset. It is available on: ​h​t​t​p​s​:​​/​/​s​c​i​k​​i​t​-​l​e​a​​r​n​.​o​
r​g​​/​s​t​a​b​​l​e​/​m​o​d​​u​l​e​s​/​g​​e​n​e​r​a​t​​e​d​/​s​k​​l​e​a​r​n​.​​d​a​t​a​s​e​​t​.​l​o​a​d​​_​b​r​e​a​s​t​_​c​a​n​c​e​r​.​h​t​m​l.
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