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ABSTRACT

Variational Quantum Eigensolver (VQE) is a quantum-classical hybrid algorithm used to estimate the ground energy of a
given Hamiltonian. It consists of a parameterized quantum circuit, which the parameters are optimized using a classical
optimizer. With the increasing need in solving large-scale problems in real-world applications, solving those large problems
with fewer qubits and fewer gates becomes essential, so that we reduce the simulation difficulty and mitigate the effect of
noise in real quantum hardware. In this study, we applied the Light Cone Cancellation (LCC) method to reduce the number
of qubits and gates required in a two-local ansatz. LCC removes redundant gates that are not required in the calculation of
the expectation value for a local observable. This leads to two consequences: 1) the quantum circuit used to create the trial
wavefunction of VQE can be broken down into multiple quantum subcircuits with fewer qubits, enabling large-scale problems to
be solved without actually simulating the entire circuit; and 2) reduced number of quantum gates in the circuit leads to the noise
mitigation in quantum hardware. The main purpose of this work is to demonstrate the effectiveness of this method (called
the LCC-VQE) in mitigating the device noise when solving the Max-Cut problem up to 100 qubits, using simulations on small
(7-qubit and 27-qubit) fake noisy backends. Employing a single-layer two-local ansatz circuit architecture, the results show
that LCC-VQE yields higher approximation ratios than those cases without LCC, implying that the effect of noise is mitigated
when LCC is applied. An analysis of more than one layer of two-local ansatz is also performed, but empirical results show that
the single-layer ansatz still performs the best among them. We also compare LCC-VQE under noiseless conditions with the
Goemans-Williamson algorithm.

1 Introduction
Many combinatorial optimization problems (COP) are considered to be difficult to address using classical computational
approaches. COPs aim to find the optimal combination of variables that minimizes (or maximizes) a given objective function,
while simultaneously satisfying a set of constraints. Recent years, people focus on using quantum-classical hybrid methods,
known as the variational quantum algorithms (VQA)1 to heuristically solve COPs. The quantum approximate optimization
algorithm (QAOA)2 is one of the VQAs that is intensively explored due to its predictable patterns in the variational parameters3–5,
and also its relation with quantum annealing6, 7. Another VQA, the variational quantum eigensolver (VQE)8, is also capable
of solving COPs, although it is better known for its application to quantum chemistry. Unlike QAOA which has a problem-
dependent ansatz, the structure of the ansatz in VQE is static and does not depend on the problem solved. Moreover, the
VQE ansatz offers a greater degree of freedom in the sense that it has greater expressibility9 and more number of variational
parameters compared to the QAOA ansatz. In our previous work10, we have shown that VQE generally achieves higher
approximation ratio than QAOA and the Multi-angle QAOA11 in solving the Max-Cut problem using noiseless simulations.
In terms of quantum resources, due to the expressibility of VQE, it requires less layers to achieve the same approximation
ratio as QAOA. This results in less quantum gates used in the variational ansatz, which leads to less gate noise in real quantum
hardware. In terms of optimization cost, it is also shown in10 that optimizing VQE requires less function evaluations than
optimizing QAOA.

The VQAs have shown the potential quantum advantage on Noisy Intermediate Scale Quantum (NISQ)12 devices. However,
an increase in the number of qubits often leads to higher error rates when building actual quantum hardware. Although

ACCEPTED MANUSCRIPTARTICLE IN PRESS



ARTIC
LE

 IN
 PR

ES
S

recent advancements have prominently featured quantum error correction algorithms, those involve intricate designs that must
effectively address the inherent noise and decoherence in quantum environments. It appears that reducing the number of qubits
and gates is a more feasible and efficient approach while maintaining the accuracy of algorithms.

In this paper, we apply a method known as Light Cone Cancellation (LCC)13, 14 to solve the Max-Cut problem using VQE.
When computing the expectation function of variational circuits, there are many redundant operators that need not be included
in the computations. LCC exploits the preliminary knowledge of which operators are redundant, so that we do not include them
in the calculation at the first place. LCC is widely applied for QAOA15, and also inspired applications in tensor network16–21

and quantum machine learning22.
The primary contribution of our work is that we demonstrate the effectiveness of LCC in reducing the number of qubits

required for the simulation of quantum circuits, and also noise mitigation caused by the reduction in the number of gates
in the circuit simulation. We simulate using Qiskit fake noisy backends with 7 qubits and 27 qubits. The demonstration
results show that, compared to the original VQE, the implementation of LCC achieves better performance. Additionally, to
further quantify the performance of LCC-VQE under a noiseless condition, we benchmark it against the Goemans–Williamson
(GW) algorithm23 on 100-vertex graph instances. The simulation results indicate that LCC-VQE achieves better performance
compared to the GW algorithm on denser graphs.

The rest of the paper is structured as follows. Section II provides background information and details the construction of the
LCC architecture. The detailed results of comparative simulations under both noisy and noiseless conditions are articulated in
Section III. Section IV contains the concluding remarks of this study.

2 Background
2.1 Max-Cut
Max-Cut is a fundamental and widely studied NP-hard combinatorial optimization problem in the field of graph theory24. The
primary objective of Max-Cut is to partition the nodes of an undirected graph into two disjoint subsets such that the number of
edges connecting the two subsets is maximized. This problem is relevant in various fields, including network design, VLSI
layout, community detection, and social network analysis25.

Consider an n-node unweighted, undirected graph G = (V,E), where V represents the set of the nodes and E represents the
set of the edges of graph G. A cut is defined as a partition of the original set V into two subsets. The cost function C(x) to be
maximized is the sum of the edges connecting points in the two different subsets, which can be expressed as

C(x) = ∑
(i, j)∈E

(xi ⊕ x j), (1)

where x = (x1,x2, . . . ,xn) and xi ∈ {0,1} represent the binary variable of node i, and n = |V | is the number of nodes in the
graph. The symbol ⊕ denotes the XOR (exclusive-OR) operation. We want to find the combinations of x such that the cost
function is maximized, i.e. the number of edges cut is maximum. A brute-force approach on a classical computer would require
O(2n) time to solve this problem.

In the quantum realm, the cost function in Eq. (1) can be formulated as the cost Hamiltonian HC, whose expectation value is
to be maximized:

HC =
1
2 ∑
(i, j)∈E

(I −ZiZ j), (2)

where I is the identity matrix of size 2n ×2n, and Zi represents Pauli-Z observable on qubit i. One node in the graph is mapped
to one qubit in the quantum circuit, so it requires n qubits to encode the solution of Max-Cut.

2.2 Variational Quantum Eigensolver
The variational quantum eigensolver (VQE) is initially developed for calculating the minimum energy states of molecules.
When re-formulated to address the Max-Cut problem, the expectation value of the cost Hamiltonian HC over a trial state |ψ(θθθ)⟩
is defined as

E (θθθ) = ⟨ψ(θθθ)|HC|ψ(θθθ)⟩ . (3)

The objective is to maximize E (θθθ), which is equivalent to minimizing −E (θθθ), using a classical optimizer. θθθ is the
collection of variational parameters for the VQE ansatz circuit. In this paper, we employ a two-local circuit with Ry(θ)
single-qubit rotation gates and CZ (controlled-Z) circular entanglement, with only a single layer. Fig. 1 shows an example of a
4-qubit ansatz circuit. The circular entanglement has CZ gates between adjacent qubits, and also between the first and the last
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Ry(θ1,0) Ry(θ1,1)

Ry(θ2,0) Ry(θ2,1)

Ry(θ3,0) Ry(θ3,1)

Ry(θ4,0) Ry(θ4,1)

Figure 1. Two-local ansatz used in the simulations in our work. The architecture of a single layer of Ry gates with circular CZ entanglement is used. The
figure shows a 4-qubit example. The parameters θk,m are based on the notation specified in Eq. (4).

qubit. Instead of using a flattened array θθθ , we use a matrix Θ to represent the variational parameters, aligning them with their
geometrical positions in the circuit:

Θ =


θ1,0 θ1,1
θ2,0 θ2,1

...
...

θn,0 θn,1

 . (4)

It is important to note that Θ is simply the re-shaped version of θθθ , and the notation θk,m denotes the parameters on the k-th
qubit in the original circuit. θk,0 corresponds to the rotation angle of the initial Ry gate, whereas θk,1 corresponds to the rotation
angle of the Ry gate applied after the circular CZ entanglement. Also, due to the periodicity of the Ry rotation gate, the range of
the values for θk,m are restricted to [0,2π).

Numerous metrics are available for assessing the performance of VQE. Within the scope of unconstrained COP, our focus is
on studying the approximation ratio (AR). This metric compares the expected solution obtained through VQE with the optimal
solution, essentially measuring how close VQE comes to the best possible outcome. It is defined as

AR =
E (θθθ ∗)

MaxCut(G)
, (5)

where θθθ
∗ is the quasi-optimal parameters returned by the optimizer, E (θθθ ∗) is its corresponding expectation, and MaxCut(G) is

the exact solution of graph G. The closer the value of AR is to 1, the closer it is to the true solution of Max-Cut.
The performance of VQE and QAOA in addressing Max-Cut problems under noiseless conditions is evaluated in previous

research10. When both algorithms are initialized with the same number of parameters, our findings indicate that VQE
outperforms QAOA under random initialization. Furthermore, the comparison with Multi-angle quantum approximate
optimization algorithm (ma-QAOA) reveals that VQE also achieves superior performance on different undirected graphs.

2.3 Light Cone Cancellation
Light cone cancellation (LCC) is a method that utilizes the intrinsic property of the expectation function, so that the redundant
unitaries in the expectation function are not included in its computation in the first place26. The LCC property was originally
used in QAOA to reduce the problem graphs to their constituent subgraphs, hence simplifying the problem to be solved27–29.

The following formally describes LCC for the circular-entangled two-local circuit using mathematical derivation. We start
by substituting Eq. (2) into the expectation function Eq. (3), the Max-Cut expectation can be rewritten as

E (θθθ) =
|E|
2

− 1
2 ∑
(i, j)∈E

⟨ψ(((θθθ)))|ZiZ j |ψ(θθθ)))⟩ . (6)

The trial wavefunction (or ansatz) on both sides, ⟨ψ(θθθ)| and |ψ(θθθ)⟩, can be partially cancelled out. This is because some of
the unitary gates used to prepare |ψ(θθθ)⟩ commute through the central local observables ZiZ j. Depending on i and j, the state
|ψ(θθθ)⟩ prepared by the original full circuit of L alternating layers becomes

∣∣ψi, j(θθθ)
〉
, which can be prepared by subcircuits
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Figure 2. (a) The light cone cancellation (LCC) in a single layer two-local ansatz. The expectation function ⟨ψ(θθθ)|ZiZ j|ψ(θθθ)⟩ is visualized as a quantum
circuit on the left figure. Ry’s are the single-qubit gates and Cz’s are the two-qubit gates. The gates on the left of the red dashed line show ⟨ψ(θθθ)| and the gates
on the right show |ψ(θθθ)⟩. The blue shaded regions show the redundant gates that can be cancelled during the calculation of the expectation. The figure on the
right shows the resulting circuit after cancellation. (b), (c) and (d) show the possible resulting circuit for the Max-cut Hamiltonian, depending on the indices i
and j (positions of the Pauli-Z operators). (b) When Zi and Z j are adjacent; (c) when Zi and Z j are one qubit apart; and (d) when Zi and Z j are two or more
qubits apart.

using less qubits:∣∣ψi, j(θθθ)
〉
=U1U2 · · ·UL ∏

s∈S
(L)
i, j

Ry(θs,0) |0⟩⊗nq , (7)

The operator Um is the unitary in the (L−m)-th layer (larger m means further from the center of the light cone) of the subcircuit
and is given by:

Um = ∏
s∈S

(m)
i, j

Ry(θs,m) ∏
(s,s′)∈T

(m)
i, j

CZs,s′ , (8)

where Ry(θs,m) denotes a single-qubit Ry gate acting on qubit s at layer m, and CZs,s′ denotes a CZ gate acting on qubit s and s′.

For all m ∈ {1,2, ...,L}, we respectively define the sets S
(m)

i and T
(m)

i for the Ry and CZ gates:

S
(m)

i := {s ∈ {1,2, . . . ,n} | (i−m ≤ s ≤ i+m) mod n} (9)

T
(m)

i := {(s,s′)|s ∈ S
(m)

i ,s′ = (s+1) mod n}. (10)

These sets contain the qubit indices that span l neighboring qubits of qubit i (because of the observable Zi on qubit i). Since
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there are two observables, Zi and Z j, the qubits spanned by these observables are the union of the two sets, hence we define:

S
(m)

i, j := S
(m)

i ∪S
(m)
j (11)

T
(m)

i, j := T
(m)

i ∪T
(m)
j (12)

to represent the union sets in the subscript of the operators in Eq. (8). The total number of qubits required for each subcircuit is

n′q =
∣∣∣S (L)

i, j

∣∣∣ , (13)

where | · | is the set cardinality. Thus, the number of qubits required for each circuit is O(L). It is important to know that n′q ≤ n,
in which LCC leads to a reduction in the number of qubits.

Consequently, the states
∣∣ψi, j(θθθ)

〉
prepared by the subcircuit is used to calculate the expectation E (θθθ) instead of using the

full circuit state |ψ(θθθ)⟩:

ELCC(θθθ) =
|E|
2

− 1
2 ∑
(i, j)∈E

〈
ψi, j(θθθ)))

∣∣ZiZ j
∣∣ψi, j(θθθ)))

〉
. (14)

Since LCC is just cancelling the redundant operators, the expectation computed using LCC is technically the same as the
original expectation:

E (θθθ)≡ ELCC(θθθ). (15)

Fig. 2(a) shows an example of the LCC of a two-local circuit used to prepare the trial wavefunction for VQE. The figure
visualizes the expectation function Eq. (3) as a quantum circuit. The circuit on the left of the red dashed line shows the term
⟨ψ(θθθ)|, and the circuit on the right of the dashed line shows |ψ(θθθ)⟩, with the central observable ZiZ j (between the red dashed
lines) acting on qubit i and j. Since |ψ(θθθ)⟩ is just the conjugate transpose of ⟨ψ(θθθ)|, they are the counterpart of each other in
the circuit. The blue shaded regions indicate the gates that are not related to qubits i and j can commute through the center are
cancelled. The result of this cancellation is shown on the right side of Fig. 2(a), which has reduced the number of qubits and
gates.

The Max-Cut Hamiltonian in Eq. (2) has a two-local Z observable on every term. After LCC on the two-local ansatz that
we considered (single layer Ry and circular CZ entanglement), we can get 3 different types of subcircuits as shown in Fig. 2(b),
(c) and (d), which requires 4-, 5-, and 6-qubit quantum circuits, respectively. Circular entanglement means the adjacent qubits,
as well as the first and the last qubits, are entangled. Note that one subcircuit corresponds to the expectation of a local term in
the Hamiltonian, so the simulation of the subcircuits can be done separately. Also, the subcircuit in Fig. 2(d) can be further
divided into two separate circuits as the first 3 qubits and the last 3 qubits are not entangled. Thus, we only require a maximum
of 5 qubits to simulate the expectation of the entire Max-Cut Hamiltonian, regardless of the problem size. In fact, the maximum
number of qubits,

nq = 2k+1, (16)

are required to simulate the expectation of a Hamiltonian with k-local observables, for this kind of ansatz (one layer of
single-qubit gates and circular entanglement). The architecture of the entanglement is crucial in deciding how many qubits we
can reduce. For linear entanglement (only adjacent qubits entangled, first and last not entangled), there would be another case
of the subcircuits where the observable is located on the first qubit or last qubit. For full entanglement (all qubits entangled),
LCC will not be possible.

Another advantage of LCC is that the number of gates is reduced, which in turn reduces the effect of gate noise in quantum
devices. However, it is also worth noting that even though the numbers of qubits and gates are reduced, the number of parameters
remains unchanged after LCC. This is because the subcircuits after LCC will have different parameters corresponding to the
indices i and j, depending on where the observables ZiZ j are. Therefore, the difficulty in parameter optimization remains the
same before and after LCC.

LCC is also applicable for other circuits like QAOA and ma-QAOA. However, QAOA or ma-QAOA usually needs more
layers (larger circuit depths) to achieve higher ARs. Meanwhile, VQE with even one layer is enough to reach most of the states
and hence easier to reach higher ARs than QAOA. This is due to the difference in expressibility between the VQE ansatz and
the QAOA ansatz9. Since VQE yields higher ARs with fewer layers than QAOA, LCC-VQE can be done with fewer qubits,
compared to LCC-QAOA or LCC-ma-QAOA.

Fig. 3 shows the overall workflow of the LCC in two-local ansatz. The ansatz U(θθθ) prepares a parameterized quantum
state |ψ(θθθ)⟩, which is then used to evaluate the expectation function ⟨ψ(θθθ)|HC|ψ(θθθ)⟩ for the Max-Cut Hamiltonian HC. By
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𝑅𝑅𝑦𝑦(𝜃𝜃2,0)

𝑅𝑅𝑦𝑦(𝜃𝜃3,0)
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𝑅𝑅𝑦𝑦(𝜃𝜃1,1)

𝑅𝑅𝑦𝑦(𝜃𝜃2,1)
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… … …

Minimize

Reconstruct expectations

Update the 
parameters 𝜃𝜃

Repeat until 
convergence

Classical Optimizer

Figure 3. Overall workflow of the LCC in two-local ansatz. The expectation function ⟨ψ(θθθ)|Hc|ψ(θθθ)⟩ of the original circuit is decomposed into separate
expectation values of subcircuits using Light Cone Cancellation. These sub-expectations are used to reconstruct the total expectation function E (θθθ) of the
Max-Cut instances, which is then iteratively optimized within a hybrid quantum-classical framework.

applying the Light Cone Cancellation (LCC), the original expectation value is decomposed into a set of smaller subcircuit
expectations,

〈
ψi, j(θθθ)

∣∣ZiZ j
∣∣ψi, j(θθθ)

〉
, each involving only a subset of qubits associated with local interactions in the Max-Cut

instances. These local expectations are subsequently combined to reconstruct the total expectation function E (θθθ), which is
optimized using a classical optimizer. The parameters θθθ are then iteratively updated in a hybrid quantum-classical loop until
convergence.

2.4 Number of layers in the ansatz
In this work, we only consider a single layer of the VQE ansatz as it is sufficient to address the Max-Cut problem. To justify this,
we conducted a simulation to investigate how the quality of the solution varies with the number of layers in the two-local ansatz.
Fig. 4 shows that as the number of layers increases, the chance of obtaining a high-quality solution (AR ≥ 0.99) decreases. The
chance of obtaining a high-quality solution is quantified by the percentage, i.e., the total number of times AR ≥ 0.99 obtained,
divided by the total number of trials. For n = 10,11,12, each point shows the percentage calculated from 8 graph instances,
each with 24 different random initial parameters, with a grand total of 8×24 = 192 trials. For n = 13,14,15, each point shows
the percentage for 4 graph instances, each with 24 trials, with a total of 96 trials. The decline in the percentage can be explained
by the increasing difficulty of optimization as the number of layers (number of parameters) increases, possibly the increased
number of local minima, causing overparameterization where the AR could not increase further despite increasing the number
of parameters. Hence, we conclude that a single-layer ansatz is sufficient for the problem instances considered.

Let us consider what happens to LCC when we have more than one layer of the ansatz. As the number of layers increases,
the number of gates that can be cancelled decreases, resulting in a larger subcircuit after LCC. This is because entangling gates
(CZ gate in our case) farther from the center cannot commute through the layers nearer to the center (where the observables are)
to get cancelled out on the other side, causing them to remain in the circuit after LCC (refer to Fig. 2, where the area outside the
light cone gets larger if the circuit has more layers). The number of qubits remaining after LCC depends on the entanglement
structure of the ansatz. The entanglement map of a quantum circuit can be viewed as a graph with the qubits as the nodes and
the entanglement as the edges, e.g., if there is an entangling gate between qubit i and qubit j, then there is an edge between
node i and node j. The resulting entanglement map, after LCC, can then be viewed as a subgraph spanned by the observables
Zi and Z j, from the distance L nodes away from node i and node j, where L is the number of layers in the original ansatz. This
is analogous to the idea where QAOA is said to search deeper subgraphs as its circuit depth p increases2, 27, 30. Fig. 5 shows the
visualization of the entanglement map after LCC, considering the largest subgraph that can be spanned by the two observables.
For linear and circular entanglements, the subgraphs are represented by line graphs. To calculate the maximum number of
qubits required after LCC, we consider the case where the size of the subgraph is at its maximum. This happens when the
observable nodes stretch out for a distance to each side and overlap at their ends, similar to the subcircuit in Fig. 2(c) in the
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Figure 4. Percentage of AR ≥ 0.99 in different number of layers of the ansatz. For n = 10,11,12, each point shows the percentage calculated from 8 graph
instances, each with 24 different random initial parameters, with a total of 192 trials. For n = 13,14,15, each point shows the percentage for 4 graph instances,
each with 24 trials, with a total of 96 trials. Each trial represents a set of random initial parameters, converged to the given AR after an optimization run.

Zi Z j
nq = 5L = 1

Zi Z j
nq = 9L = 2

L L L L

Figure 5. The entanglement map after LCC when the number of ansatz layers L increases. Each node represents a qubit and each edge represents an
entanglement. The figure shows the maximum number of qubits required for the linear or circular entanglement after LCC. The number of qubits required for
LCC also depends on the number of qubits of the original ansatz, and also the distance between the observables. The maximum number of qubits is achieved
when the observables are exactly 2L qubits apart of each other. To achieve maximum number of qubits, each of the observables stretches out a distance of L
qubits (blue nodes) for two sides, and they overlap at the grey node, forming an inseparable entanglement.
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Figure 6. Comparison of the approximation ratio (AR) for the VQE solved with a 7-qubit fake backend FakeCasablanca (with LCC) and a 27-qubit
fake backend FakeParis (without LCC). Each point shows the best AR (highest) chosen out of 24 trials. The lines are linear fits of their respective data.
Meanwhile, the gradients of the red line, blue line, and green line are −0.0011, −0.0152 and −0.0018, respectively.

case of L = 1. The grey nodes in Fig. 5 show the overlapping nodes for each observable. Thus, it is not difficult to establish a
relation between the maximum number of qubits required nq with the number of layers L:

nq = 4L+1, (17)

for 2-local observables like the Max-Cut Hamiltonian. For k-local observables, the maximum number of qubits is

nq = 2kL+1. (18)

Note that nq is the maximal case where n ≥ nq and the observables are exactly 2L qubits apart from each other. The maximum
number of qubits required will still be bounded by the original graph size n, and also when the observables are nearer or farther
from each other. Eq. (16) and (17) are the special cases for Eq. (18) when L = 1 and k = 2 respectively, in the case where the
ansatz only has one layer, or the observables are 2-local.

3 Results
3.1 LCC under noisy conditions
We solve the Max-Cut problem using VQE with a two-local ansatz (single layer Ry and CZ entanglement). We employ the
COBYLA optimizer31, along with the AerSimulator provided by Qiskit32, for all the simulations. The demonstrations are
designed to compare the performance of the VQE with LCC and that of VQE without LCC. We measure the performance using
the approximation ratio (AR), which indicates how close the result given by VQE is to the optimal solution. To make sure
that the optimizer does not converge to a good minimum by chance, we perform 24 trials with random initial parameters for
every instance, i.e., random initialization. The demonstrations are performed under noisy conditions so that we can observe
the effect of the reduction in the number of qubits and the number of gates on the amount of noise in the circuit. We use two
different fake noisy devices provided by Qiskit33: FakeCasablanca (7 qubits) and FakeParis (27 qubits). These fake
devices simulate the same noise settings in their respective real quantum devices. The specifications of the two noisy devices
are stated in the Supplementary Materials. We did two different comparisons to show the noise mitigation of LCC resulted by
two different factors: 1) we compare the results for the 7-qubit vs. the 27-qubit devices to show that LCC allows us to run
the subcircuits on a smaller device, which results in noise mitigation; 2) we then compare the execution of LCC on the same
27-qubit device to show the noise mitigation due to the reduced number of gates.
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Figure 7. Comparison of the AR for the VQE with LCC and without LCC, using the same FakeParis backend (27 qubits). The diagonal dashed line shows
where the AR of both methods are equal. All the points are in the lower triangle and represent higher AR with LCC.

Figure 6 shows the comparison between Max-Cut instances solved with LCC on the 7-qubit fake backend, and those
solved without LCC on the 27-qubit fake backend. As only 5 qubits are required to simulate the subcircuits for LCC, the VQE
simulation can be run on a device with 7 qubits. On the other hand, simulation with full number of qubits is required for those
without LCC. The main purpose of this figure is to show the possibility of running LCC in a smaller device with less noise,
while Figure 7 shows the comparison of the effect of noise on the same device, attributed to the reduced number of gates after
LCC. In both settings, we solve the Max-Cut for 36 non-isomorphic instances, ranging from number of vertices n = 10 to
n = 15. Additonally, 24 non-isomorphic instances are solved on the 7-qubit fake backend (with LCC) for n = 20,30,40,50 and
100. The dataset for the demonstrations is shown in the Supplementary Materials. Each point in the plot represents the best AR
out of 24 trials for a single problem instance. The red points plot the ARs for the instances solved with LCC on the 7-qubit fake
backend; the blue points plot the ARs for the instances solved without LCC on the 27-qubit fake backend. The red line is a
linear fit through the red points (with LCC) for n = 10 to n = 100. The blue line linearly fits through the blue points (without
LCC) for n = 10 to n = 15. The green line is a fit for the red points (with LCC) from n = 10 to n = 15.

There are a few observations worth noting. LCC enabled the simulation of large problems up until n = 100, only with
quantum circuits with at most 5 qubits. From the red and blue fitted lines, we can see that the ARs for problems with LCC are
generally higher than those without LCC. Although with different environments (7-qubit and 27-qubit fake backends), the error
rate is generally lower on a smaller device, so the AR is not so much deteriorated on a 7-qubit device. Moreover, with less
number of gates, the effect of noise on the AR is also reduced. It can also be observed that the AR decreases as the problem
size (number of the graph vertices) increases. Another interesting point to note is that the green line has similar slope as the
red line, which means the decreasing trend is similar for microscopic (n = 10 to n = 15) and macroscopic (n = 10 to n = 100)
number of nodes. Also, we can observe from the blue line that if without LCC, the AR decreases faster due to more noises in
the circuits. This implies the possibility that in the case without LCC, the AR would decrease faster than the case with LCC, if
the blue line is extrapolated to larger problem size.

Figure 7 shows the comparison for n = 10 to n = 15 problems solved with and without LCC, using the same 27-qubit
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Figure 8. (a) Comparison of the AR for LCC-VQE and GW algorithm on 100-vertex d-regular graph instances, relative to the exact solution found by
GUROBI. Each degree corresponds to a set of 8 different instances. The boxplots of both algorithms show the best AR chosen out of 24 trials for each instance,
with 8 instances at each degree. (b) Comparison of the AR for LCC-VQE and GW algorithm on 100-vertex G(n, p) graph instances. For each edge probability
p = 0.1,0.2,0.3, we generate 8 graph instances. The boxplots show the best AR for each instance, selected from 24 trials for LCC-VQE and the GW algorithm.
The red lines and white diamonds of boxplots represent the medians and means respectively.

backend. The 36 instances used are the same as those in Fig. 6. This figure is to show the effect of noise mitigation after LCC
attributed to the reduction in the number of gates. The diagonal dashed line shows where both methods (with and without LCC)
have the same AR. All the points are in the lower triangle, which represents that LCC gives higher ARs than without having
LCC. Under the same noise conditions, it can be observed that all 36 instances give higher ARs with LCC applied. This result
shows the effect of the reduction in the number of gates in a more evident way than the demonstration shown in Fig. 6, as the
number of qubits and the error rates are the same for both with and without LCC. It is also observed that problems with larger
sizes n benefit more from LCC as their ARs stay away from the diagonal dashed line, and those with smaller sizes stay near the
diagonal dashed line. This is because larger circuits generally have more noise, causing their ARs to deteriorate more.

3.2 LCC vs. Goemans-Williamson (GW) algorithm
It is worth noting that under noisy conditions, although the solutions found by LCC-VQE are capable of approximating the
true solutions of problems, they consistently fall short of those achieved by the GW algorithm. The GW algorithm serves
as a typical benchmark for classical approximation algorithms for the Max-Cut problem. To better evaluate the inherent
potential of LCC-VQE without the influence of noise, we therefore conduct further comparative simulations under noiseless
conditions. Fundamentally, according to Eq. (15), the comparison is essentially between the VQE algorithm and the GW
algorithm, regardless of whether LCC is applied. Previous studies34 have observed that the performance of the GW algorithm
deteriorates as the problem size increases. Furthermore, numerical simulations of XQAOA and the GW algorithm on 128- and
256-vertex regular graphs have shown that the AR of GW tends to decrease as the degree of the graph increases35.

Motivated by these observations, we seek to establish an effective benchmarking strategy for evaluating the performance of
LCC-VQE by comparing it against GW on large size problem instances. Consequently, we construct another dataset where
all instances have 100 vertices but different degrees. The subsequent comparative simulations employ LCC in a noiseless
environment using the StatevectorEstimator provided by Qiskit, and the circuit remains previous two-local ansatz. To obtain the
exact Max-Cut values and compute AR in these simulations, we employ the GUROBI solver36, which is widely used in industry.
Fig. 8(a) shows the comparison of AR for both algorithms on 100-vertex d-regular graph instances with degrees d ranging
from 3 to 10, giving a total of 64 instances. Each boxplot represents the best ARs across 8 instances at each degree, where
each best AR is selected from 24 trials of each instance. The result shows that the GW algorithm demonstrates consistently
strong performance on low-degree regular instances (d = 3,4), with the majority of ARs in the boxplots exceed 0.99 and are
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close to 1. However, although the overall performance of GW declines as the degree increases, the trend is neither gradual
nor monotonic. In particular, the lowest median AR across all degrees is observed at d = 5. In contrast, LCC-VQE exhibits a
steadily increasing trend in ARs as the degree increases, and its median values gradually improve as the degree increases. It
begins to outperform GW in the upper quartile, median, and lower quartile values on graphs with degree d ≥ 9.

Then, we conduct the comparative simulation for LCC-VQE and the GW algorithm on 100-vertex Erdös-Rényi (also known
as G(n, p)) graph instances. Consistent with our previous work, we employ the COBYLA optimizer to optimize the parameters
in this simulation. Fig. 8(b) presents the comparison of the AR across graph instances with different edge probabilities p. For
each probability p = 0.1,0.2,0.3, 8 graph instances are generated, giving a total of 24 instances. Each boxplot represents the
best ARs across 8 instances at each edge probability, where for each instance the best AR is selected from 24 trials for both
LCC-VQE and the GW algorithm.

As shown in the Fig. 8(b), LCC-VQE surpasses GW in terms of the upper quartile, lower quartile, mean, and median ARs
at different edge probability p. Notably, the number of edges in the instances at p = 0.1 is comparable to that in Fig. 8(a) for
graphs with degree d = 10. The number of edges in regular graphs is nd/2, whereas the average number of edges in G(n, p)
graphs is pn(n−1)/2. Despite this similarity, the upper quartile and median ARs of LCC-VQE at p = 0.1 are higher than that
at d = 10. As the edge probability increases to p = 0.2, the AR of LCC-VQE further increases. Although a slight drop is
observed at p = 0.3, the majority of the box remains above 0.99.

Fig. 8(a) and (b) show similar trend in the comparison of XQAOA and GW in35, in which LCC-VQE (or XQAOA) initially
shows lower AR than GW at small degrees, but surpasses the performance of GW as the degree increases.

4 Conclusion
In this work, we presented the LCC on VQE and studied what the effect it acts in solving the Max-Cut problem. Our work
opens up the possibility of using VQE to solve combinatorial optimization problems, as VQE requires less number of layers
than QAOA to achieve the same performance. This allows us to cancel a larger number of qubits when applying LCC, thereby
shifting the complexity of circuit simulation from exponential scaling (number of qubits) to polynomial scaling (number of
edges in a graph). For the Max-Cut problem with a two-local cost Hamiltonian, only at most five qubits are required to solve
the problem of any size. Concerning the implementation of LCC, our preliminary calculations reveal the relationship between
the maximum number of qubits nq with k-local observables in calculating the expectation of Hamiltonian HC. It is worth noting
that LCC can only be implemented under linear and circular entanglement structures, whereas it is not feasible under full
entanglement. To look at the precise relation between high-quality solution and layer numbers in addressing Max-Cut problem,
we compare the performance of VQE ansatz with different number of layers and conclude that the opportunity to achieve
a high-quality solution (AR ≥ 0.99) comes to decrease with the number of layers L increases. This decline is attributed to
tendency to become trapped in local minimas due to overparameterization. Meanwhile, the computational cost increases with
the number of layers L, and those causes make it necessary for the optimization process to achieve faster convergence rate by
setting the ansatz to a single layer. Furthermore, as the number of layers L increases, the size of subcircuits with the maximum
number of qubits nq = 4L+1 also grows. This can significantly undermine the effectiveness of LCC in a noisy environment.

We compare the performance of circuits with and without LCC on a noisy simulator provided by Qiskit. The results show
that the circuits with LCC generally yield higher approximation ratios than the circuits without LCC, hence implying that the
noise is being mitigated. Furthermore, the performance of LCC-VQE and the GW algorithm is compared under a noiseless
condition. The results show that even on denser graphs, LCC-VQE exhibits significant advantages and potential. We are aware
that the simulation results from the fake backend might differ from that of the real quantum hardware, as some of the noises,
e.g., coherent errors, crosstalk, non-Markovian noises, etc. Benchmarking results show that there exist discrepancies between
the noisy simulation from a fake backend and that from a real hardware37, 38. This means that extra efforts are required to create
dedicated noise models that include the effect of these noises in the simulation of noisy backends, leading to an active area of
research. Weber et al. adopted a machine learning approach, where they trained a noise model that included crosstalk and state
preparation noise to better mimic the behavior of a real device39. Maschek et al. proposed a more realistic noise model and
applied it in the QAOA simulation of solving the job shop scheduling problem40. Although the performance of LCC on a real
noisy quantum hardware is not included in this work, we anticipate that it can be further improved using typical error mitigation,
such as zero-noise extrapolation (ZNE) or probabilistic error cancellation (PEC). Methods like the Conditional Value-at-Risk
(CVaR) is also compatible with LCC and can be utilized to improved the results on COPs. We also noticed that the gate errors
improves with better hardware developed by the quantum industries, with the two-qubit gate errors reaching the order of 10−3

in IBM Q devices at the time when this work is published41, compared to the two-qubit gate errors in the order of 10−2 for the
fake backends used in the experiments. Hence, we leave the simulation on the real hardware for LCC as a future work.
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