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In this work, we investigate effects of the sequence of system-environment interactions on the 
functionality and performance of quantum thermal machines (QTMs). The working substance of 
our setup consists of two subsystems, each independently coupled to its local thermal reservoir and 
further interconnected with a common reservoir in a cascaded manner. We demonstrate the impact 
of the sequential interactions between the subsystems and the common reservoir by exchanging the 
temperatures of the two local reservoirs. Our findings reveal that, when the two subsystems are in 
resonance, such an exchange alters the efficiency of QTMs without changing their functional types. 
Conversely, when the two subsystems are detuned, this exchange not only changes the efficiency but 
also the types of QTMs. Our results indicate that the manners of system-reservoir interactions offer 
significant potential for designing QTMs with tailored functionalities and enhanced performance.

Keywords  Quantum thermodynamics, Quantum thermal machine, Cascaded model, Collision model

With the progress in quantum information science and technology, it has become increasingly clear that quantum 
mechanics offers unique resources and effects that allow for the achievement of tasks that are unattainable 
through classical resources and traditional approaches1. Consequently, the extension of the benefits of quantum 
resources and effects into various traditional domains has become as a crucial and pertinent topic. In this regard, 
quantum thermodynamics, which integrates classical thermodynamics with quantum mechanics, has garnered 
significant attention2–7. One of its primary goals is to explore the application of quantum tools in the design of 
quantum thermal machines (QTMs)8–10, thereby demonstrating the quantum superiority within the realm of 
thermodynamics.

The operating prototype of the QTM was first conceptualized by Scovil and Schultz-Dubois11, paving the 
way for subsequent proposals of a multitude of QTM models. QTMs adopt quantum systems as their working 
material to accomplish thermodynamic tasks through interaction with thermal baths at different temperatures, 
occasionally with the assistance of external power sources. In general, QTMs can be classified into two categories: 
stroke-based and continuous ones. Stroke-based QTMs encompass several independent heat and power 
processes, such as traditional Otto and Carnot cycles12–22, as well as simplified versions that operate with just two 
strokes23,24. On the other hand, in continuous QTMs, the working material remains continually coupled with 
thermal baths to perform thermodynamic tasks25–27. One of the primary ways to utilize quantum resources and 
effects in actual QTMs is to incorporate them into the working substance28–40. Research has demonstrated that 
the quantum refrigerator comprising just three qubits can surpass its classical counterpart in terms of cooling 
efficiency and energy transfer, thanks to the entanglement of these qubits28. Furthermore, quantum engines 
employing two coupled qubits to execute a generalized Otto cycle exhibit a link between the work produced and 
the qubits’ correlations29. Experimental results also support the superiority of quantum resources in powering 
quantum engines, exemplified by the utilization of nitrogen vacancy centers in diamond41 and a spin-1/2 system 
with nuclear magnetic resonance techniques32.

In comparison to QTMs operating on a stroke-based mechanism, the continuous QTMs avoid the need 
for stroke transformations, resulting in a simpler design, which is also the focus of this work. A paradigmatic 
illustration of continuous QTM consists of coupled systems interacting at their boundaries with two reservoirs 
of different temperatures, which is also referred to as boundary-driven QTMs42–47. If the internal interaction of 
the system cannot satisfy energy conservation, the involvement of external work source is necessary, enabling 
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it to function as an engine, refrigerator, or accelerator42. This boundary-driven two-reservoir model has been 
extended to the situation with three reservoirs, where an extra common reservoir is introduced for the whole 
system apart from the two local ones48–51. It turns out that due to the unique quantum effects brought about by 
the common reservoir, QTMs can achieve additional functionalities and experience performance enhancements. 
It shows that the machine can operate in otherwise forbidden regimes in the presence of a common non-
equilibrium reservoir with coherence50. By considering a bipartite system coupled to both independent and 
common reservoirs, the effects of different types of system-reservoir interactions on work costs are unveiled and 
the operating regimes of QTMs are manifested51.

In addition to simultaneous interactions with a common reservoir, subsystems of a multipartite system can 
interact with the reservoir sequentially, a configuration known as the cascade model52–55. The impact of cascaded 
model on QTMs is an issue worthy of exploration. The cascaded model illustrates a scenario where subsystems, 
specifically S1 and S2, successively interact with a reservoir in such a way that S1 interacts with it at first, 
followed by S2, resulting in a unidirectional influence from S1 to S2. This model possesses an inherent temporal 
structure, enabling it to delineate the sequential interactions between subsystems and the reservoir. For example, 
in a linear arrangement of QED cavities, information (or energy) can be exchanged unidirectionally through 
the successive passage of injected atoms through each cavity. The question of how cascaded interactions impact 
the functionality and performance of QTMs, in contrast to simultaneous interactions, remains unresolved. In 
this study, we investigate a QTM composed of two subsystems, each coupled to its own local reservoir and, 
concurrently, interacting with a third reservoir in a cascaded fashion. For comparative analysis, we also explore 
the scenario where the two subsystems interact simultaneously with the third reservoir. Our primary focus is 
on the operational regimes attainable through these models, with an aim to identify configurations that could 
potentially enhance the performance of QTMs.

The model and master equation
Our system S  consists of two subsystems S1 and S2 being coupled locally to their own reservoirs RA and RB

, respectively. The two subsystems are bridged by the third reservoir RC , with which they interact together (cf. 
Fig.1a). Within the framework of collision model56–64, the reservoir RC  is simulated as a collection of identically 
prepared ancillae with the generic Hamiltonian ĤRC . The system interacts/collides with the ancillae one by 
one, with each collision lasting a short duration τ . After each collision, the ancilla is discarded, and the system 
collides with a new one in the next step of collision. The cascaded model (cf. Fig.1b) represents a unique type 
of collision model, wherein the subsystem S1 collides firstly with an ancilla, followed by S2 colliding with the 
same ancilla. Consequently, the dynamics of S1 exert an influence on S2, but the reverse does not hold true. For 
comparison, we also consider the simultaneous interactions between the system, S1 and S2, and the ancilla (cf. 
Fig.1c).

To be specific, we assume that both the subsystems S1 and S2 and generic ancilla of the reservoir RC  are two-
level systems with the Hamiltonians ĤS1 = ωS1 σ̂z

S1 /2, ĤS2 = ωS2 σ̂z
S2 /2 and ĤRC = ωC σ̂z

RC
/2, respectively, 

in which ωS1 , ωS2  and ωC  are the corresponding frequencies and {σ̂x
O, σ̂y

O, σ̂z
O} the usual Pauli operators acting 

on O. The local reservoirs RA and RB  are considered to be Bosonic ones governed by ĤRA =
∑

k
ωA,kâ†

kâk  

and ĤRB =
∑

j
ωB,j b̂†

j b̂j , respectively, with ωA,k  (ωB,j) the frequency of mode k (j) of reservoir RA (RB), â†
k  

(b̂†
j) and âk  (b̂j) are annihilation and generation operators of mode k (j). The local interactions of S1 − RA and 

S2 − RB  are characterized by the Hamiltonians

	
ĤS1RA =

∑
k

gA,k

(
σ̂+

1 âk + σ̂−
1 â†

k

)
,� (1)

and

Fig. 1.  (Color online) (a) Schematic diagram of our setup. The working substances S1 and S2 are locally 
coupled to the thermal reservoirs RA and RB , respectively, and meanwhile interact with the third reservoir 
RC . Within the framework of collision model, the reservoir RC  is simulated by a collection of identically 
prepared ancillae. (b) Schematic diagram of the cascade model, where the subsystem S1 interacts with a 
generic ancilla in RC  first, followed by the interaction of S2 with the same ancilla. (c) Schematic diagram for 
the simultaneous interaction between S1 and S2 with a generic ancilla.
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ĤS2RB =

∑
j

gB,j

(
σ̂+

2 b̂j + σ̂−
2 b̂†

j

)
,� (2)

with gA,k  and gB,j  the coupling strengths, and σ̂+
1  (σ̂+

2 ) and σ̂−
1  (σ̂−

2 ) the raising and lowering operators for the 
two-level subsystem S1 (S2), respectively.

The total Hamiltonian of the system plus reservoirs can be expressed as

	
Ĥtot(t) = ĤS + ĤR + ĤS1RA + ĤS2RB +

2∑
i=1

λi(t)V̂ (i)
int ,� (3)

where ĤS =
∑2

i=1 ĤSi , ĤR =
∑

l=A,B,C
ĤRl , and V̂ (i)

int  is the interaction Hamiltonian of Si with RC . 
In Eq. (3), the step function λi(t) represents the time-dependence of the collisions between the system and 
the reservoir RC , which takes the value 1 when t ∈ [(n − 2 + i)τ, (n − 1 + i)τ ] with n ≥ 1 the number of 
collisions, and zero otherwise. After a step of collision, the state ρS  of the system at time t evolves to ρ′

S  at time 
t + 2τ  taking the form of

	 ρ′
S = trRC ρ′

SRC
= trRC

{
Û2(τ)Û1(τ)ρSRC Û†

1 (τ)Û†
2 (τ)

}
,� (4)

in which Ûi(τ) = e−iτ(ĤSi
+ĤRC

+V̂
(i)

int
) is the unitary time evolution operator, ρSRC = ρS ⊗ ρth

RC
 and 

ρth
RC

= e−βC ĤRC /ZRC  the initial thermal state of the reservoir RC  at inverse temperature βC = 1/TC  with 

ZRC = tr
{

e−βC ĤRC

}
 the partition function. We adopt ℏ = kB = 1 here and throughout the paper.

The master equation that depicts the system’s dynamics can be formulated as

	 ρ̇S = −i
[
ĤS , ρS

]
+ LA (ρS) + LB (ρS) + LC (ρS)� (5)

where LA and LB  denote the dissipations of the subsystems S1 and S2 due to the coupling with thermal 
reservoirs RA and RB , respectively, while LC  represents the dissipation of the system due to collisions with 
the intermediate reservoir RC . In the above formula (5), the dissipative operators LA (ρS) and LB (ρS) are 
introduced phenomenologically, which can be expressed as

	

LA (ρS) =ΓA [n̄A (ωS1 ) + 1]
(

σ̂−
1 ρS σ̂+

1 − 1
2

[
σ̂+

1 σ̂−
1 , ρS

]
+

)

+ ΓAn̄A (ωS1 )
(

σ̂+
1 ρS σ̂−

1 − 1
2

[
σ̂−

1 σ̂+
1 , ρS

]
+

) � (6)

and

	

LB (ρS) =ΓB [n̄B (ωS2 ) + 1]
(

σ̂−
2 ρS σ̂+

2 − 1
2

[
σ̂+

2 σ̂−
2 , ρS

]
+

)

+ ΓBn̄B (ωS2 )
(

σ̂+
2 ρS σ̂−

2 − 1
2

[
σ̂−

2 σ̂+
2 , ρS

]
+

)
,

� (7)

respectively. In Eqs. (6) and (7), ΓA (ΓB) denotes the damping rates of the reservoir RA (RB), and n̄A(ωS1 ) 
(n̄B(ωS2 )) is the average number of photons of RA (RB) at the frequency ωS1  (ωS2 ) of the subsystem S1 (S2
) which takes the form

	

n̄l (ωSi ) = 1

exp
(

ωSi
Tl

)
− 1

.� (8)

By expanding Ûi(τ) to the second order of τ , we obtain the dissipative operator LC (ρS), which can be 
decomposed into the following form

	
LC (ρS) =

2∑
i=1

Li (ρS) + D12 (ρS)� (9)

with

	
Li (ρS) = −1

2 trRC

{[
V̂

(i)
int ,

[
V̂

(i)
int , ρS ⊗ ρth

RC

]]}
� (10)

representing the local dissipation of Si as if only Si exists and
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D12 (ρS) = −trRC

{[
V̂

(2)
int ,

[
V̂

(1)
int , ρS ⊗ ρth

RC

]]}
� (11)

characterizing the collective dissipation of the two subsystems due to their cascaded interactions with RC . Here, 
the dissipator D12 incorporates the one-way influence between subsystems, which alternatively can also be 
manifested in a chiral effective Hamiltonian of the system57.

In the following illustrations, the interactions between the subsystems S1 and S2 and the reservoir RC  are 
taken to be

	
V̂

(1)
int = 1√

τ

(
Jx

1 σ̂x
S1 σ̂x

RC
+ Jy

1 σ̂y
S1

σ̂y
RC

)
,� (12)

and

	
V̂

(2)
int = 1√

τ

(
Jx

2 σ̂x
S2 σ̂x

RC
+ Jy

2 σ̂y
S2

σ̂y
RC

)
,� (13)

respectively, in which the interactions have been scaled by the collision duration τ  for the convenience of taking 
continuous time limit, although this is not strictly necessary. As a result, the local and non-local dissipations, 
given by Eqs.(10) and (11), can be updated to

	

Li (ρS) = (Jx
i )2

(
σ̂x

Si
ρS σ̂x

Si
− 1

2
[
ρS , σ̂x

Si
σ̂x

Si

]
+

)

+ (Jy
i )2

(
σ̂y

Si
ρS σ̂y

Si
− 1

2
[
ρS , σ̂y

Si
σ̂y

Si

]
+

)

− iJx
i Jy

i

⟨
σ̂z

RC

⟩
ρth

RC

[(
σ̂x

Si
ρS σ̂y

Si
− 1

2
[
ρS , σ̂y

Si
σ̂x

Si

]
+

)

−
(

σ̂y
Si

ρS σ̂x
Si

− 1
2

[
ρS , σ̂x

Si
σ̂y

Si

]
+

)]
,

� (14)

and

	

D12 (ρS) =i
⟨
σ̂z

RC

⟩
ρth

RC

{(
Jx

1 Jy
2

[
σ̂y

S2
, ρS σ̂x

S1

]
+ Jy

1 Jx
2

[
σ̂y

S1
ρS , σ̂x

S2

])

−
(
Jy

1 Jx
2

[
σ̂x

S2 , ρS σ̂y
S1

]
+ Jx

1 Jy
2

[
σ̂x

S1 ρS , σ̂y
S2

])}

+ Jx
1 Jx

2 [σ̂x
S2 , [ρS , σ̂x

S1 ]] + Jy
1 Jy

2
[
σ̂y

S2
,
[
ρS , σ̂y

S1

]]
,

� (15)

with ⟨·⟩ρ ≡ tr[·ρ].
To compare the cascaded interaction with simultaneous interaction between the two subsystems and the 

reservoir RC , we also present the master equation for the latter case. For the simultaneous interaction, the 
structure of local dissipation remains the same as that given in Eq. (10), while the non-local dissipation can be 
expressed as

	

D sim
12 (ρS) = − 1

2 trRC

[
V̂

(1)
int ,

[
V̂

(2)
int , ρS ⊗ ρth

RC

]]

− 1
2 trRC

[
V̂

(2)
int ,

[
V̂

(1)
int , ρS ⊗ ρth

RC

]]
.
� (16)

The non-local dissipation term of the simultaneous collision is more “symmetric” in comparison to the situation 
of cascaded collision. Taking into account the specific forms of interactions as given in Eqs. (12) and (13), the 
non-local dissipation can be expressed as

	

D sim
12 (ρS) = i

2
⟨
σ̂z

RC

⟩
ρth

RC

(
Jx

1 Jy
2

([
σ̂y

S2
, ρS σ̂x

S1

]
+

[
σ̂y

S2
ρS , σ̂x

S1

])

+Jy
1 Jx

2
([

σ̂y
S1

ρS , σ̂x
S2

]
+

[
σ̂y

S1
, ρS σ̂x

S2

]))

− i

2
⟨
σ̂z

RC

⟩
ρth

RC

(
Jy

1 Jx
2

([
σ̂x

S2 , ρS σ̂y
S1

]
+

[
σ̂x

S2 ρS , σ̂y
S1

])

+Jx
1 Jy

2
([

σ̂x
S1 ρS , σ̂y

S2

]
+

[
σ̂x

S1 , ρS σ̂y
S2

]))

+ Jx
1 Jx

2

2 ([σ̂x
S1 [ρS , σ̂x

S2 ]] + [σ̂x
S2 [ρS , σ̂x

S1 ]])

+ Jy
1 Jy

2
2

([
σ̂y

S1

[
ρS , σ̂y

S2

]]
+

[
σ̂y

S2

[
ρS , σ̂y

S1

]])
.

� (17)
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 Thermodynamic quantities
The heat currents from the reservoirs RA and RB  to the system can be defined as the energy change of 
the system due to the dissipations of the reservoirs, which are formulated as JA = Tr

{
LA [ρS ] ĤS1

}
 and 

JB = Tr
{

LB [ρS ] ĤS2

}
, respectively. For the dissipations given in Eqs. (6) and (7), we can obtain the explicit 

forms of heat currents as

	
JA = ΓAωS1

(
nA

⟨
σ̂−

S1 σ̂+
S1

⟩
ρS

− (nA + 1)
⟨
σ̂+

S1 σ̂−
S1

⟩
ρS

)
,� (18)

and

	
JB = ΓBωS2

(
nB

⟨
σ̂−

S2 σ̂+
S2

⟩
ρS

− (nB + 1)
⟨
σ̂+

S2 σ̂−
S2

⟩
ρS

)
,� (19)

in which nA ≡ n̄A(ωS1 ) and nB ≡ n̄B(ωS2 ).
The heat transferred from the middle reservoir RC  to the system can be quantified by the energy variations 

of RC  during a collision as

	 ∆JC = − tr
{

ĤRC

(
ρ′

SRC
− ρSRC

)}
.� (20)

We note that due to the collective interaction between RC  and the two subsystems S1 and S2, the heat can 
be decomposed into the local component ∆J

(i)
C  associated with Si and nonlocal one ∆J

(12)
C  related to the 

nonlocal dissipation of RC , that is, ∆JC =
∑2

i=1 ∆J
(i)
C + ∆J

(12)
C . By taking the continuous time limit, we 

get the heat current as

	
JC = − lim

τ→0

∆JC

τ
=

2∑
i=1

J
(i)
C + J

(12)
C .� (21)

According to the map given in Eq. (4), the local and nonlocal components of heat current JC  can be derived as

	
J

(i)
C = 1

2 tr
{[

V̂
(i)

int ,
[
ĤRC , V̂

(i)
int

]]
ρSRC

}
� (22)

and

	
J

(12)
C = tr

{[
V̂

(1)
int ,

[
ĤRC , V̂

(2)
int

]]
ρSRC

}
,� (23)

respectively. For the specific interaction form shown in Eqs. (12) and (13), J(i)
C  and J(12)

C  can be further 
expressed as

	
J

(i)
C = −ωC

[
2Jx

i Jy
i

⟨
σz

Si

⟩
ρS

−
(
(Jx

i )2 + (Jy
i )2) ⟨

σz
RC

⟩
ρth

RC

]
,� (24)

and

	
J

(12)
C = 2ωC

⟨
σz

RC

⟩
ρth

RC

(
Jx

1 Jx
2 ⟨σx

S1 σx
S2 ⟩

ρS
+ Jy

1 Jy
2

⟨
σy

S1
σy

S2

⟩
ρS

)
,� (25)

respectively.
Work in quantum thermodynamics is commonly defined as the alteration in energy of the total system 

resulting from time-variation of the Hamiltonian. Within the framework of collision model, the sequential 
couplings and decouplings of the system with the reservoir RC  give rise to the temporal dependence of the 
interaction Hamiltonian, as given in Eq.(3). Consequently, the energetic cost required to maintain these 
consecutive collisions is supplied in the form of work. In a round of collision from t to t + 2τ , the work 
performed on the system is formulated as

	
∆W =

∫ t+2τ

t

⟨
∂Ĥtot(s)

∂s

⟩

ρSRC

ds.� (26)

From the Hamiltonian Ĥtot(s), Eq. (3), we can see that only the interactions of the two subsystems with the 
reservoir RC  are time-dependent. After taking the continuous time limit, we can obtain the work current 
Ẇ = limτ→0 ∆W/τ . An integration over Eq. (26) yields
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Ẇ =

2∑
i=1

Ẇi + Ẇ12,� (27)

with

	
Ẇi = 1

2 tr
{[

V̂
(i)

int ,
[
ĤSi + ĤRC , V̂

(i)
int

]]
ρSRC

}
,� (28)

and

	
Ẇ12 = tr

{[
V̂

(1)
int ,

[
ĤS2 + ĤRC , V̂

(2)
int

]]
ρSRC

}
,� (29)

being the local and nonlocal components of the work current. Eq. (28) indicates that if [ĤSi + ĤRC , V̂ (i)
int ] = 0

, namely, the interaction between the subsystem Si and the reservoir RC  conserves energy, the local work 
current Ẇi vanish. Moreover, when the local work current Ẇ2 is zero, the non-local work current Ẇ12 must 
also be zero. However, as can be seen from the subsequent formula (31), Ẇ12 also depend on the correlations 
established between S1 and S2. Even if W2 is not zero, the absence of correlations between S1 and S2 in terms 
of 

⟨
σx

S1 σx
S2

⟩
ρS

 and 
⟨
σy

S1
σy

S2

⟩
ρS

 will also lead to the disappearance of Ẇ12. For the specific interactions given 
in Eqs. (12) and (13), the local work current reads

	

Ẇi =ωSi

(
2Jx

i Jy
i

⟨
σz

RC

⟩
ρth

RC

−
(
(Jx

i )2 + (Jy
i )2) ⟨

σz
Si

⟩
ρS

)

+ ωC

(
2Jx

i Jy
i

⟨
σz

Si

⟩
ρS

−
(
(Jx

i )2 + (Jy
i )2) ⟨

σz
RC

⟩
ρth

RC

)
,

� (30)

while the nonlocal component can be expressed as

	

Ẇ12 =2Jx
1 (ωS2 Jy

2 − ωCJx
2 ) ⟨σx

S1 σx
S2 ⟩

ρS

⟨
σz

RC

⟩
ρth

RC

+ Jy
1 (ωS2 Jx

2 − ωCJy
2 )

⟨
σy

S1
σy

S2

⟩
ρS

⟨
σz

RC

⟩
ρth

RC

.
� (31)

Here, we also derive the work current regarding the simultaneous interactions between the subsystems and 
reservoir RC . Since the local component of the work current for the simultaneous interactions is the same as 
that given in Eqs. (28) and (30) for the cascaded interactions, we only present its general nonlocal component as

	

Ẇ sim
12 =1

2 tr
{[

V̂
(1)
int ,

[
ĤS2 + ĤRC , V̂

(2)
int

]]
ρSRC

}

+ 1
2 tr

{[
V̂

(2)
int ,

[
ĤS1 + ĤRC , V̂

(1)
int

]]
ρSRC

}
,
� (32)

and the specific form as

	

Ẇ sim
12 =Jx

1 (ωS2 Jy
2 − ωCJx

2 ) ⟨σx
S1 σx

S2 ⟩
ρS

⟨
σz

RC

⟩
ρth

RC

+ Jy
1 (ωS2 Jx

2 − ωCJy
2 )

⟨
σy

S1
σy

S2

⟩
ρS

⟨
σz

RC

⟩
ρth

RC

+ Jx
2 (ωS1 Jy

1 − ωCJx
1 ) ⟨σx

S2 σx
S1 ⟩

ρS

⟨
σz

RC

⟩
ρth

RC

+ Jy
2 (ωS1 Jx

1 − ωCJy
1 )

⟨
σy

S2
σy

S1

⟩
ρS

⟨
σz

RC

⟩
ρth

RC

.

� (33)

Quantum thermal machines
After properly defining thermodynamic quantities, we are ready to study the functions that our setup can 
achieve as QTMs, as well as their performance in different scenarios. In the following, we mainly examine two 
configurations: one is the symmetric case where two subsystems S1 and S2 are resonant, and the other is the 
asymmetric case with detuning between them. We unveil different functions exhibited by the system relying on 
variations of the frequency of ancillas in the reservoir RC .

Symmetric case
In order to obtain explicit operating regimes for the system, we first consider a specific situation, namely, 
ωS1 = ωS2 , Jx

1 = Jy
1 = Jx

2 = Jy
2 = J . In this case, we find the system can achieve four different functions 

within certain ranges of the frequency ωC  of the reservoir RC , as shown in the Table 1. As the temperatures 
of the three reservoirs are not determined in prior, we have used Q̇h and Q̇c to represent the heat currents for 
reservoirs with the highest and the coldest temperatures, and Q̇m for the reservoir with middle temperature. In 
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the following, we shall consider two settings of the temperatures, namely, TA > TC > TB  and TA < TC < TB

, with the temperature of reservoir RC  always being the intermediate one.
We first consider the case of TA > TC > TB , for which Q̇h ≡ JA, Q̇c ≡ JB , and Q̇m ≡ JC . For the 

operating regime of Type I, namely, Ẇ > 0, Q̇m > 0 and Q̇h < 0, the external agent performs work on the 
system, driving heat flow from the reservoir RC  with middle temperature to RA with the highest temperature. 
Hence, the machine of Type I realizes the cooling of reservoir RC , which is thus called the TC-power driven-
refrigerator. In the regime of Type II, apart from the external work on the system with Ẇ > 0, the heat is 
transferred from the reservoirs RA and RC  with relatively high temperatures to the reservoir RB  with relatively 
low temperature with Q̇m > 0, Q̇h > 0 and Q̇c < 0. Therefore, the machine of Type II operates as the dual-
source accelerator (oven)65 by acquiring external work and transporting heat from the dual sources RA and 
RC  to RB . The machine of Type III with Ẇ < 0, Q̇m > 0, Q̇h > 0 and Q̇c < 0 obviously implements the 
dual-source engine, which perform work to an external agent by transferring heat from the reservoirs RC  and 
RA to RB . The Type IV of QTMs is also an accelerator, but unlike the Type II, it absorbs heat from the high-
temperature reservoir RA and dumps the heat into two relatively cooler reservoirs RB  and RC , which is thus 
called dual-sink accelerator. In Fig. 2a, we plot the work current Ẇ  and the three heat currents Q̇m, Q̇h and Q̇c 
with respect to the frequency ωC  of the ancilla of reservoir RC . We have labeled the regions for appearances of 
different operating regimes according to the Table 1.

By reversing the temperatures of RA and RB  to be TA < TC < TB , we can still obtain the same four types of 
operating regimes as the case of TA > TC > TB . However, the ranges in which these operating regimes appear 
are altered, as shown in Fig. 2b. This reflects the asymmetric characteristic of the cascaded interactions occurring 
between subsystems S1 and S2 with RC .

In order to compare the cascaded interaction with simultaneous interaction, we illustrate the heat and work 
currents under the latter case in Fig. 2c. We can see that the simultaneous interaction does not change the types 
of QTMs compared to the cascaded interaction, but shifts the intervals of their occurrences. Moreover, if the 

Fig. 2.  (Color online) The currents of heat and work as a function of the frequency ωC  of ancilla of the 
reservoir RC  for the symmetric case. The cascaded interactions between subsystems S1 and S2 and RC  
for TA = 2.4ωC > TC = 2ωC > TB = 0.5ωC  (a) and TA = 0.5ωC < TC = 2ωC < TB = 2.4ωC  
(b). The simultaneous interactions between S1 and S2 and RC  (c). The other parameters are chosen as 
ωS1 = ωS2 = 2ωC , J = ωC , ΓA = ΓB = 1.

 

Label Description Q̇c Q̇m Q̇h Ẇ

I TC -power driven refrigerator < 0 > 0 < 0 > 0
II Dual-source accelerator < 0 > 0 > 0 > 0
III Dual-source engine < 0 > 0 > 0 < 0
IV Dual-sink accelerator < 0 < 0 > 0 > 0

Table 1.  Table of operating regimes of the machine for the symmetric case with ωS1 = ωS2 . The first column 
shows the labels of different regimes; the second column describes the functions and features of the machine; 
the remaining columns give the signs of the heat and work currents.
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temperatures of the reservoirs RA and RB  are reversed, there will be no influence on the results due to the 
symmetry character of the simultaneous interaction.

Next, we demonstrate the influences of different configurations, namely, the cascaded interaction with 
TA > TC > TB  and TA < TC < TB  as well as the simultaneous interaction, on the performance of QTMs. 
Here, we focus on the dual-source engine, which appears in the common interval ωC ∈ (2.1, 2.5) for all these 
three situations. We use the efficiency to assess the performance of quantum engine, which can be defined as

	
η =

∣∣Ẇ ∣∣
Q̇h + Q̇m

.� (34)

We exhibit in Fig. 3 the efficiency η of dual-source engine with respect to ωC  for the three situations, i.e., the 
cascaded interaction with TA > TC > TB  and TA < TC < TB  and the simultaneous interaction. We observe 
that the cascaded interaction for the temperature setting TA > TC > TB  can lead to the largest efficiency, while 
the configuration TA < TC < TB  causes the lowest efficiency. The efficiency of simultaneous interaction is 
always in between these two cases.

Asymmetric case
In the following, we further consider the operating modes of our setup under the asymmetric situation where the 
two subsystems exhibit different frequencies, namely, ωS1 ̸= ωS2 . For the interactions between the subsystems 
and the reservoir RC , we still assume Jx

1 = Jy
1 = Jx

2 = Jy
2 = J . The results are presented in Table 2, which 

shows that apart from the Types I and III that have been achieved in the symmetric case, as shown in Table 1, 
two new types of thermal machines, i.e., Type V and Type VI, arise. For the QTM of Type V, called TC-heat-
driven refrigerator with work production, the heat current is transferred from the reservoir with an intermediate 
temperature to the reservoir with the highest temperature, functioning as a refrigerator, and at the same time the 
work is produced instead of being consumed. In the case of Type VI, the system perform work on an external 
agent by absorbing heat from the hot reservoir and releasing it to two other reservoirs, which is thus called dual-
sink engine.

In Fig. 4a, we illustrate the operating regimes of the machines by plotting the work and heat currents against 
ωC  for the cascaded interactions with TA > TC > TB , for which there appear three functions of the machines. In 
Fig. 4b, we exhibit the results by reversing the temperatures of RA and RB  to be TA < TC < TB  and meanwhile 
exchanging the positions of the two subsystems, which shows that all the four operating regimes listed in Table 
2 can be observed. Therefore, the system manifests different functions in these two scenarios embodying the 
unidirectional feature of the cascaded interaction. Fig. 4c displays the case of simultaneous interaction of S1 and 
S2 with RC , from which we can see that three types of machines arise, similar to that exhibited in Fig. 4a, but 
with different intervals.

Label Description Q̇c Q̇m Q̇h Ẇ

I TC -power driven refrigerator < 0 > 0 < 0 > 0
III Dual-source engine < 0 > 0 > 0 < 0
V TC -heat-driven refrigerator with work production < 0 > 0 < 0 < 0
VI Dual-sink engine < 0 < 0 > 0 < 0

Table 2.  Table of operating regimes of the machine for asymmetric case with ωS1 ̸= ωS2 . The first column 
shows the labels of different regimes; the second column describes the functions and characters of the 
machine; the remaining columns give the signs of heat and work currents.

 

Fig. 3.  (Color online) The efficiency of dual-source engine under three situations, i.e., the cascaded 
interactions between the two subsystems and the reservoir RC  with TA > TB > TC  and TA < TB < TC , and 
the simultaneous interactions. The other parameters are the same as that used in Fig. 2.
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Next, we compare the efficiency of the machines under different configurations by focusing on Type I 
(i.e., TC-power driven refrigerator) and Type III (i.e., dual-source engine) of the machines. The coefficient of 
performance (COP) of a refrigerator is defined as

	
COP = Q̇c

Ẇ
,� (35)

while the efficiency of the dual-sink engine is still quantified by the formula Eq. (34). In Fig. 5a and b, we 
show the COP of TC-power driven refrigerator and the efficiency of dual-source engine as a function of ωC  for 
different situations. From Fig. 5a, we observe that the COP of the refrigerator for cascaded interaction entailing 
TB > TC > TA achieves the highest efficiency, while that with temperature TA > TC > TB  has the lowest 
efficiency. The COP of refrigerator under simultaneous interaction falls between the two. From Fig. 5b, it can 
be seen that the efficiency of the engine relies on ωC : for relatively small values of ωC , the cascaded interaction 
with the temperature setting TB > TC > TA results in the highest efficiency, while for relatively large ωC , the 
cascaded interaction with TA > TC > TB  leads to the highest efficiency. The efficiency under the simultaneous 
interaction always falls between the two.

Conclusion
In conclusion, we have studied the impacts of the sequence of system-environment interactions on the operating 
regimes and performance of QTMs. The working substance of our setup consists of two subsystems, S1 and S2

Fig. 5.  (Color online) The COP of the TC-power driven refrigerator (a) and the efficiency η of the dual-sink 
engine versus ωC . The parameters are the same as that used in Fig.4.

 

Fig. 4.  (Color online) The currents of heat and work as a function of the frequency ωC  of ancilla of 
the reservoir RC  for the asymmetric case. The cascaded interactions between subsystems S1 and S2 
and RC  for TA = 2.4ωC > TC = 2ωC > TB = 0.5ωC  and ωS1 = 2.5ωC , ωS2 = 1.5ωC  (a), and 
TA = 0.5ωC < TC = 2ωC < TB = 2.4ωC  and ωS1 = 1.5ωC , ωS2 = 2.5ωC  (b). The simultaneous 
interactions between S1 and S2 and RC  (c). The other parameter is the same as that used in Fig. 2.
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, coupled to their local reservoirs RA and RB , respectively, and meanwhile to the third reservoir RC  through 
sequential interactions. For comparison, we have also considered the situation that the two subsystems interact 
simultaneously with RC . Our findings indicate that the unidirectionality resulting from the sequential interaction 
between the subsystems and the reservoir RC  can influence both the functions and performance of QTMs. In 
the symmetric scenario where the two subsystems are resonant, although exchanging the temperatures of two 
local reservoirs RA and RB  does not alter the functions of QTMs, such a swap significantly changes their 
efficiency: in one case, the efficiency surpasses that achieved when the system interacts simultaneously with 
the common reservoir RC , whereas in another case, it falls below this level. In the antisymmetric scenario 
where the two subsystems are detuning, the exchange of RA and RB  influences both the types of QTMs and 
their performance. Our results reveal the influence of the sequence of interactions between subsystems and 
the reservoir on the function and performance of QTMs, providing a potential means for their design and 
performance enhancement.

Data availability
The datasets used and/or analyzed during the current study are available from the corresponding author on 
reasonable request.
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