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Unveiling diverse solitons in the
quintic perturbed Gerdjikov-lvanov
model via a modified extended
mapping method

Hisham H. Hussein*, Hamdy M. Ahmed?, Shaimaa A. Kandil® & Wassim Alexan**

The quintic perturbed Gerdjikov-lvanov equation, a non-linear model in optics and quantum field
theory, describes the propagation of optical pulses in nonlinear media with quintic nonlinearity and
perturbation effects. This study aims to derive exact traveling wave solutions for the quintic perturbed
Gerdjikov-Ivanov equation using the modified extended mapping method. The method efficiently
generates a broad spectrum of solutions, including bright, dark, periodic, singular periodic, hyperbolic,
plane, Weierstrass, and Jacobi elliptic forms, extending the known solution space. Compared

to previous techniques, such as the generalized exponential rational function and Kudryashov’s
methods, the modified extended mapping method provides a more diverse set of analytical

solutions with improved computational efficiency. Graphical representations using Mathematica
illustrate the physical properties and stability of these solutions, confirming their relevance to optical
communication and nonlinear wave phenomena. This work advances the understanding of soliton
dynamics in nonlinear media and demonstrates the potential of the modified EM method in solving
complex non-linear partial differential equations.

Soliton pulse propagation is a fundamental concept in understanding various models within optics and
metamaterials, particularly those characterized by intensity-dependent phase variations. These models are
essential in developing technologies such as optical pulse compressors, fiber-optic amplifiers, and communication
systems. The distinctive feature of solitons—their ability to maintain shape during propagation—has garnered
significant scientific interest. As a result, considerable efforts were devoted to obtaining analytical solutions for
non-linear partial differential equations (NPDEs) using advanced computational methods'-%. While extensively
studied models like the non-linear Schrodinger equation (NLSE) have paved the way, other equations also
received attention in recent literature. Those include the complex Ginzburg-Landau®, Sasa-Satsumal,
Lakshmanan-Porsezian-Daniel!!, and longitudinal wave equation within the context of a Magneto-Electro-
Elastic annular bar'2.

To meet the demands of modern telecommunication systems, this research focuses on the pGI equation,
a crucial non-linear evolution equation!®. The Gerdjikov-Ivanov (GI) equation, a cornerstone model in the
study of non-linear optical fibers, especially in crystal fibers of photonic nature, has been extensively studied
due to its intricate dynamics. Deriving exact analytical solutions for such partial differential equations remains
a formidable challenge, often requiring numerical or approximate methods. Nonetheless, exact solutions are
inherently preferred for their directness and unrestricted applicability. Previous research has explored the QpGI
equation through various approaches: the generalized exponential rational function method!; the hyperbolic
extended function and generalized Kudryashov's methods!®; the Nucci reduction method'é; the conformable
derivative has played a key role in exploring chirp soliton solutions with hyperbolic functional terms'’; and
the Riccati-Bernoulli sub-ODE method, combined with the Bicklund transformation'®. Collectively, these
methodologies have significantly advanced our knowledge of the GI equation and its implications for non-linear
phenomena.
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In recent times, a plethora of mathematical techniques have been explored for constructing solutions to non-
linear partial differential equations (NPDEs). Prominent among these are the Riemann-Hilbert method!%,
the Jacobi elliptic function method???, Lie symmetric analysis?>?*, the auxiliary equation method?»?, the
Sine-Gordon expansion method?”?, the tan-cot function method?, the Sardar-sub equation technique®,
the simple equation method31, the modified simple equation method*, the first integral method**3, Hirota’s
bilinear method*>*, the homogeneous balance method*”*%, the Darboux-Like transformation method>, and
the exp(— ¢ (£)) method*.

The modified EM method has emerged as a powerful tool for uncovering diverse soliton solutions in
various NPDEs. Studies have successfully employed the EM method to find bright, dark, and singular soliton
solutions in complex systems like coupled non-linear Maccari systems*! and the (4 + 1)-dimensional Davey-
Stewartson-Kadomtsev—Petviashvili equation*’. It has also been instrumental in discovering novel solutions
beyond solitons, including singular periodic, rational, exponential, and Weierstrass elliptic forms in models
like the concatenation model** and the KP-BBME water wave model [44]. The method’s applicability extends
to other contexts, as demonstrated in*> where it retrieved solutions for the Gilson-Pickering equation used in
plasma physics. The applied method outperforms previous techniques by generating a more diverse set of exact
solutions, extending beyond those mentioned before.

This research work treats the dynamics of soliton propagation through the (1 + 1)-dimensional QpGI equation.
Unlike the commonly studied cubic non-linear Schrédinger equation, the QpGI equation incorporates quintic
non-linearity. To carry out an investigation of the soliton solutions of this model, we employ the modified EM
method. The derived solutions are visually represented through 2D and 3D and density plots to interpret their
non-linear physical behavior. A comprehensive analysis of the obtained results, including their classification, is
presented in subsequent sections, along with concluding remarks.

Description of the adopted QpGI model
The key contribution of this article is to employ a novel method in the derivation of various novel solutions to a
variant form of an QpGI. In particular, the QpGI equation is given as in'® by:

At a Ave +b [A | Atic A =i [arAs + bi (AJAP") + e (JAP7) A], (1)

given that A (x,t) is the complex wave function that, when z and ¢ are the spatial and temporal variables in
turn, acts as the complex-valued wave structure representing optical solitons in polarization-preserving fibers.
The first term, .A;, denotes the solitons’ linear temporal progression. The group velocity dispersion is denoted
by Auz, the non-linear dispersion with coefficients a, b, and c, respectively, is represented by .A%A%, and

the model’s current quintic non-linearity is shown by |A4‘ A. The imaginary unit “¢” is represented here as

i = +/—1. The complex conjugate of A (z,t) is A* (x,t). Real-valued constants make up each of the three
associated parameters, a, b, and c. The full non-linearity effects are denoted by the parameter n; the inter-
modal dispersion coefficient is denoted by a1, and the higher-order dispersion and self-steepening coefticients
for short pulse terms are represented by b1 and c1, respectively.

Functioning of modified EM method
In order to solve the QpGI model, it is supposed that Eq. (1) possesses a solution of the following form, resembling
a traveling wave solution:

A,y =U(€) e CoD),] )

where
y(@t)=—kert+wt+O0and{=a— 7t (3)
It should be remembered that the phase component of the soliton is represented by ,(x,t), and the amplitude
function U (£ ) indicates the shape properties of the wave pulse. Furthermore, x , where 6 is the phase constant,

w is the wave number, and 7 is the soliton velocity, determines the soliton frequency.
By substituting Eq’s (2) and (3) into Eq. (1), the imaginary part, after integrating with respect to £ , will be:

(b1 —+ 2m61 + 2mC1)
1+2m

(a1 —2a k—T)U(E) + %c ue)?® - Ut =o. (4)

After comparing the coefficients of the independent terms, we get the following results:
4
T=—a1 —2ak, c=0and by = —gcl (5)

On the other side, the following real component will arise:

(ma1 = ar” —w)UE) = e w U E)* +BU(E)" — birl (&)™ +all” (€) = 0. (6)

Now, applying the balance rule to the non-linear ordinary differential equation (Eq. (6)), U’’ (£) and
UP™TL (¢, will lead to the balance number n:
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This is a fractional number, so a transformation function can be assumed in the form:

UE) = (G (). (®)
Letting m = 2 and substituting Eq. (8) with the aid of the obtained parameters in Eq. (5), Eq. (6) gets the form:
MG (&) + 4G (£)" —ad’ (£)°+2aG (£)F" (£) =0, ©)

where
Al =4(—a1k —ak’—w) and Ay =4 (b— b1k ). (10)

Currently, the goal is finding the analytical travelling wave solutions for the QpGI (Eq. (1)) by applying the
modified EM technique. In reference®, the applied steps are outlined in detail. To express the optical soliton
solutions in terms of x and ¢, we will examine the solutions of Eq. (9). To achieve this, we propose the following
form for the solution of Eq. (9):

G =aot 3o 2 (s’ @)+ o5 ) + X0 0,0 @) 0 )+ X s 00 @) 2 (), )

2 )

where avo, @ j, a—j, f;, and 3 ; are constants, to be calculated subsequently in conjunction with 2 (&)

that fulfills the non-linear ODE (Eq. (9)).
Due to the scheme of the modified EM method®, 2 (&) also satisfies

where €= 1. Now, in the supposed solution (Eq 11)2 N =1 w1ll be implied by the homogeneous balance
for G(£)G'' (&) in Eq. (9) and any one of G’ (£)° or G (&)*, and thus reaching the formal solution as
follows!18:

Q(E):ao-i-ou()(E,)-l-((;(z)—i-gﬁ(la)*Q’(i). (13)

Now, Eq’s (12) and (13) will be substituted in Eq. (9). By equating to zero all coeflicients containing the same
order of Q(£), a system of algebraic equations involving the parameters « o, & 1, & —1 and f3 ; is generated. The
resulting algebraic system is solved to obtain these parameter values, which are then inserted into the solution
form (Eq. 13) to construct the proposed analytical solutions.

Solitary wave solutions

Identification and classification

Sets of solutions 1

At pg=0, =05 =0¢ =0, by solving a group of 16 non-linear algebraic equations the resulting sets of
solutions will be:

A
Set1~1:{a0:a—1:ﬁ1:07 92:_717(1126 —3?494}
2

A
Setl_Q_{al_/Bl_A2_07a0_€a1 CL,Q747 71#0 Q2__1}
A1 a

It is worth mentioning that in Set 1.2, the parameter « o has been represented in terms of the parameter o _1.
Now, the resulting soliton solutions will be:

[ 3A: [ A1) i (y(a) 1 2
Ai(z,t) = | € —Tzsech ((x —Tt) _a> etV 'y (—alfi —a Kk — w) >0, (14
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and

a

As (z,t) = , | a- a4 <€ + cosh <(ac —Tt) Al))ei (w(=)) 1 (am +ax +w) > 0. (16)
Al a

The solutions obtained in Eq’s (14-16) are bright, singular periodic and hyperbolic soliton solutions, respectively.

Set of solutions 2
2
At o, =05=04=0, gy = i}—i, by solving a group of 21 non-linear algebraic equations the resulting sets

of solutions will be:

3A10, 3AIQ4
) {ao Fr=ten Vade, 8420, 292
3Alg4 3A192 3A1
¢ {0‘0 PN BAse, YT\ 32400, fa 8420, 292

A A
Set2.3={a0:o¢1:a1:07ﬁ1: 222; 7a:291}
2 2

Now, the resulting solutions will be:

Ay (z,t) = (| 2f 1 [ 34 coth ((m —) _>2> + lf —%tanh <(z mORY _>2)ei W),

>2 A2 \/5 2 A \/5 (17)

alli+af§2 4+ w

b—b1/€

34, 2(x—7t)\/—)2 (x=7t)\/—)2 (x=7t)\/—)2 i ().
As (x,t) = \j 4 <2cs h <\/§> + coth <\/§> + tanh <ﬂ>>f w(@.t)), as)

a1k + ak® +w
b—blK,

>0, )2<0

>0, )2<0

2(x —71t)\/— .
Ag (z,t) = , | € 3;;121 esch <W)ez (1)),

2
a1k +ark” +w
—blli

. \/E < x —Tt) @) + tan <($—Tt)\/972>}ei (1)),
As V2 V2 7 (20)

a1/$+cm +w
b—b1l€

at) =1/ S 341 csc 2a=rt) Vo co =) Ve an z=rt) Ve et W),
ot \/4VA2{2 G A G ) R G | S

(z15+a/<;2 —+ w
b—bﬂi

<07 >2> 07

(0, 02)0,

<07 Q2> 0

(z,t) \/61/31 < ””_”)\ﬁ)ei(yw))
A2 (22)

.a1/<;+af<c 4+ w
’ b—blli

and

<07 Q2> 0.
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Equations (17) and (18) yield singular bright combo soliton solutions. Equation (19) represents a singular soliton
solution. Similarly, Egs. (20) and (21) correspond to singular periodic combo soliton solutions, while Eq. (22)
describes a singular periodic soliton solution.

Set of solutions 3
At 05 =0, = 04 = 0, by solving a group of 17 non-linear algebraic equations the resulting sets of solutions
will be:

Set3.1—{a_1—ﬁl—A2—()7 alz_m’ QQ—_Al}
ag, a

Az
Set3.2:{a0:a1:61:0, Al =—a0,, 09g=— 2;; 1}

lao 3ao | 40,0
SetS.S—{al—ﬂl—O,ao—e A—;,a_lze —AQO,AlzaQQ,lee —;0}

Thus, the obtained solutions will be:

Aqo (z,t) = 209 11 4 sinh <2(x7—t) ‘é;) et (A=) 10, >0, 0,=0, (23)
Ai (z,t) = % 1+ sin <2(a:—7't)1/—?)]61'(’(%’”) 10, <0, po=0, (24)

Az (z,t) = \/U—gi‘izcsch (({E—Tt)\/g2)6i (A1) 100>0, 0,>0, 0, =0, (25)

and

Ais (z,t) = \/,/ 3392csc ((xth) w/fQQ)ei (A=) 100>0, 0,<0, 0,=0. (26)
2

The solutions derived from Set 3.1, Ao (z,t) and Ai; (z,¢) exhibit hyperbolic and periodic soliton
characteristics, respectively. Equation (25) yields a singular soliton solution, A2 (x, t), while Eq. (26) produces
a singular periodic soliton solution, A3 (z,t).

Set of solutions 4

At oy =0, =049 =0¢ =0, by solving a group of 17 non-linear algebraic equations the resulting sets of
solutions will be:

—3a 4A50.2
Set4—{a0—a_1—0, 51:61/E, 04=— 30 L Al—O}

So, the resulting solutions will be:

s (1) = 1_%693(2\/—94—(w—Tt)Q3)ei(,(x,t)), 0, <0 3a <0 27)
' A (x—7t)°0% —40, ’ 4 T A ’

which is a plane wave solution.

Set of solutions 5
At o, =0, = 04 = 0, by solving a group of 18 non-linear algebraic equations the resulting set of solutions
will be:

_ _ _ A | 3aps A _ 3ag§
Set5{a_1510,a06 Az’alie 16A1A27927a’g4716A1
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_ A, 1 _ A\ |t e 28
Ais (z,t) = , | € yn 1 1\ a0, <1+tanh<2(x Tt) a)) eV , (28)

Ais (z,t) = 4 | € —% 1+ =3 (1 + coth (; (z—T1t) ?)) e’ (V(x’t)), (29)

and

A \/73agssech( (xth)\/%)
Az (z,t) = |ey/—22 (14

Az 4(—A1+%a 393tanh< (3;‘—7’75)\/%))

The solutions obtained in Eq’s (28-30) are dark, singular and shock soliton solutions.

67; (y(z,t)). (30)

Set of solutions 6
When g, =0, =04 =0, 05 > 0, by solving a group of 19 non-linear algebraic equations, the resulting set
of solutions will be:

Al € A3 A3 A2
Set 6 = =€y — =B,=0, a1 =— —L =-
€ {(l[) € 2A27 a1 ,81 , 1 20/93 2142, Qo= 24@3 7 01 3a293

The results obtained by set 6 are:

As (z,t) = e A 1— A 1 i (A1)

2A 2 — ’ (31)
a 4 4
2 ‘Q3p(é Q3(£I$ Tt); 9931’ 9930)

where g (%‘ o5 (x—Tt);—22L 1o 0) is the Weierstrass go-function.

@3 @3

Set of solutions 7
When 0, = 05 = 04 = 0, the resulting set of the solutions for the algebraic set of equations will be:

3ap €A, 3 Ay A%

Set 7.1 = =f,=0,a_1= Can=—— = 90047
e {ao /61 , 001 6\/72,061 1 CLAQQO’QQ 2a794 16(12@0
_ _ € [3a0, 3a EAl A
Set?.?{a007a12\/7 \/ o= aAzgo = 5a04= 16020,

3a Ar A%
t7.3 = = =q_1= =1\l =57 =
Set 7.3 {OZO Q1 @ —1 0751 \/;’92 2(1’94 16a290

The solutions presented in Egs. (32-48) are expressed in terms of Jacobi elliptic functions

dn(§,p), sn(§,pm), nc(€,p), sc(§ p), nd(&,pu), cd(€,p), sd(€,p), ecn(§,p) a n d
dn (€, p). It is observed that variations in the parameters ¢, ¢, and g 4 result in change of the solution
forms.

At {Qo =1, 0,=— (1+u2) ,04 =pu? },thesolutionswillbe:

€ 3 3ap ;
t) = A1y P (x—7t 1) 2280 (i (1) (32)
AlQ(£7 ) \/4Cd(ZL’Tt,/,L) |: 1 GAQQOC (.CC T 7M)+ A2 :|€ )
Azo(w,t):\/m [41/%4»4(”*1)”(1(1‘*7'1‘,,”)Sd(fE*Tt,;L)1/%+C(12(1*Tt,u)141 aAiyo 61(/(1'&))’ (33)

and

Scientific Reports|  (2025) 15:15881 | https://doi.org/10.1038/s41598-025-97981-6 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

At {Qo =p’—-1,0,=2-p%0,=-1 },thesolutionswillbe:

2 / 3ap
dn (CL'_Tt,,LL)Al aAQQ() +4 A20 2(((1 t)) (35)
Aao (w,t): - et A=)
ddn(x—T1t,p)

4p CTL(I*Tt”U,)S'I’L(CL’*TLM)1/%‘;74\/%7A1\/aA2gndn (@—7tp) () (36)
et Uz ,

8dn(x —T1t, 1)

Aoz (z,t) =

and

€(A11/a,43 ne2(x —7t,pu)+4 3:"0)' 37
Azs (z,t) = 220 2 ez(/(“’t)). (37)

dnc(x—T1t,p)

At {.Qo =—u? 05 =2u? —1l,0,= | },thesolutionswillbe

e<4dc(:n—7't,p)sc(w—7't,,u) %‘;“!‘Almnc (z—Ttpu)+4 Saeo) ‘ (38)
Ao (1) = QL A ).

and

Ase (2,1) \/ [Badc(x —Tt,p) sc(x—Tt,p) i (D) (39)
Ay ne(z—7t,p)

At {Qo =-1,0,= —M2+2,g4 =p?- 1},thesolutionswillbe

e(nd2(:c—7't,u)A1,/a +4 3‘190)
Aaz (z,t) = A200 Az o (/(:c,t))7 (40)

dnd(x—T1t,p1)

6(4“(1@_”7#)3(1@_”“ Btnd® (@ —7t,p) Ay ) axipe + \/?) ) (41)
Ass (z,1) = (A=)

8nd(x —7t,p)

and

3a cd( x—Ttu)sd(x—Ttu) i (Aa,t)) (42)
Az (1) = \/\/A2 nd(z —71,10) :

At {90 = /J2 - QHS +N47 0o = —3794 =—-146p +M2},the obtained solutions will be:

cn zfrtu)dn(xfrtu) € [3agg (I4+psn(z—7t,un)) i (U=0) (43
Az (#,1) = \/GMAIV alz0y 4(Q4psn(z—T7tu)) +,u Ay cn(xf'rt,u)dn(:cfrt,u)e , (43)

As () = \/ S i (1) Ay (€, et 50, (44)

where

) (1) = = [ 555 i) (6, ) = gl

) (1) = —p \/Ai Hroy (€, ) = enle=r b dn(e 7 L) sn(o 7 )

w1y (1) =~y )35 13y (€ ) = gromlegr i) snlerr tut) o

Ky () = A‘; A (€, ) = pmlemr i) nle- T i)

sy (1) = 3. fs) (€ p) = grlemrtp) e’ omrtu)

o) (1) = K 39 i) (6,p) = gamlertu) s’ @or i)

an (m) = 32 iy (€)= cn(zﬂt,u)ldn(zf”,w
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(1,8 (1) = %; A (€, pm) = snleor i)

en(z—7 t,p ) dn(z—7 t,u)

cen(z—7t, dn(z—7t,
AL.9) (,LL) = ufl \/%7 %LQ) (f 7:“‘) = <1+Ht5n)(;c,(7- TH )t ”)and

s (@) = /3 iy (1) Aoy (€, ) 420, (45)

At {90:i792

€ Aq 3 sn(z—T7t,u) Bapgl+p dn(z—71t,pn) i (Aat))
t) = AL (46)
Ass (@,1) \/ 4 \Vadsogl+pdn(z—1tp) te A sn(x—Ttp) c ’

4
%N2_17Q4:MT}

€ i (p(x
Aszq (z,1) = \/2 E : T2,y (1) A2,y (€1 )e =), (47)
where
_ 3a . Vs _ cn(z—7 t,p) dn(z—7 t,u)
A2,1) - Az 12,1) (§ y 1 ) T [A+p dn(z—T t,p)] sn(z—7 t,u)

_ /3a. _ __cn(e—Ttp)dn(e—Tt,p)

=HK Az /(252) (g ) ) T [14p dn(z—T t,pn)] sn(z—T t,p)

_ ., 2 3a . __ cn(z—7t,p) sn(z—7t,p)

=M A/ A27/(2,3) (fmu) - (I+p dZ(zf-rt,y ))QH

3a . _ cen(z—7t,p) dn(z—7t,p) sn(z—7 t,pn)
14 Ay /(2,4) (f s M ) - (‘IJ',M dn(z—-rl;:”u, ))2 =

3agg

. /2 _ 1
2 A2, (6 1) = s

3 dn(z—Tt,
= 1/ B L) (6, p) = SHE=T )
A

T sn(z—Tt,p)

_ /31 . _ sn(z—71 t,p)
- 1 alAs0q’ /(/277) (£ ’ /.l/) T 14p dn(z—T t,p )and

Aszs (z,t) = \/; Z iz (1) Aizy (€ )€’ (), (48)

Graphical representation of some obtained solutions

In addition to shock and plane wave solutions, the QpGI model includes a wide range of another traveling
wave soliton solutions, such as bright, singular periodic, singular bright combo, dark, singular, Jacobi elliptic
and hyperbolic soliton solutions. To fully understand the QpGI model, these solutions must be analyzed
through various graphs. This section will visualize the physical behavior of these solutions in both 2D and 3D
representations. Due to the component e’ f@’t)g in Eq. (2), the derived solutions are complex.

For various choices of arbitrary parameters inside the proper range space, the modulus of some of these
solutions, which stands for the amplitude of the resulting wave, is plotted in the following figures. In these
figures, the solutions are presented in both two and three dimensions. Figure 1 shows the bright soliton
solution for |Ai (z,t)] (Eq. (14)) with a=0.5,a1 =0.5,b=2,b1 =02, xk =0.1, w = 0.8, and
7 =0.1 with =3< < 3 and 0< ¢t < 2. Figure 2 shows the singular periodic soliton solution for
| A (z,t)] (Eq. (15)) with @ =0.5, a1 = 1.0, b= 0.2, by = 0.9, k = 0.1, w = 2.0, and 7 = 0.1 with
—2 < 2 < 2and 0 < ¢ < 2. Figure 3 presents the hyperbolic soliton solution for |.As (z,t)| (Eq. (16)) with
a=05a=10,b=-09,b61 =02,k =0.1, w =2.0,7 =0.1, o4 = —0.3 and « -1 = 0.7 with
—3< z < 3and 0 < t < 0.5. Figure 4 displays the singular bright combo soliton solution for |A4 (x,t)]

(b)

1
(@ 0.50
Q 10 _

15 ROR 3% 2 010

[A1(x0)]1.0 2.0 04 & 005
0.2
0.

0.01

4 -2 0 2 4

Fig. 1. (a) 3D graph for |A; (z,t)| showing the bright soliton solution’s physical behavior as a function of x
and t variables. (Eq. (14)). (b) 2D graph for |.A; (z,t)| as a function of x at t=0.3.
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(b)
3.0
238

25
2.2
2.0
1.8

[ A2 X0l

1.5

-1.5-1.6-0.50.00.51.01.52.0

X

Fig. 2. (a) 3D graph for | Az (z,t)| showing the singular periodic soliton solution’s physical behavior as a
function of x and ¢ variables. (Eq. (15)). (b) 2D graph for | Az (z,t)| as a function of x at t=0.3
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Fig. 3. (a) 3D graph for | A3 (x,t)| showing the hyperbolic soliton solution’s physical behavior as a function of
x and t variables. (Eq. (16)). (b) 2D graph for |.As (z,¢)| as a function of z at ¢ = 0.3.
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Fig.4. (a) 3D graph for | A4 (x,t)| showing the singular bright combo soliton solution’s physical behavior as
a function of x and ¢ variables. (Eq. (17)). (b) 2D graph for |.As (z,t)| as a function of xat ¢ = 0.3.
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Fig. 5. (a) 3D graph for |A11 (z,t)| showing the periodic soliton solution’s physical behavior as a function of
xand tvariables. (Eq. (24)). (b) 2D graph for |A11 (z,t)| as a function of xat ¢ = 0.3.
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Fig. 6. (a) 3D graph for |A14 (z, )| showing the plane wave solution’s physical behavior as a function of x
and ¢ variables. (Eq. (27)). (b) 2D graph for |A14 (x,t)| as a function of tat ¢ = 0.3.
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Fig. 7. (a) 3D graph for | A5 (z,t)| showing the dark soliton solution’s physical behavior as a function of x
and ¢ variables. (Eq. (28)). (b) 2D graph for |Ai5 (x,t)| as a function of x at ¢ = 0.3.

(Eq0 (17)) with a=0.5,a1=10,b=09,b1=-02,k =10, w =20, 7 =0.1, 02 =—-1.0
and g4 =—0.3 with 0< < 1 and 0< ¢ < 0.5. In Fig. 5 shows the periodic soliton solution for
|A11 (z,t)] (Eq. (24)) with a=0.5, a1 =04, b=4.0, b1 =1.0, kK =1.0, w = —-0.2, 7 = 0.1, and
ao=0.1with —4< z< 4and 0< ¢t < 0.1. Figure 6 shows the plane wave solution for | A4 (z,?)]
(Eq-  (27)) with a=-0.5,a1=04,b=40,b=0.1, k =10, w =02, 7 =0.1, 03 =1.0

and 04 =—-1.0 with —4< < 4 and 0< ¢t < 0.1. Figure 7 shows the dark soliton solution for
|Ais (z,t)] (Eq. (28)) with a=-0.5, a1 =0.1,b=4.0,b, =01, Kk =1.0, w =3.0, 7 =0.1,
and 03 =—1.0 with —2< z < 5 and 0 < ¢t < 0.1. Figure 8 shows the singular soliton solution for
|Ai6 (z,t)] (Eq. (29)) with a=—-0.5, a1 =0.1, b=4.0,b; =0.1, Kk =1.0, w =3.0, 7 = 0.1, and
03 =1.0 with —2 < 2 < 2and 0 < ¢t < 0.1. Figure 9 displays the shock wave solution for |A17 (z,t)|
(Eq. (30)) with a = —0.5, a1 =0.1, b=4.0, by =0.1, Kk =1.0, w =3.0, 7 =0.1,and p3 = 1.0 with
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Fig. 8. (a) 3D graph for | As¢ (z, t)| showing the dark singular soliton solution’s physical behavior as a
function of xand t variables. (Eq. (29)). (b) 2D graph for |Ai¢ (z,t)| as a function of xat ¢ = 0.3.
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Fig. 9. (a) 3D graph for |A17 (z,t)| showing the shock wave solution’s physical behavior as a function of x
and ¢ variables. (Eq. (30)). (b) 2D graph for | A7 (z,t)| as a function of x at ¢ = 0.3.
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Fig. 10. (a) 3D graph for |.A22 (z,t)| showing the Jacobi Elliptic solution’s physical behavior as a function of
xand t variables. (Eq. (35)). (b) 2D graph for | A2z (z,t)| as a function of xat ¢ = 0.1.

—2< zr<2and 0< ¢
with  a=10, a1 =0.1, b
—7<zx<T7and 0< ¢

< 0.1. Figure 10 displays Jacobi Elliptic soliton solution for |As2 (z,t)| (Eq. (35))
70,01 =20,k =10, w =3.0, 7 =0.1, p =0.1and o = 1.0with

Conclusions

This work employed a modified extended mapping technique to obtain precise mathematical formulas for
describing various wave patterns generated by the QpGI equation that models the behavior of solitonic and other
waves. The approach proved to be highly effective in resolving the intricate problem at hand. The found wave
solutions can be applied to a wide range of physical problems under various conditions. These solutions include
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different patterns such as shocks, singular, periodic waves, and others. These solutions are characterized by
stability, adaptability, and the capacity for long-distance travel, making them potentially valuable for addressing
complex phenomena in science and engineering. To enhance understanding, 3D and 2D plots were generated
to visualize the physical attributes of several solutions. In future research, we hope that the modified extended
mapping method will play a key role in solving a variety of non-linear partial differential equations. The research
could be extended to solve other types of equations using the modified extended mapping technique. Researchers
could also study the stability and behavior of the solutions found, explore their potential applications in fields like
optical communication, and improve the modified extended mapping technique to find more soliton solutions.
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