www.nature.com/scientificreports

scientific reports

W) Check for updates
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Hydrological processes, as part of a natural system, are highly complex and chaotic. By analyzing
long time series of streamflow data from ~ 4800 hydrologic stations, it is interesting to find out

that probability density functions in second order difference (SOD) of the streamflow data are fat-
tailed and bell-shaped curves, and their cumulative distribution functions (CDFs) follow an S-shaped
curve (S-curve). We found that t-distribution is a good approximation for S-curve, which uses the
degree of freedom (DF) to control the tail thickness. We also found that DF of more than 80% of
stations are gathered in the range between 5 and 8. Analysis of the S-curves in seven large river basins
indicated that the S-curves can vary with time and space, which is regarded as a good indicator for
identifying natural and anthropogenic changes. This study provides a symmetrical, identical and
concise probability distribution to describe global streamflow under changing environment.
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Hydrosystem links the environment to human water needs, and understanding hydrological changes is a key
to sustainable water management for drinking, sanitation, food, energy, and societal development!. Streamflow
(Q) is the output of a complex dynamic system, namely hydrosystem, whose predictability is constrained by
its inherent variability and sensitivity to numerous factors, often resulting in a limited predictability window.
The components of a hydrosystem consist of internal state (S) and external pulse (P), which are assumed to be
independent of each other (see Supplementary information). The measurements of S and P of the hydrosystem
are sometimes difficult and it is even more difficult to estimate the errors in measurements. Q is an integrated
signal, and its subtle feature may be obscured by the integration process. Therefore, we determine the changes
of S and P through analyzing the probability changes of the first order (Q)) or second order (Q)) of Q. There are
many probability models for describing Q, including Gamma distribution and Pearson III distribution etc.,
which are commonly used in flood frequency analysis>*. However, no unique probability exists for descriptions
of Q. In order to investigate the probability distribution change of Q) or (), we need to know if there exists a
unified probability function and how the probability function changes in the view of high order with natural and
anthropogenic changes.

The streamflow data is of great importance for flood warning*®, water management®’ and ecosystem heath?
etc. However, global streamflow is facing huge challenges due to climate change and human activities®!!,
which changes the key elements of the water cycle and causes the variation of the probability distribution of
streamflow. It has been asserted that the stationarity assumption for streamflow does not hold anymore under
changing environment'2. Different regions may face different risks under changing environments. In many
parts of the world, including Europe, climate-driven changes are already happening and supporting calls for
the consideration of climate change in flood risk management'®. However, natural U.S. surface water supply
has increased without a concomitant increase in flooding'*. To deal with the non-stationarity issue for the
streamflow, some approaches are adopted, such as probability distribution with time-varying parameters'>!6
and conditional distribution'”!8.

We turned our attention to the first and higher order differences of the dynamic hydrosystem. A stable
dynamic hydrosystem gets rid of the initial value, which is also called an initial-value-insensitivity dynamic
system in terms of Lyapunov stability'®. Such a dynamic system is likely to be symmetrical. We calculated the
skewness coefficients (Cs) of the streamflow time series in the first order difference (FOD) and the second
order difference (SOD) at ~4800 hydrological gauge stations around the world to verify the assumption. Cs
is a measure of the asymmetry of the probability distribution of time series. A zero value of Cs means that the
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series obey a symmetric distribution in most cases. Compared with Cs for FOD, more values of Cs for SOD are
distributed around 0, indicating that the SOD series is more symmetric. Therefore, we assumed that the second-
order-difference dynamic hydrosystem is an initial-value-insensitivity stable system.

In this study, we investigated the variation of the probability distribution of streamflow in the view of second
order. We found that the SOD of global streamflow obeys a symmetrical, identical and concise probability
distribution. Previous studies have proposed that the Pareto-Burr-Feller probability distribution family could
be a good candidate for a unique probability distribution for the streamflow process**~22. However, our study
focuses on the distribution of SOD of streamflow data. The use of a single-parameter distribution, such as
the t-distribution, provides a simple and intuitive approach to capturing statistical patterns in the streamflow
process. The t-distribution, with its single parameter (degree of freedom), allows us to explore changes in the
distribution tail, offering insights into the natural and anthropogenic variations over time.

Materials and methods

Data and data processing

We used daily streamflow data provided by Global Runoff Data Centre (GRDC) (https://www.bafg.de/GRDC/).
Since the streamflow data are insufficient in Asia, we have added our own data from the Yellow River and the
Yangtze River. More streamflow data in the Mekong River were also added which were provided by the Mekong
River Commission (https://portal. mrcmekong.org).

We selected ~ 4800 stations from GRDC, where the monitoring time of streamflow data is more than 20 years
and the missing data is less than 25%. The station, Dresden, located on the Elbe River, has the longest streamflow
data, lasting from 1806 to 2016 without missing data. The shortest streamflow data lasts from 1982 to 2001, with
24% missing data in the station Catarama on Zapotal River. The missing data in streamflow are noted as null
values. Hence, their corresponding values in FOD and SOD are also null and they are eliminated in the analysis.

Definition of time series differences
Here, we defined the calculation formulas of FOD and SOD. There are three different definitions of the first order
difference of a time series as follows:
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where f(7) is the value of time series at time i, A f(¢) is the first order difference, A f,, (%) is the difference in
the ratio of the time series to the mean value of the nearest two samples, and A fi, (%) is the logarithmic first
order difference. Equation (1) can be used when the sample does not vary greatly; Eq. (2) is recommended for
the time series with great changes and it also makes the data dimensionless so that different time series can be
compared with each other; Eq. (3) can be used when a positive variable changes to a large degree. In our study,
we compared the streamflow of different stations, so Eq. (2) is adopted. The formula of SOD is shown as Eq. (4):

A2fm(i) =Afm(i) = Afm(i—1) (4)
where A? f,,, (i) is SOD of the streamflow at Time i.

Optimized correlation coefficient-based knee point detecting method

The optimized correlation coefficient-based knee point detecting method is developed to detect knee points of
an S-curve. In our study, we assumed that two knee points (break points) split the S-curve into three sections.
A graphic sketch of the knee points of an S-curve is shown in Fig. S3. Three linear functions are used to fit the
three curves.

azz; +b2, ni1<i<ne (5)
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where g; is the estimated value of y;; n, is the first break point; n, is the second break point; 7 is the length of
the series. Then we need to find two break points to satisfy Eq. (6).
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where y; and ¢; are the mean value of y; and ¥;, respectively. In our study, there are two knee points to be
detected. The number of points on the S-curve is very large (the length of the series y; is large). Hence, we used
the global search algorithm® to search the points n, and n,, where the optimization objective is maximizing the
correlation coefficient shown in Eq. (6).
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S-curve and its approximation

We calculated the empirical CDF of SOD of the streamflow at 4800 stations. Then the probability values in
the y axis are converted into the quantiles of the Gaussian distribution. We found that the central section of
the CDF curve matches well a Gaussian distribution, but both ends deviate substantially from the straight line
(the Gaussian CDF curve), forming a symmetric S-curve. By definition of differential statistics, the mean value
of SOD is zero or close to zero?*. The probability density function (PDF) of SOD is a bell-shaped symmetric
curve. The CDF curves are S-shaped, which shows the feature of a fat-tailed distribution. In our study, we used
t-distribution to approximate the S-curves. The PDF and CDF of ¢-distribution are shown as Egs. (7) and (8)
respectively.
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where v is DF and I'() is the gamma function. It is clear that in ¢-distribution, there is only one parameter, DF,
to control the shape of the PDF and CDE. With the increase of DF, the t-distribution gets closer to the Gaussian
distribution.

Results and discussion

A unified distribution for S-curve of streamflow on a global scale

We calculated the cumulative distribution function (CDF) of these SOD series and drew these CDF curves
in the Gaussian probability paper, where the y-axis was converted into probability values of the Gaussian
distribution. Interestingly, we found that all curves follow a symmetric S-curve. Although the middle parts of
the CDF curves match a normal distribution, the two tails of the CDF curves deviate substantially from the
straight line indicated by the normal distribution (see Fig. 1d). To find the knee points of these S-curves, we used
an optimized correlation coefficient-based knee point detecting method described in “Optimized correlation
coeflicient-based knee pointdetecting method”. Figure 1a presented the knee points detected. In these S-curves,
there are two knee points, noted as left knee point and right knee point. For more than 90% of stations, the
left knee points are distributed in the probability of 15-25% and the right knee points are distributed in the
probability of 75-85%. This confirms that S-curves of most stations are symmetric. Influenced by streamflow
measurement errors or artificial flow regulation, the knee points of S-curves in some stations (less than 10%) are
found around the probability of 40% and 60%. However, these curves are also S-shaped.

As the central parts of the curves coincide with the Gaussian distribution but both tails are fat, we made a
hypothesis that the curves follow a t-distribution. We adopted the Gaussian distribution and the ¢-distribution
to fit the CDF curves with maximum likelihood estimate with the log-likelihood function (MLE)* and
calculated their coefficients of determination (r%). Here, we used the parts of curves with a probability less than
20% and large than 80% as the tails of the S-curves. The curve approximation with ¢-distribution shows better
performance than that with Gaussian distribution (Fig. 1b) in the two tails of the S-curves. The average value
of r? with t-distribution is 0.92, higher than that with Gaussian distribution at the value of 0.87. The peak of 12
with t-distribution ranges from 0.95 to 0.96, better than that with Gaussian distribution at the range from 0.89
to 0.90. This means that the ¢-distribution is a good approximation for the S-curve. The spatial distribution of 72
for global streamflow data is displayed in Fig. 1c. Since more than 90% of 7* are larger than 0.8, which indicates
that the ¢-distribution approximation can be applied globally, we categorized r? ranged from 0.8 to 1 in more
detail. The goodness of fit is partly related to station location, which is closely related to its climate and surface
conditions.

Distribution features of S-curve on a global scale

To study the distribution features of well-identified S-curves, we used the t-distribution to describe the S-shape
curve of the cumulative distribution function (CDF). The ¢t-distribution is symmetric and bell-shaped. Compared
with the Gaussian distribution, the ¢-distribution has fatter tails. In the ¢-distribution, the parameter, degrees of
freedom (DF), controls the tail thickness and a smaller DF means a fatter tail. As the value of DF grows, the
t-distribution approaches the Gaussian distribution. Figure 2 shows the relationship between DF and 7% This
figure shows that the DF values of more than 80% of stations are ranged from 5 to 8 (Fig. 2d). With the growth
of DF, the goodness of fit (described with 72) is also improved on the whole. As shown in Fig. 2, a smooth curve
can be found as the upper bounds of r* against different DFs. This upper bound follows an inverse proportional
function which is shown in Fig. S1. We marked three points in Fig. 2 to investigate the features of S-curves. As
shown in Fig. 2a, the CDF curve of point a, which has a relatively large DF, is close to a Gaussian CDF curve.
Figure 2b and ¢ show that the t-distribution CDF curves have a good performance to fit the fat tails. The red
dashes in Fig. 2 are the lines connecting the first and third quartiles, which follow Gaussian distribution and
represent Gaussian CDF curves. From Fig. 2a-c, we can find that the central parts of the CDF curves coincide
with the Gaussian CDF curve, but the two tails of the CDF curves deviate from the Gaussian CDF curve and
accord with the t-distribution CDF curve. With the decrease of 72, the number of zero SOD is increasing and the
central parts of the S-curves are deviating from the t-distribution CDF curve. Such phenomenon is likely caused
by streamflow measurement errors or artificial regulated flow. Anyway, the ¢-distribution can well describe the
shape of S-curve.
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Fig. 1. Approximation of the S-curve at ~ 4800 stations. (a) Position of knee point. (b) Performance of the
approximation with t-distribution and Gaussian distribution in the two tails of the curves. (c) Map of the
performance of the approximation with t-distribution. (d) Sample of the S-curve and its approximations.

Role of S-curves in identifying natural and anthropogenic changes

We choose seven large well-known river basins to figure out how the S-curves change from upstream to
downstream and from basin to basin (Fig. 3). All the hydrological stations we studied are located in the main
streams of our study river basins and listed with an order from upstream to downstream in Table S1. For
comparison purposes, we normalized the SOD series of all stations to scale the part between 25th and 75th
percentiles into the range from —1 to 1. As a result, the S-curves of all the stations can be drawn in a unified
coordinate system with the range of x-axis from -5 to 5. Figure 3 confirms previous results that the central parts
of the curves coincide with the Gaussian distribution. Here, we defined the value of the 75th percentile (or the
minus value of the 25th percentile) of SOD series as the base value of the SOD series.

Figure 3b shows the relationship between the standard deviations (SD) of normalized SOD (NSOD) and DF
in the seven basins. We found that SD has an inverse relationship with DF. The scatter plot of SD of NSOD versus
DF is divided into two parts (A and B in Fig. 3b) at the position, DF of 6 and SD of 3. In Part B, the values of SD
are larger and the values of DF are smaller, which means that the two tails of these stations deviate from the base
value more seriously. In other words, the S-shape curves of these stations have fatter tails. The stations in Part B
are in more arid climate areas than those in Part A. According to the Képpen-Geiger climate classification®, the
stations in Part B are mainly classified into BWh (Arid-Desert-Hot climate), BSh (Arid-Steppe-Hot climate) and
BSk (Arid-Steppe-Cold climate). The base values of SOD in the arid areas are usually small and the variance in
the tails can be enlarged. This may lead to the phenomenon of fatter tails in Part B, but this conclusion needs to
be drawn more carefully after further studies. In Fig. 3b, we also found that the values of DF in different basins
are mixed. The characteristics of different basins are mainly presented in the form of the base values of SOD.

Figure 3c-i show the S-curves of seven large river basins and the plots of DF values from upstream to
downstream in each basin can be seen in Fig. S2. In general, compared with the upstream stations, the downstream
stations have larger DF values. This occurs particularly in the Yangtze River, Murray-Darling River, Amazon
River, Mississippi River and Rhine River. The larger DF means a thinner tail and lower probability that extreme
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Fig. 2. Degree of freedom (DF) versus coefficient of determination (?). (a-c), CDF curves in the left panel and
histograms of second order difference (SOD) in the right panel at three special points marked with red boxes.
(d) Histogram of DE.

SOD occurs. This indicates that the streamflow at the upstream stations is easier to be influenced by natural and
anthropogenic changes. In the Rhine River (RH), the value of DF decreases sharply from the 3rd station (Station
6935055) to the 4th station (Station 6935054). We found that there is a huge change in climate classification
between the 2nd station (Station 6935500) and the 3rd station. Then the DF values have an increasing trend after
the 4th station in RH. In the Niger River (NG), the DF values increase in the first four stations and then decrease.
The annual mean streamflow from the 4th station (Station 1134700) to the 7th station (Station 1234150) also
decreases, as the river goes through the Sahara Desert. This confirms that the streamflow of arid areas is easier to
be influenced by natural and anthropogenic changes. In the Mekong River (MK), the DF values from upstream
to downstream change slightly, which may contribute to the small change of environmental condition. The DF
values in the Murray-Darling River (MD) change little. As seen from Fig. 3b, we found that the values of SD in
MD have a large difference in the four stations. However, when the DF is less than 6, the sensitivity of DF to SD
decreases. Hence, the values of DF at the four stations in MD are very close.

To investigate the temporal changes of S-curves in the recent 100 years, we chose three stations with no
missing data from the Mississippi River, the Rhine River and the Mekong River. We adopted a one-year-lagged
moving window to partition the whole studied period into different, but overlapping and sequential 20-year
periods. The S-curves in these periods are shown in Fig. 4a—c. The S-curves of each station are changing with
time, but the variation extent is not large. We used the first 20-year S-curve as a baseline. We found that S-curves
drift away from the baselines in the first 50 years of the study period, and tend to converge toward the baselines
in the second 50 years at all three stations. One interesting fact is that the Hurst exponent of the DF for all
three stations is greater than 0.5, indicating long-term persistence in the DF variations?’. There are abrupt
changes of the DF series in all three stations. In the Mississippi River and the Rhine River, the DF values first
increase and after 1970s the values of DF begin to decrease. Meanwhile, the DF values in the Mekong River are
stable until 1940s. The DF values decrease sharply from 1950 to 1970, followed by a steady increase post-1970s.
Such changes are caused by both natural and anthropogenic changes®*-3!. Table S3 presents the major water
infrastructure projects along the Mississippi, Rhine, and Mekong Rivers. Our analysis reveals that during the
construction phases of significant flood control measures (1880-1950 for the Mississippi, 1910-1950 for the
Rhine, and 1990-2020 for the Mekong), the DF values increased, which aligns with the observed reduction of
extreme values in the distribution tail as the DF increased. Conversely, in regions with integrated conservation
projects, a decline in DF values was observed.

Figure 4d-f shows the daily SOD plots, where the red lines are the 5th and 95th percentiles of 1-year-length
SOD. The range between the 5th and 95th percentiles is defined as a normal range of SOD. SOD out of the
normal range is extreme SOD. We found that the Hurst exponent of the upper and lower boundaries of the
normal range is greater than 0.5, indicating long-term persistence. In the Mississippi River, the normal range has
an increasing trend and the range of extreme SOD is narrowed. In the Rhine River, the normal range of SOD
changes slightly, but the extreme SOD is closer to 0 from 1900 to 2016. In the Mekong River, the normal range
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different climate classifications according to Koppen-Geiger climate classification?® and the meaning of these
abbreviations can be seen in Table S2. The red dashes in (c-i) are the standard Gaussian distributions.

of SOD has a decreasing trend. The variations of the normal range and extreme SOD are consistent with the
variations of DF. It makes sense that the normal range and extreme SOD decided the shape of S-curve, where
a larger normal range and smaller extreme SOD means a larger DE The analysis above shows that the shape
of S-curves changes with natural and anthropogenic changes. In the Mississippi River, the DF value ranges
from 7 to 11, which is broader than the other two river basins. This indicates the streamflow in the Mississippi
River is more strongly influenced by natural and anthropogenic changes. However, the curves remain S-shaped,
indicating the level of non-stationarity in the last 100 years.

Conclusion

In this study, we found that for the SOD of streamflow, the CDF curve has a good symmetry, which is presented
as a S-curve. This S-curve exists widely in the streamflow of the global rivers. We used t-distribution to fit
these S-curves and found that 2 of most stations are above 0.8, suggesting that the ¢-distribution provides a
suitable model for characterizing the S-shaped cumulative distribution curve. The t-distribution is a very concise
function, which only uses one parameter DF to control the shape of the distribution. Since most stations we
used in this study are distributed in America and Europe, this conclusion still needs to be further verified with
more streamflow data in other regions. In the seven large river basins we picked out, the t-distribution also fits
well. As stated before, the S-curves can be a good indicator to help identify natural and anthropogenic changes.
Furthermore, we calculated the Hurst exponent of the 20-year-window DF series and normal range boundaries
of SOD for three representative stations along the Mississippi, Rhine, and Mekong Rivers. The relatively high
Hurst values indicate that strong long-term persistence is still present, even after second-order differencing.
This suggests that the streamflow variation patterns are still influenced by past changes in the SOD perspective.
The unified probability function to describe global streamflow provides a new way to understand the dynamic
hydrosystem under environmental changes. Applications of such unified probability function can give very
useful insights for hydrologic frequency analysis, flood risk assessment and sustainable water management.
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Data availability
The streamflow data produced by this study are available at Global Runoft Data Centre (https://www.bafg.de/G
RDC/) and the Mekong River Commission (https://portal. mrcmekong.org).
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