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Exploration of the soliton

solutions of the (n+1) dimensional
generalized Kadomstev Petviashuvili
equation using an innovative
approach

Bahadir Kopgasiz!, Fatma Nur Kaya Saglam?, Hasan Bulut? & Taha Radwan***

In this paper, we deal with the (n+1)-dimensional generalized Kadomtsev-Petviashvili equation
(dgKPE). This is an important model in nonlinear science, with applications in various fields. Its
integrability and rich soliton dynamics continue to attract researchers interested in the field of
nonlinear partial differential equations (NLPDEs). We are interested in the new auxiliary equation
method (NAEM). We reduce the equation to an ordinary differential equation (ODE) with the help of an
appropriate wave transformation and search for different types of soliton solutions. Additionally, we
demonstrated the efficacy of the NAEM as a straightforward yet powerful mathematical instrument
for handling challenging issues, highlighting its potential to resolve the challenging problems related
to the study of nonlinear equations. This technique yields several types of solutions for (n+1)-dgKPE,
including trigonometric, hyperbolic, shock wave, singular soliton, exponential, and rational functions.
A range of graphs showcasing the results are reviewed, as well as the wave behavior for the solutions in
different circumstances. The obtained data provide important information for studying hydrodynamic
waves, plasma fluctuations, and optical solitons. They also aid in understanding the behavior of the
KPE in different physical situations. We clarify in this article how the (n+1)-dgKPE, when combined with
NAEM, can result in better data transmission rates, optimized optical systems, and the advancement
of nonlinear optics toward more dependable and efficient communication technologies. The obtained
information clarifies the equation and opens up new avenues for investigation. To our knowledge,

for this equation, these methods of investigation have not been utilized before. The accuracy of each
solution has been verified using the Maple software program.

Keywords Mathematical model, (n+1)-dimensional generalized, Soliton solutions, New auxiliary equation
method (NAEM)

Nonlinear phenomena are useful in many fields, such as physics, mathematics, science, and engineering.
One of the most important tasks in the study of nonlinear science is the explicit solution of NLPDEs. Many
integral strategies are commonly used by researchers to find soliton solutions for these equations. Some of
the primary techniques employed in this process are covered in this presentation. The unified method! , the
Kudryashov method?? , the new extended auxiliary equation method*, the Khater II (Khat II) method® , the
Jacobi elliptic wave function method® , the modified sub-equation method’~ , modifed exponential rational
functional method!?, Lie symmetry analysis'""!?, the extended sinh-Gordon equation expansion method!?, the
exp-function method'* , modified extended auxiliary equation mapping method!® , the modified F-expansion
method!®, the unified Riccati equation expansion method!” and much more.

Solitons are phenomena that arise in some solutions of evolution equations and reflect a careful balance
between dispersion effects and nonlinear interactions. The literature discusses various varieties of solitons,
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such as lump, moving wave, single, and dark-bright solitons. A single-soliton solution, additionally known as
a solitary wave, changes into one while maintaining its shape and speed throughout propagation when it is
separated from other solitons'® .

This research indicates that numerous soliton-type wave solutions have been created for the (n+1)-dgKPE.
Established thanks to Kadomtsev and Petviashvili!?, this equation was initially devised as a higher-dimensional
expansion for the Korteweg-de Vries (KdV) equation to the examination of soliton solutions under modest
transverse disturbances. Ever since it was introduced, the KPE has become the subject of numerous inquiries.
By examining the integrability for the (n+1)-dgKPE, Xu and Wazwaz? intended to offer a more thorough
foundation for the traditional KPE.

This study focuses to the (n+1)-dgKPE>*-22 ;

R
(@1 + 2018, + 02®py0101),, + O3 Pagay + D OpPogy = 0. )
k=1

In the aforementioned equation, ¢ denotes a differentiable function taking into account the temporal variable
t and the spatial variables x. R > 2 is an integer. The subscripts in the formula indicate the partial derivatives
of the functions. Xu and Wazwaz state that 61, 02, 63, and ©, (k = 1,2,3... R) are constant parameters?’ .
Among other domains, dynamics of fluids, plasma physics, and non-linear optics all heavily rely on the (n+1)-
dgKPE. Its exceptional adaptability for simulating multidimensional wave events substantially facilitates the
study of a broad spectrum of physical systems. Because of its intricate mathematical structure and broad range
of solutions, it is a crucial issue for researchers interested in mathematical science or nonlinear dynamics.

The KPE can be used to describe things like solitons, intricate wave interactions, and particles acting like
particles. Its ability to depict and capture complex processes outside the scope of linear models is enhanced
by its nonlinear characteristics. Therefore, the (n+1)-dgKPE is an especially powerful and insightful tool for
examining complex behaviors in higher-dimensional scenarios.

The N-soliton solution and significant integrability features are shown by the (n+1)-dgKPE, as reported by
Xu and Wazwaz’s study?® . Using the dual Bell polynomial technique and the singularity manifold analysis,
the equation’s complete integrability is shown by Béacklund transformations, the Painlevé property, a Lax pair,
and an infinite number of conservation laws. Raza et al?! concentrated their investigation on getting Auto-
Backlund transformations to the model via the extended homogeneous balance (HB) technique. They could also
solve exponential functions by creating a bilinear Backlund transformation depending on the Hirota bilinear
form. In addition, they looked at complexiton solutions for the KPE using the bilinear form and the extended
transformed rational function approach.

This study emphasizes how new methods of problem-solving are required to identify the mathematical
patterns that underlie actual physical systems. We offer an effective analytical method that generates novel and
efficient wave solutions for the (n+1)-dgKPE via finite series expansion, demonstrating previously unreported
outcomes. These techniques are useful resources for researchers working on complicated mathematical issues
in various scientific domains. By offering efficient solutions, particularly for complex and high-dimensional
systems, the proposed method addresses the constraints of the present approaches. In this sense, it provides
useful and appropriate solutions to problems that are commonly found in the literature. Researchers can also
create novel approaches and provide previous theories with more depth thanks to it.

This study is organized as follows: Sect. 2 gives a description of the NAEM. In Sect. 3, the offered method is
applied to discover analytical solutions of the (n+1)-dgKPE. Comparisons are provided in Sect. 4. Numerical
representations are given in Sect. 5 and Conclusions are presented in Sect. 6.

The NAEM
Consider the following NLPDE:

P(®, P, Py, Poy, ..., Pr,...) =0, (2)
where an unknown function with its partial derivatives given x1, 2, ..., g and ¢ is indicated by the expression

d = &(z1,x2,...,TR, t).
Thanks to the following wave transformation

R
é(xth:'“:xR:t) :Q(£)7 &.:Zxk_wt, (3)
k=1

Eq. (2) is reduced to an ordinary differential equation (ODE) as follows:
D(Q,Q,Q",Q",...)=0. (4)

In Eq. (3), w is the wave speed.
The following will be the processes that are given for implementing the NAEM?* :
Step 1. Eq. (4) has the following solution form:
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R
QE) = hil?®, 5)
1=0

in which the real constants h; and the function g(§) satisfy the first-order ODE given by:

=9 AL9©)
8%(5) _ ;;Z(’LJ; ), L#1, L>0. ©6)

Using ), y, and p are real constants, the application of Eq. (6) is described below:

Step 2. The principle of balance can be applied to Eq. (4) to determine the value of R.

Step 3. After Eq. (5) and its derivatives are inserted into Eq. (4) utilizing the wave transformation specified by
Eq. (6), L) becomes a polynomial. A system of equations is created by simplifying and setting as terms to zero.
Computer algebra programs like Maple software can solve this system of equations effectively. The analytical
solutions to Eq. (4) are obtained by solving this system.

Step 4. Finally, by using the transformation method from Eq. (3) and the solutions discovered from Eq.
(4), we discover a range for analytical solutions to Eq. (2). Determine the solutions to Eq. (6) by employing a
particular method.

Type 1. If A # 0 and 4\ — 3 < 0, then

—y2
y VP an (VR %
+

9(&) _ _ Y
L= 2\ 2\ ’
A AAp— 2
9(6) y Vwow COt( T 5) (8)
L9® - 2 .
2 2

Type 2. If A # 0 and 4\ — 3 > 0, then

/—4Mji + y2 tanh <7\/_4A2“+”25)
9© Y _ ©)
2 22 ’
/=AM + 12 coth (YAt )
oe — _Y _ pryco ( 2 (10)
2 2 '

Type 3. If —4p? — 3% < 0, A\ = —gand X # 0, then

1/_412_ 2
y Vo (0 “) (1)

Lg(ﬁ) _ J _
21 2u ’
Iy (L&w)
L9© - Y o 2 (12)
21 2 '

Type 4. If 41> +y® > Oand A = —p, then

\/4p? 4+ y? tanh <7V4”2;+y2§)
21 2u ’
v/ 4p? + y? coth (7”4”2;1’25)
9O - Y (14)
244 244 '

Type 5. If 4> + y? < 0O and \ = p, then

2 _ .2 \/4/142—925)
y A y? tan (72 (15)

LQ(E) - _ 7
24 + 24 ’
v/ 4p? — y? cot (7v 4“227y2§)
9© Y _ (16)
21 2u '

Type 6. If —4p* +3® > 0and A = y, then
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[ 5 o \ —4p2+y?
y _4M2 + y2 tanh (‘fy&)

I

L9® — 9 _
2u 2u
—4p? + y? coth <7V _4“22+y25)
oo - Y .
21 2u
Type 7. If y*> = 4u), then
po© _ _yEt2
2XE

Type 8. If uA < 0, A # O and y = 0, then

19®) — _Htanh< —)\Hf> )
L9® — —Hco‘ch ( —)\M‘f) .

Type9.1If 1 = —Aand y = 0, then

Type 10.

Type 11.

Type 12.

Type 13.

Type 14.

Type 15.

Type 16.

Type 17.

Type 18.

o _ _Ltexp(=2)8)
1 —exp(—2X¢)°

If u = A = 0, then
L9®) = sinh (y€) + cosh (y€) .
Ifu =K =yand A = 0, then
L9® = exp(K¢) — 1.
If A=K =yand yu = 0, then

exp(K¢§)

Lg(f) — .
1— exp(K€)

Ify = A+ p, then

po© _ _1—pexp((n=N)¢)
L4 Xexp ((p=A)€)

Ify = —X\ — p, then
exp ((p=N)§) —

Lg<§) _ M.
exp ((u—=A)¢§) — A
If 4 = 0, then
po© _ _yexp(yf)
1 — Xexp (y€)
If A=y = pu#0,then
V3 tan (‘/2“§>
L9® — _ 1
2 2°
If A =y = 0, then
LI® — LE.
If p =y =0, then
1
Lg(ﬁ) -
Ag

(22)

(23)

(24)

(25)

27)

(28)

(30)
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Type 19.If 1 = XA and y = 0, then
L9 = tan (uf). (32)
Type 20.If A = 0, then

L9 = exp (y€) — % (33)

Here I and n are named deformation parameters and they are positive.

Extraction of soliton solutions
In this section, we develop the analytic solutions of the Eq. (1) using the NAEM.
Consider the following transformation:

R
O(z1, 22, ..., xR, t) = Q(E), szxkfwt. (34)
k=1
Substituting Eq. (34) into the Eq. (1), we get
R
(-wQ +20:QQ" +6:Q") +6:Q" + Y~ 0xQ" =0. (35)
k=1

Here, 01,602,605 and ©(k = 1,2,3..., R) denote constant parameters. We integrate Eq. (35) twice concerning
the variable &, assuming that the constants of integration are zero, to arrive at the following result:

R
(93—w+Z®k> Q+601Q% +6:,Q" =0. (36)

k=1

Implementing the NAEM
In the event that Q* and Q" are balanced, R = 2 will be the outcome. Using Eq. (5), we obtain

Q) = ho + L9 4 hy (L99)” (37)

R
Letm = Y Oy to simplify things. We derive the subsequent algebraic equations:

k=1
(L9©) " 6X2h26s + h36, = 0,
(Lg(g))B : 2)\2]1192 + 10)\yh292 + 2ho61hy = 0,
(Lg<f))2 : 8haApbs + 3yAhi6s + 4hoy?0s + 2hohab1 + 0183 + mhs — wha + haobls =0,  (38)
(Lg(g))l : 2Aph192 + 6h2yu92 + y2h16’2 + 2hoh161 + mhi1 — why + h1603 = 0,
(L9 2 205hop® + Bshapy + 01h3 + mho — who + 3ho = 0.
We find two clusters of solutions by solving the Eq. (38):
Cluster 1.
2
{w = —4Aubs + y202 +m+03, ho= *6)\9/1102, hi, = 76)\9?/02, hy = 6)\962} (39)
1 1 1

Eq. (1) is solved for the cases covered in the preceding section by using Eqs. (7)-(33) in conjunction with Egs.
(34) and (37). The following solutions occur in this situation:
Type 1. If A # 0 and 4\ — 3 < 0, then the next trigonometric solutions are obtained:

2
362 (tan (7‘4)‘;%) + 1> (4)\,u — yz)

v (40)
o1 (x1’$2"“7‘rR>t) - 2604 )
2
302 (COt (@) + 1) (43— 1?) "
boo (71,72, ..., TR, 1) = — - |
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Type 2. If A # 0 and 4\p — y? > 0, then the subsequent shock solution is expressed:

—— 2
30 <tanh (%) - 1> (4>\M - y2)

o (42)
3 t) =
03 (ZC1,ZC2, y TR, ) 20,
The singular solution is discovered as:
vV 74M+y2£)2 . 2
305 (coth (72 1 (4)\,u Y ) (43)

@04 (131,.%2,...,1’371’): 20
1

Type 3. If —4p® — 3® < 0, A\ = —pand A # 0, then the following trigonometric solutions are obtained:

—— . 2
A (4,u2 + y2) tan (ﬂ)

2
302\ 2
@05 (xhx?:“'::rR:t) = _0122 +;uy2+>\%+2/£3 ) (44)
/a2 —
—y\/—4u? —y2 (A +p) tan( ,u y§>
—— 2
A (4,u2 + y2) cot (#)
2
302 2 )
Qo (71,72, ..., TR, t) = —91;2 +uy® + /\% +24° : (45)
/4,2 _
—yv/—4p? —y2 (A +p) COt( ,u, yf)

Type 4. If 41> + y? > 0and A\ = —p, then the next shock wave solution is found:

s\ 2
A (4,u2 + y2) tanh (%)

2
3022 2
Qo7 (21,72, ..., TR, ) = _91Z2 +uy2+%+2u3 . (46)
4 2+ 2
AT 0 )t (M )
The singular solution is reached as:
s\ 2
A <4u2 + y2) coth (M)
2
3022 2
Do (71, 22,..., TR, t) = _61;2 +uy2+)\%+2u3 . (47)

\Ap? +
+y\/Ap? +y2 (A + ) coth( K yf)

Type 5. If 41> + y* < 0 and A = y, then the subsequent trigonometric solutions are obtained:
2
2 A2 — o2
ML Z0p2) pan | MY
2 2
302\

2
Dog (mh T2, .3 TR, t) = 01M2 + ‘qu — )\% — 2/1/3 ’ (48)

—y\/4p? —y? (A +p) tan<'4u —y{)
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2
362 2

A

—y\/4p? —y2 (A + p) Cot( d? y§>

Type 6. If —44* + y* > 0 and A = i, then the following shock wave solution is attained:

2
A (y2 - 2#2) cot <V4“22_y25>

(Dl() (1717372, ..,,l‘R,t)

2
2 —4 2+ 2
A (8 (w)
302\ 2
i1 (1,02, 0w, 0) = 525 | gt A g8 . (s0)
/—4 2+ 2
+yv/ —4p? + y? (=X + p) tanh (’[;M)

The singular solution is discovered as:
2
2 —4 2 + 2
A( o (V‘Z“ )

2
+ py® — /\% —2p° : 1)

/41,2
+y/ A2+ y? (=2 +p) coth( K +y€>

302\

D12 (21,22, ..., TR, t) = 07;12
1

Type 7. If y*> = 4p), then the next only one solution is given:

30 (4Mpg® — €y + 4)

=- (52)
D3 (1’1,1‘2, 7vat) 29152
Type 8. If uX\ < 0, A # 0 and y = 0, then the subsequent shock wave solution is reached:
2
602 ( — & tanh (vV=Apg) y + tanh (vV=Au) p — M) (53)
Dy (xl,xg,...,acR,t) = 0 .
1
The singular wave solution is attained as:
2
66 (, /—% coth (\/—)\uf) y + coth (\/—)\,u§) w— ,u) (54)
@15 (ZEl,ZBQ,...,]JR,t): 0 .
1
Type 9.If 1 = —X and y = 0, then the next plane solution is obtained:
602\ (A 4 1 + —4XE) + (2A -2 —2X) —y+ A+
Brg (21,33, 0o 0, 1) = — 002 (A + p+y) exp (—4XE) + ( u)ez(p( -y 0y (55)
01(—1+ exp (—2XE))
Type 10. If 4 = A = 0, then the subsequent mixed hyperbolic solutions are found:
6 (2cosh (y€)*A + (2Asinh (y€) + h (y€) + ysinh (y€) + 1 — A) 622
D17 (x1,22,..., TR, t) = — ( cosh (y€) (2Asinh (y€) y;fos (€) + ysinh (y€) + p ) 22 (56)
Type 11.If 4 = K = y and A = 0, then the following plane solution is obtained:
6 ((A - 2K -2 K 0 )\
Bs (21, 0, oy 2 1) = — SAH 1= Y) exp CKE) + (y = 2p0) exp (KE) + 1) b2 (57)

61(—1 + exp (K€))°

Type 12. If A\ = K = y and px = 0, then the next plane solution is found:
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A20zexp (KE)
01 (—1+ eap(KE)*

@19 (1’1,1’2, ...,IL’R,t) = —

Type 13.If y = A + p, then the subsequent plane solution is reached:

Me(y —p—N)exp (=2 (A —p)§)

6 +((—y+4u) A —yp)exp (A +p)§)

+y—p—A

02\

P20 (1,2 o oR, ) = 01 (exp (A + W EA— 1)

Type 14. If y = —\ — p, then the following plane solution is attained:

(y+u+ N exp(=2(A—p)f)
6| +pA(y+pu+r)

+ ((—y —4p) X —yp)exp (=X + p) &)

02\

1 (21,22, T ) = = 61 (—exp (A + 1) &) + A)?

Type 15. If 4 = 0, then the next plane solution is discovered:

6 (exp (29€) M+ (=22 +y°) exp (y§) + 1) 02

q)22 (xtha"'axRat) = 0 (eXp (yé‘) 1)2
1 —

Type 16. If A = y = p # 0, then the subsequent trigonometric solutions is given:

3tan(7\/§2u§)2>\ V3
302 f-&-\/g(y—/\)tan(%“g)—y-i-mr&-% A

®o3 (71, 72,..., TR, 1) = — ;
1

Type 17. If A = y = 0, then the following only one solution is yield:

_ 6Aub; (Aug® +y& +1)
01

®oy (21,22,..., TR, t) =

Type 18. If 1 = y = 0, then the next only one solution is obtained:

602 (Aug® —y& +1)
_ — 4

(1)25 (x17x27 ...7$R7t) =

Type 19.If 1 = X and y = 0, then the subsequent trigonometric solutions is discovered:

60y (tan (u€)*A + tan (u€) y + )

(I)Q@ (:L‘l,l’g,...,IR,t): 0
1

Type 20. If A = 0, then the following plane solution is reached:

602 (exp (2y&) 12X 4 exp (y€) 1Py — 2exp (y€) IAn + pl®> —Iny + )\nQ)

@27 (:cl,xg, ...,IR,t) =

0112

R
Note: For solutions Eqs. (40)-(66), § is given by § = Z Tr — (74)\;502 + 4202 + m + 03) t.
k=1

Cluster 2.

(22n+°) 62 6Ay02
At VLIS P ,
01 01

{w = A\ubz — y*02 +m + 03, ho=—

Utilizing the above parameters, we construct the following solutions:
Type 1. If A # 0 and 4\ — 3 < 0, then we get

6220

2
0, (3 tan (7”*’2‘?’25) + 1) (4 —9?)

(1)28 (xl,xg,.,.,xR,t):f 29
1

)

(59)

(60)

(61)

(62)

(63)

(66)
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(68)

02 (cot <7@§)2 + 1> (4)\,u — yz)

o9 (z1,22,..., TR, t) = — 260
1

Type 2. If A # 0 and 4\p — y? > 0, then we obtain
—— 2
0 (3 tanh (%) - 1) (4/\M — yQ)
260, ’
2
02 (3 coth (7ﬁ4>\;+y2§) — 1) (4/\u — y2)

260,

®30 (21,22, ..., TR, t) =

q)gl (.T1,.T2, ‘..,LUR,t) =

Type 3. If —4p® — y® < 0, A\ = —pand A # 0, then we reach
2
A/ — 2_,2
3 (4u2 + yQ) tan (74”2 Y E)

2

3)\2 2
b | 41y + S5+ (20 + 3py®) A

[/ 4n2 — o2
+ 3yA/ —4p? — y2 (A + p) tan (M)
91#2
s\ 2
3\ (4,u2 + y2) cot <#)
2
+ (2,u3 + 3py2) A

(71)

(1332 ($1,LE2, ...,xR,t) = —

SAQ 2
6o +u2y2+ 2?/

— 3yAy/—4p2 — 42 (A + ) cot (M>

(72)

2

(1333 (l’l,mz,.“,xR,t):— ] /12
1

Type 4. If 41> + y > 0and A\ = —p, then we discover

2
372 (44% + y?) tanh (7%%)
2

3)\2 2
0o +,u2y2+ 2y

4 2 + 2
+ 3yA/4p2 + 2 (A + ) tanh (V“2y€>
01#2
2

302 (4% + /%) coth (7““22“’25 )

2
2 3>\2y2

Tt

+ (2u3 + 3,u,y2) A

402 2
BV O ot (vﬂ;yf )

91,[1/2

+ (2u3 + 3,uy2) A (73)

(1)34 (ml,x27...7:c37t) = —

2
+uly
0

2 (74)

O35 (v1,22,..., TR, 1) = —

Type 5. If 41> + y? < 0 and A = p, then we find
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(23 + u

®36 ($17.’L'2,...,$R,t) = -

2
\2 (_3y2 N 6M2> o <M>
2 2

3)\2 2
2y + 2y + (2,u3 - 3uy2) A

+ 3y 4p? —y2 (=X + ) tan<'4u yf)

2 + 4%y

01#2

2
2 42 — 2
2 () o (WQM)

2

2, 2
/\2y + (2M3 - 3,uy2) A

— 3Ay\/Ap2 — y2 (= + p) cot (‘M>

2 2

+

2

P37 (-’L’l,CCz,...,xR,t) = —

Type 6. If —4p® 4+ 3* > O and A

91/.&2

= u, then we get

2

2
2 /412 2
A2 (33/ _ 6N2) tanh (W)

2,2

3A
O | + 1%y + =5 + (20 = 3uy®) A
— 3\yy/—4p + y2 (=X + ) tanh <m5>
Pag (x17:c2,.4.,:rR,t) — e
2 Yy
d <312/ —6p ) coth <m£>
3)\2 2
O | +1%y" + 2y + (2#3 - 3uy2) A
— 3\yy/—4p2 + 42 (—\ + ) coth <m5>
D39 ($1,x2,...,l‘R,t) [ e
Type 7. If y*> = 4p)\, then we attain
02 (4Au€® — E2y* + 12
@0 (T1,T2, ..., TRy ) = — ( )

20, €2

Type 8. If uA < 0, A # 0 and y = 0, then we discover

@41 (3,’1,332,...,33R,t) =

62 (6)\y — & tanh (vV=Xu€) + 6Autanh (\fxugf —2Ap — y2)

01

(1342 ($1,$2,...,wR,t) =

02 (6/\1/\ /—& coth (\/—)\uﬁ) + 6 coth (\/—)\u§)2 —2\u — y2)

01

Type 9.1f 1 = —X and y = 0, then we yield

(1)43 (ml,x27 ...7CCR7t) =

(6A% +2 (3y + 1) A+ y°) exp (—4A€)
02| +2 (6/\2 —2\p — y2) exp (—2X¢)
+ 627 4+ 2(=3y + p) A+ 3
01 (—1+exp (72>\§))2

(76)

(78)

(79)
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Type 10. If 1 = A = 0, then we have

(12 cosh? (y€) A% 4+ 6 (2 sinh (y€) + y) cosh (y§)> .

+ 6y sinh (y€) + 3 + 22 — 61° (83)
@44 (ml,{EQ,...,J}R,t):— ]
1
Type 11.If 4 = K = y and A = 0, then we reach
y?
(—3>\2 + By —p)A— 2) exp (2K¢)
2| + ((=3y +2u) A +3°) exp (K€) 02 (84)
y?
-5 - AL
DPys (21,22, ..., TR, L) =
o gt 01 (—1 + exp (K€))?
Type 12. If A\ = K = y and px = 0, then we obtain
A0z (exp(M\)? 4 dexp(NE) + 1
<I>46 (.’L‘l,xz,...,.’ER,t) = — ( B) ) (85)
01 (—1 + exp(AE))
Type 13. If y = X + p, then we have
A (2Ap + 6% — 6y + y?) exp (=2 (A — p) €)
=2X((=3y+8uw) A+ y (y —3u)) exp ((=A+ p)§) | b2 (86)
+ 627 + (—6y + 2u) A + 7/
@47(:1)1,132,...,13R,t):— 3
01 (Nexp ((—A+p)€) — 1)
Type 14. If y = —\ — p, then we obtain
A (6A% + (21 4 6y) A+ y*) exp (=2 (A — p) §)
+ ((=6y — 16p) A — 2y (y + 3p)) exp ((=A + 1) §) | 02 (87)
+ (6p% + (6y +2u) X + ) A
c1)45; (ml,xg,...,xg,t)z— 3
01 (—exp (A +p) &) +A)
Type 15. If n = 0, then we get
207 exp (29€) + Ny’ exp (24€)
— 4N exp (y€) + 4My” exp (y€) | b2 (88)
+ 22+ 3
Dyo (21, 22,..., TR, t) = — 5
01 (Aexp (y§) — 1)
Type 16.If A = y = p # 0, then we reach
9tan? (—\/iM) A2
2
3
0 +3A\V3 (y — ) tan (\/;uf> (89)
3N,
+(=3y+2u) A+ - +y
@50 (21,22, ..., TR, t) = —
01
Type 17. If A = y = 0, then we attain
02 (6A°1°E% + 6Auéy + 22 p +y°
©51 (1‘1,1’27 -“71:R7t) = - ’ ( - g ‘ué-y - Y ) . (90)

01

Type 18.If i = y = 0O, then we yield
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0o (2Au€2 + €22 — 6yE+ 6
D50 (21,22, ..., TR, L) = — 2( 1 552 3 ) (91)
1

Type 19.If 1 = X and y = 0, then we have

05 (6A2 tan (Au)? + 6yAtan (M) + 2 u + y°
Bs (01, 72, 2 ) = — 2 ( (M) y01 (M) +2Mpu+y ). (92)

Type 20. If A = 0, then we obtain

6exp (2y€) 1A + 6 exp (y€) My
02 | —12exp (y€) INn 4 2uN?
+ 2y% — 6lAny + 6A%n°
0112

(93)

@54 ($1,$2, ...,{ER,t) = —

R
For solutions Egs. (67)-(93), £ is given by £ = Z T — (4)\,u92 — %0 +m+ 03) t.
k=1

Comparisons

In this section, we will emphasize the importance of our proposed method. Xu and Wazwaz*® examined the
governing model and used the binary Bell polynomial method and singularity manifold analysis to find several
analytical solutions. Even though they resulted in distinct wave models, our proposed method changes this
approach to give a range of innovative soliton solutions, including plane, shock, singular, mixed trigonometric,
and mixed hyperbolic types. We show the novelty and improvement of our results, which present novel solutions
never published before, by comparing them with those of Xu and Wazwaz?. These groundbreaking findings
have important implications for the mathematics of physics and nonlinear optics as well as new directions to
study higher-order PDEs. Our contributions provide a comprehensive and influential investigation of soliton
solutions and their various wave phenomena.

20

Numerical representations

This part includes a detailed explanation of our findings using 3D and 2D figures, as well as a comprehensive
analysis of density plots through parameter adjustments. The assumption used to generate graphs is that
Z2,...,2m = 0. In the past few years, a wide range of fields have shown a great deal of interest in the research
of analytical solutions for NLPDEs and modeling of solitary wave phenomena, particularly optical science,
plasma physics, and the biological sciences. We provide a study that looks at the physical characteristics of these
solutions and considers their uses.

The research data highlight several noteworthy physical properties. The transformations selected for the
variables and coefficients are essential to understanding the model’s analytical solutions as well as their practical
applications. These results suggest that different types of solitary wave solutions are generated in optical fibers
by maintaining the form and speed of the waves during propagation while balancing nonlinear interactions and
dispersive effects. By carefully choosing the settings, these solitons can be handled effectively.

Conclusions

This work aims at the (n+1)-dgKPE, which describes a wide variety of applications in a variety of physical
systems, including fluid physics, plasma physics, Bose-Einstein condensates, and optical fibers. In this study
we used NAEM. Numerous soliton solutions, including singular periodic wave solutions, shock wave solutions,
mixed trigonometric solutions, exponential function solutions, and hyperbolic solutions, were obtained as
possible results of the NAEM. 3D, 2D, and density plots that enhance the visualization of the solution set under
various parameter changes, Fig. 1, 2, 3, 4, and 5 supporting the main results of the study. Figure 1 shows that
we achieve a bright soliton for the trigonometric function solution Eq. (40) for different parameter values,
while Figure 2 shows that we find a kink soliton solution for the shock wave solution Eq. (50). Figure 3 shows
that we attain a periodic soliton for the singular wave solution of Eq. (54). Figure 4 shows the existence of the
dark soliton, which is observed as a plane solution in the solution of Eq. (57). Figure 5 shows that we attain a
plane solution for the bright soliton solution of Eq. (59). A thorough overview of the solutions was given by
these graphs. Appropriate parameter values are essential to avoiding infinities and achieving realistic findings,
which are necessary for physically meaningful results. Furthermore included is a comparison of the outcomes.
In addition to its many uses in simulating the propagation and interaction of soliton waves, (n+1)-dgKPE is
essential for comprehending wave behavior in fluid dynamics, plasma physics, and optical fibers. The (n+1)-
dgKPE solutions that are developed in this context serve as a crucial foundation for future study and applications
in related domains and aid in our understanding and control of complicated dynamics in physical systems.
Efficient approaches have been employed in several investigations to get analytic solutions, and the resulting
outcomes have made significant contributions to both mathematics and physics. When the findings are displayed
visually and are the subject of comparison analysis, these investigations are more thorough and accurate. Future
studies could examine the various behaviors of these solutions and the effects of other parameters or approaches
on the proposed model to discover novel phenomena.
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Fig. 1. Visual interpretations of solution ®o1(z1, t) for Eq. (40) is presented. (a) 3D plot, (b) 2D plot, and (c)
density plot, where 03 = 3,0: =2, A =2,m =10,0; = 1,u = 3,y = 5.
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Fig. 2. A graphical depiction of ®11(z1,t) for Eq. (50) is shown, (a) 3D plot, (b) 2D plot, and (c) density plot

when s = 1.5,02 =2, A=2,m=1,0; =1, u=2,y =5.
(a) (b) (©

Fig. 3. A graphical depiction of ®15(z1,t) for Eq. (54) is shown, (a) 3D plot, (b) 2D plot, and (c) density plot
whenA=1,03=1,00=1,m=1,0i =1L, pu=1y=1.
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Fig. 4. The graphical representation of ®15(x1, ¢) for Eq. (57) is presented. (a) 3D plot, (b) 2D plot, and (c)
density plot, where 3 = 1,0 =1, m =2, =1L, pu=1,1x=1y=1
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Fig. 5. Graphical interpretations for solution ®2¢(z1,t) for Eq. (59) using 3 = 1,6 =1,m =2,0, =1,
uw=15Ax=-051y=1
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