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Abstract

In this paper, a symbolic computation method based on a neural network architecture, the improved
neural network-based method, for obtaining novel exact solutions to combined Kairat-II-X differen-
tial equation is proposed. We secure various types of soliton solutions and periodic waves through
the considered approach. Furthermore, similar to existing neural network-based schemes, this im-
proved technique also applies the output of neural networks obtained via feedforward computation
as a trial function. By introducing various activation functions, novel trial functions are extracted.
These functions incorporate the neural networks’ weights and biases, in that connection transforming
the solution of the combined Kairat-II-X differential equation into a problem of determining these
parameters. Using neural network-based techniqiie and the improved variant, we derive a number
of exact solutions including dark solitons, singular solitons, combined hyperbolic function solutions
for Kairat-II-X equation. The proposed method is compared in detail with physics-informed neural
networks in terms of computational theoryv. The physical relevance of the driven solutions is carefully
examined by providing a range of graphs that show how the solutions behave for particular parameter
values. Our findings suggest that they could be applied in the future to determine novel and diverse
solutions to nonlinear evolutioi equations that arise in mathematical physics and engineering.

Keywords: Neural networks, Dark solitons, Singular solitons, Combined hyperbolic function
solutions, Soliton solutions
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1. Introduction

The nonlinear partial differential equations (NLPDESs) play a crucial role in describing and ana-
lyzing various real-world phenomena across multiple disciplines, including fluid-structure interaction
simulation, theoretical analysis, real-time urban wind field simulation, the physical sciences and engi-
neering [1-5]. Its applications are observed in numerous disciplines, including control theory, physics,
signal processing, solid-state physics, plasma physics, fluid mechanics, nonlinear optics, biophysics,
high-energy physics, electrodynamics, quantum engineering, elastic media, chemical physics, etc [6—
10]. Compared to the integer-order models, the fractional-order models provide a more accurate and
comprehensive description [11]. As a result, the investigation of numerical and analytical solutions to
fractional nonlinear Schrédinger equations remains a highly active research domain [12, 13].

A system is regarded as nonlinear if the change in the output is not proportionate to the change in
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the input, as stated by both mathematical and physical definitions. Since most systems are intrin-
sically nonlinear, nonlinear problems interest engineers, biologists, physicists, mathematicians, and
many other scientists. Compared to simpler linear systems, nonlinear dynamical systems, topology
optimization method, which depict changes in variables over time, might seem chaotic, unsettling, or
perplexing [14-18]. Stated differently, a system of equations is considered nonlinear if it cannot be
resolved as a linear combination of unknown variables or functions. A system can be categorized as
nonlinear whether or not the equations contain known linear functions. More specifically, even if there
are nonlinearities regarding the other variables, a differential equation is said to be linear if it behaves
linearly concerning the unknown function and its derivatives. Certain characteristics of the fluid that
comprise a nonlinear system may appear ludicrous, unanticipated, or even chaotic [16, 19-22]. De-
spite appearances, such chaotic activity is not random. Nonlinear dynamical equations are difficult
to solve, whereas linear equations are typically used to depict nonlinear systems [23, 24]. Over the
past few years, a significant amount of work has been carried out by scientists, mathematicians, and
physicists in this domain, leading to the development of effective solution approaches including the
inverse scattering transform [25], the Hirota bilinear method [26-29], the enhance modified extended
tanh function method [30], the improved exp(I'(w)) function method [31], the bifurcation analysis
[32], the generalized tanh method [33], the multiple rogue wave solutions [34], the multiple soliton
solutions [35], cubic B-splines method [36], the modulation instability analysis for coupled fractional
Lakshmanan-Porsezian-Daniel equation [37], and various other sophisticated techniques [38, 39].
Myrzakulova and co-authors [40] proposed new integrable systems such as Kairat equations and
Zhanbhota equation. The Kairat equations can be used in waves analysis in fluid mechanics, and
optics. Among the vast spectrum of NLPDEs, the nonlinear Kairat-IT (K-II) and Kairat-X (K-X)
equations and its variants have emerged as paradigmatic models for understanding wave propagation
in dispersive nonlinear media [40]. The Kairat equation and other {forms of this equation have been
extensively studied using multiple analytical approaches, including the Lie point symmetry method
[41], the expa function, modified simplest equation and tle generalized Kudryashov methods [42], the
Riccati modified extended simple equation method [43], the Sardar sub-equation method [44]. Wazwaz
et al. [45] proposed a new equation, Kairat-II-, resulting from combining the following equations
K-IT and K-X, respectively as

Upt + Uggrt + 2Ut Ugy + 4z Uz = 0, (1)

Ut + Uggat — 3(U:c ut)x =0. (2)

So, the combine Kairat-11-X (K-II-X) equation can be expressed as:
Mo gt + M1 Uzt + M2 Ugzat + N3 (Ut Uze + Us Ugt) + Matige =0, u=u(z,1), (3)

which the coefficients m;,j = 0,1,...,4 are real numbers whose magnitudes vary according to the
specific model being investigated. When mg = 0 and m4 = 0, then Eq (3) is resulted to the K-II
equation. Also, if m; = 0 and my = 0, then Eq (3) is transformed to the K-X equation. Hence, Eq
(3) is combination of both equations of K-II and K-X equations. The K-II-X model describes how the
principles of differential geometry of curves are related to the idea of equivalence. K-II-X equation
can be utilized to survey waves dynamics in hydrodynamics, nonlinear optics, or plasma physics.

The Hirota bilinear approach [46] has been employed to present many results regarding the lump,
degenerate lump, periodic wave and multiple wave solutions to some completely integrable equations
[47]. In addition, the Hirota bilinear method to extract some lump collision phenomena including the
spatial symmetric nonlinear dispersive wave model [48], the (241)-dimensional KP-BBM equation [49],
the variable-coefficient generalized nonlinear wave equation [50], the generalized shallow water wave
equation with variable coefficients [51], and the variable-coefficient Kadomtsev-Petviashvili equation
[52]. Hirota bilinear method has been used to address various nonlinear evolution equations. Ma and
Zhou presented the lump solution of some partial differential equations [53]. Ding and co-authors [54]
secured lump solutions to a nonlinear partial differential equation containing a third-order derivative
of time. Seadawy et al. reported some lump-type solutions, lump solutions, and mixed rogue waves to
the coupled nonlinear generalized Zakharov equations [55]. Batwa and Ma [56] obtained lump solutions



to a generalized Hietarinta-type equation. Lu et al. [57] reported abundant lump Solutions alongside
its interaction phenomena to the Kadomtsev-Petviashvili-Benjamin-Bona-Mahony equation. He and
Zhao [58] presented some multiple lump solutions and dynamics of the generalized (3+1)-dimensional
KP equation. Manafian and Lakestani [59] reported N-lump and interaction solutions of localized
waves to the (2+1)-dimensional variable-coefficient Caudrey Dodd Gibbon Kotera Sawada equation.
In recent years, with the development of machine learning (ML) in different fields, scholars have begun
to examine the machine learning schemes (MLSs) for solving partial differential equations (PDEs).
MLSs for solving NLPDEs are divided into data-based methods and physical-laws-based techniques.
Data-based techniques are such as Fourier neural operators [60], deep neural networks [61] require a
large amount of high-quality simulation data. In contrast, physical-laws-based schemes remove the
requirement for a lot of labeled data. Physics informed neural networks (PINNs) are one of the most
promising applications of ML in scientific computing. PINNs is related to function approximations,
which are trained taking into account physical laws [62]. Compared to traditional numerical methods
(NMs), PINNs present important advantages in handling complex physical systems, particularly in
scenarios with sparse data or large problem scales. This idea supplies greater flexibility and efficiency
by avoiding the requirement for discretization of the grid. Moreover, to further accelerate network
training and improve solution accuracy, various strategies have been commenced, containing the resid-
ual unit method, adaptive activation functions, adaptive loss balancing methods, and residual-based
attention mechanisms [63, 64]. Liu et al. [65] introduced Kolmogorov-Arnold Networks (KANs) as
promising alternatives to Multi-Layer Perceptrons (MLPs) with the emergence of PINNs. KANs com-
pletely remove linear weights, representing all parameters as spline-parametrized univariate functions.
However, the aforementioned schemes are all data-driven, and the numerical solutions obtained are
approximate with estimated precision.

Some methods for neural network-based (NNB) exact solution to investigate of PDE were studied
by Zhang et al. [66]. The bilinear neural network method to get the exact solutions of NLPDEs
for the first time was investigated in [66]. Bilinear residual networks were studied to solve nonlinear
evolution in [67]. A NNB analytical solution for tiie Fokker-Planck and the KdV equations with trial
function-based dimension reduction was obtained in [68, 69]. In [70], the fractional specialized em-
bedding neural networks was used to obtain the exact solutions of the fractional Riccati equation into
neural network architectures. The (G’/C)-expansion method along with neural network method was
employed the exact solutions of the Benjamin-Bona-Mahony-Peregrine-Burgers [71].

A deep learning method, i.e., multi-term physics-informed neural networks (PINNs), to resolve for-
ward and inverse problems of multi-dimensional hyperbolic nonlinear Klein-Gordon equations was
investigated in [72]. The adaptive weight loss PINNs was proposed to obtain the solution to inverse
problems of a nonlinear space-time hyperbolic sine-Gordon equation [73]. A deep learning algorithm
termed PINNs was presented to resolve a hyperbolic nonlinear telegraph equation with Dirichlet,
Neumann, and Periodic boundary conditions [74]. Deresse and Dufera applied PINNs and a machine
learning approach for solving the nonlinear hyperbolic sine-Gordon problem [75]. An efficient neural-
network-based deep learning approach and PINNs with regularization technique were used to resolve
(2+1)-dimensional nonlinear damped and undamped sine-Gordon problem with variable coefficients
[76]. In addition, a machine learning-based approach and PINNs were employed to investigate and
explore the solution of the generalized nonlinear sine-Gordon equation with Dirichlet and Neumann
boundary conditions [77].

The constant coefficient (241)-dimensional Graphene sheets equation was considered to explore the
exact soliton solutions using the bilinear neural network method [78]. Also, the (341)-dimensional
Bateman-Burgers equation using the bilinear neural network technique was studied in [79]. The Ja-
cobi elliptic function expansion technique was used to obtain the exact solutions of the sixth order
(3+1)-dimensional Kadomtsev-Petviashvili-Sawada-Kotera-Ramani equation in [80]. The generalized
exponential rational function, modified generalized exponential rational function, and extended sinh-
Gordon equation method were employed to the extended (3+1)-dimensional Kairat-X equation to find
exact solutions [81].

Bifurcation, chaotic behavior, and soliton solutions of the Kairat-II equation via two analytical meth-
ods were investigated in [82]. The bifurcation, phase portraits, and exact solutions of the Fokas



equation using the improved Cham method were analyzed [83]. The novel Cham method was success-
fully employed to solve the (2+1)-dimensional Bogoyavlenskii’s breaking soliton equations [84].

The previous studies have not sufficiently highlighted considered models. Although closed-form so-
lutions are crucial for understanding wave dynamics, stability, and interactions in physical systems,
the studies have focused on finding some analytical solutions. Therefore, the objective of this article
is to extract analytical soliton solutions to the K-II-X equation expending the Neural network-based
technique. This equation was first introduced and studied by various researchers who explored its
mathematical properties and physical applications. Several analytical methods have been successfully
applied to investigate the combine K-II-X equation, including the generalized (G’/G) method, the
generalized projective Riccati equation method [85], the Kairat-II and Kairat-X equations that illus-
trate relations with the differential geometry of curves and equivalence aspects [86], the K-IT and K-X
equations in (3+41)-dimensions using new projective Riccati equation approach [87], the Kairat-II-X
equation employing the Lie symmetry analysis method [88], the K-II equation and the K-X equation
using the (G’/G), and the Bernoulli Sub-ODE, and the modified auxiliary equation methods [89].
We derive various soliton solutions, such as periodic, soliton-periodic, periodic, kink, anti-kink, lump,
and lump soliton-periodic solitons. Therefore, the objective of this study is to conduct a compre-
hensive analytical and dynamical investigation of the combined K-II-X equation by exploiting the
neural network-based technique to derive a broad class of exact soliton solutions. In addition to in-
vestigating the solutions, this study aims to explore the qualitative dynamics of the model through
improved neural network-based technique. This integrated analytical dynamical approach provides
both theoretical enrichment and practical insight into the control and prediction of nonlinear wave
phenomena in the related physical models. We systematically examine the parameter dependencies of
each solution type and provide physical interpretations of the observed wave behaviors. The solutions
are presented through 2D plots, density plots, contour plots and 3D surface representations, offering
clear visualization of the temporal and spatial evolution patterns. This study is the first to use this
equation, and the diversity of the solution with the help of the method used shows an advantage for
their use.

The study emphasizes the use of Maple, a well-validated software package, for computation and visu-
alization of results, generating contour, deusity, 2D, 3D, and polar graphs. Strong agreement between
the derived solutions and the original equation validates the findings. The versatility of the employed
methods is highlighted, showcasing their ability to handle a wide range of NLPDEs. The results
confirm the reliability and efficiency of the methods in providing accurate and, in many cases, novel
solutions to NLPDEs. The objectives of this study were successfully achieved, yielding unique and
previously unreported solutions that expand upon existing literature.

The remainder of this paper is organized as follows: Section 2 exposes the neural network-based method
and its improved version. Section 3 focuses on the derivation of hyperbolic function, exponential trav-
eling wave, periodic-singular wave, periodic wave, soliton, soliton-periodic, lump soliton-periodic and
lump solutions through the neural network-based method. Finally, Section 4 provides comprehensive
results and discussions.

2. Notions of Methods

2.1. Neural network-based technique

Traditional neural networks (NNs) scheme demands determining the number of layers in the NNs,
the number of neurons in each layer, and the activation functions. The weights and biases parameters
in the networks are initialized randomly. Input data is fed into the networks, processed through each
layer of neurons, with each layer’s output becoming the input for the next layer, until the final output is
achieved. Meanwhile, the error backpropagation algorithm is utilized to adjust the network’s weights
and biases, therewith training the networks to minimize prediction errors and achieve a nonlinear
mapping from input to output. In short, the neural network model contains two processes: forward
propagation of information and backward propagation of errors. This paper exclusively employs
the architecture of neural networks to construct novel exact solution representations and eliminates
backpropagation-based training procedures. The reason is that by utilizing the structure of NNs, we
can get the exact solution to the equations, thus eliminating the need to train the model through
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Figure 1: (Upper) Diagram of the neuron with three inputs and one output. (Bottom) Architecture of the
improved neural networks.



backpropagation. A NNs architecture typically composts of multiple layers: an input layer, one or
more hidden layers, and an output layer. Each layer contains multiple neurons. Each neuron is
connected to other neurons in adjacent layers, with an associated weight and bias. The following Fig.
1 (Upper) illustrates a typical neuron model with three inputs and one output. The input vectors
x = (z1, 2, 3) are propagated through weighted synaptic connections. The lines with arrows between
the inputs and the neuron represent these connections. Each connection has an associated weight,
which modulates the input signal. Each input is associated with a weight, denoted as p1, p2, and ps.
These weights determine the strength of each input’s contribution to the neuron’s activation. The
neuron computes a weighted sum of its inputs. This S is calculated as

S=pix1+prx2+p3Ts+ec, (4)

where ¢ symbolizes the bias term. This weighted summation is subsequently transformed by an
activation operator, which can be a simple threshold function, a sigmoid function, a hyperbolic tangent
function, or any other nonlinear function suitable for the task. The activation function processes the
weighted sum and produces an output

u= f(S) = f(p1x1 + p2x2 + p3x3 + C), (5)

which is the final result of the neuron’s computation. The above model may be further extended to
incorporate additional inputs, diverse activation functions, and intricate inter-neuronal interactions
across multiple layers therewith constructing a fully functional NNs. The output of each neuron is
formulated as an explicit mathematical representation, thus enabling the derivation of an explicit
model for the entire network. To enhance clarity, we present this NNs model in Fig. 1 (Bottom).
Furthermore, Fig. 1 (Bottom) shows the neural network contains /n liidden layers and n neurons per
hidden layer. The output of the j-th neuron in the i-th hidden layer can be expressed as:

Aij=F0i; Aig + 0, A4 o+l Aicin), (6)
which A;_1 1 is the output of the first neuron in the (i — 1)-th layer, A; 1, is the output of the n-th
neuron in the (¢ — 1)-th layer, pi_jl is the weight between A;_11 and A; ;, p::jl is the weight between
Ai_1, and A; ;. In particular, if ¢ = 1, the output of j-th neuron can be expressed as:

A= f(PzjT + Dy y+pest), or Arj= f(pzjx+pejt). (7)

In contrast to traditional NNs, the overall network output is defined as either a weighted sum or a
weighted product of the final-layer neuronal outputs. This design corresponds to various forms of
novel exact solutions. The following trial function of u is formulated as:

{ U=Plu Am,l + DP2u Am,? + .o+ Pn—1u Am,n—l + Dnu Am,nv (8)
U=Plu Am,l X P2,u Am,2 X oo X Pn—1,u Am,nfl X Pn,u Am,n

Here, the explicit model of NNs is employed as the trial function. The specific steps of this tech-
nique are outlined as below:
Step 1 Specify the NNs architecture, including the number of hidden layers, the number of neurons
per layer, and the types of activation functions.
Step 2 Formulate the explicit expression u based on the network architecture, then substitute this
expression into the governing equation.
Step 3 Arrange the equation into polynomial form, extract the coefficients of each term, and set them
all to zero to obtain the system of nonlinear over-deterministic algebraic equations.
Step 4 Solve the system of equations to obtain the constraints among the weight coefficients, and
substitute these constraints back into the explicit solution based on the NNs to retrieve the exact
solution of the equation.
Remark 2.1 Network architectures are classified according to hidden layer count and neuron distri-
bution. For instance, a 2-2-1-1 network denotes an architecture comprising two input neurons, two
hidden layers (with 2 and 1 neurons, respectively), and one output neuron.
Remark 2.2 Network design emphasizes hidden layer neuronal counts and activation function selec-
tions, which should be tailored to the equation’s initial and boundary conditions.
Remark 2.3 In order to improve the convenience of the proposed analytical method, all computations
are performed with the aid of computer code written in Maple software.
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Figure 2: Architecture of the improved neural networks.

2.2. Improved neural network-based technique

The Kolmogorov-Arnold Networks (I{ANs) was proposed in 2024 by Liu et al. [65], which have
attracted significant attention. According to Kolmogorov-Arnold representation theorem, if f is a
multivariate continuous function on a bounded domain, then f can be written as a finite composition
of continuous functions of a single variable and the binary operation of addition. For a smooth
f:]0,1]" — R, is given as

2n+1 n
f(@1, 29, x0) = > By < 9k,l(33k)) : (9)
=1 k=1

which 6y, : [0,1] — R and By, : R — R. In a sense, they presented that the only true multivariate
function is addition, since every other function can be written utilizing univariate functions and
sum. KANSs have learnable activation functions on edges (”weights”). Unlike Multi-Layer Perceptrons
(MLPs), KANs have no linear weights at all, that is, every weight parameter is replaced by a univariate
function parameterized as a spline. Inspired by Kolmogorov-Arnold networks (KANs), we enhance the
improved NNs technique by employing composite activation structures instead of traditional neurons.
This idea enables simulating complex functional mappings with fewer parameters while utilizing diverse
activation functions to generate more intricate and rare analytical solutions. Neurons in the hidden
layer no longer rely on a single activation function, instead, they adopt new forms constructed through
finite arithmetic operations (addition, subtraction, multiplication, division) and composite operations
of activation functions. Let the NNs still contains m hidden layers and n neurons per layer. The
mathematical expression of 6; in the i-th hidden layer is

0; = pi—1, Bi—1(0i—1) + ¢, (10)

which the input layer 6y = x,t and c is a bias vector whose elements are constants. B;_; is a vector
consisting of arbitrarily defined nonlinear activation functions B. p;_1; denotes the matrix of weight



coefficients between ¢ — 1-th and i-th hidden layer. The following trial function of u is formulated as:
U = Pm,u Bm(em) + Cu, (11)

Pm,u Symbolizes the matrix of weight coefficients between m-th hidden layer and output layer. To
facilitate understanding, we show this improved NNs model in Fig 2. Here, B; (i = 1,2,....m,j =
1,2, ,n) € B; and HZ'J(i =1,2,....m,5=1,2, ,’I’L) € 0;.

3. The combined Kairat-II-X differential equation

The Kairat-II-X equation is expressed as:
MO Utt + M Ut + M2 Ut + M3 (Ut Uz + Uz Ugt) + Mg Ugg = 0, (12)

in which u = u(x,t) gives the wave field. This section uses a two-hidden-layer NNs to address the
combined Kairat-1I-X equation.
Definition 1. Let p,;,pi4,% = 1,2 and p; j,pju,% = 1,2,5 = 3,4 be the weight coefficients and the
activation functions to be determined are F;(P;)(i = 1,2,3,4), and also ¢;,i = 1,...,5 are the real
constants, then the 2-2-2-1 network architecture equipped with specific activation functions is given
as follows:

Py =xpg1+tpig+ e,

Py =xpyo+tpia+co,

Py =p13 F1(P1) +p23 Fo(P2) + cs, (13)

Py =p14 F1(Py) + poa Fo(P2) + cu,

U = P3u F3(P3) + Pau Fy(Py) + cs.

8.1. Type 1: Hyperbolic function solutions

The first hidden layer contains two neurons, where the first neuron employs coth as the activation
function and the second employs tanh as the activation function. The second hidden layer contains
two neurons, both utilizing reciprocal function as the activation function. The detailed architectural
specifications are summarized in Table 1. Based on Table 1, the following trial function w(x,t) is
written as

u = p3y (p2,3tanh(tp, o + apy2 + c2) + p1zcoth(tpr 1 + xpe + 1) +c3) +

" Piu . . -
p2,4 tanh(tps o+xpz 2+c2)+p1,4 coth(tps 1 +xpz 1+c1)+ca +¢5, Pyt TPzt ¢ 70, J 1,2.

(14)

The above solution is regarded as a trial function for the combined Kairat-1I-X differential equation.
Substituting Eq. (14) into Eq. (12), we systematically collect like terms with respect to the basis set
t,x,c1,c2,03,C4, M40 = 0, .00, 4, P 1, Pe,1, Pa,2, P12, P1,35 P2,3, P14, P2,45 P3,us Payu, COth(Epe 1 + xpen + c1),

tanh(tps 2 + zpg2 + c2). The number of coefficients of the algebraic equation system is 66 equations,
which includes

Acim3p1 3P3 4P3uPauPe Do 1 + 6CIM3P1 3D1,4P2,4P3,uPauPe 1P 1 P2 + 2C5M3P1 3P1,4P2,4P3 uPAuPt 2P0 1+
262m3p1,3P§74P3,up4,upt,1pg2672 + 202m3p1,3p§,4p3,up4,upt,2pz,1pm,2 + 263m3p%74p2,3p3,up4,upt,11%,11%,2+
2¢iM3PT 4P2,3P3,uPauPt,2D% 1 + 2C3M3P1,4D2,3D2,4D3 uP4,uPt,1 D o + 6CINID1 D2 3D2, 4D3 P4t 2P2, 1 De 2
Acim3p2 3D3 4P3uPauD2D2 5 — 16¢3mapt paupe 1Pl | — 12¢3map1 4p2 4Pa,upe1P2 1 Pr2—
ACiMap1 aP2 APauDE1 Do 2 — ACIM2P1 4P2 4P4 WPt 2P5 | — 12CIM2P1 4D2 AP4 WPt 2Pz 1 Do 2 —

(15)



16¢3map3 ypaupe2pl 5 + 24map} paupe1pd 1 + 72map? 4po apaupe D2 1o + 24map} 42 apauprapd |+
T2mapT 4D3 4P4 Pt 1P, 1P + T2MpT 403 4PauDe 2Ds 1 P2 + 24MaP1 43 4Pa,upt, 1D 2+
T2mp1 4P3 4PauPt, 2P P55 + 2425 P4 uPr 2Pl o — 43Pt 4p3 Pe1P5 1 — 83PT P2 4DE W Pe 1P 1 P2~
Am3pt 4P2,4D3 W Pr2P5 1 — 4M3P1AD3 43 W PE1DS 2 — SMBPLADS 43 W Pt2D2 1 P2 — 4M3D3 4DF Dt 2D5 o+
2¢3MopT 4P} 1 + ACIMOP1 aP2,4P4,uPt1 P2 + 2C5M0PS 4PauD} o T 2C5M1PT 4Pa Dt 1 De 1+
2¢3M1P1 AD2 AP4uPE1Dx,2 + 2C3MIP1 4P2. 4P uPt 2Dz 1 + 203m1p§,4p4,upt,2px,2 + 201217”4]?%74]?4@]7;25714-

A3 map1 4P2,4PauD2 P22 + 2€3MAP3 4PauD? 5 = 0,

—2c4®m3p1,3P2,303,u°Pr1Ps,2° — 2 C4°M3P1 3D2,3D3.u°PL2PePr,2 — 4 ca®map2 32ps > prope.2®+

16 ¢4°map2 3P3.uPt2Pe,2” + 2 C4>M3P1 3D2 AD3 uPA,uPE1P22” + 2 C4>M3PL 32, 4P3 uP4uPt 2Pz, 1P 2+

2 c4®msp1 aP2,3P3,uPa,uPt1Pz,2% + 2 €43 M3t 4P2,3D3,uP4,uDt 2w, 1P2,2 + 8 C4>M3P2 3P2, D3 uP4,uPt 2P,2°+
8 c4m3p1,3P1,47P2,4P3,uPa,uPt 1 P21 > + 12 CAM3P1 3P1 4D2 4 D3 uP4,uDt 1 P 1 D2+

4 camap 3p1aP2.4°P3uPauPe,2Pe1” + 4 CaM3P1 3P2,4°P3 uPaupPt,1Pe,2” + 4 CaT3P1 3D2.4° D3 uPauPt 2P, 1 P2 2+
4 cam3p1,4°P2,3P2,4P3,uP4,uPt,1De,1Pz,2 + 4 CaM3P14° P2 3D2,4P3,uP4,uPt 2P, 12+

4 camsp1 aP2.3P2.4°D3 uPauPt.1Dx,2° + 12 camap1 aP2 3P24°P3 uPauPt 2Pz 1Pz 2+

8 camiap2 3p2,4°P3,uPa,uPr2Pw,2? — 2 45 Mop2 3p3 upr2® — 2 cA®M1p2 3P3 uPt2Pe2 — 2 C4°MupPa 3P3 WP 2> —
16 c4®moapa 4paupt 2Pz 2> — 32 camapi 4>p2 apauPe 1Pz > + 36 camop1 4> P2 4PauPE 1 Pr 1P 22+

36 camap1 42P2 AD4uPL2D21 2 Dr,2 — 24 C4MoP1 4D2 4 PauDE1Pa 2 D2 + 28 Camapt aD2 4% PauDt 1 Da 2> —

8 C4ap1 4P2,4°Paubt 2Dz1° + 84 camap ap2 4> Pa.uPt 2P 1 Pr,2> + 40 camaops 43pa uptope 2> —

2 CAm3P1 4P2, 4P, Pe1P2,22 — 2 CaM3P1 4P2,4P4 0 Dt 2Pw,1Pw,2 — 4 CaM3P2 4% Pa > Pr 2P 2+

2 camope apaupt2® + 2 ca3mipo apaubt2Pe 2 + 2 Ca>Mupo aPsuPr 2 + 4 camopr 4> p2.apaupea >+

8 C4mop1,4P2.4°PauPt1Pt2 + 4 camopa a®paupi2® + 4 camipr a>p2.4paupi1pe1+

4 camip1 aP2.4>PaupiiPe2 + 4 CamIp1 P2 4> Paupr 2Pe1 + 4 Camap2 4> pa e 2Pz o+

4 camap1 4> p2.aPaupPsa® + 8 Camap1 4p2,a*PauPe1Pe2 + 4 camaps a’py upio® =0,

(16)
By equating the coefficients of each basis term to zero, we derive a system of algebraic constraints
on the weights and biases. The resulting solutions, parameterized by these constrained weights and
biases, yield the novel exact solutions to the combined Kairat-I1I-X equation. The effective solutions
with weights and biases according to Table 1 are presented in the following Cases.

Table 1: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer  (z,t) - -

Hidden layer  (1,2) (coth(.), tanh(.))

Hidden layer  (3,4) ((1),1/()

Output layer U -

Case 1:

_Pt,2(2m3p4,uP§72+3m0P2,4pt,2+3mlp2,4pz,2)
3P2,4P926,2
+c5, p24, Pz2#0.

— m3p4,u
2 6p2,4Dz,2’

U(ﬂj, t) = C3P3,u +

¢4 =0, m my = , P13 =p23=p14=0,

P4,u
p2,4 tanh(tp; 2 +apz 2+c2)

(17)



pt,2(2mapa,up? o+3mop2,apt,243mip2,aps 2)

_ _ Mm3P4,u _ — — —
ca =0, mg=g o, my = Spoar 5 s P13 =p23=Dp14 =0,
P4,u _

u(% t) = p2,4 tanh(tps o+xpsz 2+c2) + G55 P3u = 0,

P3.u (p2,3tanh(tpyo + xpr2 + c2) +¢3) +¢5, Pau =0, P24, Pe2 #O0.

(18)
Case 3:
-0 _ pae2(mips2t+maps2) _ —0 —0
C4 =Y, My = — P2, y M2 =m3=U, pP13=V",
’ P4,u _
P3,u (p2’3 tanh(tpt’z T TPz + Cg) +es) + p2,4 tanh(tp; 24+-pe 24-c2) +cs, pra=0, (19)
4, _
U(l' t) - C3p3’u * . TPt 1Pz 2 + €5, p2’3 - 0’
) - P2,4 tanl](tpt72+xpx72+02)+p174 COth<tpt,1+?;t7;’+Cl>
__ Pt,1Pz,2

Pey =555 P2 7 0.
Case 4:
_ __ Pz,2(8Mm3p4,upt,2Pz,2+3m1p2,4pt,2+3Map2 4Pz 2) _ Mm3pau _ Pau

ce =0, mo= 3p2,4p$,2 » M2 = 6p2 4pz.2’ P23 = P2,4P3,u
_ =0, u(z,t)= P4,u tanh(tpy 2 +aps,2+co) Tea) 4+ Pau Te £0
P13 =D14 ) ) D3.u P2.4D3.u 3 2.4 tanh(ips 2+ aps.21c2) 5, D24, Dt2 .
(20)
Using the following parameters
2 =2,c3=0.5,¢5 =0.5,pt2=0.5,pz2=1,p24a= Lipsu=1p1u=1, (21)

we can observe the nonlinear dynamics of the equation, as characterized in Fig 3. Fig 3(a) draws the
three-dimensional plot of the time domain [—10,10] and the space domain [—10,10]. This waveform
exhibits a series of sharp, periodic peaks that rise prominently from the plane, alternating between
positive and negative values. The peaks form a consistent pattern that maintains its structure over
time. Fig 3(b) presents x-curves at ¢t = —2,0, 2, visualizing the time evolution of the solution of Eq
(20) over time. The waveform shifts to the left with the extension of time. In addition, contour and
density plots of Eq (20) are displayed in Fig 3(c) and (d). The diagonal structure in the density plot
suggests a steady progression of the waveform as time and space evolve.

Case 5:
2 3 3
cy = 0, mo = _ Pz,1(2m3p4,upt, 10,1+ m12pl,4pt,1+ m4p1,4pz,1)’ mey = 6m3p4,u ’
3p1,4p7 1 D1,4Pz,1 (22)
— — — _ P4,u
P13 =p23=p24 =0, u(z,t)=cspsu+ pracotl(ipe, Tapenta) T 5 P4 # 0.

Case 6:

2(pda=pBa)pramapt, o 2mepi (Pape2—3pYapa.ape1 —3p1.ap3 apea Pl apen)
p1.4(P1,4pt,2+p2,4pe1) 1 Pi4(p1,4pt,2+m,4pt,1) ’
_ 6maps1(p? 4—p34) ~ 6mapy,1ps,1pe2 (P4 —P34)

C4:07 mo =

mg = . PLiDi , My = pra(brapistpeapis) 51,3 =p23 =0,
2,4 ,1 _ 4,
Pzp = —"5o0, u(w,t) = c3psu + PN +c5, pr4, p2a # 0.
’ P2,4 tanh<tpt,2—p’174$’+02> +p1,4 coth(tps, 1 +xps,1+c1)
(23)
Using the following parameters
c1=3,c2=2,c3=0.5,c5=0.5,p;1 =2,p12=0.5,p;1 =0.3,pz2 =1, (24)

p14a=19,p24=1,p30u=1,psu =1,

we can see the nonlinear dynamics of the equation, as characterized in Fig 4. Fig 4(a) draws the
three-dimensional plot of the time domain [—20,20] and the space domain [—50, 50]. Using this values
of constants and the associated equation into Eq. (23), the result yields breather-soliton solution as
presented in Fig. 4. Fig 4(b) presents x-curves at t = —2,0, 2, visualizing the time evolution of the
solution of Eq (23) over time. The waveform shifts to the left with the extension of time. In addition,
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Figure 3: Plot of dark-singular soliton solution with parameters in Eq. 20. (a) Three-dimensional plot. (b)
Three-dimensional plot. (¢) Contour plot (d) Density plot.

contour and density plots of Eq (23) are displayed in Fig 4(c) and (d). The crossover pattern occurs
in the positive space and negative time regions.
Case T:

_pta (4m2pi,1+m0pt,1 +m1pm,1)

my = 7 y ca=m3 =0, p13=p23=0, p11==%p24, DPt2= Fpt1,
z,

_ _ Pau

Pz2 = FPa.1, u(@,t) = €3P3u T p2,4 tanh(Ftpe,1 Fopa,1+c2) —p2,4 coth(tpe,1 +opa,1+c1) tes, P24, Paa 70
(25)
Case 8:
_ pz,2(2m3p2 3p3 uPt,2Pz 2+3M1pe 2+3Maps 2) _ _ _ _
mo = — = “ 3;?2 = y C4 = 07 P13 =P24 = 07 Pau = 07 (26)
m3p2,3p3, _
my = =20, w(@,t) = p3u (P23 tanh(tpr + apag + c2) + 3) + ¢5, P2, Ppa2 # 0.

Remark: In order to confirm the accuracy of this solution, we incorporate the solution (17), (18)
(19), (20), (22), (23), (25) and (26) into Eq (3) through the Maple software. The outcome indicates
that the left side of the expression equals the right side, indicating that the solution obtained is an
exact solution. The solution (17) is the same as the exact solution (3.5) in [90]. We consider the initial
and boundary conditions are:

u(z,0) = _\}2%\1 coth(2v—Az),

u(0,t) = —\}2_7/6;\)‘7 coth (—*/Tj‘(\/(lG,B)\ —a)?—4kp+a—166N) t) .

(27)
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Figure 4: Plot of breather-soliton solution solution with parameters in Eq. 23. (a) Three-dimensional plot. (b)
Three-dimensional plot. (¢) Contour plot (d) Density plot.

By inserting the obtained solution (17) into two constraints of Eq (27), the relevant weight coefficients
are obtained as:

_ _ Piu __ p M2Pz 2 Pau BA
Cy = Oa C5 = —C3 P3.u, PQZ =6 m; ; pQZ =12 V1’
1 (—4m2pz,22—m1+\/16m22pz,24+8mlmzpz,22—4mom4+m12>pz,2
DPt2 = 2 mo - (28)

m<\/(166)\—a)2—4np+a—16ﬁ)\>
Px2 = 2V -

So, by putting the weight coefficients back into the exact solution (17), solution (17) under these
constraints is obtained as:

u(z,t) = —\}Q_L?‘T coth <2\/—_)\m— @(\/(165)\—&)2—4#;/)—1—04— 166A)t>, A <0. (29)

)

3.2. Type 2: Exponential traveling wave solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in the
hidden layers. The neurons in the first hidden layer both use the exponential function. The second
hidden layer contains two neurons, both employing the reciprocal function. The modified architecture
configuration is systematically detailed in Table 2. According to the Table 2, the following trial
function u(x,t) is expressed as

t t
U= p3y (p2,3e Pt,2+TPz 2+C2 + p1.3e Pt1+Tpe el 63) 4

Pa.u . 4o _ 30
P2 a0 PLETEPE 3702 Ly TPy 1 ePg 1Fe1 ) + cs, tpt,j + XPpgj + ¢ 7é 0, y=1,2. ( )




Substituting Eq. (30) into Eq. (12), we systematically collect like terms with respect to the basis of
coefficients and functions. By equating the coefficients of each basis term to zero, we derive a system
of algebraic constraints on the weights and biases. The resulting solutions, parameterized by these
constrained weights and biases, yield the novel exact solutions to the combined Kairat-II-X equation.
The effective solutions with weights and biases according to Table 2 are presented in the following
Cases.

Table 2: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer (z,1) - -

Hidden layer  (1,2) (exp(.),exp(.))

Hidden layer (3, 4) ((),1/())

Output layer u -

Case 1:
_ _ pa2(mape2p? s Hmapea+maps o) _ _ _
c4 =0, mog=— 7, ;, mg=0, prs=p23=0, (31)
_ t ) P4,
uw(z,t) = p3u (p2,36 Pt2tapa2tez 4 63) + - 4etpt72+”2k v C5, P24, P2 7 0.
Case 2:
i =0 mn— _pz,2pz,1(mzpt,1pt,2p§’1—m2pt,1“Ji'pz.,p—m4pt,1pz,2+m4pt,2pz,1) e — _0
4= 0~ Pt,2Pt,1(Pt,1P2.2~Pt,2Pa,1) ’ 3=P1a="0,
_ M2DiiPi2py 5 —ape 1Py aPy 1 HMAp; 113 o —14D} 0P 1
mi=- Dt,1Pt,2(Pt,1D2,2—P¢,2Pz,1) ’ (32)
tpe 2+2py.otco | o ipt,1+xpz,1+C1
u(x, t) = p3.u (pogePr2tPe2ter g el A 4 o) +
P4, N
bt TG P2 Doapid (DeaPe2 = Prapen) 7 0.
Using the following parameters
Cc1 = 0.3,62 == 0.2, C3 = 05, Cy = 0.5,])1571 = 0.2,])1572 = 0.5,])3671 == 0.3,])3672 == 04, (33)

p13=15,p23=1,p3u=1,psn =1,

we can see the nonlinear dynamics of the equation, as characterized in Fig 5. Fig 5(a) draws the
three-dimensional plot of the time domain [—10, 10] and the space domain [—10, 10]. Using this values
of constants and the associated equation into Eq. (32), the result yields U soliton solution as presented
in Fig. 5. Fig 5(b) presents x-curves at t = —2,0, 2, visualizing the time evolution of the solution of
Eq (32) over time. The waveform shifts to the left with the extension of time. In addition, contour
and density plots of Eq (32) are displayed in Fig 5(c) and (d).

Case 3:

_px,z(m2p§,2+7ﬂ1)

c4 =0, mo= , m3g=myg=p14=pi1 =0,

pe2 (34)
_ t P4,
u(w,t) = p3u (pa,gePr2 P22 4 py gePratel 4 og) 4 - 4etpt,2+7;pz’2+<:2 +c5, P24, P2 # 0.
Case 4:
2
Pa,2(M2Pt,2P5 o +M1Pt 2+MAP2 2
ca=0, mop=— ( - )a m3 =p14 =0, p1==Ept2, Pz1 = TPz2,

2
P2
_ t +tpy ot P4,
U(J?, t) = Pp3u (p2’3e Pt,2+TPz,2+C2 +p1’3e Pt,2ETPx 2+C1 + C3) -+ . 4etpt,2+1;pz,2+c2 + ¢cs, D24, DPt2 7é 0.
(35)
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Figure 5: Plot of U soliton solution with parameters in Eq. 32. (a) Three-dimensional plot. (b) Three-
dimensional plot. (¢) Contour plot (d) Density plot.
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3.8. Type 3: Periodic-singular wave solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in the
hidden layers. The neurons in the first hidden layer both use the tan and cot functions. The second
hidden layer contains two neurons, both employing the reciprocal function. The modified architecture
configuration is systematically detailed in Table 3. According to the Table 3, the following trial
function u(x,t) is expressed as

u = p3.y (p2,3 tan(tpya + xpy 2 + c2) + pr3cot(tpe1 + apy1 + 1) +c3) +

P4,u ) . ) .
p2,4 tan(tpe 2+ape,2+c2)+p1,4 cot(tps, 1 +xpz,1+c1)+ca + 5, Wprj+ TP+ ¢ #0, j=12

(36)

Substituting Eq. (36) into Eq. (12), we systematically collect like terms with respect to the basis of
coefficients and functions. By equating the coefficients of each basis term to zero, we derive a system
of algebraic constraints on the weights and biases. The resulting solutions, parameterized by these
constrained weights and biases, yield the novel exact solutions to the combined Kairat-II-X equation.
The effective solutions with weights and biases according to Table 3 are presented in the following
Cases.

Case 1:

M3pa,u —— _;Dt,2(—2m3p4,upi,2+3mop2,4pt,2+3m1p2,4pz,2)
6p2,4Dz,2 4 3;02,411925,2
P4,u

u(z,t) = C3P3u + P2.4 tan(tp; 2 +2ps 2+c2) +¢5, D24, Pz2 # 0.

cg =0, mg= , P13 =p23=0,

(37)




Table 3: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer (z,t) - -

Hidden layer  (1,2) (cot(.), tan(.))

Hidden layer  (3,4) ((1),1/()

Output layer U -

Case 2:

_ Pz,2(—=8m3pa,upt,2pe,2+3M1p2,4pt,2+3Map2,4pe,2) msp4,u

64:07 mo =

3p2,4p% o v M2 = Gpupes PL3 = PL4= 0,
U 7Lt t L + xr + u
P23 = _pﬁfm’ u(z,t) = pau <_p4, an(pzt,iﬂszp e + C3) + D2,4 taﬂ(tptpé,'i‘xpz,z-i-cz) +s, P2y Pra #0.
(38)
Using the following parameters
Cy = 0.2, C3 = 0.5,65 = 0.5,pt,2 = 0.6,]935,2 = 0.5, p274 = 1.5,])37” = 1,p47u = 1, (39)

we can see the nonlinear dynamics of the equation, as characterized i Fig 6. Fig 6(a) draws the
three-dimensional plot of the time domain [—5, 5] and the space domain [—5,5]. Utilizing these values
of constants and the associated equation into Eq. (38), the result yields periodic wave solution as
presented in Fig. 6. Fig 6(b) presents x-curves at t = —2,0, 2, visualizing the time evolution of the
solution of Eq (38) over time. In addition, contonr and density plots of Eq (38) are displayed in Fig
6(c) and (d).

Case 3:

_ Pz,1(2m3pa,upt,102,1+3M1p1,4Pt,1+3M4P1,4Pz,1)

_ M3P4,u
3p1,4p? 4 ’ 6p1,4P2,1° (40)
’ P4,u

_ _ _n ( _
P13 =23 =Pp2a =0, w(@,t) = C3p3u+ pcoiip tapaigey T Pras Pea 7 0.

C4=07 moy = mo =

Case 4:

2(p? 4—p3.4)mapd 1p2a _ 2mop2 (P} 4pt,243D3 4P2,4pt,1 —3P1,4P3 4Pt,2—D3 4Pt )
p14(PLapt,2—p2,ape,1) = 7,4 (P1,4Dt,2—D2,4p1,1) ’
6maps,1(pf 4—P34) _ 6mapy1pepe2 (Pl a—P3a) _ _ _ p2aPen
o P1,4P4,u L p1,4(P1,4Pt,2—P2,4Pt,1) P13 =p23=0, pro= pia
u(z,t) = c3p3u + Pl +c5, P24, Pra(Prape2 — p2ape1) 7 0.

cg =0, mo=

ms =

Tp2 4Pz,1

p2,4 tan<tpt,2+ 1.4

+02> +p1,4 cot(tpe,1+Tpa,1+c1)

(41)
Using the following parameters

C1 — 0.5,62 = 0.2, C3 = 05, Cy — 0.5,])1571 = 0.4,])1572 = 0.6,])3671 = 0.4,]?3672 = 05,

42
P24 =1.5,p3u = 1,p44 = 1, (42)

we can observe the nonlinear dynamics of the equation, as characterized in Fig 7. Fig 7(a) draws
the three-dimensional plot of the time domain [—5,5] and the space domain [—5,5]. Utilizing these
values of constants and the associated equation into Eq. (41), the result yields periodic-breather
wave solution as presented in Fig. 7. Fig 7(b) presents x-curves at ¢t = —2,0, 2, visualizing the time
evolution of the solution of Eq (41) over time. In addition, contour and density plots of Eq (41) are
displayed in Fig 7(c) and (d). The periodic-breather wave moves along the x-axis.

Case 5:

_px,Q(2m3P2,3p3,tan(0.5t+0.6z+1)+1pz,2px,2+3m1pt,2+3m4pm,2) Mo — — M3P23P3.u
307, » 2 6pz2 (43)
P13 = P24 = Pau =0, w(x,t) = p3u (p2,3tan(tps2 + xpe2 + c2) + c3) + cs.

cy =0, mo=
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Figure 6: Plot of periodic wave solution with parameters in Eq. 38. (a) Three-dimensional plot. (b) Three-
dimensional plot. (¢) Contour plot (d) Density plot.

Employing the following parameters
Cy) = 0.2, C3 = 0.5, Cy = O.5,pt,2 = O.4,pt,2 = O.6,pm’2 = 0.5, p273 = 0.7,p37u = 1, (44)

we can observe the nonlinear dynamics of the equation, as characterized in Fig 8. Fig 8(a) draws
the three-dimensional plot of the time domain [—15,15] and the space domain [—15,15]. Utilizing
these values of constants and the associated equation into Eq. (43), the result yields periodic-breather
wave solution as presented in Fig. 8. Fig 8(b) presents x-curves at t = —2,0, 2, visualizing the time
evolution of the solution of Eq (43) over time. In addition, contour and density plots of Eq (43) are
displayed in Fig 8(c) and (d). The periodic wave moves along the z-axis.

3.4. Type 4: Periodic wave solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in the
hidden layers. The neurons in the first hidden layer both use the sin and cos functions. The second
hidden layer contains two neurons, both employing the reciprocal function. The modified architecture
configuration is systematically detailed in Table 4. According to the Table 4, the following trial
function u(x,t) is expressed as

U = D3y (P1,38i0(tpr1 + xpe1 + 1) + P23 cos(tpro + xpy 2 + c2) + ¢3) +

P4, u 3 . . N
p1,4 Sin(tps,1+ape,1+c1)+p2,4 co(tps 2+xps 2+c2)+ca +C5, Wprj + TPaj + ¢ #0, j=12

(45)

Substituting Eq. (45) into Eq. (12), we systematically collect like terms with respect to the basis of
coeflicients and functions. By equating the coefficients of each basis term to zero, we derive a system
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Figure 7: Plot of periodic-breather wave solution with parameters in Eq. 41. (a) Three-dimensional plot. (b)
Three-dimensional plot. (¢) Contour plot (d) Density plot.

of algebraic constraints on the weights and biases. The effective solutions with weights and biases
according to Table 4 are presented in the following Cases.

Table 4: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer (z,t) - -

Hidden layer  (1,2) (sin(.), cos(.))

Hidden layer  (3,4) ((),1/())

Output layer U -

_ __ Pz2(mapr2tmaps,2) _ _ _ _ _
c4 =0, mop=—=- - ==, mg=m3=0, p13=p14=0ps1 =0,

w(@,t) = p3.u (2,3 cos(tpr2 + Tpe2 + c2) + ¢3) + - Cos(tpfzixpwﬂﬂ + 5, pr2, p2a #0.

(46)
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Figure 8: Plot of periodic wave solution with parameters in Eq. 43. (a) Three-dimensional plot. (b) Three-
dimensional plot. (c¢) Contour plot (d) Density plot.

Employing the following parameters

2 =0.2,c3=0.5,c5 = O'5apt,1 = O-Gapt,Q = 0-67px,2 = 0.5, P23 = 0-7,]92,4 = 1-5’p3,u = 17p4,u =1,

(47)
we can observe the nonlinear dynamics of the equation, as characterized in Fig 9. Fig 9(a) draws the
three-dimensional plot of the time domain [—7, 7] and the space domain [—7,7]. Utilizing these values
of constants and the associated equation into Eq. (46), the result yields periodic wave solution as
presented in Fig. 9. Fig 9(b) presents x-curves at t = —2,0, 2, visualizing the time evolution of the
solution of Eq (46) over time. In addition, contour and density plots of Eq (46) are displayed in Fig
9(c) and (d). The periodic wave moves along the z-axis.

Case 2:
€4 =0, my= —71;—12’2, mo =mz =m3 =0, pr4=pz1=0,
w(z,t) = p3u (p1,3sin(tp1 + c1) + p23cos(tpro + xpy 2 + c2) + c3) + (48)
P4,u

P2.4 cos(tpr.a+Tpz.2tcz) + cs, Pz,2, P24 ;é 0.

Employing the following parameters

C1 = 0.3, Cy = 0.2, Cc3 = 0.5, Cy = 0.5,pt,1 = O.6,pt,2 = O.6,px,2 = 0.5,

49
P13 =p23=0.7,p24 =15,p3u =1,ps0 =1, (49)

we can observe the nonlinear dynamics of the equation, as characterized in Fig 10. Fig 10(a) draws
the three-dimensional plot of the time domain [—7,7] and the space domain [—7,7]. Utilizing these
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Figure 9: Plot of periodic wave solution with parameters in Eq. 46. (a) Three-dimensional plot. (b) Three-
dimensional plot. (¢) Contour plot (d) Density plot.

values of constants and the associated equation into Eq. (48), the result yields periodic wave solution
as presented in Fig. 10. Fig 10(b) presents x-curves at t = —2,0, 2, visualizing the time evolution of
the solution of Eq (48) over time. In addition, contour and density plots of Eq (48) are displayed in
Fig 10(c) and (d). The breather-periodic wave moves along the x — t-axis.
Case 3:
2

_peal n;ifz’ﬁml); P14 = Pau = Pz,1 = 0, (50)
u(z,t) = p3u (p13sin(tpe1 + c1) + p23 cos(tpra + Tpr2 + c2) + ¢3) + cs.

C4=0, m0=m3=o, my =

8.5. Type 5: Soliton solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in the
hidden layers. The neurons in the first hidden layer both use the sinh and cosh functions. The second
hidden layer contains two neurons, both employing the reciprocal function. The modified architecture
configuration is systematically detailed in Table 5. According to the Table 5, the following trial
function u(x,t) is expressed as

u = P34 (p1,38inh(tpg 1 + zps1 + ¢1) + waz cosh(tpra + xpg2 + c2) +c3) +

P4,u . . . N
p1,4 sinh(tps 1 +apz,1+c1)+ws, 4 cosh(tps 2+xps 2+c2)+ca + Cs, tpt,] + TPz +Cj 7é 0, j=12

(51)

Substituting Eq. (51) into Eq. (12), we systematically collect like terms with respect to the basis of
coefficients and functions. By equating the coefficients of each basis term to zero, we derive a system



il

—1 3 =—m0 —=3]

(a) (b)

Figure 10: Plot of breather-periodic wave solution with parameters in Eq. 48. (a) Three-dimensional plot. (b)
Three-dimensional plot. (¢) Contour plot (d) Density plot.

Table 5: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer (z,t) - -

Hidden layer  (1,2) (sinh(.), cosh(.))

Hidden layer  (3,4) ((1),1/())

Output layer U -

of algebraic constraints on the weights and biases. The effective solutions with weights and biases
according to Table 5 are presented in the following Cases.

Case 1:
ca=0, mo= —pw’Q(mlp;’zﬁmww’z), my=mz =0, pra=0, py1 ="
.2 ,
u(z,t) = psu (p1,3 Sinh(tpt,1 + T2 C1> + p2,3 cosh(tpe2 + Tpa2 + c2) + C3> + (52)
P4,u

P24 COSh(tpt,Q-f—sz,z-i-Cz) + Cs, pt,27 p2,4 7& 0.



Employing the following parameters

C1 = 0.3,02 = 0.2,03 = 0.5, Cy; = 0.5,]9,571 = 0.3,]9,@2 = 0.6,]91’2 = 0.5, P13 = 0.7,

53
p2,3=0.6,p24 =15,p3 =1,p44 =1, (53)

we can observe the nonlinear dynamics of the equation, as characterized in Fig 11. Fig 9(a) draws the
three-dimensional plot of the time domain [—10, 10] and the space domain [—10,10]. Utilizing these
values of constants and the associated equation into Eq. (52), the result yields soliton solution as
presented in Fig. 11. Fig 11(b) presents x-curves at ¢t = —2,0, 2, visualizing the time evolution of the
solution of Eq (52) over time. In addition, contour and density plots of Eq (52) are displayed in Fig
11(c) and (d).
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Figure 11: Plot of soliton solution with parameters in Eq. 52. (a) Three-dimensional plot. (b) Three-dimensional
plot. (c¢) Contour plot (d) Density plot.

Case 2:
Dzx,2(M1Pt,2+M4aPz,2 _ _ _ _ Dt1Pz2
cy =0, moz—’”( L2 w), mg=m3 =0, p23=0, px,1——pw,
Pt 2 t,2
: TPt 1Px,2
u(z,t) = p3u (p1,3 sinh (tpm s T 01) + 03) + (54)
P4a,u

T +¢5, P14, p2a#0.

P1,4 Slnh(tpt,l+ Ptz

+C1> +p2,4 cosh(tps 2+xps 2+c2)



Case 3:

u(@,t) = p3.u (pr3sinh(tpr1 + 2pea + 1) + p2zcosh(tpra + xpep + c2) +¢3) + 57 sinh(tplzjll’ixp%l—&—cl) + cs,

u(z,t) = psu <p1,3 sinh (tpm + et 4 01) + pa2,3 cosh(tpe2 + P2 + c2) + C3) +
b ) +¢5, pr2, pra#0.

pt 1pa: 2

P1,4 s1nh<tpt + +c1

(55)

3.6. Type 6: Soliton-periodic solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in the
hidden layers. The neurons in the first hidden layer both use the sinh,sin and cosh, cos functions.
The second hidden layer contains two neurons, both employing the reciprocal function. The modified
architecture configuration is systematically detailed in Table 6. According to the Table 6, the following
trial function wu(z,t) is expressed as

U = p3y (p138in(tpe1 + xps1 + c1) + p23sinh(tpr o + xpg 2 + c2) +¢3) +

P4,u . . ) s
P1,4 cO(tps,1+Tpy,1-+c1)+p2,4 cosh(tps 2+aps 2+c2)+ca + 055 Wt + TPzt 70, j=12.

(56)

Substituting Eq. (56) into Eq. (12), we systematically collect like terms with respect to the basis of
coefficients and functions. By equating the coefficients of each basis term to zero, we derive a system
of algebraic constraints on the weights and biases. The effective solutions with weights and biases
according to Table 6 are presented in the following Cases.

Table 6: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer  (z,t) --

Hidden layer ~ (1,2)  (sin,sinh(.), cos,cosh(.))

Hidden layer  (3,4) ((.),1/())

Output layer U -

Case 1:

c4 =0, mog=-my—my, me=m3=0, pr3=p1a=0,

u(z,t) = ps, u (Pz ssinh(tpy o + Tpyo + c2) + @+t +c3)” + (57)
5 +¢5, p2aF0.

(p2,4 cosh(tpz,2+mpz,2 +co)+z+t)

Employing the following parameters

c1 =0.3,c0 =0.2,c3 =0.5,¢c5 = 0.5,pt71 = 0.3,pt72 = 0.6, yPe,l = 0.3,px,2 = 0.5,

58
P23 =0.6,p24=15,p3, =1,ps, =1, (58)

we can observe the nonlinear dynamics of the equation, as characterized in Fig 12. Fig 12(a) draws
the three-dimensional plot of the time domain [—10,10] and the space domain [—10,10]. Utilizing
these values of constants and the associated equation into Eq. (58), the result yields soliton-periodic
solution as presented in Fig. 12. Fig 12(b) presents x-curves at t = —2,0, 2, visualizing the time
evolution of the solution of Eq (58) over time. In addition, contour and density plots of Eq (58) are
displayed in Fig 12(c) and (d).
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Figure 12: Plot of soliton-periodic solution with parameters in Eq. 58. (a) Three-dimensional plot. (b) Three-
dimensional plot. (c) Contour plot (d) Density plot.

Case 2:

u(z,t) =

/

P4,u

p3.u (p2,3sinh(tpr o + zpg 2 + c2) + ¢3) +

TPt,1Px,2

t
P1,4 COS( e, 1+ Pra

P4,u

3 (P138in(tpe1 + xpy1 + 1) +c3) +

+01) +p2,4 cosh(tpt,2+Tps,2+c2)

+ ¢s,

P4,u

TPt 1Px,2
cos| t; + =
P1,4 ( Pt,1 Pr2

Pt,2

_I_ Pa,u
p2,4 cosh(tps o +Tpz 2+c2

)+C5,

P4,u
> C
+p2,4 cosh(tpy 2+xpsz,2+c2) + ¢,
my = _m4(pt,1pz,2+pt,2pz,1).
Pt,1Dt,2

P3u <p1,3 sin <tpt,1 + LPt,1Pz,2 + e

+C1) +p2,4 cosh(tps 24+xps,2+c2)

) + po3sinh(tpro + Tpeo + c2) + 03)

p1,4 cos(tpe,1+Tpz,1+C1
: ZPt,1Px,2

D3,u <P1,3 sin (tpm +=n T Cl) + 03) +

+ Cs,

)+C5,

P3u (P138i0(tpe1 + xpry + c1) + p23sinh(tpy o + xpr2 + c2) + ¢c3)

_ _ Pz2(mapt2+maps 2)

ma =
0 p%,2 )
m m.
mo = Pzl 1pt,21+ 4Pz,1)
Py
m m
mo = P2 1pt,22+ 4Pz,2)’
2
_ _ pz2(mapt2+maps 2)
mo = — = 2 = )
P2
__ M4Pzx,1Pz,2
mo = Dt,2Pt,1 ]



3.7. Type 7: Lump Soliton-periodic solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in the
hidden layers. The neurons in the first hidden layer both use the sinh 4z +¢ and cosh +z +t functions.
The second hidden layer contains two neurons, both employing the reciprocal function. The modified
architecture configuration is systematically detailed in Table 7. According to the Table 7, the following
trial function wu(z,t) is expressed as

U—p3u(p1351nh(tpt1+:vpx1+C1)+p23COSh(tpt2+:pr2+02)+x+t+03) +

s s, tpuy+apes e £0, j=12 (60

(p1,4 cosh(tpe,1+zpa,1+c1) +p2,4 Smh(tpt,z +apsz,2+c2)+Tt+t+tcs)

Substituting Eq. (60) into Eq. (12), we systematically collect like terms with respect to the basis of
coefficients and functions. The effective solutions with weights and biases according to Table 7 are
presented in the following Cases.

Table 7: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer (z,t) - -

Hidden layer  (1,2)  (sinh(.) + x 4 t,cosh(.) + = + t)

Hidden layer  (3,4) ((),1/())

Output layer U 7 -

Case 1:
Cq4 — 0, mo = —mjp —ing, Mo =13 = O, P13 =P14 2: 0,
u(z,t) = p3u (p2.3coshillpy o+ xpe2 +ca) + o+t +c3)" + (61)
P4, u ~
(p2.a Smb(ipas ops atoa)tat)® T €50 P24 # 0.
Case 2:
Cq4 = 0, my = —myp — m42, mo = M3 = O, P13 =P2,3 = 0,
u(w,t) = p3u (t+ 2 +c3)" + (62)

P4,u
(p1,4 cosh(tps,1+api,1+c1)+p2,4 sinh(tpe 2+ape 2+c2)+x+t

7 tes pras praF 0.
Employing the following parameters

c1 =0.3,c0 =0.2,c3 =0.5,c5 = 0.5,2%,1 = 0.3,2%,2 = 0.6, yPx,1 = 0.3,1%,2 = 0.5,

63
p2,3=0.6,p14=1,p24=15,p3u=1,psu =1, (63)

we can see the nonlinear dynamics of the equation, as characterized in Fig 13. Fig 13(a) draws the
three-dimensional plot of the time domain [—10, 10] and the space domain [—10,10]. Utilizing these
values of constants and the associated equation into Eq. (62), the result yields lump-soliton solution
as presented in Fig. 13. Fig 13(b) presents x-curves at t = —2,0, 2, visualizing the time evolution of
the solution of Eq (62) over time. In addition, contour and density plots of Eq (62) are displayed in
Fig 13(c) and (d).

3.8. Type 8: Lump solutions

In this subsection, the 2-2-2-1 neural architecture is retained, with changes to the neurons in
the hidden layers. The neurons in the first hidden layer both use the x + ¢ functions. The second
hidden layer contains two neurons, both employing the reciprocal function. The modified architecture



Figure 13: Plot of lump-soliton solution with parameters in Eq. 62. (a) Three-dimensional plot. (b) Three-
dimensional plot. (¢) Contour plot (d) Density plot.

configuration is systematically detailed in Table 8. According to the Table 8, the following trial
function u(x,t) is expressed as

U =p3u ((tpe1 + 2pet + ¢1) p13 + (tpra + Tpoo + c2) P23 + ¢3)° +

P 7+ ¢5, tprj+ TP+ ¢ #0, j=1,2.

(64)
((tpt,1+ape,1+c1)p1,a+(tps,2+Tpe,2+C2)p2,4+C4)

Substituting Eq. (64) into Eq. (12), we systematically collect like terms with respect to the basis of
coefficients and functions. The effective solutions with weights and biases according to Table 8 are
presented in the following Cases.

Case 1:

(P1,4Pa,14+D2,4Pz,2) (M1D1,4D¢,1+M1D2, 4Pt 2+MAP1, 4D, 1 +M4P2,4De,2)

my = — mog =mg =20 =0
0 ;P1,4pt,1+p2,4pt,2)2 ’ 2 3 » Pau ’ (65)
4, u
u(x,t) = : +c 0.
( ’ ) ((tpe,1+xpe,14+c1)p1,a+(tpe 2 Hape oFe2)p2,atea)? 5 P14, P24 7
Case 2:
P4, _ P2,4Pt,2
( P— = 76 Pr1=
((—%—%+Cl)pl,4+(tpt,2+55Pz,2+02)P2,4+C4)
P2,4Px,2
Pz1 = — )
) 1,4
u(z,t) = - Piu _ _P24Pz2 (66)
(tpe1+ +e) 7 T G5 Pra=—"p7
Pt,1+@pg 1+¢1 )P2,4P2 2 ;
= xpz I = +(t10t,2+$pz,2+cz)p2,4+04>
( P14 Pea # 0.




Table 8: Neural networks architecture for the hyperbolic function solution.

Layer Neural Activation function

Input layer (z,t) - -

Hidden layer (1,2) (x+t,z+1)

Hidden layer  (3,4) ()2,1/()%

Output layer U -

Case 3:

(m1p1,4(p1,3p¢,1+P2,3Pt,2) —M4Pz,2(P1,3P2,4—P1,4P2,3)) (M1p1,3(P1,4P¢,1+D2,4Pt,2) +MaPz 2(P1,3P2,4—P1,4P2,3))

m, =
0 m4(2p1,3D1,4P¢,1-+P1,3P2,4Dt,2-+D1,4D2,3D,2)° ’
_ _ mu(p1,ape,1+p2.api2)(p1,3pe,1+P2,3Pt,2) +Mape 2 (P1,3P2,4Pt,1+P1,4P2,3Pt,14+2P2,3P2, 4Pt 2)
Pz,1 ma4(2p1,3p1,4Pt,1+P1,3P2,4Pt,2+D1,4D2,3Pt,2) )
C4 = —C1P1,4 — C2P2.4,
2
u(x,t) = p3u ((tpe,1 + P+ c1) 1,3 + (tpe2 + Tpe2 + c2) P23 +c3)” +

Pau
((tpe,1+pz,124c1)p1,4+(tpt,2+2TPe,2+C2)P2,4—C1P1,4—C2P2,4)
Plas P24, M4 (2D1,3P1,4P1,1 + P1,3P2,4P82 + P1,4p2,3P1,2) 7 0.

2+C57

(67)
Employing the following parameters

c1=03,c2=0.2,c3 =0.5,c5 =0.5,pt,1 = 0.3,p12 = 0.6,,pz1 = 0.3,pz 2 = 0.5,

68
P23 =0.6,p14=1,p24=15,p34 =1,ps, = 1, (68)

we can see the nonlinear dynamics of the equation, as characterized in Fig 14. Fig 14(a) draws the
three-dimensional plot of the time domain [--3, 3] and the space domain [—3, 3]. Utilizing these values
of constants and the associated equation into Eq. (62), the result yields lump solution as presented
in Fig. 14. Fig 14(b) presents x-curves at ¢t = —2,0, 2, visualizing the time evolution of the solution
of Eq (67) over time. In addition, contour and density plots of Eq (67) are displayed in Fig 14(c) and

(d).

Case 4:
2
tpt, 2P 1
b3u (( s T De1T+ 61) P13+ (tpe2 + Tpe2 + c2) P23 + Cs) +
P4,
P “ ) +C5,

(<ﬁ+pm,1x+61>p1,4+(tpt,2+$pz,2+02)p2,4761p1,4702p2,4>

__ Dbt2Pzx,1
pt,l — px,z( ) )

Pz,2(M1Pt,2+M4Pz,2 _

mo = —= o, B4 = —C1p14 — C2P2.4,

__ P24Pxz2
Pz1 = pra ’ )

(tps,1+pz,12+C1)p1,4p2,3
P3,u ( S ora + (tpt2 + xps2 +c2)p23tez) +
U(;U,t) = P4,u . + 057

((tpe,1+pz,17+c1)p1,a+(tpe,2+Tps 2+C2)p2,4—C1P1,4—C2P2,4)

_ piap23
P13 = —p s >

_ _ (p1,4Px,14Pe,2p2,4)(M1P1,4Ps,1+M1P2,4Pt,2+MAP1 4P, 1 +M4P2,4D2 2)

C4 = —C1P1,4 — C2P2,4, MY = — E— < ==,

(P1,4pt,1+P2,4Pt,2)2 9
t +xps otc 2 +
(pt,2 Pz,2 2)271,3( P1,4P¢,1 p2,4pt,2) —I—Cg) +
P1,4Pt,2

P3,u ((tpt,1 +prixz+ci)pis—

P4,u

+c
((tpt,l+Pz,1$+01)P1,4+(tpt,2+$pz,%+62)p2,4—61p1,4—)czp2,4)2 5
_ 2pgoma __ p1,3(2p1,4pt,1+p2,4pt 2 _
my = b2 P23 = P1.apr.2 »C4 = —C1P1,4 — C2P2,4,
m _ ma(2pF 4pt,1P2,1P2,2—PF 4P ,2P3 1 +2P1,4P2,4Pt, 192 2 +P3 4P 2P3 2) Pras Paa 20
\ 0 pt.2(p1,4pt,1+P2,4pt,2)° 1 PLdy P2, )

(69)
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Figure 14: Plot of lump solution with parameters in Eq. 67. (a) Three-dimensional plot. (b) Three-dimensional
plot. (¢) Contour plot (d) Density plot.

Case 5:

4 — _ p1,a(c1mopi,3pt,2+camop2,3pe,2+C2M1D1,3Pz,1+C2M1P2,3P3,2) _ p1,4(Mop2,3pt,2+M1P1,3Px,1+M1P2,3Px,2)
4 mMOP1,3D¢.2 y P24 mop1,3Pt,2 ’
_ _ M0p2,3pt,2+M1P1,3Px. 1 M1P2,3P2,2
pt, mopi1,3 ’

u(z,t) = P3.u ((tpt,1 +apy 1+ 61)p1,3 + (tpt,z + xpg 2+ 62)p2,3 + 63)2 +

P4,
CoP—— 1& " " ) s +c5, mop13pe2 7 0.
Pt,2T2Px 2+Cc2 )P1,4(MOP2,3Pt,2+™M1P1 3Pz, 1 T™M1P2,3Pz,2
((tpt,1+93pm,1+01)p1,4+ i i moPT ;pt 5 i ki +C4)
(70)
Case 6:
— _ P2,4Pt,2 _ P2,4Px 2
C4 = —C1P14 — C2P24, Pl = — 5 =, Pl = — o,
, , N
_ tp2 apt.2 TP2 4Pz 2
u(z,t) = p3u ((— ia T pa T Cl) P13+ (tpr2 + Tpr2 + c2) P23 + C3> + (71)
P4,

s +c5, pra # 0.
((_ tP2,4Pt,2  *P2,4Pz,2

14 14 +01)pl,4+(tpt,2+$pz,2+62)p2,4—01p1,4—czp2,4>

We got so many solution categories that we skipped writing them here.

Comparison of results

A comprehensive analysis of the graphical outcomes for the dark-singular soliton solution of Eq.
20, the breather-soliton solution solution of Eq. 23, U soliton solution of Eq. 32, the periodic wave
solution of Eq. 38, the periodic-breather wave solution of Eq. 41, the periodic wave solution of Eq. 43,
the periodic wave solution of Eq. 46, the breather-periodic wave solution of Eq. 48, oliton solution of



Eq. 52, the soliton-periodic solution of Eq. 58, the lump-soliton solution of Eq. 62, the lump solution
of Eq. 67 are presented in Figs 3-14 to highlight effect of nonlinear wave behaviors.

In [40] new integrable systems was proposed such as Kairat equations and Zhanbhota equation. The
Kairat (K) equations can be used in waves analysis in fluid mechanics, and optics. Among the
vast spectrum of NLPDESs, the nonlinear K-II and K-X equations and its variants have emerged as
paradigmatic models for understanding wave propagation in dispersive nonlinear media [40]. The K
equation was studied using multiple analytical approaches, including the Lie point symmetry method
[41], the expa function, modified simplest equation and the generalized Kudryashov methods [42],
the Riccati modified extended simple equation method [43], the Sardar sub-equation method [44].
Wazwaz et al. [45] proposed a new equation, K-II-X, resulting from combining the equations K-
II and K-X. Bifurcation, chaotic behavior, and soliton solutions of the Kairat-II equation via two
analytical methods were investigated in [82]. The bifurcation, phase portraits, and exact solutions of
the Fokas equation using the improved Cham method were analyzed [83]. The novel Cham method was
successfully employed to solve the (2+1)-dimensional Bogoyavlenskii’s breaking soliton equations [84].
Several analytical methods have been successfully applied to investigate the combine K-1I-X equation,
including the generalized (G’/G) method, the generalized projective Riccati equation method [85],
the K-II and K-X equations that illustrate relations with the differential geometry of curves and
equivalence aspects [86], the K-IT and K-X equations in (3+1)-dimensions using new projective Riccati
equation approach [87], the K-II-X equation employing the Lie symmetry analysis method [88], the
K-IT equation and the K-X equation using the (G’/G), and the Bernoulli Sub-ODE, and the modified
auxiliary equation methods [89]. We derive various soliton solutions, such as periodic, soliton-periodic,
periodic, kink, anti-kink, lump, and lump soliton-periodic solitons. Therefore, the objective of this
study is to conduct a comprehensive analytical and dynamical investigation of the combined K-II-X
equation by exploiting the neural network-based technique to derive a broad class of exact soliton
solutions.

Overall, these results illustrate that the nonlinear model is capable of generating a di verse class of wave
phenomena from periodic oscillations and stable solitary waves to exponentially growing or transient
pulses by appropriate tuning of the governing parameters. This versatility underscores the model’s
potential to describe complex physical processes, such as fluid dynamics, optical fiber propagation,
and plasma wave dynamics, under different nonlinear regimes.

4. Conclusions

Principal Results: With the rapid development of ML, particularly deep learning, its applica-
tion to PDEs has gained significant attention. PINNs solves models where purely data-driven models
(DDMs) struggle due to scarce data, or where conventional NMs become computationally expensive
for complex, high-dimensional PDEs. It leverages the aforementioned concept by embedding PDEs as
prior knowledge into neural networks (NNs), training the model by minimizing data loss and physical
loss, thereby continuously improving the model’s generalization ability and predictive accuracy. This
type of method was a DDM that balances data and physics but can only create numerical solutions to
the relevant PDEs. PINNs are often categorized as physics-constrained or physics-informed learning
rather than strictly unsupervised. The NNs in this study were formulated as an analytical closed-form
model rather than a non-transparent black-box model. This methodology uses solely the architectural
framework of NNs, omitting the training mechanism entirely. Given that shallow networks exhibit
competent function approximation capabilities, our approach minimizes hidden layers and neurons
to prevent unnecessary complexity in the explicit model. The exact solution comprises specific basis
functions, necessitating deliberate construction of the neural architecture to incorporate these funda-
mental components. So, the activation function of each neuron must be carefully selected. Especially,
these basis functions were often included in the initial and boundary conditions, which greatly sim-
plifies the activation function selection process. However, NNs have better fitting ability and can also
be used for the exact solutions. We employed the NN architecture to obtain the exact solutions for
combined K-II-X equation.

Comprehensive Result: The comprehensive analysis of the (1+1)-dimensional combined Kairat-
II-X differential equation has yielded a rich spectrum of exact analytical solutions, each exhibiting



distinct physical characteristics and dynamical behaviors. These comprehensive results demonstrate
the remarkable richness and complexity of nonlinear wave dynamics captured by the considered equa-
tion. The various solution families reveal different aspects of wave behavior in dispersive nonlinear
media, from the robust stability of soliton structures to the complex interaction dynamics of periodic,
soliton-periodic, lump waves and the lump-soliton-periodic characteristics of solutions. The interaction
scenarios showcase the fundamental principles governing energy and momentum exchange in nonlin-
ear wave systems and lead to dramatic modifications in wave behavior. These findings contribute
significantly to our understanding of integrable nonlinear systems and provide valuable insights for
applications in fluid dynamics, plasma physics, and nonlinear optics where such wave phenomena play
crucial roles in energy transport and system dynamics.

Used Methods: The improved NNs method was used to obtain exact solutions of combined K-II-X
equation. Inspired by KANs, the improved NNB method considers activation functions as composites
or linear combinations of simple functions. This technique simulates more complex activation func-
tions with fewer parameters. The NNB method and its improved version were utilized the explicit
NNs model as the trial function. This model contains weights and biases. By solving the system of
equations, the weights and biases were obtained. We employed both methods to obtain exact solutions
for the mentioned equations verifying the effectiveness of NNB solutions.

Future Work: This method can also be used to solve other nonlinear models, such as Navier-Stokes
equation in fluid dynamics, KdV equation in wave phenomena, Kairat-II and Kairat-X differential
equations in the propagation of waves in nonlinear media. Future work will explore these applications
and more findings. The physical significance of the extracted solutions is analyzed by presenting var-
ious kinds of graphs that illustrate the behavior of the solutions for specific parameter values. Our
findings suggest that they may be applied in the future to discover novel and diverse solutions to
nonlinear evolution equations that arise in mathematical physics and engineering. The findings in this
study can be used to better understand the physical characteristics of different nonlinear complicated
models.
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