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Introduction

any countries have had or are now experiencing a rapid

fall in fertility due to socioeconomic progress, and

changing marriage beliefs and preferences. The global
average total fertility rate (TFR) has dramatically decreased over
the past six decades, going from 5.28 in 1963 to 2.24 in 2023,
according to the United Nations World Population Prospects
2024. Among the 237 recorded countries and areas in 2023, there
are 130, 65, and 26 countries where TFRs fall below 2.1, 1.5, and
1.3, respectively (United Nations 2024). If the TFR remains below
1.5 for a long time, the country might fall in a “low fertility trap”
that is difficult to escape. According to Lutz and Shirbeek (2005),
once the TFR in a country or region falls below 1.5, it falls into
the “low fertility trap” due to the self-reinforcing mechanisms of
the very low birth rate. How to boost birth rates is a common
concern faced by the entire globe.

To address this concern, various child policies have been
adopted by developed countries facing the “low fertility trap.”
Two typical policies among them are child allowances and edu-
cational subsidies, which are effective in reducing child-raising
costs and thus may encourage adults to have more children and
invest more in their education (Gauthier 2007; Haan and
Wrohlich 2011; Luci-Greulich and Thévenon 2013; Andersen
et al. 2018). We call it the cost reduction effect. However, this
conjecture is valid only if child policies do not alter individual
budget constraints. Let’s consider a case in which the government
imposes wage taxes to finance child policies. Individuals’ dis-
posable income would decrease, which discourages them from
giving birth and investing in education. The income loss effect
would undermine the effectiveness of child policies in boosting
child quality and quantity. Thus, raising policy support is not
always effective, depending on the relative strength of the cost
reduction effect and the income loss effect.

Child allowances and educational subsidies have different
policy objectives. The former aims to reduce childcare costs and
raise fertility, while the latter aims to reduce education costs and
promote human capital accumulation. Some research suggests
that adults determine the number of children and their human
capital by doing a quality—quantity trade-off (Becker and Lewis
1973; Becker et al. 1990; de la Croix and Doepke 2003). In such a
sense, the resource distribution structure between child allow-
ances and educational subsidies, or the policy mix we will refer to
as hereafter, would give rise to adaptive adjustment in individual
life-cycle behaviors (e.g., fertility and private education invest-
ment), and subsequently impact child quality and quantity.
Furthermore, pension benefits would also be affected. In the
PAYG (pay-as-you-go) system, pension benefits are associated
with wage income and the size of the labor force (Stauvermann
and Kumar 2018), with the former depending on the human
capital and the latter on fertility. Therefore, it is essential to
investigate the effects of the child policy mix.

Existing literature generally examines the effects of child
allowances and educational subsidies separately. Regarding child
allowances, their impacts on fertility and human capital are
ambiguous and depend on several parameters, such as the pre-
ference for having children (Fanti and Gori 2009), the output
elasticity of physical capital (Yasuoka and Goto 2015), the pro-
visions of grandparental childcare (Miyazawa 2016), and gender
wage discrimination (Wang and Xu 2020). Some studies discuss
the effects of child allowances in the PAYG pension system,
claiming that the introduction of child allowances could raise
fertility and improve social welfare (Groezen et al. 2003; Yasuoka
and Goto 2011). Regarding educational subsidies, the policy
incentivizes parents to invest more in children’s education and
accelerates human capital accumulation thereby (Yew and Zhang
2013; Morimoto and Tabata 2020). However, their impact on
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fertility is inconclusive, which might be negative (Yew and Zhang
2013), neutral (Zhang and Casagrande 1998), and positive
(Yasuoka and Miyake 2014).

Some theoretical studies incorporate child allowances and
educational subsidies into the overlapping generations (OLG)
model and analyze the effects of multiple policies. These studies
generally claim the opposite impacts of these two policies. For
example, in the scenario without the pension system, Zhang
(1997) shows that educational subsidies could not only directly
promote economic growth but also indirectly raise it by reducing
fertility, while child allowances yielded the opposite effects.
Yasuoka and Miyake (2014) underscore the importance of the
PAYG pension system and find that the pension system might
reverse the effects of child policies if the pension benefit is
associated with human capital. Chen (2015) illustrates that child
allowances would raise the quantity of children, but lower the
quality of children while educational subsidies would increase
both the quantity and quality of children. Stauvermann and
Kumar (2018) conclude that child allowances would raise fertility
but decrease human capital growth, pension benefits, and life
expectancy while educational subsidies lead to the opposite
effects. However, the beforementioned literature treats one policy
as given when analyzing the impact of the other and does not
investigate an optimal policy design.

We assess the economic consequences of child policies and
identify viable policy mixes that simultaneously boost child
quality and quantity and raise pension benefits. Our research is
highly related to Yasuoka and Miyake (2014) and Stauvermann
and Kumar (2018) but differs in several aspects. First, rather than
a small open economy, we construct the model in a closed one,
which can show how child policies affect individual decision-
making through factor pricing. Second, in addition to analyzing
the effects of child allowances and educational subsidies inde-
pendently, we introduce a new parameter that measures the
percentage of child support resources allocated to child allow-
ances into the model, allowing us to examine the effects of the
policy mix. Third, we evaluate not only subsidies for private
education but also subsidies for public education and compare
the two approaches. Lastly, in addition to examining the effects of
child policies within a competitive economy, we also explored the
optimal design of child policies in a social planner’s economy.

Our study makes three contributions to the literature. First, we
provide an alternative explanation for why child policies cannot
always improve child quality and quantity in terms of resource
allocation. Previous research confirms the opposite impacts of
child allowances and educational subsidies and demonstrates that
they are complementary (Zhang 1997; Stauvermann and Kumar
2018). However, implementing these two policies together does
not guarantee an increase in fertility and human capital growth.
We find that increasing policy supports can only improve the
quality and quantity of children when the policy mix is within a
specified range. It emphasizes the importance of establishing a
dynamic linkage mechanism between policy support and the
policy mix.

Second, we differentiate the effects of two forms of educational
subsidies. The public educational subsidy increases the public
educational service provision while the private educational sub-
sidy changes the relative costs of private education. Prior research
concentrates on subsidies for private education (Zhang and
Casagrande 1998; Yasuoka and Miyake 2014; Chen 2015) but
neglects public education. We broaden the discussion and find
the public educational subsidy is more effective when the gov-
ernment spends more money on child allowances. It has sig-
nificant implications for policymakers to choose the appropriate
educational subsidies in different situations.
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Third, we explore the optimal child policy design that max-
imizes social welfare. Unlike existing studies (Yasuoka and
Miyake 2014; Chen 2015; Stauvermann and Kumar 2018), which
primarily focus on the effects of child policies within a compe-
titive economy, our analysis extends to deriving the optimal
relationship between policy support and policy mix in a social
planner’s economy. We find that policy design in a competitive
economy cannot achieve maximum social welfare.

The remainder of the paper is organized as follows. Section
“The model” constructs an OLG model with child allowances and
private educational subsidies. Section “Comparative statics”
evaluates the effects of child policies in the steady state. Section
“Numerical simulation” conducts a numerical simulation and
explores the relationship between policy support and the policy
mix. Section “Further analysis” extends discussions on subsidies
for public education and a social planner’s allocation. The final
section “Conclusion and discussion” concludes the paper.

The model

In this section, we incorporate child allowances and private
educational subsidies into a three-period OLG model. The
economy is a closed system which consists of homogenous agents,
identical firms, and the government. In specific, agents maximize
their lifetime utility by choosing consumption, saving, fertility,
and education investment. Firms maximize their profits by
employing physical capital and efficient labor for production. The
government runs a child support scheme, a PAYG pension
scheme, and a public education scheme based on a balanced
budget. Noted that the closed-economy model offers the advan-
tage of endogenizing wage rates and returns on physical capital.
This feature allows for a more nuanced analysis of the dynamic
effects of child policy on key economic variables and helps elu-
cidate the intrinsic relationships between different policy instru-
ments. (We choose a closed-economy model over a small open-
economy model based on three key considerations. First, in a
closed-economy model, wage rates and returns on physical capital
are endogenous outcomes of economic equilibrium rather than
exogenously determined constants. This endogeneity enables an
analysis of how child policies affect individual life-cycle resource
allocation by altering factor prices. Second, while small open-
economy models offer simplicity in solving complex models, their
results heavily rely on exogenous assumptions, making it chal-
lenging to isolate the effects of policies. Third, from a practical
perspective, for countries with strong economic autonomy or
limited dependence on external markets, such as China, a closed-
economy model better reflects their economic characteristics.)
These dynamics are difficult to capture in a small open-
economy model.

Agents. We assume time is discrete and continues forever. Agents
are identical within a generation and live for three periods,
namely childhood, adulthood, and old age, corresponding to
periods t—1, t, and t+ 1, respectively. In childhood, agents
embody human capital and make no decisions. In adulthood,
agents allocate their disposable income to consumption, savings,
and child-raising. In old age, they retire and live upon the gross
returns of savings and pension benefits.

Education and genius are two key factors affecting human
capital accumulation. The former refers to formal education that
young agents receive from school, and the latter refers to the
cognitive ability and intelligence quotient inherited from parents.
Following Blankenau and Simpson (2004), the human capital
accumulation function is formulated as:

h, = Be] E! \hi")7" B>0, 0<y<1, 0<x<1 (1)

where e,_, represents parents’ private education investment in
each child, E, ; stands for the government’s public education
spending on each child, h,_; denotes parents’ human capital. B is
a human capital scale factor, and y and # are the elasticity of
human capital technology concerning private education invest-
ment and public education spending, respectively.

In period t, agents in adulthood are endowed with h, units of
human capital and supply it inelastically in the labor market to
obtain wage income w,h,, with w, being the wage rate. After
paying various taxes, adults distribute their disposable income
(1 — 7 — 8 — 0)w,h, into consumption, savings, and child-raising,
where 7, 6, and o are the wage tax rate, the pension contribution
rate, and the public education tax rate, respectively. Assuming
caring a child takes v percent of wage income (Boldrin and Jones
2002; Fanti and Gori 2012; Stauvermann and Kumar 2018),
parents need to pay vw,h,n, to care n, children and extra e,n, to
educate them. Following Schindler and Yang (2015), we assume
child policies are funded by wage income taxes. The greater the
support for childbirth, the higher the wage income tax, and the
lower the individual disposable income. This is referred to as the
income loss effect. The government shares y, percent of childcare
costs by child allowances and ¢, percent of private education
expenses by educational subsidies. Thus, parents’ actual child-
raising costs are (1 — x,)uw,h,n, + (1 — ¢)e,n,. It is evident that
actual child-raising costs are negatively correlated with child
support, which is termed as the cost reduction effect. When
agents step into their old age in period t+ 1, their old-age
consumption is financed by savings plus returns and pension
benefits. Thus, the budget constraints of agents in adulthood and
old age are:

g=101—-1=0—-0wh, — (1 -y )vwhn, — (1 —¢)en, —s,

(@)

dipy = Riy8 + Py (3)

where ¢, and d,, represent consumption in adulthood and old
age, respectively, s, denotes savings with R, | being the rate of
return on savings, and p, | stands for pension benefits.

Following Ehrlich and Lui (1991), de la Croix and Doepke
(2003), and Stauvermann and Kumar (2018), agents care about
not only their consumption in adulthood and old age but also the
quantity and quality of their children. The agents’ lifetime utility
function is expressed as:

U, = Inc, + BInd, + ¢In(nh, ), 0<B<1, ¢>0 4)

where f3 is the discount factor, and ¢ is the altruism factor.

By maximizing agents’ lifetime utility subject to their budget
constraints, we derive the optimal saving, fertility, and private
education investment per child as follows:

B 1+¢ Py
=—(1—-7—-0-— h ————
St 1+(P+ﬂ( T o)wh, 1+¢+pBR,., (5)
p(l—y)

P
Q1-7—0—0)+=——""——| (6)
R ywihy

M U+ e+ P -y

1—
=1 r 1 Xé)l/ w;h, (7)
-y 1=¢

¢

Equations (6) and (7) show that given other parameters fixed,

higher wage income would decrease fertility and increase private

education expenses in each child and thus human capital, which

is in line with the substitution between child quantity and quality
found in Becker and Lewis (1973).
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Firms. We assume a continuum of firms produce a homogenous
good in a competitive market by hiring physical capital and
efficient labor with the Cobb-Douglas production function of:

Y, = AKL} ™%, A>0, O<a<l (8)

where Y,, K,, and L, stand for the aggregate output, the physical
capital input, and the efficient labor input in period ¢, respectively.
A denotes the productivity of technology, and « represents the
output elasticity of physical capital. Suppose N, is the number of
adults in period t and satisfies N, = N,_;n,_;, and then the
efficient labor is L, = N,h,.

Assuming that output is sold at one unit price and physical
capital fully depreciates at the end of each period (Yew and Zhang
2009; Fanti and Gori 2012; Cipriani and Pascucci 2020), profit
maximization leads to the optimal wage rate w, and the rate of
return on physical capital R, as:

w,=(1- oc)A(kt/ht)a, R, = O‘A(kt/ht)‘xil )

with k, = K, /N, denoting physical capital per worker. Moreover,
the output per worker can be expressed as y, = Ak*h}~“.

Government. The government levies a wage tax on adults’ wage
income to channel child support resources and distributes u
percent on child allowances and 1 — p percent on educational
subsidies. Specifically, 4 describes the child policy mix, with a
larger p indicating that more resources are devoted to reducing
childcare costs, otherwise private education costs. Recall from Eq.
(2) that childcare costs and private education expenses afforded
by the government are x,vw,h,n, and ¢,e,n,, respectively. Then we
have urw,h, = y,vw,h,n, and (1 — y)rwh, = ¢e,n,, which could
be simplified to:

Xt = ut/(vny), & = (1 —wrw;h,/(en,) (10)

Additionally, the government operates a PAYG pension
scheme where pension benefits paid to retirees are financed by
adults’ pension contributions, and a public education scheme
where public education spending is supported by public
education taxes. The two schemes are operated separately and
in budget balance so we have Ow/N,=pN, , and
ow N, = EN,, ;. Pension benefits and public education
spending can be expressed as:

(1)
The pension replacement rate is an important criterion to

measure the relative level of pension benefits (Buyse et al. 2017),
which can be calculated as the ratio of pensions to wage income:
Py Ow,y1hean, (12)

8 = =
t+1
w,h,

p = Owhn,_,, E, = owh/n,

w;h,

General equilibrium. Given the initial physical capital per
worker k, and efficient labor per worker A, the equilibrium based
on the OLG model is a sequence of individual decision variables
{c,dy1,8, 1,6} production factor variables (K, L};°,,
factor price variables {w,,R,};°,, and policy variables
{&6 Xe> Piy1» Edd oy such that:

(@) Given {w,, R, &, x,, P11, E;}> agents maximize their lifetime
utility by choosing consumption, savings, fertility, and
education investment.

(b) Given {w,,R,}, firms maximize profits by allocating
physical capital and efficient labor.

(c) The government runs a child support scheme, a PAYG
pension scheme, and a public education scheme, and
maintains a balanced budget for each scheme.

(d) The labor market is clear. Labor needed for firm production
is equivalent to labor supply from adults; that is, L, = N,h,.
(e) The physical capital market is clear. Physical capital needed
for firm production is financed by savings of adults from
the last period; that is, K, ; = N,s,. Dividing both sides by

N, ., we obtain:
kipy =s./n, (13)

In the stationary equilibrium with perfect foresight, y,, k,, and
h, grow at the same rate g, while k,/h,, w,, R,, n,, and §, are
constant over time. Defining physical capital per efficient labor as
k, = k,/h,, the saving rate as §, = s,/(w,h,), the private education
investment rate as ¢, =e¢,/(w;h,), and the public education
spending rate as E, = E,/(w,h,), we derive the equilibrium as
follows:

§=pl—1—0—0)/m (14)
n*zl{sb(l—y)a—r—e—a)wT} 5
14 am
5=%Fﬁt::£19+ﬂ—mﬂ (16)
n am
E = a/n" (17)
T RS IS S WAL

where m=Q0Q+¢+p+1+¢001—a)a
¢ = ¢la+ 0(1 — a)]. Apart from the trivial steady state where

physical capital per efficient labor is zero, k is the unique positive

solution to the dynamic equation I~<t = f(l~<,), derived from Eq.
(13). Moreover, given that the function f(.) is non-decreasing and

concave, k is globally stable as demonstrated in Appendix A.
The corresponding steady-state level of the human capital
growth rate and the pension replacement rate are:

. —aly+n)

(n)

., «(y+1)

§={E”m—mm“%)

1
1—q) ~* H(1—a)) aGFn—at
i a)(E ) } -1

@)
(19)

S =0n(1+g) (20)
According to the above equations, we can analyze the effects of
child support policies in the stationary equilibrium.

Comparative statics

In this section, we conduct a comparative static analysis of the
effects of child policies. To figure out the economic consequences
of each child policy, we investigate the economies with child
allowances only, with educational subsidies only, and with both.

Child allowances. If the government provides only child allow-
ances, all child support resources aim to reduce childcare costs. In

AX
this case, ¢ = 1. We obtain the derivative of §, n", ¢, E , ", and
8" with respect to 7:

& dn” de dE de’

=<0, 550, =<0, =<0, =<0 1)
dT<’dT>’dT<’dT<’dT<

ds" __ s —y—an
F_oc(y+r1)—uc+1[1—1—9—0“'(1_0‘) @)

am—¢(1 —y)
(1 —-yY—- 77) ¢(1—y)(1—1—9—n)+mmi|
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a)(1—y—mlam—¢(1—y)-(y+an¢d—y) _
(A=) A=y=m)+(y+an)]lam—¢(1-y)]
have % >0, and otherwise % <0. Then the following
proposition holds:

Proposition 1. Child allowances raise fertility but depress
human capital growth. Moreover, there is an inverted U-shaped
relationship between child allowances and the pension
replacement rate.

In general, child allowances affect fertility through the cost
reduction effect and the income loss effect. On one hand, child
allowances encourage adults to have more children by sharing part
of childcare costs. On the other hand, more child allowances entail a
higher wage tax rate, resulting in lower disposable income, which
restricts adults to give birth. The result of comparative static analysis
shows that fertility eventually rises since the cost reduction effect is
stronger than the income loss effect, driving down the public
education spending on each child according to Eq. (17) and thus
lowering human capital growth. Based on the trade-off between
child quality and quantity, child allowances raise the relative cost of
private education and thus reduce education investment in each
child, which also hurts human capital accumulation. This finding is
consistent with Stauvermann and Kumar (2018).

According to Eq. (20), the pension replacement rate is jointly
determined by fertility and human capital growth. Equation (22)
shows that when child allowances are insufficient (r<t;), the
increase in fertility outweighs the decrease in human capital
growth and eventually promotes the replacement rate. When
child allowances are adequate (7> 7,), the fall in human capital
growth dominates and reduces the replacement rate. Therefore,
child allowances first increase the replacement rate before
reaching the inflection point and decrease it thereafter.

When 7<(1 — 0 — cr)(1

=1, We

Educational subsidies. If the government only subsidizes parents’
education investment, we have g = 0. In this case, by taking the

A ¥
derivative of §, n", ", E , g", and 8" with respect to 7, we obtain:

A%
ds* dn” _dé  dE dg
—<0, —<0, —>0, >0, (23)
dr 7 dr T dr dr dr
ddi _ & [—(1—y—n>(1 —9a>—a(y+ )
+n)—a+1 1-7-6—
T ay+n)—a ¢‘r 4 (24)
am —
+Y(1 - ‘x)¢y(1—1—6—37,)+mmi|
When 1< A—0—0)y{(d—a)am—¢la(y+n+1—a)1-n]} _ =1, we have

[a(y+f7)+(1 a)(1—n)](am—¢y)

‘” >0, and otherwise 4~ >~ <0. Then the following proposition holds:

Proposmon 2. Educational subsidies raise human capital
growth but decrease fertility. Moreover, there is an inverted U-
shaped relationship between educational subsidies and the
pension replacement rate.

Like child allowances, educational subsidies affect fertility in
two ways. On the one hand, an education subsidy reduces
parents’ education expenses and encourages adults to have more
children. On the other hand, less wage income and disposable
income induced by a higher tax burden restrict adults to give
birth. Unlike child allowances, the income loss effect in this case
plays a leading role, so the net impact of educational subsidies on
fertility is negative. Lower fertility increases public education
spending on each child. Based on the substitution between child
quality and quantity, educational subsidies reduce the relative
cost of private education and stimulate parents to increase
education investment in each child. An increase in both public
education spending and private education investment promotes
human capital growth. Our finding is consistent with Yasuoka
and Miyake (2014) and Stauvermann and Kumar (2018).
Moreover, if the education subsidy is relatively small (large),

the increase in human capital growth is greater (smaller) than the
decrease in fertility, which raises (decreases) the replacement rate.

Policy combination. According to Propositions 1 and 2, child
allowances and educational subsidies have opposite effects on
fertility and human capital growth, and they all have an inverted
U-shaped effect on the pension replacement rate. To investigate
the aggregate effects of implementing child allowances and edu-
cational subsidies simultaneously, we analyze in a framework
incorporating both child policies.

The policy mix and policy support are two primary dimensions
of child policies. We first examine the impact of the child policy

Lk
mix by taking the derivative of §,n', @, E, g and 8
concerning u:
* * ¥
ds dn’ de dE d;
B0, %50, % <o, 25 <o, dg” _ (25)
du du du d du
s _ 8 (1—ayram 1-y—y
dy T aly+tm—a+l |¢(1—y)(A—7—0—0)+puram (26)
Y
_¢)’(1*T*9*0)+(17‘1/¢)mm]
When y< zam(l— yf’gm(“iwﬁ T9°9) — 4., we have d‘j: >0, and

otherwise 2 <0. Then the following proposition holds:

Proposition 3. In a policy mix involving child allowances and
educational subsidies, an increasing proportion of child allowan-
ces leads to higher fertility, a decline in human capital growth,
and an inverted U-shaped pattern in the pension
replacement rate.

Given the policy support, a higher proportion of resources
allocated to child allowance would raise fertility and reduce the
human capital growth rate as the effect of child allowances is
amplified. A policy mix that emphasizes educational subsidies
does the opposite. It suggests that adjusting the policy mix alone
cannot simultaneously boost child quality and quantity, which
underscores the importance of considering both the policy mix
and policy support in the policy design. In addition, Eq. (26)
shows that the replacement rate increases with the policy mix
when child allowances account for a smaller ratio (A<A;) but
decreases otherwise. Therefore, given the policy support, there is
an optimal child policy mix that maximizes the replacement rate.

We then analyze the effects of the child policy support. Taking

A%
the derivative of 5, n", &, E, g, and & with respect to T,
respectively, we obtain:

s —p @)
dr  m
dni” _1[  ¢(-y)
7 | 28
dr 14 |:‘U am ( )
e, amfoy-pi-0-0)
dr [¢(1 — (1 — 17— 0 — 0) + pram]
dE_ —o [ ¢(1-y) 30)
v (") am
dg _ _ l4g { (= (1 — wam — ¢y]
dr — a(y+n)—a+1 ¢yl —1—0—0)+ (1 —pram
(31)
__ Gtnem—¢0-p] _ _ay+n) }
¢1—y)(1—1—0—0)+utam 1-1—-0—0
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Fertility
>

Human capital growth rate
s

N

Pension replacement rale

o
S

0 0.03 0.06 0.09 0.12 0.15 () 0.03 0.06
Policy support

Policy support

0.09 0.12 0.15 0 0.03 0.06 0.09 0.12 0.15
Policy support

Fig. 1 The effects of child policy support. Note: These figures simulate the effects of changing the child policy support level on fertility, the human capital
gowth rate, and the pension replacement rate in cases where the policy mix is 0, 0.25, 0.5, 0.75, and 1, respectively.

s _ s (1 — a)y[(1 — wam — ¢y]
dr 7 ay+np)—a+1 | ¢yl—17—0—0)+ (1 —pwram

+(170¢)(1*)/*11)[/4amf¢(1—y)] _a(y+n) }
¢(1—y)(1—1—0—0)+uram 1-7—6—0

(32)

Regarding Egs. (28) and (30), when ‘u>¢(;—;’y) = u,, we have

‘2—”; >0 and %<0. As for Eq. (29), ‘fi—i<0 if u>1 — y. Due to the
complexity of Egs. (31) and (32), it is hard to identify the sign of
% and %’ (The sign of dg*/dr and dé" /dr are all determined by

. . . . @ cednt d_é*
quadrat{c functions of 7.) But in particular, -~ <0 if - >0, =<0,
dE

and %-<0, when p> max{l —yp,u,}. Then the following
proposition holds:

Proposition 4. The effect of child policy support on fertility
depends on the policy mix, while that on human capital growth
and the pension replacement rate is ambiguous.

As mentioned above, raising policy support would have the
cost reduction effect and the income loss effect. Its net impact
depends on the policy mix. On the one hand, Propositions 1 and
2 imply that increasing policy support would enlarge both the
positive effect of child allowances and the negative effect of
educational subsidies on fertility. On the other hand, increasing
the proportion of child allowances would amplify the effects of
child allowances. When the proportion gets above the critical
value (A>1,), the positive effect outweighs the negative. Increasing
the policy support at this point would raise fertility and thus
reduce the public education spending rate. As for human capital
growth, a higher focus on child allowance strengthens the
negative effect of child allowances and diminishes the positive
effect of educational subsidies. Theoretically, there exists a
threshold of policy mix above which the human capital growth
rate declines with the increase of policy support but we can not
determine its feasibility. Thus, the effects of raising policy effort
on the pension replacement rate are ambiguous.

Numerical simulation
Parameterization. The values of 3, v, a, y, and # are in line with
those in literature. Previous studies (Yew and Zhang 2009;
Mizuno and Yakita 2013; Cipriani and Pascucci 2020) usually set
the quarterly discount factor as 0.99. Taking one period of the
OLG model as 30 years, then the discount factor over a period is
B$=0.99120=0.3. According to the statistical result of Banerjee et al.
(2014), we assume rearing a child costs 10% of wage income, that
is, = 0.1, which is consistent with the setting in Yew and Zhang
(2009). Following Fanti (2014) and Liu and Thegersen (2020), we
set the output elasticity of physical capital a= 0.35. Regarding the
elasticity of human capital technology, we set y + #= 0.5 based on
the empirical results of Qin et al (2016) and Yuan (2017). We
further assume y=#=0.25.

We then determine the values of 0, g, ¢, A, and B based on
Chinese data. The contribution rate of China’s basic old-age
insurance for urban employees is 16% since May 2019, so we set

6

0=0.16. According to the data of the China Statistical Yearbook,
the average ratio of public education spending to GDP is 3.58%,
then ow,L,/Y,= 3.58%. From Egs. (8) and (9), we obtain w,L, =
(1 —a)Y, and calculate 0=0.055. The 2020 Chinese census
shows that the TFR in China is 1.3. Noting that the OLG model
does not distinguish genders, the fertility in the model is half of
the TFR, that is, n=0.65. We assume 7= 0.05 and y= 0.5 in the
base case due to the lack of practical data. We plug relevant
parameter values into Eq. (15) and get ¢=0.096. Furthermore,
the annual economic growth rate is assumed to be 5% so
g=1.05%0—-1=3.322, and the pension replacement rate & is
calculated as 0.449 from Eq. (20), which is close to the current
average in China. By calibrating the productivity of technology
and human capital scale factor with Eq. (19), we get A= B=9.333.

Simulation results. Figure 1 shows the effects of increasing policy
support given different policy mixes. We find when the govern-
ment allocates all resources to educational subsidies (u=0),
increasing policy support would decrease fertility and increase
human capital growth, which is consistent with Proposition 2. On
the other extreme case (u=1), the effect of increasing policy
support gets reversed, confirming Proposition 1. When imple-
menting both child policies (0 <u< 1), the effects of policy support
depend on the policy mix as stated in Proposition 4. We notice
that if the policy mix satisfies certain conditions, intensifying
policy support within a reasonable range can improve both fer-
tility and human capital growth (e.g., #=0.25 and 7<0.07). It
suggests that a careful policy design in both the policy mix and
policy support is needed to boost the quality and quantity of
children. In addition, raising policy support appropriately could
increase the replacement rate regardless of the policy mix, (By
plugging in relevant parameters, we calculate 7, =0.362,
7, =0.182. According to Proposition 1, when the government
allocates all resources to child allowances, raising policy support
could increase the replacement rate if 7<0.362. According to
Proposition 2, when the government allocates all resources to
educational subsidies, raising policy support could increase the
replacement rate if 7<0.182.) but the specific degree of influence
is slightly different.

Figure 2 illustrates the effects of the child policy mix under
different support levels. Consistent with Proposition 3, a policy
mix putting more focus on child allowances (increasing y) would
yield higher fertility and lower human capital growth, and an
inverted U-shaped change in the pension replacement rate. In
particular, the optimal policy mix achieving the maximum
replacement rate is y= 0.578 when 7= 0.05, which means if the
government taxes 5% of wage to channel funds into child support,
devoting 57.8% of policy resources to child allowances yields the
highest replacement rate. Additionally, the higher the policy
support, the more significant the effects of the policy mix would
be.
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Fig. 2 The effects of the child policy mix. Note: These figures simulate the effects of changing the child policy mix on fertility, the human capital gowth
rate, and the pension replacement rate in cases where the support level is 0.03, 0.05, 0.07, and 0.09, respectively.

Table 1 Corresponding critical values of policy mix to policy support.

T 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09 0.095 0.10
I 0.586 0.594 0.600 0.605 0.609 0.613 0.617 0.620 0.623 0.625
Uy 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054
Uq 0.460 0.426 0.397 0.373 0.352 0.333 0.317 0.302 0.289 0.277
Up 0.487 0.475 0.464 0.454 0.445 0.436 0.428 0.420 0.412 0.405
Ye 0.264 0.251 0.239 0.228 0.218 0.209 0.200 0.193 0.185 0.178
Ug 0.297 0.21 0.157 0.120 0.092 0.072 0.056 0.044 0.034 0.026

Desired policy mixes are those in which raising policy support
simultaneously increases the fertility rate, the human capital
growth rate, and the pension replacement rate above the baseline
values (n>0.65, g>3.322, §>0.449). As stated in Proposition 3,
raising y would increase n and decrease g. We subsequently
suppose that y, is the minimum value that ensures #>0.65 and g,
is the maximum value that ensures ¢>3.322. According to
Proposition 4 and Fig. 1, raising T would always increase n if y>u,
and decrease g if y>u.. Thus, increasing policy support would
raise fertility above the baseline if y> max{y,,u,} and improve
human capital growth above the baseline if u <u<y,. As for 6,
recall that when p<y,, raising either y or v would increase 6.
Assuming that g, is the minimum value that ensures §>0.449,
raising 7 would increase the pension replacement rate above the
baseline if y, <py<y,. In summary, when the policy mix satisfies
the condition of max{u,,u,,u , u;}<u< min{y,,u,}, increasing
policy support would simultaneously boost the quality and
quantity of children and raise pension benefits.

Table 1 shows the corresponding critical values of the policy
mix given some policy support levels. When 7 ranges from 0.055
to 0.10, we have max{y,, p , 4 }<p,<p,<@,» which satisfies the
constraint condition of max{u,,u,, 4, 4 ;}<p< min{y,,4,} and
indicates there exists a range of policy mixes with which the
government devotes more policy support would boost child
quality and quantity and raise pension benefits simultaneously.
For example, when 7= 0.08, y should be in the range of (0.333,
0.436). It suggests that the percentage of child support resources
devoted to child allowances should fall between 33.3% and 43.6%
when policy support (the wage tax rate) is 0.08. In addition, if the
government prefers greater improvements in the fertility rate and
the pension replacement rate, the policy mix could be closer to
the upper limit; if the government is more interested in
promoting the human capital growth rate, the policy mix could
be closer to the lower limit. Therefore, it is important to establish
a dynamic adjusting mechanism that relates policy mix with
policy support when designing child policies.

Further analysis

Subsidies for public education. There are basically two types of
educational subsidies. One is targeting private education to share
parents’ educational investment; the other is to subsidize the

provision of public education. For example, Arizona’s school
voucher program is a typical private educational subsidy but in
China, Germany, and France, the public educational subsidy is
more common. The two kinds of educational subsidies have
different influences on child-raising decisions, so we evaluate and
compare the effects of child policies involving the two kinds of
educational subsidies in this section.

Since the public educational subsidies are used to increase
public education provision instead of sharing private education
costs, the budget constraint of adults becomes:

(33)

With agents’ lifetime utility function and the human capital
accumulation function unchanged, we solve the utility maximiza-
tion problem subject to budget constraints. The optimal savings
and fertility are consistent with Egs. (5) and (6), while the optimal
private education investment in each child becomes:

¢=10-17-0-0wh, — (1 -y vwhn, —en, —s,

e, = L(l — X )vwh,

e (34)

The setup of firms and the government is the same as in
Section “The model” except that 1 — y percent of child support
resources are to subsidize public education provision, not private
education investment. The balanced budget of the child support
scheme run by the government becomes:

1—
ZH_T7Et:7( H)T—‘FUW
vn, n,

Xi oy (35)

According to the market clearing conditions, we can derive the
endogenous variables in the steady state. The saving rate §', the
fertility rate #”, the human capital growth rate g", and the pension
replacement rate 8" are the same as Egs. (14), (15), (19), and (20),
respectively. The private education investment rate per child &"

and the public education spending rate per child E are expressed
as:

é*=¢y(l—f—0—o)

. (36)
amn
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Fig. 3 The effects of child policy mixes with public educational subsidies implemented. Note: These figures simulate the effects of changing the child
policy mix invloving public educational subsidies on fertility, the public education spending rate, the human capital gowth rate, and the pension replacement
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A*_(l—‘u)r-l-a

E 37)

We first investigate the effects of the policy mix by taking the
n', e, E , g, and 8" with respect to y. We get

dn” de” di’ dg
dﬂ =0, di >0, i <0, m <0, =<0, while

das 5 (1—a)ram

duy T aly+n)—a+1

. . A*
derlvatlve of §,

1-y—1
{¢(1 -1 —7—0—0)+uram (38)
. n
[ —mr+alam}

(=y=ntoam—n¢(1—y)(1-7-0-0) _
(1=y)ram

>O and £- d‘s <0 otherwise. Then the following proposition

From Egq. (38), when p< A;, we

have

holds

Proposition 5. In a policy mix involving child allowances and
public educational subsidies, an increasing proportion of child
allowances leads to higher fertility, a decline in human capital
growth, and an inverted U-shaped pattern in the pension
replacement rate.

When the government focuses on child allowances, childcare
costs drop but private education costs remain unchanged, which
leads to higher fertility and lower private educational investment
per child. Relatively insufficient public educational subsidies
further reduce public education provision, which results in less
public education received by each child and slower human capital
growth. In addition, when the proportion of policy resources on
child allowances is relatively small (u<u,), the increase in fertility
plays a leading role and the replacement rate rises according to
Eq. (38). If the government devotes more resources to child
allowances (4 2 y,), the decrease in the human capital growth rate
dominates and drives the replacemgnt rate down.

We then differentiate ', n", ¢, E , g, and 8" with respect to
to examine the effects of changmg policy support. We obtain that

ds =<0, 'ffT <0, and d" >0 when y>pu,. Furthermore,
K
dE._9(1 = y)(1 = 0) — ul¢(1l — )1 = 0~ 0) + o]
dr [¢(1 — p)(1 — 7 — 6 — 0) + pram]’
(39)
%*z : 1+)g {(%y;n)ume—«s(l)—y)]
T —a+tl | dl—pl—1-0-0)+
T aly+n)—«a ¢ y T 0)+ pram (40)
ytan n(lfvc)(lfy)}
1-17—60—0 (1-wr+o
ds’ _ s {(lfyfw(lfa)wamwu—y)]
dr = aly+n) —a+1 ¢(1—y)(1—7—060—0)+puram
(41)
___ytay _l_n(lf«x)(lf/x)}
1-7—0—0 (1-wr+o
Re ardin Eq. (39), when u< 9(1=p(1-9) =u,, we
garding £q. K= =00+ ofam—g(1—)] /‘4’
have = >0. Although we can not fully identify the sign of = and
8

‘fj—‘f, %{<0 can be derived when p>p,. Then the following

proposition holds:

Proposition 6. With public educational subsidies involved, the
effect of child policy support on fertility still depends on the
policy mix, and its influences on human capital growth and the
pension replacement rate are also ambiguous.

Child allowances and public educational subsidies still have
opposite effects on fertility and human capital growth. When
implemented together, raising policy efforts also has the income
loss effect and the cost reduction effect. The former restricts
agents to give birth and reduces private education investment in
each child, while the latter reduces childcare costs but no longer
private education costs, leading to higher fertility and less private
education investment in a child. Both mechanisms discourage
private education investment in a child but the effects on fertility
and human capital growth depend on the policy mix. A policy
mix putting more focus on child allowances (increasing )
enlarges the cost reduction effect and raises fertility. Although
raising policy efforts would increase total public education
spending, public education received by each child may decrease
if fertility increases more. Accompany with less private education
investment, the human capital growth rate declines. If fertility
drops, public education received by each child increases. The
changes in human capital growth become ambiguous and so is
the pension replacement rate.

Next, we conduct a numerical simulation to confirm the above
two propositions. Letting g*: 3.322 when 7=0.05 and y=0.5 as
the benchmark parameterization, we calibrate A=B=10.276.
Figure 3 demonstrates the effects of changing the policy mix with
public educational subsidies implemented, which is consistent
with Proposition 5. (For the effects on the replacement rate, we
find the inflection point is y;>1 (which is out of feasibility) when
7<0.07. Thus raising ¢ could always increase the replacement
rate according to Proposition 5.) Figure 4 illustrates the effects of
increasing policy support with public educational subsidies
implemented. It shows that the changes in all three variables
(fertility, human capital growth, and replacement rate) are subject
to the policy mix.

We then simulate the corresponding critical values of the policy
mix that ensures key variables above the baseline values given
some policy support levels. Table 2 shows that we have
Yo <W <py<p,<i,<u; when 7 ranges from 0.055 to 0.1. Thus, there
exists a policy mix satisfying the constraint condition of
max{p,, 4,, U, iy} <p< min{y,, 4, } such that raising policy support
would boost child quality and quantity as well as pension benefits.

Lastly, we compare the effects of child policies between the two
types of educational subsidies. The simulation results are shown
in Fig. 5. First, the effects on fertility coincide. Second, given the
policy mix (y=0.5), subsidies for private education achieve a
higher human capital growth rate and pension replacement rate
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Table 2 Corresponding critical values of policy mix to policy support with public educational subsidies implemented.
T 0.055 0.06 0.065 0.07 0.075 0.08 0.085 0.09 0.095 0.10
Uy 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054 0.054
U3 1.093 1.059 1.030 1.005 0.984 0.965 0.949 0.934 0.921 0.909
Uq 0.460 0.426 0.397 0.373 0.352 0.333 0.317 0.302 0.289 0.277
Up 0.473 0.450 0.430 0.412 0.396 0.382 0.369 0.357 0.347 0.337
Ue 0.140 0.135 0.131 0.126 0.122 0.118 014 0.110 0.107 0.103
Uy 0.420 0.359 0.312 0.275 0.246 0.221 0.201 0.184 0.170 0.157
12 45 07 =
Subsidies for public education Subsidies for public education Subsidies for public education
40
1.0 00
5 oo g
% 08 '% %o
= gzo E
£
06 * o
25
U40 0.03 0.06 0.09 0.12 0.15 & 0 0.03 0.06 0.09 0.12 0.15 0 0 0.03 0.06 0.09 0.12 0.15
Policy support Policy support Policy support
1.1 ) 0.5¢
Subsidies for public education ubsidies for public education ubsidies for public education
sk 0.48
0.9 k-3
% Soss
> o g
g 07 ‘% %0 44
¢ g3 =
E E 0.42
0.5 = &
2 0.40
030 0.2 0.4 0.6 0.8 1 10 0.2 04 0.6 0.8 1 0380 0.2 04 0.6 0.8 1
Policy mix Policy mix Policy mix

Fig. 5 The effects of child policies under the two kinds of educational subsidies. Note: The black line represents the scenario where the government
subsidizes private education, while the blue dashed line represents the scenario where the government subsidizes public education. The three figures in the
first row illustrate the effects of changing the policy support level on fertility, the human capital growth rate, and the pension replacement rate respectively
when the policy mix is 0.5. The three figures in the second row depict the effects of changing the policy mix on fertility, the human capital growth rate, and

the pension replacement rate respectively when the policy support is 0.05.

when the government increases the policy support (7>0.05). On
the other hand, given the policy support (7= 0.05), subsidies for
private education yield a greater human capital growth rate and
replacement rate when the government favors educational
subsidies (¢<0.5). Therefore, the policy combination involving
private educational subsidies performs better when the policy
support is raised or educational subsidies are preferred.

Social planner’s allocation. Previous analysis has evaluated the
economic consequences of altering child policy support and the
policy mix within a competitive economic framework but have lar-
gely overlooked their welfare implications. Since enhancing social
welfare is a core objective of public policies, this sub-section illustrates
the allocation decisions of a benevolent social planner. The planner

considers the welfare of all generations and commits to decisions at

the beginning of a period, subject to the resource constraints.
Following Ono and Uchida (2021), the social welfare function is

defined as the discounted sum of the lifetime utility of all current and

e8]
future generations: SW = > p'U,. The parameter 0<p<1 denotes
t=—1

the social discount factor, capturing the weight the social planner
assigns to future generations relative to the current generation.
Combined with Eq. (4), the social welfare function can be specified as:

SW = /l_j Ind, + Zopt[ln ¢+ Blnd +¢ln(nh, )] (42)
t=

According to Section “The model,” the resource constraint
faced by the social planner is Y, =N,c,+ N, d,+ N,
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(e, + E;) + N, ,vw,h, + K, |, which can be rewritten as:

AKh ™ = ¢, +d,/n,_, + (e, + E)n, (43)

+vn,(1 — ) Ak{h ™ + keyiny

Furthermore, to ensure the validity of the social planner’s

problem, we impose the transversality condition, which guaran-

tees that resources are neither over-accumulated nor inefficiently
utilized over time. This condition is expressed as:

for k as ¥(p). By equating physical capital per efficient labor in
the social planner’s economy with that in the competitive
economy—specifically, by solving Egs. (18) and (53) simulta-
neously—we obtain the optimal design of the child policy under
social welfare maximization. The optimal relationship between
policy support and policy mix is then expressed as: (The specific
derivation process is provided in Appendix B.)

S InA+ yln[¢y(1 — 0 —0)]+ (1 —y — In[¢p(1 — y)(1 — 0 — 0)] — In(1 — 6 — 0) — (1 — #)In(am)

(54)

q, + pt

im P Ak, = 0 (44)
where A, represents the Lagrange multiplier. As time approaches
infinity, the discounted marginal utility of future physical
capital, multiplied by the capital stock, converges to zero,
ensuring dynamic consistency and rationality in resource
allocation.

We construct the Lagrangian function to solve the social
welfare maximization problem, which is given by:

L= g Ind, + t;)p‘ [Inc +Blndy,; + @ln(nhy,,)]

(45)

n,

o0

+ 2 A [Ak(txhtlia — G — d (e, + Epn,
=0 i1

—vn,(1 — a)AKh, % — k,yn,]

Given k, and h, the social planner maximizes social welfare by
selecting the consumption levels of adults and the elderly, along
with private and public educational investments, fertility rates,
and physical capital per efficient labor for the next period. From
this, we derive the following optimality conditions:

A=p'/c (46)
dy = Pen,_y/p (47)

pyp = Anie, — A (1= (X)Akf‘+1htl;f‘y[1 —vn (1 - 0‘)]
(48)

onp' = AmE, — A, (1 — a)Akf‘Hh,l;f‘n[l — v (1= “)]
(49)

‘PPt =MAn, [et +E +v(l — “)Ak‘txh}_a + kH—l] —Aa e /1y
(50)

(51)

Based on the above equations, we can derive the steady-state
fertility rate and physical capital per efficient labor in the social
planner’s economy:

1 [B+pd+e+Plla+ 1 —a)y+n]—[B+ e —y—n)]

A, = )LHlocAkf:llh:;f‘[l —vn, (1 —a)

n=

(1l —a) B+pd+e+Plla+1—a)y+n—1/p]
(52)
. { P RALB + p(L + ¢ + B L — vl — )] }
=BT /pY A e 4+ (1 — @B+ p(1+ @ + BT — vl — )]}
(53)

It is easy to observe that 7 and k are both functions of p. For
convenience, we define the expression inside the curly brackets

10

__ ¥(p)Bm — _ —am—¢y _ amy
where A = —"’5 (1 — a)AP " et g, = Fiormor & = Fa =0

According to Eq. (54), given the policy mix, the social discount
factor, and other parameter values, the optimal policy support
that maximizes social welfare can be determined. It is important
to note that this analysis assumes the economy operates under a
dynamically inefficient state, which aligns with the empirical
evidence of China’s economic characteristics and the model’s
parameter settings.

Next, we proceed with numerical simulations. On the one
hand, to ensure that 71>0, the social discount factor must satisfy

[+ o)A —y—n) *
P Thpipiari—an i O the other hand, to ensure that 7 >0,

; : ; (am+¢n)(1—y) —
the policy mix must satisfy p> ErT— Thus, we set p =0.14

and p =0.5, with other parameter values consistent with the sub-
section “Parameterization.” Substituting these values into Eq. (54)
yields ° =0.085. This result suggests that, with a social discount
factor of 0.14 and an equal allocation of fertility support
resources, the policy support that maximizes social welfare
should be 0.085. Moreover, as shown in Table 1, within a
competitive economy, when policy support is 0.085, the policy
mix that simultaneously boosts both the quality and quantity of
children while raising pension benefits, ranges between 0.317 and
0.428, which is <0.5. It indicates that child policy design in a
competitive economy cannot achieve the maximum social
welfare. Therefore, to enhance social welfare and improve both
the quantity and quality of children, the government should
carefully coordinate the two policy instruments. Otherwise,
efforts to prioritize one aspect will come at the expense of the
other.

Conclusions and discussions

We analyze the impacts of child policies on child quality and
quantity as well as on pension benefits by incorporating child
allowances and educational subsidies into an OLG model. We
also explore the policy design regarding policy support and the
policy mix within the competitive economy and the social plan-
ner’s economy. In addition, we distinguish public educational
subsidies from private educational subsidies and contrast the
efficacy of the two.

Our four main findings are as follows. First, child allowances
and educational subsidies have opposite effects on fertility and
human capital growth, and they all have an inverted U-shaped
effect on the pension replacement rate. It suggests that a single
policy cannot coordinate all goals. Second, in a competitive
economy that includes child allowances and educational sub-
sidies, blindly channeling more fiscal support to child policies
may not be desired. Only in conjunction with appropriate policy
mixes, raising policy support could achieve the simultaneous
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promotion of child quality and quantity as well as pension
benefits. It addresses the importance of building a dynamic
adjusting mechanism that relates policy mix with policy sup-
port. Third, the effect of public educational subsidies is con-
sistent with private ones but different economic mechanisms
result in disparities in critical values and efficacy. When
implemented with child allowances, private educational sub-
sidies are more effective than public educational subsidies if the
government increases the policy support or puts more effort into
educational subsidies. This underscores the importance of
selecting the appropriate form of educational subsidies under
different policy environments. Lastly, we derive the optimal
child policy design within the social planner’s economy,
demonstrating that social welfare can be maximized with
appropriate child policy support and mix.

Our research highlights the coordination of different child
policies and the linkage between policy support and the policy
mix. Concerning the first, we suggest the government provides
various child support measures, such as child allowances and
education subsidies, and effectively combines them to create a
synergy. In addition, a diversified fertility support system can
target different populations and motivate them to give birth. As
for the second, we suggest establishing a dynamic adjustment
mechanism linking policy support and the policy mix, where the
government flexibly adjusts the policy mix while changing policy
support to achieve multiple goals and further promote the
coordinated development of the child support system and the
pension system.

There are several limitations to our study. First, we set child-
care as goods rather than time. Since childcare takes time as well,
childcare time or services need to be considered to capture the
opportunity costs. In the future, we could incorporate formal or
informal childcare services in the model to comprehensively
examine the effects of child policies and provide a deeper insight
into the construction of the child support system. Second, our
model assumes agents are homogenous. However, individuals
differ in fertility willingness due to disparities in economic
strength, family characteristics, health status, and job category.
Exploring the effects of child policies in a more all-encompassing
framework with heterogeneous agents is a vital direction for
improvement.
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