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Brightening dark excitons and trions in
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We investigate the properties of momentum-dark excitons and trions formed in two-dimensional (2D)
materials that exhibit an inverted Mexican hat-shaped-dispersion relation, taking as an example
monolayer InSe. We employ variational techniques to obtain the momentum-dark ground state and
bright state (non-zero and zero quasiparticle momenta, respectively). These states are particularly
relevant due to their peaks in the quasiparticle density of states, where for themomentum-dark ground
state, the contribution here is largest due to the presence of a van Hove singularity (VHS). The
momentum-dark systems require a brightening procedure to provide the necessary momentum to
become bright. We study the brightening through coupling to phonons and compute the
photoluminescence spectrum. This work opens new avenues of research, such as exploiting dark
excitons in solar cells and other semiconductor-based optoelectronic devices.

Two-dimensional (2D) van der Waals (vdW) materials offer promising
prospects for both fundamental physics research and a wide range of
technological applications1. 2D vdW semiconductors with finite
bandgaps2,3, are particularly promising materials for nanoelectronics and
photonics4,5.As a result, understanding thesematerials’ excitonic andoptical
properties is important as they present new paradigms compared to tradi-
tional semiconductors. For example, their weak dielectric screening and
strong geometrical confinement give rise to strong Coulomb interaction
effects, resulting in rich many-particle phenomena, such as forming a
variety of different excitons6,7, which include bright and dark excitons.

There are two types of dark excitons (excitons that cannot emit light
efficiently due to selection rules): spin-dark8–10, when the electron and hole
have opposite spin11, and momentum-dark10,12. A momentum-dark (or
momentum-forbidden) exciton is one in which the electron and hole are at
different points in momentum space, such as different valleys in transition
metal dichalcogenides (TMDs)13. Here, a photon can provide enough
energy to activateadark state, but it cannotprovide themomentumtocreate
a bright excitonic state. The dark state energy is thus often lower than its
bright counterparts14. Momentum-dark excitons can be observed experi-
mentally if they couple to phonons15,16 (and spin-dark excitons if they couple
with an in-plane magnetic field17).

Other interestingmany-body excitonic states in vdWmaterials include
interlayer excitons18,19—moiré excitons20,21, biexcitons22 and trions23. A trion
is a direct extensionof an exciton.This is throughaddinganextra electronor
hole to the system (commonly via electron or hole doping), and conse-
quently, they are negatively or positively charged. This is described as a

three-particle complex of a charged exciton23,24, which can be classified as
either a singlet or a triplet25, depending on the spin-state of the extra particle.
If the pair of spins of the electron (negative trion) and the hole (positive
trion) are aligned, we have a triplet state and anti-aligned, we have a sing-
let state.

There are other descriptions for a trion, which describe it with a four-
body Schrödinger equation, which includes a conduction band hole in the
case of an electron-doped system26,27. Dark excitons and trions have longer
lifetimes than bright states, with lifetimes roughly of the order of
nanoseconds28,29. Therefore, they have potential applications for
semiconductor-based optoelectronic devices and solar cell devices for both
bright and dark states30.

Experimentally, trion formation in doped systems is realised by elec-
trostatic gating, which can be tuned to allow the formation of positive or
negative trions. The resulting exciton and trion photoluminescence (PL)
peaks canbemeasured andanalysed31,32.Muchof the experimentalworkhas
been on TMDs, such as WSe2

32. Here, the 2D material is encapsulated by
hexagonal boron nitride (hBN), and electrostatic gating is used to control
charge and form new bound states. In order to link this experimental work
with the theoretical calculations and to study the measured PL and sig-
natures of the trions, recently, a generalised PL formula has been developed
that captures both bright and dark trion states via the inclusion of direct and
in-direct (phonon-assisted) recombination33, extending previous work on
the excitonic states10,11,13.

InSe is a 2D semiconductor comprising 4-atom-thick monolayers of
covalently bonded Se-In-In-Se atoms, with vdW interlayer bonding. It has
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shown great potential due to its promising performance in optoelectronic
devices and potential for strain engineering and nonlinear optics34–38. An
unusual feature of monolayer InSe is the dispersion relation of its valence
band, which exhibits a band inversion around the Γ-point known as a
Mexican-hat-shaped dispersion39. This form of dispersion relation has been
shown to give rise to very interestingpropertiesunder certain conditions40,41.
In addition, there is a growing interest in systems, such as monolayer InSe,
that host Van Hove singularities (VHS) and flattened bands, due to pro-
nounced interaction effects42–44. These features make InSe a paradigmatic
material for experimental and theoretical investigations28,39,45,46. To ensure
high sample quality, InSe is often encapsulatedwithhBN,whichwewill take
into account in this work. We use a variational approach, based on the 1s
hydrogen ground-state wave function, to analyse in detail the exciton
physics due to the inverted Mexican-hat present in monolayer InSe. We
then investigate the properties of positive and negative trions obtained via
hole and electron doping and compare the two and three-quasiparticle
ground-state dispersions. The lowest-energy states are momentum-dark.
Thus,we also investigate a brighteningmechanismvia coupling to a phonon
to create a virtual-bright state to explore the PL spectra.

Our work compares these excitonic and trionic systems. We find
strong peaks in the density of states (DOS) of the exciton and trion systems.
The peaks at the quasiparticle band minimum correspond to the
momentum-dark state, suggesting that the dark states could have a large
effect on the optical properties of the system. This is a direct result of the
Mexican-hat-shaped valence banddispersion.Ourwork further reveals that
for the electron-doped system, the negatively charged trion at low tem-
peratures dominates the PL intensity. However, as temperature increases,
the excitonic intensity becomesmore substantial. In the hole-doped system,
which can lead to the formation of a positively charged trion, the
momentumbright and dark trions areweakly bound and are comparatively
an energetically unfavourable ground-state quasiparticle state of the system
compared to that of the exciton. Our work is easily extended to other 2D
materials with Mexican-hat dispersions, such as GaSe.

Results
Monolayer InSe
InSe is a III–VI chalcogenide (metal-group III atom and group VI chalco-
genide), with a hexagonal structure with unit vectors a1 ¼ a=2;
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In Fig. 1a, we show the band structure and DOS for monolayer InSe
obtained using density functional theory (DFT) (see “Computational
details”). It reveals an invertedMexican-hat shape is present in the top-most
valence band at which a VHS is present at the brim of the hat, whereas the
conduction band can be modelled by a parabolic expression (see Fig. 1b).

DFT underestimates the size of the bandgap. However, in both exci-
tonic and trionic systems, under the condition of the bandgap being much
greater than the binding energy (which implies that we can ignore the
overlaps of the electronic states), the binding energy is independent of the
bandgap.

In Fig. 1b, near the Γ-point, the highest valence band and lowest
conduction band are modelled by the following polynomial expressions47:

EcðkÞ ¼ jkj2
2m�

e
þ ESO

c ðkÞ
EvðkÞ ¼ E0 þ E1jkj2 þ E2jkj4 þ E3jkj6

þE4jkj6 cosð6φÞ þ E5jkj8 þ ESO
v ðkÞ

ð1Þ

where the parameters are defined in Table 1.
The DFT calculations show that spin-orbit coupling (SOC)-induced

splitting is small, but for completeness and the trion calculations, we include
these contributions inEq. (1). The terms for the lowest conductionbandand
highest valence band for the monolayer system, close to the Γ-point are:

ESO
c ðkÞ ¼ γcszjkj3 cosð3φÞ

ESO
v ðkÞ ¼ γvszjkj3 cosð3φÞ

ð2Þ

where γc = 1.49eVÅ3 and γv = 3.11eVÅ3 47 and sz ¼ ± 1
2. This ignores the

direct effects of the interaction of the SOC bands, which will be discussed
later in this section.

Excitons
To obtain the ground-state exciton energy, Eex(k), in which the electron and
hole are at the extrema of the uppermost valence band and lowest con-
duction band (both of the same spin), we consider the eigenvalue Bethe-
Salpeter approach, described in the "Exciton" section of the "Methods"
section. The valence band maximum (VBM), in monolayer InSe, occurs at
k ¼ kmax � ð0:28; 0Þ Å−1, which contributes to the degree of how “dark”
the system is.

The binding energy is determined from the calculated exciton energy:

Eb
exðQminÞ ¼ EexðQminÞ � Eg ð3Þ

where Eg is the bandgap energy and Qmin is the wave vector of the lowest
exciton state.Qmin ≠ 0 implieswehaveanon-zeromomentumlowest-energy
excitonic state.The energydifference between theQ ¼ Qmin andQ = 0 states
gives us the activation energy required to brighten the dark state46

Eact
ex ¼ EexðQminÞ � Eexð0Þ: ð4Þ

The activation energy thus provides a measure of how distinguishable the
bright and dark states would be in an experiment. The calculated excitonic
binding energy dispersions are shown in Fig. 2, where Q is the exciton

Fig. 1 | Electronic properties of monolayer InSe. a (left) band structure determined by DFT calculations (see “Computational details”) E = 0 at valence band maximum,
(right) density of states. b Conduction and valence bands determined by the polynomial expression in Eqs. (1 and 2). c Colour map of the top-most valence band.
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momenta. We find the exciton preserves the hexagonal symmetry of the
valence band (E4k

6 cosð6φÞ) and also exhibits a Mexican hat shaped-
dispersion. This momentum-dark exciton has a ground-state binding
energy and activation energy of:

Eb
exðQminÞ ¼ �135meV ; Eact

ex ¼ 65meV : ð5Þ

The variational calculations provide the value for β at the finite
momentum-state, Qmin, from which we obtain an exciton radius of:

rex ¼
1
β
� 17Å: ð6Þ

we find, λ = 1.03 ≈ 1, confirming that the state is isotropic. As this model is
appropriate for a Wannier-Mott type exciton and has a relatively large
radius, it can be concluded that this is a relatively weakly bound exciton.

Trion
We subsequently consider the energy of the trion quasiparticle fol-
lowing the approach outlined in the "Trion" section of "Methods".
Both positive and negative trions are considered, by adding either an
extra hole or an electron to the exciton.We introduce these particles so
that they have opposite spin to the ones present in the exciton system,
meaning the electron and hole spin-states in their respective trions are
anti-aligned, leading to the description of singlet trions (see inset of
Fig. 1b), which highlights the SOC splitting of the conduction and
valence band. This system can be obtained via electron or hole doping
(e.g., by the application of gate voltages32,32) that creates an electron of
opposite spin in the bottom-most spin-split conduction band or the
annihilation of another electron in the spin-split valence band. In the
Methods section, we describe how to determine the trion energy for
the positively and negatively charged trion, from which we determine
the total binding energy of the three-particle systems,

Eb;tot
tr;� ðQÞ ¼ Etr;�ðQÞ � 2Eg

Eb;tot
tr;þ ðQÞ ¼ Etr;þðQÞ � Eg :

ð7Þ

we then obtain the trion’s binding energy measured with respect to the
exciton’s binding energy, which is given as26,48:

Eb
tr; ± ðQÞ ¼ Eb;tot

tr;± ðQÞ � Eb
exðQÞ ð8Þ

Eb
trðQÞ is the energy required for the extra particle to bind to the exciton

to form the trion. InFig. 3b,we showthe total three-particle bindingenergies
to compare to the excitonic state, the momentum of the minimised state is
indicated by Qmin. For the momentum-dark trion at Q ¼ Qmin we obtain:

Eb
tr;þðQminÞ ¼ 65meV ; Eact

tr;þ ¼ 65meV

Eb
tr;�ðQminÞ ¼ �10meV ; Eact

tr;� ¼ 65meV
ð9Þ

Figure 3 a shows that the three-particle negative trion energy system is
more strongly bound than both the exciton and the positive trion systems.
The binding energy of the hole to form the positive trion is positive, so it
reduces the total binding energy of the three-particle system. This is due to
the strong hole-hole interaction at the VHS of the valence band. This result
shows that for the hole-doped system, the favourable configuration of the
electron and holes is the formation of the exciton-bound state with the
addition of a free hole rather than the positively charged trion. This is unlike
the electron-doped system, which has a negative trion binding energy,
which leads to a more energetically favourable configuration for the trion
system.

The trion has two length scales given by, radius, rtr1 and rtr2 , which are
determined by the variational parameters as:

rtr1 ¼ 1
α
� 15Å; rtr2 ¼ 1

γ
� 50Å: ð10Þ

The trion system is characterised by two different “radii” resulting
from the superposition of states in the variational wave function. The
values of rtr1;2 are effectively the values of the radius of each electron
and hole pair comprising the trion. These two radii imply that in the
case of the negative (positive) trion, one electron (hole) sits close to
the exciton radius, while the other sits further away, which minimises
the like-charge repulsive interaction; this is consistent with the
behaviour obtained in ref. 49.

Table 1 | Parameters from ref. 47

E0 − 0.078 eV

E1 2.915 eVÅ2

E2 −38.057 eVÅ4

E3 205.551 eVÅ6

E4 3.050 eVÅ6

E5 −450.034 eVÅ8

m�
e 0.188 me

Fig. 2 | Exciton Dispersion. a Binding energy, Eb
exðQÞ, in the Γ→K direction. The

momentum-dark exciton state is at Qmin. b Colour map of the exciton dispersion,
which reveals the Mexican hat nature over the reduced BZ and the preservation of
the hexagonal symmetry.
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Photoluminescence
Using these excitonic and trionic structures, we study how the bright and
dark states (visualised in Fig. 3b) impact the PL spectrum. The recombi-
nation of the electron-hole bound systemof the bright state allows the direct
emission of a luminescence photon (direct PL). Dark states require phonon
coupling to transfer momentum to create a virtual-bright state, which leads
to indirect PL, see Fig. 4. To account for the phonon coupling, we consider a
polaronpicture,which canbe reduced to a simplephonon scatteringprocess
to generate a virtual-bright state. In monolayer InSe, electron-phonon
scattering is dominated by longitudinal optical (LO) phonons.Whereas for
hole-phonon scattering, the longitudinal acoustic (LA)phononsprovide the
largest contribution28,50. In this work, we consider a single LA phonon that
scatters the hole at the valence band maximum, which is at the brim of the
Mexican-hat50. Given the stronger hole scattering, we assume that the
emission of a LA phonon with a momentum equal to kmax and energy
EphðkmaxÞ (see Fig. 5) can lead to the brightening of the dark state28. In the
excitonic picture, this can be visualised as an absorption of the samephonon
as described in detail in the "Phonon coupling" section of "Methods". The
coupling to the phonon subsequently increases the ground-state energy of
the dark state in order to reach the virtual-bright states.

The result for the exciton virtual-bright state energy due to this change
is:

Eb
ex;phðQ ¼ 0Þ ¼ Eb

exðQ ¼ QminÞ þ EphðkmaxÞ ð11Þ

Similarly, for the trion,we require the electron andhole pair of the same spin
to be at the same point in momentum space for both the negative and
positive trions thus, the continuation is identical to that of the exciton:

Eb;±
tr;phðQ ¼ 0Þ ¼ Eb

tr: ± ðQ ¼ QminÞ þ EphðkmaxÞ: ð12Þ

These states help us populate Fig. 6, which is a schematic indication of the
bright states and the virtual-bright states resulting from the phonon
transition.

For this calculation, we assume a stationary PL atwhich thermalisation
occurs when the optical excitation takes place. In the spectrum, we include
the contributions of direct and indirect PL (Q = 0 and Q ¼ Qmin) for the

excitonic17,51 and trion states33. These states are considered in the calculation
due to their large DOS. In Fig. 7, we show the exciton and trion DOS
calculated using:

gðEÞ ¼
X
Q

δðE � Eb;totðQÞÞ � 1ffiffiffiffiffi
2π

p
σ

X
Q

exp
�ðE � Eb;totðQÞÞ2

2σ2

 !
:

ð13Þ

We obtain two distinct peaks corresponding to the dark and bright
states. The lowest-energy dark state has amore pronounced peak due to the
presence of the VHS in the respective energy dispersion of the quasiparticle
DOS. As a result, these states will dominate the PL spectrum with a large
DOS contribution.

The excitonic contribution to thePLspectrumdue to the bright (b) and
dark (d) (virtual-bright) states is determined using the following
expressions17:

PLbðωÞ / jMkj2γradNQ¼0

ðEexðQ ¼ 0Þ � ωÞ2 þ ðγrad þ ΓphononÞ2
ð14Þ

Fig. 4 | Phonon assisted transition. Bright (Q = 0) and Dark (Q ¼ Qmin) excitonic
states indicated by parabolic dispersion, showing a phonon-assisted transition.

Fig. 5 | Monolayer InSe phonon dispersion. Dispersion determined by DFT cal-
culations, see "Computational details" section.

Fig. 3 | Binding energy of the exciton and trion states. aTotal three-particle (trion)
and two-particle (exciton) binding energies with Qmin indicated. b Energy diagram
of the bright and dark states for each bound state system with the activation energies
indicated with respect to the conduction band minimum (CBM).
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PLdðωÞ / jMk j2
ðEexðQ¼ 0Þ�ωÞ2þðγradþΓphononÞ2

×
jDQj2Nex

Q¼Qmin
ηQΓphonon

ðEex;phðQ¼ 0Þ�ωÞ2þðΓphononÞ2
ð15Þ

whereMk is the matrix element of the exciton-photon interaction, NQ and
ηQ are the exciton and phonon occupation factors, DQ represents the
phonon-exciton interaction matrix and γrad, Γphonon are the radiative and
phonon-assisted dephasing of the relevant excitonic states.

We consider circularly polarised light σ−, so that the exciton-photon
matrix element is:

jMkj2 ¼ jPcvðkÞ � eσ� j2 ð16Þ

where Pcv(k) is the interband matrix element, which is calculated using the
tight-binding model of ref. 47 so that:

PcvðkÞ ¼ ch ∣∇kH∣vi
¼P

o;o0
Cy
c;kðoÞCv;kðo0Þ∇k oh ∣HðkÞ∣o0i ð17Þ

where the summation is over the orbitals involved in the tight-binding
model. The full expression for the PL exciton spectrum can be written as:

PLexðωÞ ¼ 2 jPcvðkÞ�eσ� j2
ðEexðQ¼ 0Þ�ωÞ2þðγradþΓphononÞ2

� �

× Nex
Q¼ 0γrad þ

jDQj2Nex
Q¼Qmin

ηQΓphonon

ðEex;phðQ¼ 0Þ�ωÞ2þðΓphononÞ2

� � ð18Þ

where the peaks of the spectrum correspond to the photon energy (ω),
which matches the bright or virtual-bright state excitonic energy. The trion
PL spectrum contribution for both systems is given by ref. 33:

PLtr; ± ðωÞ ¼ 2
jM0

k j2

ðE ±
tr ðQ¼ 0Þ�Eh=ek �ωÞ2þðγtr;1± Þ2

� �

× Ntr
Q¼ 0γ

tr;2 þ Ntr
Q¼Qmin

jGQj2ηQγtr;3±

ðE ±
tr;phðQ¼ 0Þ�Eh=ek �ωÞ2þðγtr;3± Þ2

� � ð19Þ

with:

γtr;1± ¼ γtrþphoton þ γtrþphonon
±

γtr;2 ¼ γtrþphoton

γtr;3± ¼ γtrþphonon
±

ð20Þ

where we ignore the separate phonon dephasing of the trion due to the
electron or hole that remains after the recombination process. Here M0

k
represents the trion-photon matrix element, and ∣GQ∣ represents the trion-
phonon interaction matrix. In this case, we assume that the excitonic and
trionic phonon couplings and interband transition remain the same. As we
assume thermal equilibrium, the exciton and trion occupation factors are

well approximated via the Boltzmann distribution Nex=tr
Q / exp

�Eex=tr ðQÞ
kBT

	 

,

normalized via the partition function; the sum of the Boltzmann
contributions of all quasiparticle states (two dark and two bright) in each
doped system. For the phonon occupation, we use the Bose-Einstein

distribution17,33. This is paired with the recoil hole or electron, Eh=e
k

33, which
is the energy present to preserve energy andmomentum conservation and a
result of the recombination process. In this, we use the assumption that all
the momenta involved in the recombination process are given to the
luminescence photon. Therefore, in these trion systems, we define the recoil
energies as the energy of the remaining particle. For the negative trion, the
extra electron is situated at the CBM at k = 0. Thus, the recoil energy is:
Ee
k ¼ Ecðk ¼ 0Þ ¼ Eg . For the positive trion, the extra hole is situated at the

VBM at k ¼ kmax, which is defined at E = 0. Thus, the recoil energy
is: Eh

k ¼ Evðk ¼ kmaxÞ ¼ 0.

In Fig. 8, we show the PL intensity spectrum for three different tem-
peratures (5, 150, 300 K) for both electron and hole-doped systems. For
simplicity we assume for the radiative dephasing of the exciton and trion an
indicative value of 1meV, and that the exciton and trion photon couplings
are equal. For the phonon-induced dephasing, we adopt the following
temperature dependence33.

Γphonon ¼ 1meVþ ð0:01meV=K ÞT
γtrþphonon
� ¼ 1meVþ ð0:01meV=K ÞT
γtrþphonon
þ ¼ 1meVþ ð0:02meV=K ÞT

ð21Þ

In the electron-doped system at low temperatures, the negative
trion dominates the PL intensity, with the left peak, which corresponds
to the dark-virtual state, being much more pronounced than the bright
peak. This is because the higher energy state has lower occupation,
therefore, the recombination process of the trion system is via the dark

Fig. 6 | Energy diagram of bright and dark states. Exciton and trion energies below
the conduction band minimum (CBM), including bright state (EQ= 0) and virtual-
bright state (EQ = 0,ph). These energies correspond to peaks in the photoluminescence
spectrum; the black/blue lines correspond to the positive/negative trion, and the red
lines correspond to the exciton.

Fig. 7 | Exciton and trion density of states. DOS calculated using Eq. (13) corre-
sponding to the trion and exciton energy dispersions shown in Fig. 3. Two pro-
nounced peaks are observed for each quasiparticle state, the larger peak corresponds
to the dark state at which a VHS is present, while the other peak corresponds to the
bright state..
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state and phonon-assisted transitions (as discussed in ref. 51). With
increasing temperature, the bright peak becomes more pronounced
than the dark-virtual state peak and the contribution from the exciton
also increases. At 300 K the trion and exciton peaks have similar
intensities. In an experiment, this may be observed as one single
broadened peak as seen for systems which exhibit these
quasiparticles52,53. This behaviour can be explained by considering two
key points: firstly, the dephasing dependence on temperature is similar
for both quasiparticles under the assumption of a dominant LA phonon
coupling. Secondly, at low temperatures when kBT is less than the
binding energy, the thermal energy is not large enough to destroy the
trion state, and the trion bound state would be more energetically
favourable due to its larger total binding energy. However, as the
thermal energy becomes comparable to or greater than the trion’s
binding energy, there is a dissociation of the free electron and the
exciton (which is still formed due to its higher binding energy).
Therefore, the trion state becomes less favourable and at 150 K
(≈13 meV), we see a reduction in the relative strength of the trion peak
and its contribution to the PL spectrum.

The temperature dependence of the PL in the hole-doped system (and
positive trion) is different.Wefind thePL intensity of the positive trionhas a
muchsmaller relative intensity compared to the exciton for all temperatures.
This is expected since the exciton is the more energetically favourable
quasiparticle state. We note that the positive trion will have a much shorter
lifetime in comparison to the dominating exciton peaks and would thus be
difficult to observe experimentally.

Temperature also plays a role in the energy difference between peaks in
the PL spectrum corresponding to the dark and bright states (related to the
activation energy in the quasiparticle energy spectrum). This is due to the
change in the luminescence photon energy, which corresponds to the dark-
virtual state. As temperature is increased, the phonon-induced dephasing
termalso increases (seeEq. (21)), resulting in a small shift of thedarkpeak so
that it moves closer to the peak of the bright state. Eventually, the two peaks
are no longer distinct, and they are observed as a single broadened peak.
Therefore, as we increase temperature, the difference in photon energy
emitted by the bright and dark state peaks effectively reduces.

Discussion
In this work, we have provided an analysis of the excitonic and trionic
spectra of monolayer InSe in which the negative trion has much higher
binding energy and pronounced PL intensity compared to the positive trion
and the exciton due to larger hole-hole interaction between these states at
the VHS in the valence band. The positive trion is less bound than both the
exciton and thenegative trion. Therefore, it is less energetically favourable in

InSe. Further analysis involving more involved methods to solve the BSE
equations54 can improve quantitatively the picture of these quasiparticle
states, beyond the qualitative results that the variational approach provides.

We further show how coupling to phonons can efficiently brighten the
momentum-dark states, given the small Mexican-hat depth. This effect
allows us to observe the states through photoluminescence. Although we
have taken as a paradigm the widely studied system InSe, the work can be
easily extended to systems with different energy depths (energy difference
between Γ-point and VBM) of the Mexican-hat energy dispersion. For
example, GaSe and InTe (and other III-VI metal chalcogenides) have been
shown to also exhibit an inverted Mexican-hat in the top-most valence
band55,56. To examine the trend in more detail, we consider the effect of the
SOCon the shapeof the bandsof InSedeterminedviaDFTcalculations.The
inclusion of SOC lifts spin degeneracy over the BZ. However, the effects
around the Γ-point are minimal. In the inset of Fig. 9, one can view the
degeneracy lifting,which is not significant in this case.As a consequence, the
binding energy is largely unaffected by the inclusionof SOCsplitting and the
interaction of the bands. A more notable change is that the Mexican-hat
dispersion in the top-most valence band ismore shallow. The effect of this is
that the activation energy of the dark excitonic state is reduced. In the case of
systems with a deeper Mexican-hat, the activation energy is subsequently
larger, whichmeans that if we assume the bright state has the same binding
energy, the resulting darker state will be further away in the PL spectrum.
The result of this is that the dark PL peak is identifiable at higher tem-
peratures. For accurate quantitative results, as a future work, the derivation
and solution of the general Saha equations, which describe the detailed
balance of the system of photoexcited electronic quasiparticles that forms a
multicomponent fluid of excitations in thermodynamic quasiequilibrium
need to be solved57.

In addition, this work can also account for small-strain effects in
monolayer InSe; this is because the strain-affected band structure of
monolayer InSe is seen as a simple reduction in the bandgap due to a shifting
of the conductionbandenergy58,whichwill not affect the result of thebinding
energies in this model. This work further clarifies the effects of constituent
particles occupying aflat band and/or systemswith aVHS in the examples of
the bound quasiparticle structures presented. These findings may stimulate
further experimental and theoretical research on optoelectronic and
semiconductor-like devices with similar energy dispersion characteristics.

Methods
Exciton
Tofind the energydispersionof the excitondescribed inmonolayer InSe,we
solve the Bethe-Salpeter equation (BSE) using the variational method. To
describe the excitonic systemcomprising the conduction andvalence bands,

Fig. 8 | PL spectrum for the excitonic and trion
contributions. (Left column) compares the exciton
(red) and negative trion (blue) in the electron-doped
system. (Right column) compares the exciton (red)
and positive trion (black) in the hole-doped system.
Each row shows how the spectra evolve through
temperatures T = 5, 150, and 300 K. The peak posi-
tions slowly change with temperature; this is purely
the effect of the dark states. The peaks on the LHS of
each pair correspond to the dark (virtual bright)
state, and the RHS peak corresponds to the direct
PL peak.
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wedefine the creationoperator of the exciton,which acts on the groundstate
of the system:

Ψy
ex ¼

1ffiffiffiffi
A

p
X
k

ϕðkÞcykþQbk∣GSi ð22Þ

where cykþQ is the creation operator of an electron in the conduction band
with wave vector k+Q, and bk annihilates an electron in the valence band
with wave vector k, creating the corresponding hole.

The Hamiltonian of the monolayer system is given by:

H ¼ H0 þHint ; ð23Þ

where

H0 ¼
X
k

EcðkÞcykck þ
X
k

EvðkÞbykbk ð24Þ

is the non-interacting Hamiltonian, which describes the kinetic energy of
the system.

Hint ¼
1
2A

X
k3 ;k4;q

VðqÞF ðk3; k4; qÞcyk4þqb
y
k3�qbk3 ck4 ð25Þ

is the interaction Hamiltonian within which V(q) describes the interaction
potential, and F is the form factor corresponding to the overlap of the
electronic states. To obtain the eigenvalue equation for the exciton, the
standard procedure59 is to first compute the bosonic commutation relation
between the Hamiltonian, Eq. (23), with the exciton creation operator, Eq.
(22), and then to compute the fermionic commutation relation with the
same quantities. As these commutation relations are equal, this procedure
provides the BSE equation59,60:

EexΨ
y
ex ¼ ðEcðk þ QÞ � EvðkÞÞΨy

ex þ
1
A

X
k;q

ϕðk � qÞVðqÞcykþQbk ð26Þ

where Eex is the exciton energy. Using Eq. (22), the above expression can be
reduced to59:

EexϕðkÞ ¼ ½EcðkÞ � Evðk � QÞ�ϕðkÞ þ 1
A

X
q

ϕðk � qÞVðqÞ ð27Þ

The form factor, F , in Eq. (25) is set to 1. In principle, the form factor is
calculated using the eigenvectors of the electronic states (such as from the
tight-binding model)

uyk3þq;cuk3 ;cu
y
k4�q;vuk4 ;v ð28Þ

where uk,λ is the eigenvectors for the λ band. This approximation leads to an
exciton description similar to a Wannier exciton46,59.

The interaction term, V(q), used here is the Fourier transform of the
Rytova-Keldysh potential

VðqÞ ¼ �2πe2ffiffiffiffiffiffiffiffiffi
κzκjj

p
1

jqjð1þ r0jqjÞ
; ð29Þ

where r0 is the screening length:

r0 ¼
ffiffiffiffiffiffiffiffi
εzεjj

p � 1

2 ffiffiffiffiffiffiffiffiffi
κzκjj

p d; ð30Þ

εz, ε∣∣ are the in-plane and out-of-plane permittivity of InSe and κz, κ∣∣ are the
permittivities of thedielectric environment that encompasses themonolayer
InSe structure. In this work, we assume the monolayer is encapsulated by
hBN46. Thus, the parameters are46: εz = 9.5, ε∣∣= 8.6, κz = 6.9, κ∣∣ = 3.7, and
d = 8.32Å, where d represents the InSe layer thickness. To compute the
excitonic ground-state through the variational method, we take as a trial
wave function the hydrogenic 1s state59,61, in an anisotropic form18,62:

ϕAðkÞ ¼
ffiffiffiffiffiffiffiffiffiffi
8π=λ

p
β2

ðβ2 þ k2x þ k2y=λ
2Þ3=2

ð31Þ

Here, β, which is the inverse radius of the wave function and λ, which
controls the dimensionless anisotropy, are the variational parameters to be
determined. This expression is the Fourier transform of the real-space wave

function ϕAðrÞ / expð�β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2x þ ðλryÞ2

q
Þ.

Weminimise the expectation value of the excitonic energy, Eex(Q), via
the trial variationalwave functionϕ(k). To evaluate the integral over thefirst
Brillouin zone, we use theMonkhorst-Pack grid63,64, which generates a set of
k-points from the defined reciprocal lattice.We focus on a regionnear the Γ-
point where the Mexican-hat is defined.

The expression for the exciton energy Eex(Q) becomes:

EexðQÞ
PFBZ
k
ϕ�AðkÞϕAðkÞ

¼ minβ;λ
PFBZ
k

ϕ�AðkÞ ½EcðkÞ � Evðk � QÞ�ϕAðkÞ þ
1
AN

XFBZ
k0

Vðk � k0Þϕðk0Þ
" #" # !

ð32Þ

where the summation of k0 is over the Monkhorst-Pack grid points while
keeping k � k0 inside the BZ, and contributions from k ¼ k0 are ignored.

Trion
The extension for the ground-state trion follows the exciton, with the
addition of the extra hole or electron of the opposite spin to the one pre-
viously involved with the exciton. This describes the positive and negative
singlet trion systems. Their creation operators are:

Ψy
tr;þ ¼ 1ffiffiffi

A
p
P
k1 ;k2

ϕtrðk1; k2Þcyk1þk2þQ;"bk1 ;"bk2;#

Ψy
tr;� ¼ 1ffiffiffi

A
p
P
k1 ;k2

ϕtrðk1; k2Þcyk1þQ;"c
y
k2 ;#bk1þk2 ;"

ð33Þ

Fig. 9 | Monolayer InSe band dispersion close to the Γ-point along the Γ−K
direction.Blue curve corresponds toDFTcalculationswith spinorbit coupling included,
red is without spin orbit coupling included. Inset is an enlarged section of the Mexican-
hat-shaped valence band to highlight the different depths when SOC is included.

https://doi.org/10.1038/s41699-025-00570-4 Article

npj 2D Materials and Applications |            (2025) 9:63 7

www.nature.com/npj2dmaterials


Taking into account the interaction terms for the three fermions, the
eigenvalue equations for the positive and negative trions are:

Etr;þðQÞϕtrðk1; k2Þ ¼ ½Ecðk1 þ k2Þ � Ev1
ðk1 � QÞ � Ev2

ðk2Þ�ϕtrðk1; k2Þ
þP

q
VðqÞϕtrðk1 � q; k2Þ þ

P
q
VðqÞϕtrðk1; k2 � qÞ

�P
q
VðqÞϕtrðk1 þ q; k2 � qÞ

Etr;�ðQÞϕtrðk1; k2Þ ¼ ½Ec1
ðk1Þ þ Ec2

ðk2Þ � Evðk1 þ k2 � QÞ�ϕtrðk1; k2Þ
þP

q
VðqÞϕtrðk1 � q; k2Þ þ

P
q
VðqÞϕtrðk1; k2 � qÞ

�P
q
VðqÞϕtrðk1 þ q; k2 � qÞ

ð34Þ

where V(q) is the Rytova-Keldysh potential given by Eq. (29). The new
variational trial function for the trion has the form61,65:

ϕtrðk1; k2Þ ¼ Aðϕα;βðk1Þϕγ;κðk2Þ× ð�1ÞSϕα;βðk2Þϕγ;κðk1ÞÞ ð35Þ

It comprises the exciton states previously used (see Eq. (31)) for a respective
k andpair of variational parameters, either (α, β) or (γ, κ), inwhich each pair
describes the inverse size of the respective electron-hole pair and the
corresponding degree of anisotropy in the system. The factor (−1)S

determines the nature of the singlet/triplet state.We define ϕtr(k1, k2) using
Eq. (35) with the 1s hydrogen ground-state wave-functions:

ϕ 1s
tr ðk1; k2Þ ¼ 1

α2þk21xþk21y=β
2

� �3=2 × 1

γ2þk22xþk22y=κ
2

� �3=2
 

þ 1

ðα2þk22xþk22y=β
2Þ3=2

× 1

ðγ2þk21xþk21y=κ
2Þ3=2

� ð36Þ

and employ the same processes used to calculate Eq. (32) from Eq. (27), to
obtain the trion energy.

Phonon coupling
To account for the brightening of the dark state described in the "Photo-
luminescence" section, and highlighted in Fig. 4, we start by considering a
polaron picture. This can be thought of as the combination of electron-
phonon and hole-phonon polarons, which make up the excitonic system.
The contribution of the phonons to the electron or hole system is then given
by the following term66–68:

±
2

ABZ

Z
BZ
dq0
X
ν

Bνðq0Þg�νðk; q0ÞAðk þ q0Þ ð37Þ

± is the change in energy due to absorption/emission of the phonon, g
represents the electron-phonon coupling, ν is the phonon mode, q0 is the
phonon momentum and A, B are envelope functions. Bν takes the form

68:

BνðqÞ ¼
1

ABZ_ωνðq0Þ
Z

BZ
dkA�ðk þ q0Þgνðk; q0ÞAðkÞ ð38Þ

As discussed in the “Photoluminescence” section, hole-phonon scattering
dominates over electron-phonon scattering. Therefore,we consider only the
hole-phonon coupling of the dominant phonon mode, which can be
represented as an eigenvalue-type expression for the change in valence band
energy, which, in turn, is reduced to a simple scattering term for a single
phonon. Initially, we have the following:

EvðkÞAðkÞ±
2
N

X
ðq0Þ

Bðq0Þg�ðk; q0ÞAðk þ q0Þ ¼ Ev;phðkÞAðkÞ ð39Þ

Taking the expectation value of the expression above to obtainEv,phwehave:Z
dkEvðkÞA�ðkÞAðkÞ± 2

N

Z
dkA�ðkÞ

X
ðq0Þ

Bðq0Þg�ðk; q0ÞAðk þ q0Þ

¼
Z

dkEv;pðkÞA�ðkÞAðkÞ
ð40Þ

Here we can see that:

1
ABZ

Z
dkA�ðkÞg�ðk; q0ÞAðk þ q0Þ ¼ B�ðq0Þ_ωðq0Þ ð41Þ

Hence, the term in Eq. (37) can be rewritten as:

±
X
q0

jBðq0Þj2_ωðq0Þ ð42Þ

where jBðq0Þj2 represents the average number of phonons involved in the
polaron66,67. As we are interested in the dominant phonon coupling, which
efficiently scatters the hole at the brim of theMexican-hat to the Γ-point, we
consider the coupling of a single LAphononatq0 ¼ kmax which implies that
jBðq0Þj2 ¼ 1 for this particular value of q0 As a result, we can write:

X
q0

jBðq0Þj2_ωðq0Þ ¼ _ωðkmaxÞ ð43Þ

this describes the energy of the single phonon at wave vector kmax, which is
indicated on the phonon dispersion in Fig. 5. Therefore, the valence band
term simply as:

EvðkÞ � _ωðkmaxÞ ¼ Ev;phðk � kmaxÞ ð44Þ

and the non-interacting part of the BSE equation for the exciton, which
reads as:

EcðkÞ � Evðk � QÞ: ð45Þ

To account for the phonon effects, we can rewrite the valence band term, via
the emission of the LA phonon

EcðkÞ � Ev;phðk � Q� kmaxÞ
EcðkÞ � Evðk � QÞ þ _ωðkmaxÞ:

ð46Þ

Therefore, theLAphonon emission,which scatters the hole at theVBM, can
be written as the initial excitonic system, which is subsequently transferred
to higher energy by the phonon. This is expected as by the conservation of
momentum; the hole-phonon emission implies that for the exciton, we are
left with Qþ kmax, which transferred the minimised exciton state from
Q ¼ Qmin to Q ¼ Qmin þ kmax ¼ 0. This implies that in the exciton
picture, we show that phonon absorption of the LA phonon leads to the
transfer of the dark state to a virtual-bright state. Thus, we can write:

Eex;phðQ ¼ 0Þ ¼ EexðQ ¼ QminÞ þ _ωðkmaxÞ ð47Þ

The extension for the trion quasiparticles follows identically, given the
requirement that the spin-aligned electrons andholes be at the samepoint in
momentum space.

E ±
tr;phðQ ¼ 0Þ ¼ Etr;± ðQ ¼ QminÞ þ _ωðkmaxÞ ð48Þ
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For the full polaron system, one can define the wave function, A(k),
which can be used to form the variational approach encoding the
full polaron system, in which one can write the wave function as a
1s-type:

AðkÞ ¼ 1

ðβ02 þ k2x þ k2y=λ
2Þ3=2

: ð49Þ

inwhichβ0 wouldnowrepresent the inverse size of the polaron radius, andλ
describes the anisotropy in the system. This is used for a BSE-type equation
which can be variationally optimised as previously discussed. However,
given the consideration of the single phonon process, we remove the need
for this detail in this work.

Computational details
In this work, the minimisation/variational technique was used in con-
junction with the BlackBoxOptim.jl package in the Julia language69. The
DFT calculations in this paper use the PBE exchange-correlation functional
as implemented in Quantum Espresso70–72 in which for the band structure
calculation (with and without SOC) the cutoffs for the wave function and
charge density are 90 Ry and 720 Ry respectively on a k-point grid of
12 × 12 × 1, for the phonon calculation a larger k-point grid size of
20 × 20 × 1 is used with a q-point grid of 8 × 8 × 1.

Data availability
Data sets generated during the current study are available from the corre-
sponding author on reasonable request.

Code availability
The underlying code for this study is not publicly available butmay bemade
available to qualified researchers on reasonable request from the corre-
sponding author.
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