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Modeling photomolecular effect using
generalized boundary conditions for

Maxwell equations
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Gang Chen®

We recently demonstrated via experiments in hydrogels and at a single air-water interface the
photomolecular effect: photons directly cleaving off water molecular clusters in the visible spectrum
where bulk water has negligible absorption. To model single interface experiments, here we re-derive
generalized boundary conditions for Maxwell equations by assuming a transition region of the
electromagnetic fields across the interface, leading naturally to the Feibelman parameters used before
to describe surface photoelectric and surface plasmon effects on metals. This generalization leads to
modifications of the Fresnel coefficients and an expression for the surface absorptance that can
reasonably explain trends in our single-interface experimental data on the angle and polarization
dependence of the beam deflection. Our work provides further support for the existence of the
photomolecular effect, suggests that surface absorption should exist in many materials, and lays a
foundation for assessing the impacts of such surface absorption based on the Maxwell equations.

Based on a series of experiments, we recently demonstrated that visible light
can directly cleave off water molecular clusters from water-air interfaces
despite bulk water absorbs very little in the visible spectrum, and we called
this process the photomolecular effect””. Our experimental observations
were first made based on water evaporation from porous hydrogel and then
from a single air-water interface under sunlight, light-emitting diodes
(LEDs), and laser irradiation. The photomolecular effect was introduced to
explain the super-thermal evaporation rates observed™ in some solar
interfacial-evaporation experiments: evaporation from porous materials
floating on water surface subjected to sunlight irradiation’”. The photo-
molecular effect is surprising and poses challenges for modeling, from both
microscopic and macroscopic perspectives. Microscopically, the details of
water cluster cleavage processes remain unclear. Macroscopically, the
question is how we can model the process based on the Maxwell equations.
This paper focuses on answering the latter question, which is important for
simulating absorption of clouds and hydrogels due to the photomolecular
effect.

Although a microscopic model for the photomolecular effect is still
lacking, we conceived the photomolecular effect'” based on the insights
illustrated in Fig. 1a. One insight is the implications of the continuity of the
displacement field of the electromagnetic wave perpendicular to the inter-
face as required by the Maxwell equations, i.e., ¢, E,; = &,E,,, where &, =1
for air and ¢, = 1.8 for water in the visible spectrum, and the subscript “z” is
the coordinate direction perpendicular to the interface’. This condition
means that the electrical field in the perpendicular direction is reduced by

nearly a factor of two from air to water across the interface which is only ~3
angstroms in thickness'*", creating a large gradient of the electric field.
Another insight is that water molecules are polar and form fluctuating
hydrogen bond networks, also called water clusters'*"”. These two facts
mean that the change of the electric field over the distance of a single water
cluster at the interface is appreciable, leading to a net force exerted on
the molecular clusters and pulling them from the interfacial region to the
adjacent free space [Fig. la]. This process is similar in some ways to the
surface photoelectric effect, also due to the large electric field gradient across
the interface where electron density changes within 1-2 A",

There are, of course, significant differences between the surface pho-
toelectric effect and the photomolecular effect we hypothesized. The former
is the ejection of electrons while the latter is the ejection of the water
molecular clusters which can be ~10° times heavier. We hypothesize that a
single photon can meet the energy and momentum conservation require-
ments underpinning the photomolecular effect: as water molecules have
~1.5 hydrogen bonds with a bond energy ~0.24 eV, much smaller than that
of a photon in the visible spectrum’®. Although the momentum of a single
photon is very small, the steep change of the electrical field at the interface
provides additional spatial momentum. However, one can still question the
detail process: (1) why can this process happen in a spectral region when
essentially no absorption occurs inside the bulk material? and (2) how can a
water molecular-cluster be ejected from surface. For question (1), I believe
that the empty space above the surface provides final states for the water
molecular clusters which do not exist inside the bulk material. It is harder to
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Fig. 1 | Illustrations of physical pictures.
a Illustration of the photomolecular effect and its

(a)

driving force. At an air-water interface, the per- 9
pendicular components of the displacement fields Incident
created by an incident electromagnetic field are light
continuous according to the classical boundary
conditions for the Maxwell equations, implying a
large electric field gradient over water clusters at the
interface and hence a non-zero force to knock out
these clusters. b Basic ideas in modifying Maxwell
equations’ boundary conditions. The continuity of
the displacement fields means that the electric field
changes abruptly across the interface, as represented
by the two red-lines. In reality, the electrical field
changes rapidly but continuously across the inter- (b)
face, as represented by the black line. Including such

a continuously-changing picture leads to a different

value of the electric field across the interface, which z=0"
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answer question (2). The bulk photoelectric process on electrons involves
excitation of an electron to higher energy level by a photon, transport to
surface and tunnel to vacuum. The surface photoelectric process on elec-
trons also involves multimode surface plasmons'*. Water does not support
surface plasmons'”'*. We can imagine that the steep gradient at the interface
first distorts the electron distribution in the permanent dipoles, which
transfers to the nuclei and starts a cascade event that eventually drives out
the water molecular clusters. Clearly, much remains to be done to really
understand the microscopic mechanisms behind the photomolecular effect.

In this paper, we rederive the generalized boundary conditions for the
Maxwell equations built on the Feibelman parameters, which were devel-
oped to describe responses of metal surfaces to light'*"”. These boundary
conditions lead to modifications of the Fresnel reflection and transmission
coefficients, and a new expression for interfacial absorptance. For non-
absorbing substrates, the interfacial reflectance, transmittance, and
absorptance are dependent only on the imaginary parts of the Feibelman
parameters. We show that the interfacial absorptance expressions capture
the angle and polarization trends observed in the photomolecular effect,
hence lending confidence to the photomolecular effect in addition to
establishing a foundation to simulate the effect. Our work also suggests that
surface absorption is a universal process and can be modeled with the
Feibelman parameters.

Results

Macroscopic approaches: generalized boundary conditions for
Maxwell equations

Despite lack of a microscopic model at this stage, we can still develop ways to
model the surface absorption process underlying the photomolecular effect.
There are two main approaches to describe the surface absorption phe-
nomena. One is adding another layer between the two media'’ and the other
is treating the surface region fields as nonlocal with nonlocal dielectric
constants'. In the first approach”’, also called the three-phase model, Taylor
expansion is used to simplify the reflection coefficient for the film-on-a-
substrate configuration since the interfacial film thickness is generally much
smaller than the wavelength, arriving at simplified expressions for the dif-
ferential change of the surface reflectance and absorptance. This approach
was widely used in differential surface reflectance spectroscopy and surface
absorption spectroscopy to analyze adsorbed surface layers during thin film
growth’”” and electrochemical reaction at metal-electrolyte interfaces™.

Although the three-phase model treated the interfacial region as a thin
layer with well-defined macroscopic dielectric constant and thickness, the
discontinuities implied in the traditional boundary conditions for the
Maxwell equations never really happen even in the absence of an inter-
mediate layer. In reality, the electric field changes rapidly but continuously
over a short distance. In this region, the dielectric constant is nonlocal. For
example, in the coordinate system as shown in Fig. 1b, the displacement field
isD(r) = [ &(r,7)E(r')dr’, where ¥ is the nonlocal dielectric tensor in the
interfacial region, which means that the displacement at r is affected directly
by the electrical field in the entire transition region. Different models for the
nonlocal response at the interfacial region for electrons had been
developed'*"****. Among them, Feibelman’s approach by combining the
density functional theory solution for the electron distribution with the
microscopic Maxwell equations, assuming a jellium model of electrons at
the interface, is considered the most accurate. The detailed simulation
results can be summarized into two surface response functions, called the
Feibelman parameters, d;(A) and d | (1), which can be used to form a set of
generalized boundary conditions for the Maxwell equations, which had
been derived before'**'~*,

Although all previous discussions of the Feibelman parameters were
based on light interactions with electrons at a metal surface, the derivation of
the generalized boundary conditions from the Maxwell equations requires
no such background. As long as we recognize that the transition of the
electric field between the two sides of the interface occurs over a small
distance continuously [Fig. 1b], the generalized boundary conditions
naturally emerge when one integrates over a spill-box spanning the tran-
sition region, as we show in the Methods section. These conditions are*>**

[H,] = iwd)[D]* ny, M
[D.1=4dV,-[D] (2)
[E\] = —d,V,[E,] (3)

[B.1=0 4

where the operator [ | means the difference across the interface for
the quantity inside the bracket, ie., [DJ = DJ0") — D,07). The

Communications Physics| (2024)7:330


www.nature.com/commsphys

https://doi.org/10.1038/s42005-024-01826-z

Article

subscript “||” means parallel to the interface (in x or y directions), while
“1” means perpendicular to the interface (in z-direction), n; is the unit
vector from medium 1 to medium 2, ie, along the z-direction.
The gradient operator V) = (2 + J’a = Xik,. Through the deriva-
tion (see Methods), the Feibelman parameters d, and d, naturally
emerge

lez dz fi?ZP(Z)dZ _ n (Sa)
gl fzz ddEZz dz IZP(Z)dZ €L 12
IZZZ dz > dz fzzz 0z >dz IZZZ az
= jzz dD*d jzz P, g jzz ajxd =d-nyp (5b)
z) z, 0z z, 0z

The real part of d; measures the spatial deviation of the induced surface
charge from z =0, i.e,, the centroid of induced surface charge, and the real
part of d) is a measure of the location of the gradient of the induced
polarization parallel to the surface, i.e., the Feibelman parameters are the
surface response functions. The imaginary parts are related to dissipation,
which we will discuss more later. In Egs. (5a) and (5b), we have used vectors
d, and d) to emphasize that the Feibelman parameters depend on the choice
of coordinate, in addition to the choice of surface norm direction n,,. If the
direction of the z-coordinate in Fig. 1b is flipped, the sign of the Feibelman
parameters should be flipped too. This way, the spatial deviations as
represented by the real parts of the Feibelman parameters remain
unchanged.

The derivations we present (see Methods) do not depend on the
substrate other than assuming it has an isotropic macroscopic dielectric
constant. Schaich and Chen’ had considered the anisotropy of the
interfacial region and arrived at a 3 x 3 matrix for the d-parameters.
However, their results also suggest that only d); and d, as defined above
are important when d) is modified via a proper averaging invoking the
azimuthal angle between the plane of incidence and the principal axes of
the interface. Extensions to include anisotropy of the substrate as well as
the anisotropy of the d-parameters might be needed for the case of ani-
sotropic substrates.

The important implications of the generalized boundary conditions
derivations are that (1) the interfacial region in any material is never
sharp, and (2) the Feibelman parameters combined with generalized
boundary conditions for the Maxwell equations can be used to include
such interfacial regions. We can see that when the Feibelman parameters
are zero, Egs. (1-4) become the classical boundary conditions for the
Maxwell equations. The Feibelman parameters represent the correction
caused by the transition region at the interface. This is sketched in
Fig. 1b. Rather than the discontinuity represented by the red lines in E,
from the classical boundary conditions, the rapid change over a finite
thickness leads to a different value of E, on the z = 0 side. Despite that E,
reaches the final value over a small distance, we approximate this as an
abrupt change at the interface, i.e., the blue line extends back to the
interface.

We should emphasize that the derivation (see Methods) does
not give values of the Feibelman parameters, which can only be resolved
by microscopic models, as have been done for electrons at
metallic surfaces'*”>. For now, such a microscopic model is still
lacking for the photomolecular effect. Next, we will use these boundary
conditions to explain some of the photomolecular experiments at
a single water-air interface, treating the Feibelman parameters as
adjustable parameters that can be determined based on experi-
mental data.

Modified Fresnel coefficients and surface absorptance

Using the general boundary conditions (1-4), it is straightforward to derive
new expressions for the interface reflection and transmission coefficients
that differ from the Fresnel coefficients, which were derived based on the

classical boundary conditions. Understandably, however, the deviations are
small. Such expressions have been partially given in the literature'*'>*"*>*,
Since these studies deal with absorbing substrates, i.e., mostly metals, the
focus usually was on the reflection coefficient or reflectance that is directly
measurable, with the exception of Goncalves et al.**, who also give expres-
sion for transmittance. Our focus will be on the interface absorptance so that
we can compare with experiments at an air-water interface’. For com-
pleteness, we will also give the interface reflectance and transmittance. In the
Methods section, we show detailed derivations. For an incident TM-
polarized wave, the reflection (r,) and transmission (,) coefficients are
given by

A/ £r1k22 - Verkzl - (grl -
V. ‘Srli(ZZ + erziczl - (grl -

t o= ZV srli(zl
P B > . 27 P
A/ srlkzz + A/ eerzl - (8r1 - 8r2)lko <dj_kxlkx2 + dl\kzzkzl)

where € = ¢,¢, is the electrical permittivity and e, the dielectric constant.
The wavevector along the interface direction k,; = 27N, sin6, /A, =
k, =2nN,sin6,/A, due to conservation of the lateral
photon momentum, with the refractive index N =, /¢, k, =
27N, cos 0, /A, and k, = 27N, cos 6, /A, k, = 2m/A, the magnitude of
the  free-space wavevector, and the unit vector
(kxu Zl) = (sin6,,0,cos0,), (kx27 0, kzz) = (sin6,,0,cos0,). If d, =
0and d | = 0, the above equations reduce to the Fresnel reflection (r,, )
and transmission (tp.F) coefficients [see Methods, Egs. (48) and (49)].
Using these coefficients and Taylor expansion, retaining only first order
terms in the Feibelman parameters, we can further write Eqgs. (6) and (7)
as

@)

2(&,, — &, oo 2 52
rp & rpf{l - %lkﬂ {kzz dy — ka dJ_] } 8)
srl

kzz ) kzl

(erz - erl) iku (dlicxl ich + dHiCZZIACﬁ)
FQLT : 7
? v & kzZ + v er2kzl

©)

From the reflection and transmission coefficients, the reflectance (R;,)
and transmittance (7,) can be calculated from R, = |rp | and
T, = {Re[N,*(cos6,)]/Re[N, cos 6, ] } It, |2, and the interface absorp-
tanceis A, = 1 — R, — 7,. Whenboth ¢, and ,, are real, the reflectance,
transmittance, and absorptance expressed using the more-familiar angles of
incidence and refraction (for other forms see Methods) are

4(”22 - "12) 2mn, 2 )

RP:RPJ;{IJFW Av l[dHiCOS Gz—dﬂsm 91}}

(10)
2(7122 — nlz)
= 1 _—

T, TP'F{ +n1 c0s0, 1 1, cos B, /\ (dLlsmB sin 6, + d,; cos 0, cos 6. )}

(11)
4(n2 —n? 2mn
A, = (3 — i) Lcos O, (d,; cos’0, +d,;sin’6,)

(ny cos B, + n, cos 61)2 Ao
(12)

where n means that the refractive index N is real. The last expressions show
two interesting points: (1) the reflectance, transmittance, and absorptance
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Fig. 2 | Comparison with experiments. Beam bending experimental data points for
both TM and TE polarizations of a 520 nm laser were normalized by experimental
value for the TM-polarization at 45°. Theoretical interface absorptance values cal-
culated from Egs. (12) and (18) were also normalized to the calculated value for TM
polarization at 45°. Best fitted value for d};/d ; is 0.08.

only depend on the imaginary parts of the Feibelman parameters and (2) the
imaginary parts of the Feibelman parameters should be negative when
£,1< &, so that the absorptance is positive. Equation (12) is consistent with
the absorbed power at the interface [see Eq. (73), Methods]:

de 8,k k),
Py(w)=— ;50 (62 — €4) LHIZ |E,|* [cos’6, d; + sin6,d |
[slkzl + SZkZZ}

(13)

Dividing the above expression by the incident power per unit area of
the interface, ie, the z-component of the Poynting vector
Sy = Re(E; H}) /2 = k. |E;* /(2uw), leads to Eq. (12).

Note that Eqgs. (12) and (13) mean that if light is incident from the high
refractive index side, the imaginary parts should become positive. This is
taken care by going back to the vector representation of the Feibelman
parameters as expressed in Egs. (5a) and (5b).

For the TE-polarization, the reflection and transmission coefficients
are

_N 8,11221 BEY srZiczZ - ikodl\ (er B 871)
A/ Erlkzl + A/ sr2k22 + ideH (87‘2 - 871)

N

(14)
ZikzldH (er - srl)
~ TsF 1- N 2 N 2
<\/ srlkz1> - (\/ £r2kz2>
_ ZV srliczl
’ srlkzl + €r2k22 + ikodH (£r2 - Srl) (15)
oo el
‘ VEika + ek,

with 7, pand £,  the Fresnel coefficients for the TE-polarization [see Method,
Egs. (65) and (66)]. For real ¢, and ¢,,, the corresponding reflectance,
transmittance, and absorptance are

4(nk—nl)  2mn
R. =R 1 0,d,; 16
s S‘F( + nicos?6;, — nicos?0, A, oS T (16)
Z(ng —n?) 2m
= 1+4—= 2 _—_d, 17
Ts TS'F( + n, cos0, +n,cos0, A, " (17)

—4(m — )

[, cos 0, + n, cos 92}2 0

2mn,

A~ cos 0,d; (18)

One can follow similar procedure to show that this interface
absorptance expression is consistent with the expression for the absorbed
power for the TE polarization [see Eq. (74), Methods]. This expression
again shows that the imaginary part of Feibelman parameter d,; is
negative when ¢,,<¢,, and changes sign when light enters from medium
2. Equation (18) shows that there is absorption even for TE-polarization.
Conceptually, when a dipole orientation differs from the 8=0° the
dipole could be set into motion by both x and z-directions by the
TM-polarized light, which explains why both d,; and d; appeared in
Eq. (12). For TE-polarized light, the motion is in the x-direction, which
explains why only d; appears in Eq. (18).

We can further appreciate why the imaginary part d,; must be negative
as follows. The energy dissipated by an electromagnetic wave can be
expressed as Re[J(z) - E*(2)]/2. If there is no additional phase lag between E
and P, i, the electric susceptibility ¥ is real, there is no dissipation since
J=—iwP(w,r) = —iwe,YE(w, r) (see Methods). In this case, the current
lags behind the electrical field by 90°. Inside a homogeneous medium, the
fact that the dissipated power Re[J(z) - E*(z)]/2 should be positive means
that Im(y) must be positive. However, at an interface, the classical boundary
conditions for the Maxwell equations lead to a surface current J, = n x [H,
using Eq. (1), we have J; = iwd||[D,] = iwd)€, (&2 — €1) Ex. Thus, when
& > &1, d); must be negative if light comes from side 1.

Comparison with experiments

We now attempt to compare the above theory with some of the experi-
mental results we had at a single air-water interface’. Before such compar-
ison, we should clarify that accurate measurements of the interfacial
absorptance remain a challenge. In the photomolecular evaporation
experiments at a single air-water interface’, we measured the slope of the
change in the refraction angle with diode laser intensity, i.e., slope of the
bending of the refracted beam, as a function of the incident angle and the
polarization for lasers with the following wavelengths: 450 nm, 520 nm,
635nm, and 850 nm. For all wavelengths, we observed much stronger
responses for the TM polarization than the TE one. For the TM polarization,
the beam bending shows strong dependence on the angle of incidence,
peaking at 45° except for the 850 nm, which reaches a maximum at 60°. We
determined that the beam bending was due to the air-side refractive index
change caused by the water clusters cleaved into the air. However, we do not
know if the beam bending dependence on wavelength was due to the
absorptance or the cluster size dependence on the wavelength. For each
wavelength, we can reasonably assume that the cluster size is fixed and hence
the measured beam bending is proportional to the absorptance. We hence
normalize the beam-bending experimental values at different angles to the
beam-bending value of TM polarization at 45°, and fit the normalized values
to the absorptance expressions, i.e., Egs. (12) and (18), also normalized to the
calculated value at 45° for the TM polarization, with d,;/d  ; as the fitting
parameter. To convert the beam bending data point to absorptance, we
divide each measured values by cosf; because the beam bending is pro-
portional to absorbed power, i.e., Eq. (13), which is related to the absorp-
tance by cos0;.

Figure 2 shows a comparison of the theoretical values of normalized
interface absorptance for 520 nm laser vs. angle of incidence against nor-
malized experimental values of the beam bending. Similar curves can be
plotted for other wavelengths. We see that although the beam-bending,
which corresponds to evaporation, peaking around 45°, the absorptance is
maximum around 75°. The angular dependence trends compare reasonably
between experiment and theory. The fact that we can use the angle-
independent Feibelman parameters to capture the angle dependence of the
experimental data supports our interpretation of the photomolecular effect.
The fitted d|;/d | ; value of 0.08 shows that d | ; is much larger than d,; for
water, consistent with our picture that it is the rapidly changing electrical
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Fig. 3| Differential reflectance and transmittance. Differences in (a) reflectance and (b) transmittance from the Fresnel values due to photomolecular effect at the interface,

using imaginary parts of the Feibelman parameters obtained for 520 nm.
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field in the z-direction at the interface that is the main driving force for the
photomoleuclar effect.

The actual values of d | ; and d,; depend on the value of absorptance.
Based on the measured temperature difference of water with and without
the laser irradiation, we had inferred Ap=0.84% for a TM-polarized green
(A =532 nm) laser at 45° incident angle, assuming the same convection heat
transfer coefficient applies. Applying the same absorptance value for
A=520nm, we getd ; ~ 18.8 A and dyji ~ 1.52 A. We cannot infer the real
part of the Feibelman parameters from the absorptance values. In the past,
the imaginary part of the Feibelman parameters computed for metal sur-
faces is a few A'*'°. The values we inferred for water are larger by a few times.
Given the uncertainties in the absorptance and lack of detailed microscopic
picture, we will refrain from further commenting on the reasonableness of
the values.

Discussion

To see the impact of the Feibelman parameters on the reflectance and
transmittance, we show in Fig. 3 the calculated differences in the reflectance
and transmittance from the Fresnel formula, assuming bulk water does not
absorb. While the transmittance becomes smaller due to the surface
absorption for both TM- and TE-polarizations, the reflectance for the TE-
polarization is smaller but the TM-polarization becomes larger at large angle
of incidence.

When the substrate is also absorbing, we can no longer use the
reflectance, transmittance and absorptance expressions given before.
Instead, we need to use Egs. (8) and (9) for TM-polarized light and Eqs. (14)
and (15) for TE-polarized light to calculate reflectance and transmittance.
We then obtain absorptance from A =1-R-7. Figure 4 shows that the
interface absorptance and reflectance will depend on both the real and
the imaginary parts of the Feibelman parameters. One can think in this case,
the real part of the Feibelman parameter creates some phase delay, which
impacts the absorptance of the interfacial region and the coupling to the
substrate, as often seen for a film on a substrate.

The above results showed that the generalized boundary conditions
built on the Feibelman parameters can reasonably capture the angular and
polarization dependence experimental data on an air-water interface,
despite that these results were intended for metal surfaces. The reported
angle and polarization dependence of the beam deflection experiments,
when mapped onto absorptance, are in qualitative agreement with the
modeling. Such agreements lend confidence to both the modeling approach
and the photomolecular effect: photons are absorbed at air-water interface,
leading to cleavage of water molecular clusters.

Our rederivation of the generalized boundary conditions for the
Maxwell equations only assumes that the electrical and magnetic fields
across an interface are continuous rather than discontinuous as typically
used, independent of materials. The derivations naturally lead to the

Communications Physics| (2024)7:330


www.nature.com/commsphys

https://doi.org/10.1038/s42005-024-01826-z

Article

Feibelman parameters derived originally to describe the response of metallic
surfaces to electromagnetic fields. Hence, the Feibelman parameters are
universal, rather than specific to metals. In the case of metals, the real part of
d | () represents the centroid location of the electrons while that of d| (1) the
location of the surface current. For nonmetals such as water, there are no free
electrons. However, the nonuniform field at the interface creates an
equivalent polarization charge®. To see this, we can take a dipole along z-
direction at the interface and consider an electrostatic field (extension to
eletrodynamic field using vector potential will lead to similar conclusion).
The force acting on the dipole is F = —qE_(z) + E_(z + h) = q“£ h, where
h is the separation between the charges. This force can be thought as arising
from quadruple potential’. In a bulk material, % is nearly zero and hence the
quadruple term is not important. At the interface, however, %£h ~
f(E_, — E,;) with the factor f depending on the value of h and the electrical
field gradient, leading to a quadruple force on the dipole, F ~ fgE,,, which
can be comparable to that on a free charge. For materials with permanent
dipoles, such as water, f can be close to 1. Even for neutral atoms, h can still
be non-zero due to induced dipole. Hence, the polarization charge created at
the interface can be compared to electrons in metals, leading to nonzero
Feibelman parameter values.

The imaginary parts of the Feibelman parameters represent dis-
sipation. In metals, the dissipation can happen since the electrons at the
surface can interact with the bulk electrons in the metal, or be excited to
the free space via photoemission. In water, the displaced electrons at
interface can dissipate their energy via interaction with ions and the
hydrogen network, although the detailed mechanisms remain unclear. In
nonmetallic solids, the excited polarization charge can dissipate their
energy by interaction with phonons in the bulk. Hence, interfacial
absorption should exist in many materials, which can be described using
the Feibelman parameters.

The generalized boundary conditions enable one to assess the impacts
of the interface absorption for different geometries via solving the Maxwell
equations. Using the generalized boundary conditions for the Maxwell
equations, we gave here complete expressions for the reflectance, trans-
mittance, and surface absorptance. For nonabsorbing substrates, the
reflectance, transmittance, and surface absorptance depend on the ima-
ginary parts of the Feibelman parameters only. The sign of the imaginary
parts depends on the magnitude of the dielectric constants. When the
dielectric constant of the substrate is larger than that of the incoming
medium, the imaginary parts of the Feibelman parameters must be negative.
Although our paper dealt with a flat interface only, using the generalized
boundary conditions and the Feibelman parameters, one should be able to
re-examine a wide range of problems based on solving Maxwell equations,
such as cloud absorption.

Methods

Derivation of generalized boundary conditions

Different authors have given derivations of the generalized boundary con-
ditions for the Maxwell equations'*’'**. The derivations below are slightly
different, emphasizing that the derivation is independent of materials across
the interface. We start from the macroscopic Maxwell equations

oB

-2 19

VXE 5 (19)
oD

XH = — 20

VxH 5, (20)

V.-D=0 (21)

V-B=0 (22)

Here we assume no net free charge nor current on the surface. To
establish the boundary conditions, we take a spill-box to cover both sides of an
interface, as shown in Fig. 1b. In the derivation of traditional boundary

conditions for the Maxwell equations, one takes the limit of zero thickness of
the spill-box and assumes that the field on each side does not change when it
approaches zero thickness™’. This treatment, for example, leads to the con-
tinuity of the displacement field in the z-direction, but a discontinuity in the
electrical field, as represented by two red bars in Fig. 1b. In reality, however,
the electrical field varies continuously but rapidly over the thin interfacial
region (black line in Fig. 1b). Details on how the field changes with z depend
on microscopic models. Our goal is to take into account of such a rapid
change by modifying the boundary conditions of the Maxwell equations,
which will relate the macroscopic electrical and magnetic fields on the
two sides of the interface z=0" and z=0". These fields may differ from
given by the traditional boundary conditions, as indicated by the blue line
in Fig. 1b.

TM-Wave. Let us consider a TM wave first. Equation (21) can be written
as

aD, oD
_|_

z— 23
ox 0z 0 3)
The field has periodic variations in the x-direction, ie.,
D = (D,(z)e**,0,D,(z))e ™", Eq. (23) can be written as
D,
ik.D (2) + dD, _ 0 (24)
dz
Integrating the above equation, we have
. %2 dD,
D,(z,) — D,(z,) = —ik, [Zsz(Zz) - lex(Zl)] - z iz dz
Zy
(25)
Define
7z dd% dz
1= "o, = % e (26)

2 dD, g
jzl dz dz

where again the vector d emphasizes that d is measured along n,,
direction. The integral on the numerator is a small but a finite value if we
extend z; and z, to infinity, because only regions where D, changes rapidly
matter in the integration. d|| thus can be considered as a surface property.
The goal of boundary condition is to establish relationship of the fields on
the two sides of the interface. For such a purpose, we set the limits of z; and z,
to 0" and 0%, Eq. (25) becomes

D,(0") — D,(07) = ik,d, [D,(0") — D,(07)] 27)

This condition differs from the classical D,(07) — D,(07) = 0. The
deviation is caused by the finite region when Dy changes from one side to the
other, which is represented by d|,.

From Egs. (19) and (20), eliminating B and H leads to

V(V-E) — V’E = yw’D = p, kD (28)

where we assume no magnetic response, and subscript “o0” represents
vacuum, p,, ¢, and k, the magnetic permeability, speed of light, and
magnitude of the wavevector.

Next, we consider that variations in the x-direction, i.e., parallel to
interface, can all be expressed as e for example, E,(x,2) = E,(2) ek
E (x,2) = E (2)e™*, D (x,z) = D (z)e**. The x and z components of
Eq. (28) are

. dE, d’E, 52
lkxd_zz_ dz2 ::uocokoDx

(29)
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dE
ik ICE, = u, kD

kD, (30)

Taking derivative of both sides of Eq. (30), d/dz, and combining with
Eq. (29) lead to Eq. (24). Hence Eq. (29) is redundant. Integrating Eq. (30)
leads to

ek (=
E(z,) =E.(z) +%/ D,(z))dz

Z

o 4B (7 (31)
+ ikx{zzEz(zz) —z,E,(z,) —/ z/%dz/}

1

Since D, does not change much based on the classical boundary con-
ditions, the second term is negligible in the limit of z; and z, approaching 0.
The above equation can be written as

E,(0%)—=E(07) = —ik,d, (E.(0%) — E,(07)) (32)
where
f?z%dz
1= 212 dE =d, -ny (33)
. Gz

Now, we consider the magnetic field H = (0, H },(z)eikxx, 0)e~* for
the TM wave, Eq. (22) is automatically satisfied. Equation (20) leads to

aH, = iwD,(z) (34)

dz

Integrate the above equation and take the same limits as before, we
arrive at

(35)

TE-Wave. For a TE wave with the (0, Ey(z)eikxx, 0)e !, Eq. (21) is always
satisfied. From Egs. (19) and (20), we have

H,(0")=H,(07) = —iwd, [D,(0%) — D,(07)]

dE
Y — i 36
= piwH, (2) (36)

{ikﬁEy — pw d;"} = ipw’D,(2) (37)

Integrating Eq. (36) and invoking that Hy changes little over the
interface per classical boundary condition, we have

E,(0") —E(07)=0 (38)
Integrating Eq. (37), we get
H,(0")—H,(07) = iwd, [Dy(0+ )— Dy(o*)} (39)

One could also apply the same procedure to Eq. (22) to show
that B,(0")—B,(07) = 0.

The above interfacial conditions, i.e., Egs. (27), (32), (35), (38), and
(39), can be cast compactly as Egs. (1-4)*. We note that both Egs. (32) and
(38) are represented by Eq. (3) since for TE-polarization, E, is zero.
Equation (2) leads to Eq. (35) when applied to a TM wave, and to Eq. (39) for
a TE wave.

Feibelman parameters. The above derivation suggests that the Feibel-
man parameters defined in Egs. (26) and (33) can be functions of fre-
quency but not the in-plane wavevectors, i.e., they are independent of the
angle of incidence. Their physical meaning can be better appreciated by
connecting displacement to the charge and current via the constitutive

relation, D = ¢ E + P, where P is the electrical polarization. Gauss’ law
then leads to
¢, VE=—V.P (40)

which also means that the induced charge, or the polarization charge, p

V-P=—p (41)
If we further define
oP
5= (42)
So that we can write Eq. (3) as
oE
XH =¢ — 43
v &5 7T (43)
Such definitions satisfy the continuity relation
9
X J= 44
5 TV I=0 (44)

Equations (40) and (43) resemble the microscopic Maxwell equation
(although E and H are defined macroscopically). Thus, p and J can be
understood as the microscopic charge density and polarization, related to
polarization density P. If we write E and p all in Fourier component
(E (2)e™*, 0, E_ (z)e*<¥), pe’<*, Eqs. (40) and (41) lead to

dE, p
K E 4% _ P
ik E, + E (45)

[

The first term on the left hand side of Eq. (45) is much smaller than the
second term and hence can be neglected (i.e., the so-called DC limit k, = 0).
Thus, the Feibelman parameters can also be written in different forms as
expressed by Eq. (5).

Reflectance, transmittance, and absorptance

Different authors have given expressions for the interface reflection coeffi-
cients, and in some cases, the transmission coefficients too'***"**, However,
none of them give complete expressions for reflectance, transmittance, and
especially interface absorptance. In the following, we will give complete
expressions for both TM and TE polarizations. Details of the derivation are
given in the Supplementary Methods.

TM-Wave. The Fresnel reflection (r,,) and transmission (£,) coefficients
for a TM-polarized incident wave as shown in Fig. 1c are,

_ 511:8-1 +dnikxlfl]:‘zl
(e:ko+d) ik, 5k )

ko —d ik ky
(ka—dyikoiks)

r. = . . - - 46

P (sllfxlfduikxlsllle (’le+diikx]]fxl) ( )
(ezkszrdHikxlfzkzz) (kz27diikxlkx2)
51}:‘x1+duikx151]:<z1 )}zlfdﬂkxllicxl

_ (Slkxl_d\\ikxlslkzl) (kz1+dﬂkx1kx1) (47)

P (szl}x2+dHikxl£2i<zZ)
(51kx1 *du ikxlslkzl)

(’:‘zz —d ik, ]}xZ)
(kzl +d, ik kxl)

If d; =0 and d, =0, the above equations reduce to the Fresnel
coefficients

R s1i<x1i<z2 - “"Zicxziczl _ \/sflkZz — ek,
F= T = =
" gkak, + &kok, v £f1k2z + ek
N, cos0, — N,cos0,
N, cos0, + N,cos0,

(48)
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A 2¢,k, k,, _ 2, /sﬂl;zl _ 2N cosb,
P fzicxzile + & ]}’xl 1222 VEr iczl + @]}zl NICOSGZ + NZCOSQI

(49)

By retaining only the first order terms in the Feibelman parameters, we
can simplify Eq. (46) as

slkni‘zz _52 ok (51 lkxl i‘ —d,
ekukn + ek, — (6 zkxl(d kok, +d,

)

«/_r_ \/__kzl (Srl £r2)l o( x1 i(
«/gl—kzz + \/akzl - (Srl - 872)1 (dj_ xlkx2 + dl\kzlkﬂ)

The above can also be written into a form identical to that of Eq. (S13)
in Ref. 32

;o= eky, — &k, — i(51 - 52) (degza - d\lkzlkzz) (52)
! erky, +erky, —i(e; — &) (dechl + dukzlkzz)
We can further approximate Eq. (52) as
2 k
r, = rpp{l _ 2en—en )ik [ dL]}
ek, — ek
(53)

2 (% - 1) ik,
=rpyl—— "5
kiz - (3) kﬁl

The last expression is identical to Feibelman’s Eq. (2.81)".

Next, we examine the transmission coefficient, Eq. (47), which can be
approximated as

{kizdu - ?k)zcldi]
1

2£kk

rl1™x1

P ~ ~ ~ ~ ~ ~ ~ ~
enkok,y +ekyk, + (572 - srl)lkxl (dlkxlka + dukzzkzl)

» {1 (81"2 - srl)ikn (dlexlich + dHl;zzlACzl) }
Y —

v SYZI;:Z] + v srliczZ

Typically, ¢,, is real and ¢,, is complex. The Poynting vector normal to
the interface is

EE! .
= ZiCiRe <kZN )
2uc,

We can calculate the reflectance and transmittance from

(55)

z,i

2 Erli‘zl
\/gl—i{zl + \/571921 + (Erl - Evl)kv (dmf‘xli‘xz + dHAIA(ZZi{zl) - (srl - fyz)ika (duk k + dekzlkzl)
(59)

t,o=

From which we get (keeping only up to first order in the d-parameters)

[ﬁi(zz - @i‘zlr + 2(\/871222 - @i‘zl) (£r1 - 8rz)ko (dui‘ﬂi(xz - dekzlkzz)
[ﬁi&z + ﬁ’;ﬁ]z + 2(«/_i‘z2 + \/;I;zl) (srl - srz)ku (dmj(xli(xz + kzlkzz)

dyky, —dyk,
~ RN{I + 4(5,, — s,z)kz, LA L lli7z2 }
nky, — erzkzl

R =~

2mn d,;sin6? — d,; cos 62

~R 1 4(n? — 1 Li 1 li 2

p‘F{ + ( nl) Ao ot [nlzcoseg —n,? cos@ﬂ
(60)

EnEnko ks
T, R - —
[\/E,Tkzz + \/Ekzl} + 2<Erl - 5;2)" (dlrkvlkxz + de zlkzl) {«/_kzz + \/:kzl}
d ik +d,k k

~ - |:1 72(6’1 _ frz)k(, ( Lifx1 x2 11i%22 zl):| (61)

\/Evlkzz + erzfczl
d,;sin 6, sin 6, + d; cos 6, cos6,)

[, cos 0, + n, cos ]

N T,p [1 —2(n? — )k, (

One can of course start from approximations Eqgs. (53) and (54) to

obtain the same results. For absorptance from Ap =1- Rp Ty, We have
4(6 5 — €& 1) 52 52
Ap=— — 5k, (kzz dyi+ky dli)
<\/ Srlkzz + A/ 8r2k21>
4(nk —n?) 27n

=- “Lcos 6, (dy; cos*0, +d,;sin*60
(n1c0392+n2c0361)2 A 1 ? - Y

(62)
TE-wave. The Fresnel reflection (r;) and transmission (¢,) coefficients for

a TE-polarized incident wave are

- «/al—i(zz - ikodH [872 B 811]

_ ‘grlkzl
re =

- N (63)
A/ erlkzl + A/ €r2kz2 + lkodu [£r2 - srl]
2. /Ek
ts 1k (64)

v/ ‘Srlkzl + A/ srlkzz + ikod\l [872 - srl]
The r, is consistent with Eq. (32) in Schaich and Chen paper’’. If
d | =0 the above equations reduce to the Fresnel coefficients.

Re [ﬁzzNﬂ Re [N *cos0 ]
2 2
= |rp|2and = It, 2= Re[m cosd,| itp|2 (56) . ek — JEaky, _ nycosf; — nycost, 65)
21 16050, sF = \/—kzl + ﬁk " nycosd, + nycosb,
And the absorptance is then
A —l—R 2 /8,11221 2n,cos0,
,=1-R,—1, (57) tip = (66)
\/—kz1 + ﬁkzz nlcose + n,cos,
where we assume N, = n; = /€, is real, since when N, is complex, there .
will be absorption at the interface™, which will further complicate the dis- We can approximate Eqs. (63) and (64) as
cussion. When ¢, is complex, there will be coupling between the absorption
in the substrate and the interface. However, when both ¢,; and ¢, are real, 2ik,,d, [572 — gﬂ}
i.e, no absorption in the bulk material, we can write the reflection and rRrp |1 - ; 2 ; 2 (67)
transmission coefficients using the real and imaginary parts of the Feibel- (V en “) B (V fre ZZ)
man parametersd | =d  +id ;andd = dHr +id); as
ik,d -
A - . ~ o t,~t 1”[’—2”J (68)
_ Verika = ek + (5” SVZ)ko<dekxlka duxkzlk ) ( & €r2) ik (dmk 1k d\\rkzlkzz) s s,F \/_<k + \/——k
e ﬁf&z + x/gl-j{zl + (‘Evl ‘E.’Z)ku (‘hxi‘nj‘xz + duxkzlkn) - (‘Evl - fvz)’ko (dJkali(xZ + dHri(zlj{zZ) o
(58)
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Equation (67) is different from Eq. (4.43) in Liebsch book™. It seems
that he had made some algebraic mistakes in his approximation. Equation
(68) is consistent with Eq. (A19) in Schaich and Chen’s paper’". However, it
seems that Eq. (A20) in Schaich and Chen falls into same problem as in the
Liebsch book. From these expressions, the reflectance, transmittance, and
absorptance can be expressed as

o (25,2 =) 7d)i
(ﬁ];n) - <x/8;i‘zz)
2mn,

4(n2 —n?
020, — n2cosi0. 2( - 21) 2.7 costhd;
nicos?0, — nycos?6, A,

R~Ry|1+

s

(69)

=R <1 +

_ Re(ka)

2 ) —
T; k kodHt (SVZ 871)

H A 4\/ 8r1£r2kzlk22
N ~ 2
{\/ €n kzl + v €r2k22:|

N ~ 2
2 [Verka + JEaka)
2[n3 — n?] 21 )

- I L B LY
TS‘F< * ny cos 8, +n,cos 0, A, Il

(70)

_4kzldHi(£r2 -

Srl)
N ~ 2

[k + ek

—4[m—m]  2mn

= cos 0,d
[, cos 0, + n, cos 92}2 A '

Aszl_(Rs—’_Ts)%

(71)

lli

In the transmittance exprg:ssion, we used the Poynting vector expres-
sion for TE light S, , = z,u%u |Ei‘ Re(k?). Equation (71) again shows that d i
must be negative since ¢,, — ¢,, >0.

Power Dissipation at the Interface
The derivation below follows Liebsch’s procedure”, but arrives at the
opposite sign. The surface power absorption can be calculated from

P(w) = %Re/.zzdzl(z) -E*(z) = ;Im/zzdzD(z) -E*(2) (72)

1

In the second step, we used the relation] = —iw(D—e¢, E).

TM-polarization. For TM polarized light, Eq. (72) can be written as (see
Supplementary Methods)

Py(w) = —gso (e, — s,l)tt*|Ei|2 [dicos0, + d ;sin®0, | (73)

Dividing Eq. (73) by the Poynting vector of the incident wave in the z-
direction, we get Eq. (12).

TE-Polarization. For a TE-polarized incident wave, Eq. (72) leads to

4e1k 1k,

Ps(w) = _geo(srl - 2 |Ei}2d|\i

2 srl)

(74)

[\/ ik, + £r2kzl:|
Dividing Eq. (74) by the incident wave’s Poynting vector in the z-
direction, we obtain Eq. (18).
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