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Single-antenna super-resolution
positioning with nonseparable
toroidal pulses
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The fundamental principle of satellite/node-based positioning involves triangulating the receiver’s
coordinates through the intersection of spatial distances. Advancements in hybrid wireless networks
have yielded high-precision positioning at decimeter-level (wavelength-level), approaching the
resolution limits in free space. Here we present a 3D super-resolution positioning paradigm in free
space by utilizing a kind of topologically structured pulses, toroidal electromagnetic pulses. We
demonstrate that the space-time nonseparability and skyrmion topology inherent in toroidal pulses
can be harnessed to achieve freespace microwave 3D positioning with super-resolution accuracy,
reaching the centimeter level, using a single emitting antenna. This work opens up avenues for
exploring the potential applications of topological electromagnetic pulses including but not limited to
positioning, imaging and sensing technologies.

Freespace wireless microwave positioning plays a crucial role in daily life
and scientific research1–4. Satellite navigation systems, such as the Global
Positioning System (GPS), have revolutionized global navigation, mobile
communication, and automated driving5–7. Recent advancements have led
to the development of nodenetwork-basedpositioning systemsby replacing
satellite transmitters with ground-based stations or network nodes, thereby
enhancing the precision and adaptability of positioning systems8–11. Both
node network-based and satellite-based positioning systems rely on the
multi-transmitter positioning paradigm and spatial distance intersection
principle, illustrated in Fig. 1a. However, two challenges, accuracy and node
number, pose significant hurdles in freespace microwave positioning sce-
narios. Firstly, the precision of positioning based on the spatial distance
intersection principle depends on synchronization and ranging. Typically,
the synchronization accuracy of GPS systems reaches several nanoseconds,
resulting in meter-level positioning errors. Recent advancements in hybrid
wireless networks have pushed synchronization precision to sub-
nanosecond levels, enabling decimeter-level (wavelength-level) high-
accuracy positioning10,11. This development approaches the resolution
limits in free space and the accuracy is difficult to further enhance. Secondly,
when accurately measuring flying time or distance l, each transmitter can
only ascertain that the receiver lies on a sphere with a radius of l. Conse-
quently, it is impossible to determine the 3D coordinates of a target using a
single transmitting antenna based on the spatial distance intersection
principle.

Topological electromagneticfields exhibit vast potential applications in
information and energy transmission12–18 and super-resolution metrology
or microscopy19–24, thereby offering a potential avenue for achieving precise
3Dpositioningbasedona single transmissionantenna in free space. In1996,
Hellwarth and Nouchi introduced toroidal pulses, an exact solution to
Maxwell’s equations25, which possess complex non-transverse skyrmion
topological structures26–29, space-time nonseparability 30–33, and strong
interactions with matter34,35. Recently, electromagnetic toroidal pulses have
been successfully generated in the optics, terahertz, and microwave36–38,
laying the foundation for their practical applications.However, to the best of
our knowledge, there have been no reports of successful experimental
implementations of toroidal pulses until now.

In this paper, we present a method for freespace microwave 3D posi-
tioning based on the space-time nonseparability and skyrmion topology of
toroidal pulses, enabling 3D spatial positioning with super-resolution
accuracy, reaching the centimeter level, using a single emitting antenna. The
effectiveness of this method is validated through both theoretical analysis
and experimental verification. As a result, the proposed methodology uti-
lizing toroidal pulses lays the groundwork for a positioning paradigm.

Results
Positioning principle based on nonseparable toroidal pulses
The space-time nonseparability and space-polarization nonseparability of
toroidal pulses, evident in their analytical expressions, are the fundamental
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principles underlying the proposed 3D positioningmethod. The expression
for the field distribution of transverse-magnetic (TM) toroidal pulses
(Fig. 1b1, b2) in a cylindrical coordinate system is as follows25:

Hθ ¼ 4if 0
ρðq1 þ q2 � 2ictÞ

ρ2 þ ðq1 þ iτÞðq2 � iσÞ� �3 ð1Þ

Eρ ¼ 4if 0

ffiffiffiffiffi
μ0
ε0

r
ρð�q1 þ q2 � 2izÞ

ρ2 þ ðq1 þ iτÞðq2 � iσÞ� �3 ð2Þ

Ez ¼ �4f 0

ffiffiffiffiffi
μ0
ε0

r
ρ2 � ðq1 þ iτÞðq2 � iσÞ
ρ2 þ ðq1 þ iτÞðq2 � iσÞ� �3 ð3Þ

where,Hθ is themagnetic field component in the θ direction, Eρ and Ez are
the electric field components in the ρ and z directions, respectively. The i
denotes the imaginary unit, f 0 represents a real constant, q1 and q2 are
adjustable real positive parameters, c represents the speed of light, t denotes
time, τ ¼ z � ct, σ ¼ z þ ct. μ0 and ε0 represent the permeability and
permittivity in vacuum, respectively.

Due to the inability to separate the spatial variable ρ from the temporal
variable t in the expression of toroidal pulses mentioned above, their field
equations cannot be expressed as spatial field forms with the temporal
variable eliminated or temporal field forms with the spatial variable elimi-
nated. This unique characteristic is referred to as space-time nonsepar-
ability, which is equivalent to space-frequency nonseparability. Due to their
space-time nonseparability, toroidal pulses exhibit distinct electromagnetic
fields in both the temporal and frequency domains at each spatial location32.
When examining the maximum field distribution of toroidal pulses at a
specific frequency point as it varies with the propagation space, we obtain a
distribution of maximum spectral lines as shown in Fig. 1b3. The solid lines
represent the radial maximum values of the Eρ component along the z-axis
for several frequencies ranging from fmax to fmin, with decreasing frequency
from the inner to the outer regions. The maximum spectral lines are
mutually separated and never intersect, which is one manifestation of the
space-time nonseparability of toroidal pulses32. This spatial-frequency

correspondence forms the foundation for positioning based on the space-
time nonseparability. The correspondence between spatial and frequency
spectra enables the determination of target coordinates (ρ, z). For further
details, please refer to Supplementary Notes 1 and 2.

Drawing inspiration from animals that navigate using electromagnetic
wave polarization39,40, we can also utilize the polarization properties of
toroidal fields for positioning purposes. Toroidal fields exhibit space-
polarization nonseparability apart from space-time nonseparability 26–29,
with their skyrmion polarization textures having been experimentally
observed38. This intricate spatial topological feature holds the potential for
achieving ultrahigh-resolution positioning. TakingTM toroidal pulses as an
example, Eρ exhibits skyrmion-type polarization, as indicated in Fig. 1b4.
The azimuthal coordinate θ of the target can be determined based on the
polarization characteristics of the electric field vector. Consequently, the
time/frequency-polarization information at each 3Dspatial pointwithin the
primary distribution region of the toroidal field is unique, meaning that it
can be uniquely characterized by the time-polarization state or frequency-
polarization state. As shown inFig. 1, by discretizing the 3D space into a grid
andplacing receivers at eachgridpoint,we canmeasure the time/frequency-
polarization state at each point and store it along with the corresponding
spatial coordinates as a positioning information database. Subsequently, by
measuring the time/frequency-polarization state at any target spatial point
and comparing it with the positioning information database, we can obtain
the corresponding spatial coordinates, thus achieving target positioning.

Single-antenna 3D positioning performances
Shen et al. introduced the space and time states as a set of entangled states
basedon the spatial and temporal propertiesof toroidal pulses32.These states
were quantized through measurements of the state density matrix to assess
the spatiotemporal inseparability of the toroidal pulses. Inspired by this
approach,wedefine the frequency-polarizationamplitude state jψai and the
phase state jψpi, leveraging the unique frequency-polarization information
at each positioning within the propagation space of the toroidal pulses.

jψai ¼ ½jEhorðλ; ρ; z; θÞj; jEverðλ; ρ; z; θÞj� ð4Þ

jψpi ¼ arctan
ImðEhorðλ; ρ; z; θÞÞ
ReðEhorðλ; ρ; z; θÞÞ

� �
; arctan

ImðEverðλ; ρ; z; θÞÞ
ReðEverðλ; ρ; z; θÞÞ

� �� �

ð5Þ
where, Ehor and Ever denote the horizontal and vertical components of the
normalized transverse electric field of the toroidal pulses, respectively. We
exploit the regularity of the spatial field distribution of the toroidal pulses
through measurements of the amplitude of the electric field, and the reg-
ularity of its spatial polarizationbymeasuring thephase anglesof the electric
field components in different directions. Specifically, the frequency-
polarization amplitude state encodes information about spatial distance
and radial position, while the frequency-polarization phase state contains
information about the spatial azimuthal position. Drawing inspiration from
the concept of fidelity in quantum mechanics, we introduce a spatial
pseudo-spectrum tailored for receiver positioning.

Ftol ¼ Fa � Fp ð6Þ

Fa ¼
hψa;tarjψa;preihψa;tarjψa;prei
hψa;tarjψa;tarihψa;prejψa;prei

ð7Þ

Fp ¼
hψp;tarjψp;preihψp;tarjψp;prei
hψp;tarjψp;tarihψp;prejψp;prei

ð8Þ

where, the subscript “tar” represents the frequency-polarization state
measured by the receiver at the target location, while the subscript “pre”
denotes the frequency-polarization state obtained from a pre-measured
positioning information database at different positions within the area of

Fig. 1 | Schematic diagram of 3D positioning method based on toroidal pulses.
a Traditional spatial distance intersection principle, where AP represents access
point; b1 Toroidal pulses emission antenna; b2 Electric field distribution of TM
toroidal pulses, with the electric field E indicated by encircling pink arrows; b3
Schematic diagram of the maximum frequency positioning and polarization dis-
tribution of toroidal pulses. We annotate the maximum positioning of the single-
frequency field distribution in the ρ direction (referred to as themaximum spectrum
line) using solid lines of different colors (from violet to red indicating from high to
low frequencies). After spatial discretization, the maximum spectrum lines intersect
with circular coils on a plane perpendicular to the propagation axis (z-axis). The
correspondence between spatial and frequency spectra enables the determination of
target coordinates (ρ, z). b4 Skyrmion topology in toroidal pulses. The azimuthal
coordinate θ of the target can be established based on the polarization characteristics
of the electric field vector.
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interest. In Eqs. (6–8), both F and jψprei are functions of the coordinate
positioning (ρ, z, θ), while jψtari is computed based on the signals received
by the receiver at the location ρ0; z0; θ0

	 

. Consequently, the computationof

Ftol using the aforementioned equations yields pseudo-spectrum values for
different coordinates (ρ, z, θ), as illustrated in Fig. 2. In Fig. 2, the target is
situated at (x, y, z) = (0, 0.1, 0.2) m, with the toroidal pulses propagating in
the z-direction, and the frequency range used for computing the pseudo-
spectrum is 2–10 GHz.

Figure 2a depicts the theoretical pseudo-spectrum computed using ideal
toroidal pulses (given by Eqs. (1–3) with q1 = 0.02m and q2 = 50q1). It is
evident from the figure that the spatial coordinate corresponding to the
maximum pseudo-spectrum value, i.e., 1, aligns with the target location, with
high pseudo-spectrum values observed near the target and low values at
distant locations. This clearly indicates the target’s coordinate. In practical
positioning applications, however, test errors due to noise are inevitable. To
assess the performance of our method in noisy conditions, we superimposed
Gaussian white noise with a signal-to-noise ratio (SNR) of 20 dB on the ideal
toroidal pulses field at each position. The recomputed pseudo-spectrum is
shown in Fig. 2b, indicating a degree of noise robustness. To validate the
positioning method proposed in this study, we conducted experimental tests
using a coaxial horn toroidal pulses emitting antenna (Fig. 1b1), as described
in ref. 38. Experimental settings are detailed in theMethod. Themeasured 3D
pseudo-spectrum is presented in Fig. 2c, clearly identifing the target’s coor-
dinate in the experimental results, agreeing well with theoretical predictions.

As observed in Fig. 2, although the maximum value of Ftol in the
pseudo-spectrum indicates the target’s position, the relatively high values of
Ftol in the vicinity of the target can potentially affect judgment. To improve
the purity of the pseudo-spectrum and enhance resolution without com-
promising positioning accuracy, we can employ techniques to sharpen the
pseudo-spectrum. These techniques are described in detail in Supplemen-
tary Notes 3 and 4. In addition, it is worth noting that due to the inherent
regularity in the spatial-frequency-polarization entanglement of toroidal
pulses, we can achieve accurate positioning using spatial pseudo-spectrum
computations regardless of the type of receivers.

It is worth noting that only the transversely polarized component of
toroidal pulses is utilized in the proposed method because this component
exhibits space-time nonseparability and radial polarization characteristics,
which are sufficient to ensure the unique correspondence between field and
position. In addition, space-time nonseparability is equivalent to space-
frequency nonseparability, as discussed in ref. 32, making the theoretical
treatment in both time and frequency domains identical. However, defining
the frequency-polarization state using the method from ref. 32 is more
straightforward. Additionally, from a practical standpoint, recording
frequency-domain data enables real-time operation of the positioning sys-
tem, whereas time-domain data would require recording over a time interval.
Therefore, this work adopts the frequency-domain processing method.

In this method, when data is acquired using a point-by-point pre-
measurement approach, the database size increases significantly with the
expansion of the positioning region. To address this challenge, we propose
an aperture field method, which calculates the field within a space using the

field at the aperture of the electromagnetic toroidal pulse emitter, thereby
eliminating the need tomeasure the field at every point in the space. Details
of this method are provided in the Supplementary Notes 5–7. Additionally,
the proposed method can utilize transmission power similar to that of
wireless communication base stations, enabling coverage of a positioning
range comparable to their communication range; please refer to the Sup-
plementary Note 8 for the estimation.

Simultaneous positioning of multiple receivers
Beyond the positioning of a single receiver, our method also enables the
simultaneous positioning of multiple receivers situated at different loca-
tions. By separately computing pseudo-spectra using signals received by
different receivers and superimposing the sharpened pseudo-spectra, we
can obtain a pseudo-spectrum map for multi-target positioning. Since the
pseudo-spectrum values outside the targets’ positions are very small,
the superimposed pseudo-spectra corresponding to individual receivers do
notmutually obscure eachother, as demonstrated inFig. 3. In thisfigure, the
coordinates of targets 1, 2, and 3 are (r, z) = (0.1, 0.4) m, (0.2, 0.2) m, and
(0.25, 0.65) m, respectively. Bothnumerical computations and experimental
measurements yield pseudo-spectrum peaks that align with the coordinates
of targets.

Evaluation of positioning accuracy
To quantitatively demonstrate the positioning performance of our method,
we employed thedisplacementmetric,whichquantifies the spatial deviation
between the estimated coordinate (derived from the peak of the spatial
pseudo-spectrum) and actual target’s coordinate. Figure 4 illustrates the
displacement when targets are situated at various locations within the pri-
mary coverage area of the toroidal pulses. Due to the rotational symmetry of
toroidal pulses, examining half of the cylindrical coordinate system along
the z-axis suffices to capture their full spatial characteristics. In Fig. 4, the
value at each (ρ0, z0) coordinate represents the displacement normalized by
the shortest wavelength λmin ¼ 0:03m (corresponding to 10 GHz) used in

Fig. 2 | Three-dimensional positioning pseudo-spectrum based on toroidal
pulses. a Ideal toroidal pulse-based positioning pseudo-spectrum; b Positioning
pseudo-spectrum computed with toroidal pulses at a signal-to-noise ratio of 20 dB;

c Experimental positioning pseudo-spectrum constructed frommeasured data. The
target is located at (x, y, z) = (0, 0.1, 0.2) m, with the toroidal pulses propagating in
the z-direction and their cross-sectional center located at (x = 0, y = 0).

Fig. 3 | Multi-target positioning pseudo-spectrum based on toroidal pulses.
a Positioning pseudo-spectrum computed using ideal toroidal pulses; b Positioning
pseudo-spectrum computed using toroidal pulses with a signal-to-noise ratio of
20 dB; c Positioning pseudo-spectrum constructed from experimental data.
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the pseudo-spectrum computation, when the actual target’s coordinate is
(ρ0, z0). When utilizing ideal toroidal pulses for positioning, the displace-
ment is zero regardless of the target’s coordinate.When the noise with a 20-
dB SNR is introduced to toroidal pulses, the displacement remains below
0.5λmin (0.3 λcen at the central frequency 6 GHz) for 91.82% of the coordi-
nates, indicating robust positioning accuracy even in noisy environments.
Experimental results show that 97.15% of the cases are less than 0.5λmin
(0.3 λcen) when targets are situated at different locations, consistent with the
findings obtained using noisy toroidal pulses. In Supplementary Note 6, we
simulated the performance at various noise levels, indicating that higher
SNRs lead to better positioning accuracy. In conclusion, owing to space-
timenonseparability and skyrmion topology, positioningmethods based on
toroidal pulses can achieve super-resolution accuracy.

Discussion
By harnessing the inherent space-time nonseparability and skyrmion
topology of toroidal pulses, we have realized super-resolution 3D posi-
tioning of receivers through the utilization of a solitary toroidal pulse
emitting antenna in free space, making the method applicable for various
applications including global navigation, mobile communication, auto-
mated driving, and others.

It’s worth noting that scholars have proposed numerous super-
resolution imaging or positioning methods22,41,42, but their application sce-
narios differ from freespace microwave positioning. For example, by con-
trolling multipath scattering in reverberation chambers, it is conceivable to
achieve super-resolution localization43–45. However, this method is unsui-
table for freespacemicrowave positioning, where reverberation scattering is
unavailable for exploitation.

The proposed method is also applicable in non-line-of-sight (NLOS)
scenarios. In NLOS or multi-scattering linear environments, the effects of
scattering cause the frequency-polarization state at any location to become a
weighted superposition of multiple frequency-polarization states from free
space, thus preserving the uniqueness of each location’s frequency-
polarization state. Verification cases are provided in SupplementaryNote 5.

In addition to the cooperative transmitter-receiver positioning results
shown in this paper, the nonseparability and skyrmion topology of toroidal
pulses holds promise for pioneering applications in radar detection, internet
of things, and penetrative imaging. For scattering scenarios, employing a
single coaxial horn antenna to emit toroidal pulses and employing broad-
banddual-polarization antennas to receive scattered target echoes allows for
position determination based on echo polarization and spectral character-
istics. By integrating neural network techniques with toroidal pulses, it may
even be possible to reconstruct high-precision 3Dshapes of targets. Radar or
imaging systems based on toroidal pulses offer the potential for higher
resolution with simpler system architectures and fewer transceiver units.

As a higher-order form of toroidal pulses, supertoroidal pulses exhibit
more pronounced variations in spatial frequency distribution and

polarization distribution27. Therefore, utilizing supertoroidal pulses holds
promise for constructing higher-resolution positioning, detection, imaging,
and other systems. Moreover, supertoroidal pulses may possess non-
diffracting propagation characteristics28, potentially enabling systems based
on them to achieve greater effective detection ranges.

Besides the positioning application proposed in the paper, toroidal
pulses hold significant promise across a wide array of fields. Their unique
properties, such as space-time nonseparability, skyrmion topology, and
non-diffracting behavior, open up possibilities in high-capacity tele-
communications, where their robust polarization and spectral signatures
can enhance data encoding and transmission. Additionally, their potential
in developing non-barrel electromagnetic railguns and high-sensitivity
sensor systems suggests that toroidal pulses could drive innovation across
numerous technological domains, offering transformative solutions beyond
traditional methods.

As classical electromagnetic waves, toroidal pulses exhibit identical
propagation and topological characteristics across microwave, terahertz,
and optical frequency bands. Although this paper primarily discusses the
application of toroidal pulses in microwave positioning systems, toroidal
pulses have also been generated in the optical and terahertz frequencies36,37.
Hence, the methodology proposed in this paper also holds potential for
applications in opticalfields such asnanoscale particlemetrology and super-
resolution imaging.

Methods
Numerical positioning method for ideal toroidal pulses
The specific implementation steps of numerical positioning based on ideal
toroidal pulses are as follows: (1) Generate an ideal toroidal pulse based on
Eqs. (1–3) in Matlab software with q1 = 0.02m and q2 = 50q1, setting the
propagation axis of the toroidal pulse as the z-axis; (2) Uniformly sample
within the region of x = [−0.4 0.4]m, y = [−0.4 0.4]m, z = [0 0.8]m with a
1 cminterval, and record the spectrumof the toroidal pulse at each sampling
point; (3) Assume the target is located at Position 0 ðρ0; z0; θ0Þ, use the data
recordedat Position 0 ðρ0; z0; θ0Þ andPosition1 ðρ1; z1; θ1Þ obtained in step
(2) to calculate the pseudo-spectrum value Ftolðρ1; z1; θ1Þ at Position 1
ðρ1; z1; θ1Þ according to Eqs. (4–8); (4) Traverse the coordinates of Position
1 throughout the entire computational domain, repeatedly performStep (3),
and obtain the pseudo-spectrum map of the entire space; (5) Identify the
position ðρ00; z00; θ00Þ with the highest amplitude in the pseudo-spectrum
map, which corresponds to the determined target position; (6) Calculate the
distance between the determined position ðρ00; z00; θ00Þ and the actual target
position ðρ0; z0; θ0Þ, which represents the positioning displacement value
for the target position ðρ0; z0; θ0Þ; (7) Traverse the target Position 0
throughout the entire space, repeatedly perform Steps (3–6), and obtain the
positioning displacement value corresponding to each position in the
entire space.

Numerical positioning method for noisy toroidal pulses
The specific implementation steps of numerical positioning in the presence
of noise are as follows: (1) Follow the same procedure as in the case for ideal
toroidal pulse; (2) After step (2) in the ideal toroidal pulse scenario, add two
sets of random Gaussian white noise with SNRs of 20 dB to the signals at
each position, respectively referred to as pre-measured and target data sets;
(3) Assume the target is located at Position 0 ðρ0; z0; θ0Þ, use the data from
Position 0 ðρ0; z0; θ0Þ in the target data set recorded in step (2) and the data
from Position 1 ðρ1; z1; θ1Þ in the pre-measured data set according to
Eqs. (4–8) to calculate the pseudo-spectrumvalueFtolðρ1; z1; θ1Þ at Position
1 ðρ1; z1; θ1Þ; (4) Traverse the coordinates of Position 1 in the pre-measured
data set throughout the entire computational domain, repeatedly perform
Step (3), and obtain the pseudo-spectrum map of the entire space; (5–6)
Follow the same steps as in the ideal toroidal pulse scenario; (7) Traverse the
target Position0 throughout the entire space in the target data set, repeatedly
perform Steps (3–6), and obtain the positioning displacement value corre-
sponding to each position in the entire space.

Fig. 4 | Positioning displacementmetrics. aDisplacement metrics computed using
ideal toroidal pulses; bDisplacement metrics computed using toroidal pulses with a
signal-to-noise ratio of 20 dB; c Displacement metrics constructed from experi-
mental data.

https://doi.org/10.1038/s42005-024-01850-z Article

Communications Physics |           (2024) 7:356 4

www.nature.com/commsphys


Experimental positioning method
The TM toroidal pulses transmitter employed in the experimental valida-
tion of the proposed positioning technology is a coaxial horn antenna
proposed in ref. 38. The experimental setup utilized coaxial horn antennas
operating within the frequency range of 1.3–10 GHz as the transmitting
antennas for toroidal fields, while double-ridged waveguide horn antennas
(operating within 1–18 GHz) served as the dual-polarized receiving
antennas, simulating the user to be localized. The geometric center of the
coaxial horn antenna aperturewas designated as the origin of the cylindrical
coordinate system. The experimental frequency range was set to 2–10 GHz,
with the spatial z-axis originated at a distance of 0.2m from the coaxial horn
antenna. Under identical experimental conditions, the spatial Eρ distribu-
tion was measured twice. The amplitude and phase deviations between the
two experimental datasets were found to be within 1%–2%. The experi-
mental system was situated in a planar field measurement chamber, as
depicted in Fig. 5a, where the transmitting and receiving antennas were
connected to a vector network analyzer and controlled by a computer. The
double-ridgedwaveguide horn antenna could bemoved in 3D space using a
rail system, simulating various user coordinates. Figure 5b illustrates the
cross-sectional structure of the coaxial horn antenna, where a 180° rotation
along the symmetry axis reveals the complete antenna geometry. The black
color represents the metal conductor, while the green color indicates a
material with a dielectric constant of 1.3, serving to support the inner and
outer conductors of the coaxial horn antenna. The antenna is fed through a
coaxial cable connected at its base.

The procedure for obtaining experimental positioning results is as
follows: (1) A 2–10 GHz signal is fed into the coaxial horn toroidal field
transmitter, with the central axis of the coaxial horn set as the z-axis and
the aperture of the horn set at z = 0; (2) Spectra are measured at each
spatial position within the region of x = [−0.4 0.4]m, y = [−0.4 0.4] m,
z = [0 0.8] m at 1 cm intervals, and recorded as the pre-measured data set;
(3) The target under test is placed at Position 0 ðρ0; z0; θ0Þ, and the
spectrum is re-measured, representing the received signal spectrum when
the target is located at Position 0. Using this re-measured spetrum and
the data from Position 1 ðρ1; z1; θ1Þ in the pre-measured data set, the
pseudo-spectrum value Ftolðρ1; z1; θ1Þ at Position 1 ðρ1; z1; θ1Þ is calcu-
lated according to Eqs. (4–8); (4–6) Follow the same steps as in the case of
positioning with noisy toroidal pulse; (7) The target under test is placed
at different positions through the entire space, repeating Steps (3–6)
continuously to obtain the positioning displacement value corresponding
to each position.

Data availability
The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Code availability
The code that supports the findings of this study is available from the
corresponding author upon reasonable request.
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