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Long-range quantum tunneling via
matter waves

Check for updates

Yuan-Xing Yang1,2, Si-Yuan Bai1,2 & Jun-Hong An 1,2

Quantum tunneling is a quantum phenomenon in which a microscopic object crosses through a
potential barrier even if its energy cannot overcome the barrier. A general belief is that tunneling occurs
only when the barrier width is comparable to, or smaller than the deBroglie’swavelength of the object.
Here,we study the tunneling of anultracold atomamongN far-separated trappingpotentials in a state-
selective optical lattice and present a mechanism to realize long-range tunneling. We find that,
mediatedby thepropagatingmatterwave emitted from the atom, coherent tunneling of the atom to the
remote lattices occurs as long as bound states are present in the energy spectrum of the system
formed by the atom and its matter-wave. Going beyond the Markovian approximation, and breaking
through the conventional distance constraint, our result opens another avenue to realizing tunneling
and gives a guideline for developing tunneling devices.

As one of the weirdest effects in themicroscopic world, quantum tunneling
is a phenomenon consisting of a subatomic particle passing through a
potential barrier with a potential energy greater than the energy of the
particle1–8. It explains various radioactive decay of nuclei andhow twonuclei
overcome their mutual repulsion and fuse to generate huge energies9,10.
Quantum tunneling at metallic surfaces is the physical principle behind the
operation of the scanning tunneling microscope11–13. It also lays a founda-
tion for nanotechnologies, such as the tunnel diode14 and resonant
tunneling15, and some interdisciplinary sciences including quantum
biology16–18 and quantum chemistry19,20. As a ubiquitous behavior of
microscopic matters, such as electron21, proton22, nucleon9, photon23,24, and
superconducting Cooper pairs25, quantum tunneling has been observed in
many experiments20,26–31.

In parallel with its successful applications, the question of how long
a particle takes to tunnel through a barrier has remained contentious
since the early days of quantum mechanics1–8. The progress in ultracold-
atom physics and attosecond science makes the direct measurement of
the tunneling time possible32–38. There is consensus on the fact that
quantum tunneling is a consequence of the wave-particle duality and is
more likely to occur when the width of the barrier is comparable to or
smaller than the de Broglie wavelength of the particle. With the increase
of the width of barriers, the tunneling rate experiences an exponential
decrease39,40. Recently, how to realize long-range tunneling has attracted
much attention. For this purpose, the second-order quantum tunneling
assisted by photons in the many-body lattice system41,42, the virtual
occupation of an intermediate site in the quantum-dot system43, and the
molecular bridge in the chemical reaction paradigm44,45 have been pro-
posed. Higher-order resonant tunneling achieved by the interplay

between the atomic interactions and the tilted force of the lattice can also
realize long-range tunneling up to five lattice sites46,47. The chaos in a
periodically driven lattice system assists the long-range tunneling too48.
However, a common necessity of the above works is the nearest-neighbor
hopping of the particle, which is equal to the overlap integral of the wave
functions in the two sites. It indicates that they still do not essentially go
beyond the distance constraint of quantum tunneling.

Inspired by the experimental simulation of the atomic sponta-
neous emission by the matter-wave of an ultracold atom in a state-
selective optical lattice, which is dubbed “quantum optics without
photons”49–51, we propose a scheme to realize long-range tunneling of
the atom among the lattice sites. The separation between the lattice
sites is so large that the spatial wave functions of the internal ground-
state atom confined in the sites have a physically negligible overlap
and thus direct tunneling cannot occur. By applying a laser, the atom
jumps to the excited state and is converted into a propagating matter-
wave. Mediated by this matter wave, long-range tunneling among the
lattice sites occurs. It is interesting to find that such tunneling sen-
sitively depends on the features of the energy spectrum of the total
system formed by the laser-controlled atom and its matter-wave. As
long as bound states out of the continuum (BOCs) or in the con-
tinuum (BICs) are present in the energy spectrum, a dynamically
periodic tunneling, with frequencies equal to the differences of the
energies of the bound states divided by ℏ, occurs among the lattice
sites. This periodicity makes the tunneling time in our system well-
defined and experimentally measurable. Breaking through the con-
ventional distance constraint on quantum tunneling, our result is
beneficial to designing quantum tunneling devices.
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Results and discussion
Model
The ultracold-atom system offers us an ideal platform to simulate quantum
optics and many-body physics52–58. Inspired by the experiments of the
emission of atomicmatter waves49–51, we investigate the tunneling dynamics
of anultracold atom in anoptical lattice.Having twohyperfine states ∣ai and
∣bi and amassm, the atom is confined in a state-selective optical lattice with
N unoccupied sites58. The lattice is embedded in an isolated tube, see Fig. 1.
When the atomic internal state is ∣ai, it is trapped in the spatial ground state
ΦaðzÞ ¼ ð ffiffiffi

π
p

�zÞ�1=2 exp½�z2=ð2�z2Þ�, with an eigenenergy ~ω=2 and
�z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_=ðm~ωÞ

p
, by the lattice potential VðzÞ ¼ m~ω2z2=2. Thus, the

movement of the ∣ai-state atom to other lattice sites is classically forbidden.
Introducing an operator σ̂ j � ∣0ij 1h ∣, with ∣0ij and ∣1ij denoting the
unoccupied and occupied states of the atom in the j th lattice site, we rewrite

the Hamiltonian of the ∣ai-state atom Ĥa ¼
PN

j¼1_ðωa þ ~ω=2Þσ̂yj σ̂ j with
ωa being the bare frequency of ∣ai. On the contrary, when the atom is in the
excited state ∣bi with a bare frequency ωb, it is set free from the site and
propagates as amatter waveΦb;kðzÞ ¼ eikz=

ffiffiffi
L

p
along the tube, withL being

the tube length and k = 2πn/L (n 2 Z). Without feeling the optical lattice,
the ∣bi-state atom also has no chance to move to other lattice sites. The

Hamiltonian of the ∣bi-state atom is Ĥb ¼
P

k_½ωb þ _k2=ð2mÞ�b̂ykb̂k,
where b̂k is the annihilation operator of the k thmode of the emittedmatter-
wave quanta. The states ∣ai and ∣bi are coupled by a microwave field such
that the atom performs the Rabi oscillation described by

Ĥab ¼ _Ω
2

PN
j¼1

P
kðγjkeiωLt σ̂yj b̂k þ h.c.Þ, where Ω and ωL are the strength

and the frequency of the driving field, and γjk ¼
R
dzΦaðz � zjÞΦ�

b;kðzÞ is
the Franck-Condon overlap between the trapped wave function at the j th
site and the k thmode of thematter wave. The lattice sites are assumed to be
so far separated that the overlap of the wave functions of the atom in
different sites ismuch smaller than ∣γjk∣ and thus the direct tunneling among
them is negligible. This endows a substantial difference in our scheme from
the ones in refs. 41–48, where the nearest-neighbor hopping is necessary. In

a rotating frame Ĥ0 ¼
P

j_ðωb � ωLÞσ̂yj σ̂ j þ
P

k_ωbb̂
y
kb̂k, the total

Hamiltonian becomes59

Ĥ
_
¼ ω0

XN
j¼1

σ̂yj σ̂ j þ
X
k

½ωkb̂
y
kb̂k þ

XN
j¼1

ðgjkσ̂yj b̂k þ h.c.Þ�; ð1Þ

where ω0 ¼ ωa þ ~ω
2 � ωb þ ωL, ωk ¼ _k2

2m, and gjk ¼
Ωγjk
2 . Having a

rotating-wave approximate form,Eq. (1) guarantees thenumber of the atom
always to be one. It rules out the nonphysical scenarios that a propagating
∣bi-state atom and a trapped ∣ai-state atom are created and annihilated

simultaneously, which, respectively, are described by σ̂yj b̂
y
k and σ̂ jb̂k. The

single-site case of Eq. (1) has been experimentally realized in refs. 49,50. It is
noted that Eq. (1) takes the same form as the Tavis–Cummings model
with amultimodebosonfield60.Here, theN sites of the optical latticeplay the
role of N identical two-level systems, each being separately coupled with
the field.

Tunneling dynamics
Considering the atom is initially in the first lattice site, we have
∣Ψð0Þi ¼ ∣a1; f0kgi. Its evolved state can be expanded as
∣ΨðtÞi ¼PN

j¼1cjðtÞ∣aj; f0kgi þ
P

kdkðtÞ∣b; 1ki, where ∣aj; f0kgi denotes
that the atom in the state ∣ai is confined in the j th lattice site and no wave-
matter quanta is triggered in the isolated tube and ∣b; 1k

�
denotes that the

atom in the state ∣bi propagates in the isolated tube as amatter-wave quanta
in the k thmode. From the Schrödinger equation, we derive the equation of
motion satisfied by the column vector cðtÞ ¼ ðc1ðtÞ � � � cN ðtÞÞT formed by
the probability amplitudes of the atom in the N sites as

_cðtÞ þ iω0cðtÞ þ
Z t

0
dτfðt � τÞcðτÞ ¼ 0: ð2Þ

Here fðt � τÞ ¼ R10 dωe�iωðt�τÞJðωÞ is a N-by-N correlation-function
matrix of the matter wave and the element of the matrix J(ω) is defined as
JjlðωÞ ¼

P
kg

�
jkglkδðω� ωkÞ characterizing the correlated spectral density

of the atom in the j th and l th lattice sites. Such a correlation indicates that,
although direct tunneling of the atom among different lattice sites is absent,
themediated tunneling via the ∣bi-statematter wave is triggered by the Rabi
oscillation. One can readily derive

JjlðωÞ ¼ J jj�ljðωÞ ¼
Ω2e

�2ω
~ωffiffiffiffiffiffiffiffiffiffiffiffi

8π~ωω
p cos

2ω
~ω

� �1
2 zj � zl

�z

" #
: ð3Þ

Reflecting the memory effect, the convolution in Eq. (2) renders the tun-
neling dynamics non-Markovian. Its dominant role in the dynamics has
been observed49,51.

In the special case of the small-Ω limit, we can make the Markovian
approximation toEq. (2) by replacing c(τ)with c(t) and extending the upper
limit of the time integral to infinity61,62. This approximation is also applicable
when the spectral density reduces to a constant. The obtained solution is

cMAðtÞ ¼ exp½�ðκþ iω0 þ iΔÞt�cð0Þ; ð4Þ

where κ = πJ(ω0) and Δ ¼ P R JðωÞdω
ω0�ω , with P being the Cauchy’s principal

value.We see that ∣cMA(t)∣2 exponentially decays to zero due to the positivity
of κ. Thus, the atom asymptotically relaxes to the tube as amatter wave and
no tunneling to other lattice sites occurs in the long-time condition of the
Markovian dynamics. An exception occurs when ω0 < 0, where κ = 0 but
Δ ≠ 0, and thus a lossless tunneling can happen via exchanging the virtual
matter waves63.

The strong driving invalidates the Markovian approximation. In the
general non-Markovian case, Eq. (2) can only be solved numerically.
However, its asymptotic form is solvable by the Laplace transform
method. It converts Eq. (2) into ½sþ iω0 þ ~fðsÞ�~cðsÞ ¼ cð0Þ, where
~fðsÞ ¼ R10 dω JðωÞ

sþiω. Using the Jordan decomposition DðsÞ ¼ V�1
s
~fðsÞVs ¼

diag ½D1ðsÞ; � � � ;DN ðsÞ�, we obtain ~cðsÞ ¼ Vs sþ iω0 þDðsÞ� ��1
V�1

s cð0Þ.
c(t) is calculated bymaking the inverse Laplace transform~cðsÞ, which needs

Fig. 1 | Scheme of the system. An ultracold atom is
confined in a state-selective optical lattice with dif-
ferent sites labeled by zj (j = 1,⋯, N) wrapped by an
isolated tube. When it is in the ground state ∣ai, the
atom is trapped in the sites. When it is in the excited
state ∣bi, it propagates in the tube as a matter wave.
The two states are coupled by a laser. The separation
between the sites is so large that atomic direct tun-
neling among the sites is impossible.
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finding the poles of ~cðsÞ from (ϖ = is)

YjðϖÞ � ω0 � iDjð�iϖÞ ¼ ϖ; ðj ¼ 1; � � � ;NÞ: ð5Þ

It is found that the rootϖmultiplied by ℏ is just the eigenenergy of Eq. (1). It
indicates that the atomic tunneling dynamics described by c(t) is intrinsi-
cally determined by the features of the energy spectrum of the total system
formedby the confined atomand its propagatingmatter-wave.Wefind that
Eq. (5) has three types of roots. First,Yj(ϖ) is ill-defined in the regionofϖ > 0
due to the poles inDj(−iϖ), and thus Eq. (5) has an infinite number of roots,
which forma continuous energy band. Second, becauseYj(ϖ) is a decreasing
function in the regionout of the continuum, i.e.,ϖ < 0,Eq. (5) has an isolated
rootϖboc

j providedYj(0) < 0. The eigenstate corresponding to _ϖboc
j is called

a BOC. Third, a removable singularity ϖ bic
j exists for Dj(−iϖ) when ω0 ¼

ϖ bic
j þ iDjð�iϖbic

j Þ also fulfills Eq. (5). The eigenstate corresponding to
_ϖ bic

j is called a BIC. The formation of the BOC and BIC has profound
consequences on the non-Markovian dynamics64–68. According to the
Cauchy’s residue theorem and contour integration, we have69

cðtÞ ¼ ZðtÞ þ
Z 1

0

dϖ
2π

½~cð0þ � iϖÞ � ~cð0� � iϖÞ�e�iϖt; ð6Þ

where ZðtÞ ¼Pα¼bic;boc

PN
j¼1Res½~cð�iϖα

j Þ�e�iϖα
j t , with Res ½~cð�iϖα

j Þ� is
the residue contributed by the j th bound state obtained fromYj(ϖ) =ϖ, and
the second term comes from the continuous energy band. Containing an
infinite number of superposition components oscillating with time in
continuously changing frequencies ϖ, the second term tends to zero in the
long-time limit due to the out-of-phase interference.Thus, if the bound state
is absent, then limt!1cðtÞ ¼ 0 characterizes a complete relaxation of the
atom in the isolated tube, while if the bound states are formed, then
limt!1cðtÞ ¼ ZðtÞ implies a stable tunneling of the atom among the lattice
sites. The result reveals that we can achieve a persistent matter-wave
mediated long-range tunneling of the atom among the optical lattice by
manipulating the formation of the bound states even when the lattice sites
are so separated that direct tunneling cannothappen. It inspires that, parallel
to the rapidly developing electromagnetic-wave-based waveguide QED70,
our matter-wave-based waveguide supplies another realization of the
efficient interconnect among well-separated spatial nodes71. Note that,
besides the real-valued eigenenergies of the BIC and BOC, Eq. (5) also has
complex-value eigenvalues. They can be found by analytically extending the
function to the second Riemann sheet72. These complex-valued eigenener-
gies contribute unstable oscillations and thus donot survive in the long-time
tunneling dynamics.

First, we assume that the lattice has two sites, i.e., N = 2. It is easy to

derive D1=2ðsÞ ¼ ~f 0ðsÞ ±~f 1ðsÞ and Vs ¼
1 1
1 �1

� �
. We thus have

~cðsÞ ¼ M½sþ iω0 þDðsÞ��1 1 1
� 	T

, where M ¼ 1=2 1=2
1=2 �1=2

� �
. If

the bound states are present, then

cjð1Þ ¼
X

α2 bic;boc

X2

l¼1
MjlZ

α
l e

�iϖα
l t ; ð7Þ

whereZα
l ¼ ½1þ ∂sDlðsÞ��1js!�iϖα

l
. The l thBOCis formedwhenYl(0) < 0.

The divergence of D1/2(s) is removed by the BIC frequency determined
J0ðω bic

1=2Þ± J1ðωbic
1=2Þ ¼ 0 as

ϖ bic
1=2 ¼ ~ωð�zn1=2π=dÞ2=2; ð8Þ

with d = ∣z1− z2∣, n1 and n2 being odd and even numbers, under the con-
dition ω0 ¼ ϖ bic

l þ iDlð�iϖbic
l Þ. Equation (7) clearly shows that, in sharp

contrast to complete relaxation to the isolated tube as a matter wave under
the Markovian approximation in Eq. (4), a stable distribution and a per-
sistently oscillating tunneling of the atom between the two sites occur when

one and twobound states are formed, respectively. Such tunnelingmediated
by the matter wave has not been reported before.

We plot in Fig. 2a the energy spectrum of the system. It is found that
two branches of BOCs are present and one BIC is formed at ω0 ¼ 0:18~ω.
The evolution of the modulus of the atomic probability amplitudes in the
two lattice sites in Fig. 2b, c shows that the atom completely relaxes into the
isolated tubewhen no bound state is formed in the regimeω0>0:25~ω, which
has no difference from the Markovian result in Eq. (4). In the regime
ω0 2 ð0:058; 0:25Þ~ω, one BOC is formed and thus both ∣c1(t)∣ and ∣c2(t)∣
tend to equal constants, see the orange squares in Fig. 2d, e. This corre-
sponds to a stable distribution of the atom in the two lattice sites. An
exception occurs when ω0 ¼ 0:18~ω, where a BIC and a BOC coexist, and
thus the atom experiences a lossless oscillation between the two lattice sites
in a frequency jϖboc

1 � ϖ bic
2 j, see the green rhombuses in Fig. 2d, e.

Such a lossless oscillation between the two lattice sites can also occur
in a frequency jϖboc

1 � ϖboc
2 j when two BOCs are present in the

regime ω0<0:058~ω, see the blue circles in Fig. 2d, e. The matching of
the numerical results with the analytic ones in Eq. (7) for the three
typical parameter regimes confirms the dominant role of the bound
states in the long-time dynamics. This lossless oscillation char-
acterizes coherent tunneling of the atom between the two sites
mediated by the propagating matter-wave. Thus, we achieve long-
range coherent tunneling even when the sites are so separated that
the spatial wave functions of the atom have a negligible overlap.

Figure 3a shows the energy spectrum of the system in different site
separations d. Twobranches of BOCs separate the spectrum into two regimes:
one BOC when d ≤ 5�z and two BOCs when d > 5�z. A BIC is formed at
d ¼ 8:67�z and 17:36�z, respectively. The evolution of ∣cj(t)∣ in Fig. 3b, c
indicates that ∣c1(t)∣ and ∣c2(t)∣ evolve to an equal constant in the single-BOC
regime and experience a lossless oscillation with a common period T ¼
2π=jϖboc

1 � ϖboc
2 j and a π/2 phase difference in the two-BOC regime. The

latter reveals that the atom coherently goes back and forth between the two
sites. With increasing d, ϖboc

1 tends closer and closer to ϖboc
2 , and thus the

period T for the atom to finish one cyclic tunneling between the two sites
becomes longer and longer. At the two distances in the presence of the BIC,
∣cj(t)∣behaves as aperiodic oscillationwith three frequencies, i.e., jϖboc

1 � ϖboc
2 j

and jϖboc
j � ϖbicj (j= 1, 2). The phase diagram for forming different numbers

ofboundstates in thed-ω0plane is shown inFig. 3d.The formedzero,one, and
two BOCs separate the diagram into three parts. Several discrete curves sup-
porting the formationof theBIC indifferentnl are addedabove thediagram. It
gives a global picture of the features of atomic tunneling. If no bound state is
present, then theatomrelaxesas amatterwave in the tube. Ifoneboundstate is
formed, then it tends toa stable equalprobabilitydistribution in the twosites. If
twoor three bound states are formed, then the atomperiodically and losslessly
oscillates between the two sites in frequencies proportional to the eigenenergy
difference of any pair of the bound states.

Our result can be generalized to the multiple-site case. When

N = 3, we have D1ðsÞ ¼ ~f 0 � ~f 2, D2=3ðsÞ ¼ ~f 0 þ 1
2 ð~f 2∓~eÞ, and

Vs ¼
�1 1 1
0

~f 1ð~e�3~f 2Þ
~f 2~e�2~f

2
1�~f

2
2

~f 1ð~eþ3~f 2Þ
~f 2~eþ2~f

2
1þ~f

2
2

1 1 1

0
@

1
A, where the argument s of ~f jðsÞ has

been omitted for brevity and ~e ¼ ð8~f 21 þ ~f
2
2Þ

1
2
. It is

obtained that ~cðsÞ ¼ M½sþ iω0 þDðsÞ��1 1 1 1
� 	T

, where

M ¼
1=2 1�~f 2=~e

4
1þ~f 2=~e

4

0 �~f 1=~e
~f 1=~e

�1=2 1�~f 2=~e
4

1þ~f 2=~e
4

0
B@

1
CA. The BIC for D1(s) is formed at

ϖ bic
1 ¼ ~ωð�znπ=dÞ2=8, with n being an even number. According to the

residue theorem, we have

cjð1Þ ¼
X

α¼ bic;boc

X3
l¼1

Mjle
st

1þ ∂sDlðsÞ






s!�iϖα

l

: ð9Þ
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Fig. 3 | Energy spectrum and dynamics for dif-
ferent values of the site separations in the case of
two lattice sites. aEnergy spectrumand evolution of
the absolute values of the probability amplitudes (b)
∣c1(t)∣ in the first site and (c) ∣c2(t)∣ in the second site
for different values of the lattice-site separation d
whenω0 ¼ 0:05~ω. Red dots in amark the energies of
the bound states in the continuum. d Phase diagram
for forming different numbers of bound states out of
the continuum denoted byN boc in the d− ω0 plane.
The solid lines evaluated from Eq. (8) for different nl
in cmark the positions forming the bound states in
the continuum. Other parameters are the same as
in Fig. 2.

Fig. 2 | Energy spectrum and dynamics for dif-
ferent values of atomic frequency detuning in the
case of two lattice sites. a Energy spectrum and
evolution of the absolute values of the probability
amplitudes (b) ∣c1(t)∣ in the first site and (c) ∣c2(t)∣ in
the second site for different values of atomic fre-
quency detuning ω0. The red dot in a marks the
energy of the bound state in the continuum. T in
b and c defined as 2π=jϖboc

1 � ϖ boc=bic
2 j is the oscil-

lation period in the steady state. Evolution of (d)
∣c1(t)∣ and (e) ∣c2(t)∣when ω0 ¼ �0:02~ω (blue dots),
0:06~ω (orange squares), and 0:18~ω (green rhom-
buses). Their long-time behaviors evaluated from
Eq. (7) are shown by the solid lines in the same
colors. We use d ¼ 5�z, Ω ¼ 0:13~ω, �z ¼ 0:065 nm,
and ~ω ¼ 2π × 40 kHz.
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The energy spectrum in Fig. 4a shows that three BOCs and one BIC
at most are formed. Without the bound state, the atom relaxes as a
matter wave in the tube and no occupation in the sites survives, see
Fig. 4b. When three BOCs are present, ∣c1(t)∣ and ∣c2(t)∣ tend to a
lossless oscillation in three frequencies jϖboc

i � ϖboc
j j (i, j = 1, 2, 3),

and ∣c2(t)∣ behaves as an oscillation in a frequency jϖboc
2 � ϖboc

3 j, see
Fig. 4c. They match our analytical result (9) and verify the dis-
tinguished bound-state role in the tunneling dynamics. The result
confirms again that we can realize long-range tunneling among the
lattice sites by the mediation of the matter wave.

Conclusions
We have studied the tunneling dynamics of an ultracold atom in a
state-selective optical lattice embedded in an isolated tube. A
mechanism to realize long-range tunneling of the atom among the
lattice sites via the mediation of its propagating matter wave is found.
In contrast to one’s general belief that tunneling occurs when the
atomic wavelength exceeds the width of the confined potential, our
result reveals an alternative tunneling by converting the atom into a
matter wave. We find that such tunneling can be controlled by
engineering the features of the energy spectrum of the system. When
zero, one, and more BOCs or BICs are present in the energy spec-
trum, the tunneling exhibits complete relaxation in the tube, stable
distribution, and lossless oscillation among the lattice sites, respec-
tively. The observation of the bound-state effect in the single-lattice-
site case49,51 gives support to realize our scheme. Supplying insightful
instruction to realize controllable long-range tunneling, our result is
helpful not only to simulating many-body physics with long-range
orders58,73, but also to designing quantum-tunneling74 and
-interconnect71,75 devices. In parallel to cavity76,77, circuit78,79, and
waveguide QED systems80,81, our matter-wave setup supplies a perfect
realization of quantum interconnect among different quantum nodes.
The matter-wave version is advantageous over the photonic plat-
forms because there is no loss for the matter waves.

Methods
Derivation of dynamical evolution
The initial state of the total system is ∣Ψð0Þi ¼ ∣a1; f0kgi. Its evolved state is
expanded as ΨðtÞi ¼PN

j¼1cjðtÞ∣aj; f0kgi þ
P

kdkðtÞ∣b; 1ki. From the
Schrödinger equation, we derive

i_cjðtÞ ¼ ω0cjðtÞ þ
X
k

gjkdkðtÞ; ð10Þ

i _dkðtÞ ¼ ωkdkðtÞ þ
XN

l¼1
g�lkclðtÞ: ð11Þ

Substituting the solution of Eq. (11) dkðtÞ ¼ �i
P

l

R t
0 dτg

�
lke

�iωkðt�τÞclðτÞ
under the initial condition dk(0) = 0 into Eq. (10), we have

_cjðtÞ þ iω0cjðtÞ þ
XN
l¼1

Z t

0
dτf jlðt � τÞclðτÞ ¼ 0; ð12Þ

where f jlðt � τÞ ¼ R10 dωJjlðωÞe�iωðt�τÞ is the correlation function of the
matter wave and JjlðωÞ ¼

P
kgjkg

�
lkδðω� ωkÞ is the correlated spectral

density of the atom between the j th and l th lattice sites. Remembering the
form of gjk and γjk and making the continuum limit of k under L≫�z, we
obtain

rclJjlðωÞ ¼
Ω2 ffiffiffi

π
p

�z
2L

X
k

e��z2k2�ikðzl�zjÞδðω� ωkÞ

¼ Ω2e
�2ω
~ωffiffiffiffiffiffiffiffiffiffiffiffi

8π~ωω
p cos

2ω
~ω

� �1
2 zj � zl

�z

" #
:

ð13Þ

We see that J11(ω) =⋯ = JNN(ω) and Jjl(ω) = Jlj(ω). Thus, Jjl satisfies the
property Jjl(ω) = J∣j−l∣(ω). Equation (12) is rewritten as a column-vector form

_cðtÞ þ iω0cðtÞ þ
Z t

0
dτfðt � τÞcðτÞ ¼ 0; ð14Þ

where cðtÞ ¼ ðc1ðtÞ � � � cN ðtÞÞT, fðt � τÞ ¼ R10 dωe�iωðt�τÞJðωÞ is anN-by-
Nmatrix with its elements being the correlation function fjl(t− τ), and J(ω)
is an N-by-Nmatrix with its elements being the correlated spectral density
Jjl(ω). Via a Laplace transform ~cðsÞ � R10 e�stcðtÞdt, Eq. (14) is converted
into ½sþ iω0 þ ~fðsÞ�~cðsÞ ¼ cð0Þ, where ~fðsÞ ¼ R10 dω JðωÞ

sþiω is the Laplace

transform of f(t− τ). Using the Jordan decomposition of ~fðsÞ as

DðsÞ ¼ V�1
s
~fðsÞVs ¼ diag ½D1ðsÞ; � � � ;DN ðsÞ�; ð15Þ

we have

~cðsÞ ¼ Vs½sþ iω0 þDðsÞ��1V�1
s cð0Þ

¼ M½sþ iω0 þDðsÞ��1 1 � � � 1
� 	T

:
ð16Þ

The inverseLaplace transformreads cðtÞ ¼ R γþi1
γ�i1

est
2πi~cðsÞ, whereγ is chosen

such that all the poles are included.According to the contour integration, see
Fig. 5, the evaluation of the inverse Laplace transform needs finding the
poles of ~cðsÞ from

sþ iω0 þ DjðsÞ ¼ 0: ð17Þ

Fig. 4 | Energy spectrum and dynamics for dif-
ferent values of the atomic frequency detuning in
the case of three lattice sites. aEnergy spectrumand
evolution of the absolute values of the probability
amplitudes ∣c1(t)∣ (blue dots), ∣c2(t)∣ (orange
squares), and ∣c3(t)∣ (green rhombuses) when the
atomic frequency detuning ω0 ¼ 0:4~ω in b and
�0:05~ω in c for the atom tunneling among three
lattice sites. The red dot in amarks the energy of the
bound state in the continuum. The long-time
behaviors evaluated from Eq. (31) are shown by the
solid lines in the same colors in c. We use d ¼ 5�z
and Ω ¼ 0:13~ω.
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In general, Eq. (17) has three types of poles determined by Dj(s), see Fig. 5.
Thefirst one is a continuumof poles along the negative imaginary axis of the
complex plane formed by the real and imaginary parts of s, which forms a
branch cut. The second one is several discrete roots formed by the remo-
vable singularities ofDj(s) along the negative imaginary axis, which is called
the BIC. The third one is the isolated poles along the positive imaginary axis,
which is called the BOC.

According to the Cauchy’s residue theorem and contour integration69,
we have

cðtÞ ¼ ZðtÞ þ
Z
Bþ

dϖ
2π

þ
Z
B�

dϖ
2π

" #
~cð�iϖÞe�iϖt ; ð18Þ

where ZðtÞ ¼Pα¼bic;boc

PN
j¼1Res½~cð�iϖα

j Þ�e�iϖα
j t , with Res ½~cð�iϖα

j Þ�
being the residue contributed by the j th bound state obtained from
Eq. (17) with eigenenergy Eα

j ¼ _ϖα
j , and the second term comes

from the branch cut of the contour. Oscillating with time in con-
tinuously changing frequencies, the second term tends to zero in the
long-time limit due to the out-of-phase interference. Thus, if the
bound state is absent, then limt!1cðtÞ ¼ 0 characterizes a complete
relaxation of the atom in the isolated tube, while if the bound states
are formed, then limt!1cðtÞ ¼ ZðtÞ implies either a stable distribu-
tion or a lossless oscillation of the atom among the optical lattice.
Both of the results are absent in the Born-Markovian approximation.

Derivation of the energy spectrum
The eigenstate of Eq. (1) is expanded as

∣Φi ¼PN
j¼1 xj∣aj; f0kg

E
þPkyk∣b; 1k

�
. From the eigen equation

Ĥ∣Φi ¼ E∣Φi, we obtain

ðE=_� ωÞxj ¼
X
k

gjkyk; ð19Þ

ðE=_� ωÞyk ¼
XN
l¼1

g�lkxl: ð20Þ

The substitutionof the solutionof Eq. (20), i.e., yk ¼
PN

l¼1g
�
lkxl=ðE=_� ωÞ,

into Eq. (19) leads to ðE=_� ωÞxj ¼ �i
PN

l¼1
~f jlð�iE=_Þxl , which can be

tightly rewritten in a matrix form as

½E=_� ω0 þ i~fð�iE=_Þ�x ¼ 0; ð21Þ

where x ¼ ðx1 � � � xN ÞT. The Jordan decomposition in Eq. (15) readily
converts Eq. (21) into

E=_� ω0 þ iDjð�iE=_Þ ¼ 0; ð22Þ

which determines the eigenenergies E of the system.
It is interesting to find that the pole equation (17) determining the

tunneling dynamics is just the eigenenergy equation (22) after making the
replacement of E/ℏ = is. Just for this reason, we call the eigenstates corre-
sponding to the removable singularities of Dj(s) the BICs and the ones
corresponding to the isolated poles the BOCs. This result reveals that the
tunneling dynamics of the atom is essentially governed by the feature of the
energy spectrum. If neither BOCnorBIC is formed, then ∣cj(t)∣ tends to zero
with time and thus the atom eventually relaxes into the tube as a matter
wave. If either theBOCsorBICs are formed, then the atomtends to a lossless
coherent tunneling among the N lattice sites in multiple frequencies
determined by the difference of any pairs of the eigenenergies of the formed
BOCs and BICs.

The case of N = 2
The spectral density matrix for the two lattice sites is

JðωÞ ¼ J0ðωÞ J1ðωÞ
J1ðωÞ J0ðωÞ

� �
. It contributes to the Laplace transform of

f(t− τ) as ~fðsÞ ¼
~f 0ðsÞ ~f 1ðsÞ
~f 1ðsÞ ~f 0ðsÞ

� �
, where ~f jðsÞ ¼

R1
0 dω

J jðωÞ
sþiω. The Jordan

decomposition of ~fðsÞ reads

DðsÞ ¼ diag ½~f 0ðsÞ þ ~f 1ðsÞ;~f 0ðsÞ � ~f 1ðsÞ� ð23Þ

under Vs ¼
1 1
1 �1

� �
. Thus, we have

~cðsÞ ¼ 1=2 1=2

1=2 �1=2

� � ½sþ iω0 þ D1ðsÞ��1

½sþ iω0 þ D2ðsÞ��1

 !
: ð24Þ

Weneed tomake the inverse Laplace transform toobtain c(t). The equations
determining the poles of the inverse Laplace transform are

Y1ðϖÞ � ω0 �
Z 1

0
dω

J0ðωÞ þ J1ðωÞ
ω� ϖ

¼ ϖ; ð25Þ

Y2ðϖÞ � ω0 �
Z 1

0
dω

J0ðωÞ � J1ðωÞ
ω� ϖ

¼ ϖ; ð26Þ

whereϖ = E/ℏ = is. Their solutions can be classified into the following types.
1. In the regime ϖ > 0, the integration in both Y1(ϖ) and Y2(ϖ) is diver-

gent. Thus, they jump rapidly between ±∞ andEqs. (25) and (26) have
infinite continuous roots, which forman energy band aftermultiplying
ℏ as well as the branch cut.

2. In the regime ϖ < 0, both Y1(ϖ) and Y2(ϖ) are a monotonically
decreasing functionwithϖ. Thus, one and only one rootϖboc

j exists for
either Eq. (25) or Eq. (26) as long as Yj(0) < 0. Since this type of root
ϖboc
j resides in a position out of the continuous energy band, we call it

eigenstate BOC.

Fig. 5 | Contour integration to evaluate the inverse Laplace transform. Path of the
contour integration in the complex plane Re(s)+ iIm(s) for the calculation of the
inverse Laplace transform ~cðsÞ. The radii CR tends to infinity and Cϵ tends to zero.
The continuous poles form a branch cut wrapped by two inverse paths B±. The
isolated poles form the bound states out of the continuumwith eigenenergies Eboc

j in
the positive-Im(s) axis and the bound states in the continuum with eigenenergies
Ebicj in the negative-Im(s) axis.
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3. In the regime ϖ > 0, the integration in Y1(ϖ) and Y2(ϖ) has removable
singularities ϖ bic

j determined by J0ðϖ bic
1 Þ þ J1ðϖbic

1 Þ ¼ 0 and

J0ðϖ bic
2 Þ � J1ðϖbic

1 Þ ¼ 0 such that Eqs. (25) or (26) is respectively
satisfiedwhenω0 ¼ ϖ bic

1 þ iD1ð�iϖbic
1 Þ orω0 ¼ ϖ bic

2 þ iD2ð�iϖbic
2 Þ.

We readily evaluate that the removable singularities are
ϖ bic
1=2 ¼ ~ωð�zn1=2π=dÞ2=2, with d = ∣z1− z2∣, n1, and n2 being odd and

even numbers. Since this type of root ϖ bic
j resides in a position in the

continuous energy band, we call its corresponding eigenstate BIC.

The residue contributed by the l th bound state with frequency ϖα
l

evaluated from Yl(ϖ) =ϖ to the inverse Laplace transform
½sþ iω0 þ DjðsÞ��1 in Eq. (24) is

lims!�iϖα
l
ðsþ iϖα

l Þest ½sþ iω0 þ DjðsÞ��1

¼ Zα
l e

�iϖα
l tδl;j;

ð27Þ

where Zα
l ¼ ½1þ ∂sDlðsÞ��1js!�iϖα

l
. Based on the fact that the steady-state

solution of c(t) obtained via the inverse Laplace transform ~cðsÞ is governed
by the residues contributed by the eigenenergies of the BOCs and BICs, we
readily have

cð1Þ ¼
X

α¼ bic;boc

1=2 1=2

1=2 �1=2

� �
Zα
1e

�iϖα
1 t

Zα
2e

�iϖα
2 t

 !
ð28Þ

in the case of two bound states are formed.

The case of N = 3
The spectral density matrix in the case of N = 3 reads

JðωÞ ¼
J0ðωÞ J1ðωÞ J2ðωÞ
J1ðωÞ J0ðωÞ J1ðωÞ
J2ðωÞ J1ðωÞ J0ðωÞ

0
@

1
A. It contributes to the Laplace transform

of f(t− τ) as ~fðsÞ ¼
~f 0

~f 1
~f 2

~f 1
~f 0

~f 1
~f 2

~f 1
~f 0

0
B@

1
CA, where the argument “s” of ~f jðsÞ has

been omitted for brevity. The Jordan decomposition of ~fðsÞ is

DðsÞ ¼ diag ½~f 0 � ~f 2;
~f 0 þ 1

2 ð~f 2 � ~eÞ;~f 0 þ 1
2 ð~f 2 þ ~eÞ� ð29Þ

under Vs ¼
�1 1 1
0

~f 1ð~e�3~f 2Þ
~f 2~e�2~f

2
1�~f

2
2

~f 1ð~eþ3~f 2Þ
~f 2~eþ2~f

2
1þ~f

2
2

1 1 1

0
@

1
A, where ~e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8~f

2
1 þ ~f

2
2

q
.

We thus have ~cðsÞ in the case of N = 3

as ~cðsÞ ¼ M½sþ iω0 þDðsÞ��1 1 1 1
� 	T

, where

M ¼
1=2 1�~f 2=~e

4
1þ~f 2=~e

4

0 �~f 1=~e
~f 1=~e

�1=2 1�~f 2=~e
4

1þ~f 2=~e
4

0
B@

1
CA. The poles and the eigenenergies are

determined by

YjðϖÞ � ω0 � iDjð�iϖÞ ¼ ϖ: ð30Þ

Being similar to the N = 2 case, Eq. (30) has three types of roots,
i.e., continuous energy band when ϖ > 0, isolated poles ϖboc

j <0

Fig. 6 | Energy spectrum and dynamics for dif-
ferent values of the site separation in the case of
three lattice sites. a Energy spectrum for different
values of the site separations d. The red point marks
the position of the BIC. Evolution of the absolute
values of the probability amplitudes (b) ∣c1(t)∣,
(c) ∣c2(t)∣, and (d) ∣c3(t)∣. The parameters are N = 3,
Ω ¼ 0:13~ω, and ω0 ¼ 0:05~ω.
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provided Yj(0) < 0, and discrete removable singularities ϖ bic
j >0. We

can analytically determine that the roots of the BICs for D1(s) read
ϖ bic
1 ¼ ~ωð�znπ=dÞ2=8, with n being an even number, which is formed

when ω0 ¼ ϖ bic
1 þ iD1ð�iϖbic

1 Þ. Only the BOCs and BICs survive in
the long-term dynamics. Thus, according to the residue theorem, we
finally obtain

cjð1Þ ¼
X

α¼ bic;boc

X3
l¼1

Mjle
st

1þ ∂sDlðsÞ






s!�iϖα

l

: ð31Þ

Equation (31) reveals that, in contrast to c1(∞) and c3(∞), c2(∞) does not
dependon~f 0ðsÞ. Therefore, thebound state formedby the~f 0ðsÞ-branchdoes
not have an impact on c2(∞).

The energy spectrum in Fig. 6a reveals that three BOCs and one BIC are
formed at most. The evolution of ∣cj(t)∣ in Fig. 6b–d exhibits a one-to-one
correspondence to the feature of the energy spectrum. When one BOC is
present, the atom tends to a stable probability distribution in the three lattice
sites. When two BOCs are present, ∣c1/3(t)∣ tends to a periodic oscillation in a
frequency equal to thedifference of the eigenenergies of the twoBOCsdivided
byℏ,while ∣c2(t)∣ still tends tobeastable value. In this case, theemergedBOCis
from~f 0 and thus has no effect on ∣c2(t)∣.When three BOCs are present, ∣c1(t)∣
and ∣c3(t)∣ tend to an oscillation in three frequencies equal to the differences of
the eigenenergies of any pairs of BOCs divided by ℏ, while ∣c2(t)∣ tends to a
periodic oscillation in one frequency. The analytical results as Eq. (31) are
plotted in Fig. 7. The matching of our analytical results with the numerical
ones verifies that the long-range tunneling is realized among the three lattice
sites as long as multiple BOCs or BICs are present in the energy spectrum.

Data availability
The numerical data for generating the figures are available from authors
upon request.

Code availability
The numerical codes for generating the results are also available from
authors upon request.
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