communications physics

Article

https://doi.org/10.1038/s42005-025-01935-3

Dynamical suppression of many-body
non-Hermitian skin effect in anyonic

systems
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The non-Hermitian skin effect (NHSE) is a fascinating phenomenon in nonequilibrium systems where
eigenstates massively localize at the systems’ boundaries, pumping (quasi-)particles loaded in these
systems unidirectionally to the boundaries. Its interplay with many-body effects has been widely
explored recently, and inter-particle repulsion or Fermi degeneracy pressure have been shown to limit
the boundary accumulation induced by the NHSE both in their eigensolutions and dynamics.
However, in this work we find that anyonic statistics can even more profoundly affect the NHSE
dynamics, suppressing or even reversing the state dynamics against the localizing direction of the
NHSE. This phenomenon is found to be more pronounced when more particles are involved. The
spreading of quantum information in this system shows even more exotic phenomena, where NHSE
affects only the information dynamics for a thermal ensemble, but not that for a single initial state. Our
results open up a new avenue on exploring novel non-Hermitian phenomena arisen from the interplay

between NHSE and anyonic statistics, and can potentially be demonstrated in ultracold atomic

quantum simulators and quantum computers.

Anyons represent a general class of particles', whose unusual statistics
induce many fascinating phenomena’"” and hold the promise to
eventual fault-tolerant topological quantum computation and infor-
mation processing'®*’. Such unusual properties originate from their
peculiar behavior upon application of exchange, as they inherit an
arbitrary phase factor. Originally considered as two-dimensional qua-
siparticles, 1D anyonic statistics have also been predicted to emerge in
cold bosonic atoms™'’ and photonic systems”'****’, and have been
emulated in circuit lattices by mapping their eigenmodes to two-anyon
eigenstates™™”’. Assisted by Floquet engineering, arbitrary statistical
phase of 1D anyons has been recently realized by Greiner’s group' in
cold atom systems.

In the recent years, great attention has also been drawn towards
another physical mechanism behind asymmetric dynamics, the non-
Hermitian skin effect (NHSE)****, which manifests as colossal accu-
mulation of static eigen-wavefunctions and states evolving over
time™™. Entering the realm of many-body physics, novel extensions of
NHSE have been uncovered during the past few years®”. In particular,
it has been found that NHSE can induce real-space Fermi surfaces for
fermions and boundary condensation for bosons™ ™, while the latter

will be suppressed by a strong repulsive interaction®*. In a recent
study, an occupation-dependent NHSE is uncovered for hardcore
bosons and fermions, whose different exchange symmetries lead to
distinguishable behaviors despite residing in the same Fock space™. On
the other hand, the interplay between anyonic statistics and NHSE still
remains largely unexplored.

In this paper, we report the discovery of a dynamical suppression of
NHSE in a 1D non-Hermitian anyon-Hubbard model, revealing the intri-
cate consequences of anyonic statistics acting on non-Hermitian physics.
Explicitly, we find that the dynamical evolution is not always in accordance
with the static localization direction of eigenstates, which suffer from qua-
litatively the same NHSE at different statistical angles of the anyons. In
particular, the state evolution may even experience a reversed density
pumping process, during which the density evolves against the non-
Hermitian pumping direction induced by NHSE. Such a reversed pumping
is found to be more pronounced when increasing the number of particles
loaded in the system. More drastically, by examining the out-of-time-
ordered correlator (OTOC), we find that the information spreading is
dominated by NHSE for a thermal ensemble, but immune to NHSE for a
single initial state at zero temperature.
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Fig. 1 | Static properties and density evolutions for N = 2 particles with different
statistical angles 6 and interaction strength U. a Bosons (6 = 0) with zero inter-
action, with (al) eigenenergies of the model under periodic boundary conditions
(PBCs) (red) and open boundary conditions (OBCs) (blue); (a2) particle distribu-
tion p(x) of all many-body eigenstates (pink); and (a3) density evolution for two
particles evenly distributed at the center of the 1D chain. (b1-b3), (c1-¢3), (d1-d3)
displayed the same quantities for systems with different statistical angles and
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s 0=-7/2,U=4
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interaction strengths, as labeled on top of each panel. e The almost identical average
density p, for all states in (a2—-d2), represented by cyan star, red square, black line,
and blue triangular, respectively. It is seen that anyonic statistics have little effect on
the distribution of eigenstates, even though they cause distinguished dynamics.

Other parameters are J; = e, Jp =", a = 0.1 and L = 30. In each of (b1), (d1), some
eigenenergies form a loop separated from the others, corresponding to two-particle
bound states induced by the Hubbard interaction (see Supplementary Note 1).

Results

NHSE in a 1D anyonic lattice

We consider a one-dimensional non-Hermitian anyon-Hubbard model
(NHAHM) described by the Hamiltonian

L-1 L
. b ot U~ .
H,=- §:<1La}\a}-+1 +]Ra;r+1aj) + 52 (f; — 1), (1)
=1 =1
where J; = e™* and Jr = ¢* with a > 0 describe the non-Hermitian nearest-
neighbor hopping amplitudes that induce NHSE, U is the onsite Hubbard
interaction, and #; = 4] a;. The commutation relations are obeyed by the

j
anyonic creation (&JT) and annihilation (fzj) operators,

[a;, 4], = 2, — e 0 Paa, = 0, o
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[a,,a]]_, = ajaf — 0 Pala, =5,

where sgn(x) is the sign function and 6 is the statistical angle. =0 and 8 =7

represent normal bosons and “pseudofermions” that obey bosonic statistic

only when occupying the same lattice site, respectively’. Via a generalized

Jordan-Wigner transformation a; = l;je_iezjk;l ", the anyonic model can be
mapped to an extended Bose-Hubbard model with a density-dependent phase
factor acquired by particles hopping between sites, which facilitates further

analysis. Under this mapping, the anyonic Hamiltonian H , is mapped to
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(I;j) is bosonic creation (annihilation) operators and

.
AT A

n=a;a; = le}] Using Floquet engineering, similar density-dependent

terms giving rise to anyonic statistics have recently been realized in ultracold
¥Rb atoms", and the asymmetric hopping amplitudes J; and ]z may be
implemented with site-dependent atomic loss induced by near-resonant
light with position-dependent intensity>***, making it possible to realize our
model in cold atom systems.

Diagonalizing the Hamiltonian Hy, we confirm that complex
eigenenergies and NHSE arise in this model due to the asymmetric
hopping, as shown in the top row of Fig. 1. The divergence between PBC

and OBC spectra indicates the emergence of NHSE under OBCs, as
evidenced by the massive accumulation of eigenstates in Fig. 1(a2-d2).
The NHSE can be further characterized by a spectral winding number in
terms of a U(1) gauge field*”**, as demonstrated in the Supplementary
Note 3. A key observation is that the spatial distribution for all eigenstates
and their average are seen to be roughly the same under different sta-
tistical angle 8 and the interaction strength U [Fig. 1(e)], implying that
the anyonic statistics have little effect on the NHSE at the static level.
Physically, this is because the statistic angle does not affect the left and
right hopping magnitudes, whose difference gives raise to the NHSE, as
further elaborate in the Methods section. In particular, to have a better
demonstration between the interplay between NHSE and anyonic
properties, 0 = —7/2 is chosen as it corresponds to the strongest asym-
metric anyonic dynamics to the left' (also see later “Discussion”),
opposite to the non-Hermitian pumping for the parameters we consider.

Dynamical suppression of NHSE

It is commonly assumed that the localizing direction of NHSE indicates the
tendency of the state dynamics governed by the non-Hermitian
Hamiltonian®. However, despite the nearly identical behavior of NHSE in
our model, we find that the dynamics depends strongly on the interaction
strength and statistic angle, and may even violate the prediction of NHSE to a
certain extent. We consider the density evolution for anyons uniformly dis-
tributed at the center of a chain with one particle per site, with the initial state
given by Vg ) = ]‘[i&j|0>. With the generalized Jordan-Wigner transfor-
mation, the time-dependent density distribution of anyons can be expressed as

ot o
) = (Wle e ) @)

ot "
= <‘I’€|e'HE tﬁjef'HEt|‘I’OB> = nf(t),

thus the anyon dynamics can be directly measured from the mapped
bosonic density nf(t). We note that in our model, the time-dependent

density satisfies (ﬁf(t)) fUs = (ﬁJB(t))—U,—B’ protected by a combined

symmetry KHRK" = Hj; of the Hamiltonian with K = R, Z7T, where
Z,7, and R, = e ¥%~D/2 represent the operators for inversion
symmetry, time-reversal symmetry, and a number-dependent gauge
transformation, respectively (see Methods). That is, cases with repulsive
and attractive interactions can be mapped to each other by reversing the sign
of 8. Thus we shall focus only on the case with U > 0 and 0 ranging from —m
to 7 without loss of generality.
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Fig. 2 | Reversed pumping and density-density (a) 6=-n/2,U=4 (b) a=0.1,U=4

correlation for N = 2 particles. a The density 2 005 =" 14
imbalance AN for 6 = —n/2 with U = 4, for different 1504 ZZO‘I W ——-0=0

non-Hermitian amplitudes with & = 0.05, 0.1, 0.2, ) .

and 0.3, respectively. b The same density imbalance = 1 y *#W*# - 07
AN for various 6 with « = 0.1, U=4. ¢ A phase dia- <05 fe #M fow** :
gram demonstrating the reversed-pumping time At, e

defined as the interval with dﬁ—tN <0. Nonzero At is 0w #,

also seen around 6 € (0, 7) with relatively large U, 0.5 0

which is resulted from the fluctuation of AN at larger
tinduced by the interference dynamics in Fig. 1 (see
Supplementary Note 2A). d—f Density-density cor-
relation of the evolved state at different time ¢, with
0=—mn/2,a=0.1 and L=20,and U=0, 4,and 8
from (d-f) respectively. As U increases, the diagonal
spreading of the correlation shows a bidirectional
pumping toward both g=r=L and g=r=1, indi-
cating the NHSE and the reversed density pumping
induced by anyonic statistics, respectively.
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Following, we focus on how a state evolves under a non-Hermitian
Hamiltonian. Specifically, for an initial state |y ), we normalize the final
state at time ¢ as

e—th/h|wg.>

e - '
\/<%a|elﬁ r/he—mt/h|%4>

The density evolutions for N = 2 anyons with different interaction strengths
and statistical angles are shown in bottom panels of Fig. 1. Unbalanced
pumping induced by NHSE can be most clearly seen in Fig. 1(a3) with =0
and U= 0, where the particle density shows a unidirectional ballistic evo-
lution toward the right. A finite interaction is known to suppress the
expansion of bosons and lead to a diffusive dynamics®, thus weakening the
unidirectional evolution, as can be seen in Fig. 1(b3).

Away from the bosonic limit at 6 = 0, the anyonic statistics induce an
asymmetric particle transport'*'*” (also see Methods). It can further sup-
press the NHSE-induced right-moving tendency, and the dynamics show
signatures more of a diffusive evolution instead of a ballistic one, as can be
seen in Fig. 1(c3) and (d3) for 0= — 7/2. Note that the seemingly ballistic
evolution with a smaller velocity in Fig. 1(c3) is an exception only for N =2
particles, and becomes diffusive when the particle number increases, as
shown in Supplementary Note 2D. The most peculiar thing is that upon
turning on the interaction, the asymmetric transport of anyons may even
overwhelm the NHSE at the beginning of the evolution, resulting in an
evolution opposite to the direction of skin localization for a short period of
time, as shown in Fig. 1(d3).

ly(t)) = (5)

Reversed density pumping
To characterize the competition between NHSE and statistics-induced
asymmetric dynamics, we study the time-dependent density imbalance

AN = Zf:/f(n, +1/2 — 1;) between the two halves of the 1D chain. As
shown in Fig. 2(a) for N=2, at = —7n/2 and U =4, the anyonic density
evolution shows a reversed pumping against the NHSE, with AN decreases
with time ¢ when 0.5 <t < 1. Such a reversed pumping is seen to be robust
even under relatively strong non-Hermitian pumping strengths, e.g., « = 0.3
in the figure, where the density imbalance always favors the direction of
NHSE (AN > 0) and saturated to AN = 2 rapidly. It should be noted that for a
much weaker non-Hermiticity, the pumping of NHSE will be fully sup-
pressed (with AN <0) during a longer period of time, as shown in the
Supplement Note 2C. For comparison, we also plot AN versus time for
a=0.1 and U=4 at different statistical angles in Fig. 2(b). For the several
chosen values of 6, the reversed-pumping process with decreasing AN can be
clearly identified only when 6 = —7/2. Furthermore, AN is seen to increase
faster for 0 # —m/2, showing a domination of NHSE on the state dynamics.
To characterize the magnitude of reversed pumping, we further consider its
duration At as an indicator, defined as the time interval where dﬁ—tN <0. As
shown in Fig. 2(c), At reaches it maximum at § =~ —7/2 and U = 3. We note
that such a reversed density pumping relies crucially on the anyonic sta-
tistics, and may disappear if the particles initially occupy the same lattice site
(acting as bosons with 8 = 0), or are separated from each other by at least one
site (acting as single particles), as shown in Supplementary Note 2B. In
addition, At also takes small but nonzero values for 6 € [0, 7z]. This is because
the diffusive anyonic dynamics causes interference between different por-
tions of the evolving state, resulting in certain fluctuation of AN that shows
weak reversed pumping, as can be seen from the data for 0 = 71/2 in Fig. 2(b).

To provide a full picture of the different diffusive and unidirectional
dynamics in the system, we calculate the density-density correlation defined
as

L, = (p(0)l,h, ly(1)), ®)
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Fig. 3 | Reversed pumping for various particle numbers with statistical angle

0 = —n/2. a Reversed-pumping time At for N=2, 3, 4, and 6, represented by red
triangles, blue pluses, gold squares, and black stars, respectively. b Density imbalance
at U=5with N=2, 3, 4, and 6, represented by red dotted line, blue dashed line, gold
dot line, and black solid line, respectively. a = 0.1 is chosen for both panels. The
system’s size is chosen to be L =30 for N=2, 4, and 6, and L = 31 for N=3. In the
latter case, the density at the center of the system (j = 16) is excluded when calcu-
lating AN.

and display the results for two particles with 6 = —7/2 and different values of
U in Fig. 2(d-f). When U =0, the dynamics mainly reflects the unidirec-
tional pumping of NHSE, as nonzero I';, mostly distributes along diagonal
(q =), and its peak moves toward g = r = L during the evolution [Fig. 2(d)].
Turning on the interaction, we can see in Fig. 2(e) and (f) that nonzero off-
diagonal correlations appear with the distance between the two position
(lg—7]) increases with time, indicating the diffusion enhanced by
interaction. On the other hand, a second peak of diagonal correlation
appears and move toward g =r = 1, signals the reversed density pumping
caused by anyonic statistics. The above discussion is focused on N =2 and
we stress that it also holds for larger N, as shown in Supplementary Note 4.

Reversed pumping with larger particle numbers N

As our model contains only nearest-neighbor hopping, the anyonic sta-
tistics can function normally only for adjacent particles. Therefore, the
reversed pumping it induces is expected to become more prominent with
more particles in the system, distributing next to each other initially. In
Fig. 3(a), we demonstrate the reversed-pumping time At for N=2, 3, 4,
and 6 of 8 = —n/2 with various interaction U. For N = 2, At is increasing
fast around 0.5 and reaches its maximum approximately at U = 3, then it
shows a slightly decreasing behavior. While for N=3, 4 and 6, At is
increasing with the increase of U (also see Supplementary Note 6).
Interestingly, for U 2 3, the reversed-pumping effect shows an interaction
enhanced tendency, as can be clearly seen from the Fig. 3(b) for U=5.
Note that the slope of N =2 is seen to be smaller than the others for t > 2.
This is because with fewer particles, it takes shorter time for their wave-
function to be mostly pumped to the right half of the lattice by NHSE,
after which (t=2 for N=2) dAN/dt becomes smaller as the remaining
density on the left becomes negligible. For N > 2, the slope of AN also
decreases similarly at larger ¢, as shown in Supplementary Note 2E. In
addition, weak damped fluctuation of AN is seen even when the dynamics
are dominated by NHSE at larger ¢, resultant from the interplay between
anyonic interference and density diffusion. Namely, while the inter-
ference of anyons induces the fluctuation, the diffusion reduces local
density, weakening the density being pumped across the center and
resulting in an overall damping effect.

Out-of-time correlator and information spreading

Having unveiled the sophisticated evolution of particle density in non-
Hermitian anyonic systems. it is natural to ask how the anyonic statistics and
NHSE simultaneously affect the dynamics of other physical quantities, such
as the spreading of quantum information that can be characterized by the
OTOC in non-Hermitian systems®. To describe the information spreading,
we first consider the OTOC of anyons for an ensemble defined as (see

Supplementary Note 5A for more details).

Cu(t) = <| [aj(t),ak(o)]glz>ﬂ, 7)

where f is the inverse temperature and <O> means the thermal ensemble
average Tr(e PHa O)/Tr(e_ﬁHA) of an operator 0. Ci(t) describes the
information propagated from site k to site j at time ¢, and Cy(0) =0 is
ensured by the generalized commutation relations of Egs. (2). The out-of-

time-ordered part of the commutator is then given by*>”’

Fy(t) = <&;(t)&2(0)&j(t)&k(o)>ﬁ ci0sgnG—k) ®)

The numerical results with 6 = —71/2 and U =4, i.e., under the parameters
where the reversed density pumping strength nearly reaches its maximum,
in Fig. 4(a—c). Itis seen that the direction of OTOC reverses from left to right
when increasing the non-Hermiticity, reflecting the competition between
NHSE and the statistic-induced asymmetric OTOC spreading. This is in
contrast to bosonic systems without the anyonic asymmetric OTOC
spreading, where the NHSE-induced asymmetric OTOC spreading can be
observed even with a very weak non-Hermiticity, as shown in Supplemen-
tary Note 5B. Physically, this is because the ensemble average represents a
linear combination of eigenstates with different powers, which are all skin-
localized toward the right when Jx > J;, in our model.

In contrast, we find qualitatively different behaviors of the OTOC for a
single initial state, whose definition is similar to Egs. (7) and (8) but with
B =0 and the ensemble average replaced by the average on the state. In
Fig. 4(d), we find that the information spreading for a single initial state
[Fi(t)] with a uniform distribution at the center of the 1D chain shows a
clear asymmetric distribution with large value of OTOC at the left side and
nearly unchanged even with a strong non-Hermiticy, reflecting the statistic-
induced asymmetric OTOC spreading and immunity to NHSE.

In Fig. 4(e, f), we illustrate the information propagated from the center
(k=6) to a few different positions j, with different non-Hermitian para-
meters. As the initial state does not occupy the two ends of the system (with
11 lattice sites), we can see that Fjs vanishes for j=1 or 11 at small ¢, and
increases monotonically with time. On the other hand, we have Fg=1at the
beginning and decreases with time for j = 4 and 8, which are the lattice sites
occupied by the initial state. Nonetheless, these trends of OTOC are found to
remain the same for both Hermitian (Jr =1) and non-Hermitian cases
(Jr # 1), further verifying the dissimilar behaviors of OTOC for an ensemble
at finite temperature (dominated by NHSE) and for a single initial state
(immune to NHSE).

Conclusions

We have revealed a dynamical suppression of NHSE by anyonic sta-
tistics, where the density evolutions show different diffusive or reversed-
pumping dynamics at different statistic angles. In recent literature, it has
been shown that NHSE can be suppressed through various means, e.g.,
by introducing magnetic’"”* or electric fields” with both the static
solutions and dynamical evolutions changed drastically from ones of the
NHSE in the suppression phase.

However, our results show that the anyonic statistics will affect only the
density dynamics, whereas static solutions still manifest the same properties
of NHSE under different statistical angles. The reversed-pumping process is
shown to have a longer duration with larger numbers of particles, indicating
that it may be easier for observation in the thermodynamic limit. The
coexistence between different diffusive dynamics, non-Hermitian pumping
of NHSE, and reversed pumping are further demonstrated by the density-
density correlation of the evolved state. Finally, we also calculate the OTOC
to characterize the quantum information spreading, which is found to be
governed by NHSE only for a thermal ensemble. On the other hand, OTOC
calculated for a single initial state curiously follows that that of Hermitian
limit dynamics, regardless of the strength of non-reciprocal pumping
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Fig. 4 | Information spreading with statistical angle # = —n/2 and interaction
strength U = 4. Out-of-time-ordered correlator (OTOC) for a thermal ensemble at
finite temperature with (a) Jg = 1.0, (b) Jr =1.02, and (c) Jg = 1.25. The system has
L =7 lattice sites and N = 4 particles, with the inverse temperature = 1/6. The
information spreading tends to move towards the right side with the increasing of Jx.
d-f OTOC for a single state with L = 11, N=5. For a single state, the information

Jr=1,1.25, 1.5, respectively. f |F, ¢| and |Fg ¢| for Jr = 1, 1.25, 1.5, respectively. J; = 1
is set in all panels. Results are normalized by setting max;,|F; ,| = 1 in (a—c),
maxtleﬁl = 1in (d), and maxtle‘G\ = 11in (e) and (f).

induced by non-Hermiticity. These observations challenge the correspon-
dence between static NHSE and unidirectional state dynamics, which is
commonly assumed to be true in most theoretical™*”” and experimental
investigation®™ in the NHSE, particularly in quantum simulators™"".
Following this path, we may expect even more sophisticated non-Hermitian
phenomena to arise from the interplay between anyonic statistics and other
novel single-particle dynamics induced by NHSE, such as the non-
Hermitian edge burst™* and self-healing of skin modes™. Another potential
direction is to investigate non-Hermitian anyonic dynamics in the hardcore
limit, which has been found to induce an occupation-dependent particle
separation for bosons and fermions®. Nonetheless, long-range couplings are
required for our model to manifest anyonic features in the hardcore limit
(see Supplementary Note 7 for results or our model in the hardcore limit).
Finally, we note that in this paper we only address Abelian anyons in a 1D
lattice. Beyond this simple picture, non-Abelian anyons may also emerge as
quasiparticles in other higher-dimensional systems, such as fractional
quantum Hall systems and quantum spin liquids, where anyonic porperties
may affect NHSE in different manners. For example, it has been demon-
strated that non-Abelian fusion of Fibonacci anyons induces exotic Bloch
oscillations™, whose interplay with non-Hermitian pumping may lead to
distinct dynamical behaviors that await further investigation.

Methods

Static NHSE and its independence from anyonic statistics

The origin of NHSE can be understood from a similarity transformation of
the Hamiltonian matrix. For the OBC Hamiltonian

AR i 7
(]Lb]. by + Taby, e /bj)
)

we introduce a set of operators defined as

at ~
& =), g = by (10)
Then the above Hamiltonian can be rewritten as
-1 . :
A ~F —iOn. ~ ~ 0. ~
Hp=- (gje ' n]gj+1 +gj+lel n’gj)
=1
! (11)

U, .
5 DA = Dy =g

j=1

This transformation results in a Hermitian Hamiltonian matrix Hj, givsp by
HJy = SHS™", with Hp the matrix form of H; in the Fock basis of > b, |0),
H), = (Hj,)" the matrix form of H in the new Fock basis of 3 Zg} |0),and S
the transformation matrix describing the relation between operators b,
and g;.

Note that by definition, S is a similarity transformation that keeps
only the eigenvalues unchanged. On the other hand, the eigenvectors in
the original basis can be obtained as y = S™!y/, with ¥’ an eigenvector
of Hj. As H} is a Hermitian matrix describing a system with transla-
tional symmetry within the bulk, ¥’ generally describes extended states
with uniform distributions of particles in the bulk. However, the
mapping between operators in Eq. (10) indicates that the similarity
transformation of S is not uniform, where a particle created at site [has a
position-dependent magnitude e ™. Thus, for a positive a, an extended
state of ¥’ with uniform distribution of particles becomes a boundary-
localized state with amplified magnitude toward larger I. Finally, as the
mapping of Eq. (10) is irrelevant to the statistic angle , we can conclude
that the anyonic statistic do not affect the localizing direction of
static NHSE.
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Pseudo-Hermitian symmetry of the static Hamiltonian
The Hamiltonian of the non-Hermitian anyon-Hubbard model is given by

b-

—1

, U, .
Hy=-— (IL, ., + Jpa +1(z)JFEan(nj—l).
=1

j=1

(12)

With a generalized Jordan-Wigner transformation d; = l;jefiezjk;lﬁ‘, the
model is mapped to a boson-Hubbard model with a density-dependent
phase factor,

-1
[ f —ib; i0n;
Hgp = (]Lb o b]+1 +Jr ]+1€9 b])
- (13)
UZL L
+E . nj(nj - 1)

j=1

We find that this Hamiltonian satisfies a pseudo-Hermitian symmetry”

- At
KHRK" = H, (14)

with £ =R,Z7 an anti-unitary operator, which guarantee that the
eigenenergies must be real (as under OBCs) or come in complex-conjugate
pair (as under PBCs). Explicitly, Z represents the inversion symmetry that
transforms j to L 4+ 1 — j, so that

Hj, =TH,T'
L—-1

- ;(IL ;+1eiten1“b +]Rb el(M“bJrl) (15)

—iﬁ(n —1).

Nq

Next, 7 represents the time-reversal symmetry for spinless particles (i.e., a
complex conjugation), which leads to

Hj =TH,T"

L-1
= — 3 (LB}l Ty e )
=1

U L
+3 2l

(16)

Note that the pseudo-Hermitian symmetry also ensures that the
e1genener1ges must either be real or come in complex-conjugate
pairs”. To see this, let us assume |y) is an eigenstate of Hy with an
eigenenergy E,

Hyly) = Ely). (19)
The pseudo-Hermitian symmetry leads to
HiKly) = KHyly) = EKIY) (20)

Namely, |¢>> Kly) is an eigenstate of i p» Or in other words, a left
eigenstate of Hy with

(9lH5 = E*(¢]. @D
Therefore, there must be a right eigenstate |¢') of H; satisfying

Hyl¢') = E*I9'). (22)

As a conclusion, the pseudo-Hermitian symmetry ensures either a real
elgenenergyE if|y) = |¢) (sothat E=E), or a complex-conjugate pair of E
and E"if [y )=¢').

Dynamical symmetry
In the Hermitian limit of our model (J; = Jg), it has been shown that"

(150),, = (0)_ (30) , = (5O)._y

withj = L+ 1 — j,and () denptmg the average of a Heisenberg operator
on the initial state | ¥ ) = [];b; 710). Yet these relations no longer hold when
J. # Jr and the symmetry between different values of U and 6 need to be
reexamined for the non-Hermitian Hamiltonian

(23)

L-1

Hy=— <]Li’;ei%ji’j+1 +]R1A’J'T+lefi%ji’i>
=1
o (24)
+ 32 (i — 1).
p

The pseudo-Hermitian symmetry operation leads to the following relations:

s ot
JCe—Hstict — ezH;;t7 Ian/CT — IndT — n} (25)
Finally, R, = ¢ ®%"~1/2 js a rotation operator that transforms the Thus we obtain
annihilation and creation operators as
o e
o o i~ ﬁ(t)> = \]JO|e’HB.+e.+Uffl_e_’HB,+6.+ut|\I/0
bjT = eften](njf1)/2bj616nj(nj71)/2 — b}'eﬂen}»’ (17) < J +0,+U ’< {% >
bj N e—i@iz](ﬁ}—1)/2bjei6ﬁ](ﬁj—l)/2 _ ei@h]bj. = <‘I’ |KTe—1HB,+e.+UtK:ﬁ,K:T 1H3,+s.+ut;q\yo> (26)
<\{/ |€ 1HB+9+Uth elHB+€+Ut|\I/ >
Applying this rotation operation to the Hamiltonian, we have
We then consider the time-reversal operation
Hy = R HR]
L-1 . L _ U a -1 _ F
= 7Z(mzzhm7z‘7z bR +]RszleRze“S"rHthRl) +5 > iyl — 1) THB,fawT HB.,TMU 27)
i:] . = = Te Hpro+vt Tl — piHp g vt
—1
__ (]Lbjfﬂefxaay,ﬂexen,“elen,b +]Rb o0 ﬂenﬁ,elen,ﬂb ) "'%Z;‘j(ﬁj —
=1 =1
-1 0z with 7 the complex conjugation operator for spinless particles, and an
(7ufr b+ Table b, )+ iy = 1) operation
=1 2] T
= H}. " "
(18) PHy o vP" = —Hp gy = Pe Mo PF = oMot (28)
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with P = ¢™22,"+1 the number parity operator measuring the parity of
total particle number on the odd sites. Then, we have

(0 00

— <\I’0|eiH;-+9‘+Ut}cljeiiHB*s-*“t|‘"I/0>
ot -

- <\1/ |7'*1€*1H B.—6.+Ut’]'ﬂj’]’*1e’HB.—6.+Ut’]'|\I/0>
<\{I |e—1H B 9+LtnjelHB.—9.+Ut|\PO>

N B (29)
= <‘P0|77T6'H soo-utPhPleHao-vt Py )

— <\I/ |elH B—6,— Lfn]e—‘H&—e.—uf|\I/0>

- <ﬁf(t)>fefu

Thus, we have a dynamic symmetry combined the changing the sign of 0
and U at the same time,

<ﬁf(t)>+e‘+u - <ﬁf(t)>fa -u

(30)

Perturbation explanation for asymmetric spreading

In order to explain the asymmetric density spreading, we reproduce the
derivation in ref. 14 that expands the evolution operator and evaluates the
interferences effect between different order. The time evolution operator can
be expanded as

. - > (—iHgt)" . iHyt)’
u=e“HB’=;%=1—iHBt+( lj) _

The initial state |y, ) is symmetric around the lattice center with |y, ) =
T |1//0> and the final state can be superimposed with product states in Fock
space. To show that the interference between the different order leads to
asymmetric density evolution, we consider a state |y, ) with an imbalanced
distribution between the left and right halves of the system, and its spatial
inversion |u/2> =Tly, > Asymmetric  dynamics occurs when
{y,[Uly,)#{y,[Uly,). The kth-order expansion of these inner products
can be written as

(- III;IB) | 0>_

M = (gl
with Ay = (v, |(H) ), and

—zt)k
k! k7

iH gt
M;2)=<1/’2( kB) | o>_

with B, = (y,|(H B)k|1//0>. Taking the symmetry properties into con-
sideration, we obtain

B = (v, lHylyo)

<1//1 |ITI:II;I|%>

= ¢4 (y, |Z*R*H§RI o)
92790 (y [T KTy,
_ ei(saf%)(<1//1|ICTH];/C|%>>*~

(31

In the above derivation, we have used following equations:

K=RIT = ICT‘l =RI = TK' =I'R',
KHLK! = Hy = Hy = KTHYy K.

InEq. (31) wehave used R| 1//0,2> = e |1[/0_2_2 .There is difference between
the Hermitian case and non-Hérmitian case. The non-zero contribution of
the interference between kth and (k + 1)th orders

|M(1) +M(1>1| — k' |Ak +k+ lAkHI,
—it
S, = |M(2) M(2)1| _ a0 |Bk + P lBk+l|7 (32)
tk —
% s
:> SZ - E'Bk - k—|——lBk+1|.
Thus, we obtain

t k+1
S :_,|<V/1|( 5) |‘//0>+ <V/1 ()" lyo)l,

k! k+1 (33)

k
S = 0" () Ky — =5l () Kl
Thus, (v, |t [vo)=(y, 2 ly,) is satisfied since S, #S, in general cases,
meaning that the final state is asymmetric. Without further restriction of the
model, the only exceptions are the Hermitian cases (J;, = Jz) with 6 =0 or 7,
namely for bosons or “pseudofermions”, where S; =S, has been proven
in ref. 14.

Data availability
Raw numerical data from the plots presented are available from the authors
upon reasonable request.

Code availability

Though not central to the conclusions of this work, codes for generating our
figures are available from the authors upon reasonable request. The data for
N=61n Fig. 3 is obtained using the open-source tenpypackage; this DMRG
code is available via GitHub at https://github.com/tenpy/tenpyand thedo-
cumentation can be found at https://tenpy.github.io/#.
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