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Ranking nodes in networks according to a defined measure of importance is an extensively studied
task, with applications in ecology, economic trade networks, and social networks. This paper
introduces a method based on a non-linear iterative map to evaluate node relevance in bipartite
networks. By tuning a single parameter y, the method captures different concepts of node importance,
including established measures like degree centrality, eigenvector centrality and the fitness-
complexity ranking. The algorithm’s flexibility allows for efficient ranking optimization tailored to
specific tasks, outperforming state-of-the-art algorithms. We apply this method to ecological
mutualistic networks, where ranking quality can be assessed by the extinction area - the rate at which
the system collapses when species are removed in a certain order. The map with the optimal y value
surpasses existing ranking methods on this task. Additionally, our method excels in evaluating
nestedness, another crucial structural property of ecological systems, requiring specific node
rankings. Finally, we explore theoretical aspects of the map, revealing a phase transition at a critical y
dependent on the data structure that can be characterized analytically for random networks. Near the
critical point, the map exhibits unique features and a distinctive “triangular” packing pattern of the

incidence matrix.

How to quantify the “importance” of a node in a graph is an extensively
studied question in network theory. Several definitions of node centrality
have been proposed, each exploiting different aspects of the network
structure’. The simplest one is the well-known degree centrality, in which the
importance of a node is simply its degree’. The natural extensions of this idea
are centrality measures, which take into account also the importance of the
node’s neighbors. The eigenvector centrality’ and the Katz centrality’ are two
examples. The popular PageRank centrality’ is also based on a similar
concept. In this case, the importance of a node is a linear function of the
importance of its neighbors, but their contribution is normalized by their
out-degree. While these centrality measures are the most relevant for this
paper, there are plenty of other examples in network theory®"’.

Bipartite networks are a particular class of networks in which links only
connect nodes from two distinct sets. This structure describes a vast number
of complex systems, specifically component systems. In component sys-
tems, each realization is an assembly of basic building blocks, such as books
composed of words or genomes composed of genes, which naturally
translates into a bipartite network of connections between basic compo-
nents and realizations' ™. This analogy has led to a fruitful exchange of
methods between network theory and statistical data analysis in different
domains"*™".

While extensions of node centrality measures to bipartite networks
have been proposed, the problem of node ranking in these ubiquitous
structures is still an active area of research. A possible naive approach is
to project the links of the bipartite network on one of the two node sets,
and then directly use standard tools of network analysis on the resulting
unipartite structure'*'. However, the projection clearly hinders a fun-
damental property of the network with possible relevant consequences
on the analysis results” . Few methods that explicitly keep into account
the bipartite structure have been proposed, such as extensions of the
eigenvector centrality’®”, or methods based on the statistics of random
walkers on the network™. Finally, a statistical approach based on a non-
linear map, the so-called fitness-complexity map, was introduced in the
context of economics, and then generalized and applied in other
fields™ .

The present paper proposes a general and flexible method to rank the
importance of nodes in bipartite networks based on a non-linear map
inspired by the fitness-complexity concept. The non-linearity of the map
depends on a single parameter y. The parameter value sets what structural
features are relevant for defining the node importance and thus the final
node ranking. Indeed, tuning y we can interpolate between the eigenvector
centrality, the degree centrality, and the original fitness-complexity map.
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Depending on the system under analysis and the specific task, different
choices of y can be optimal.

Ecological networks provide an illustrative example in which dif-
ferent algorithms, and the resulting rankings, can be quantitatively
compared™”. In fact, the so-called extinction area can be used to
quantify how relevant a node ranking is in complex ecological networks.
This quantity measures how fast the network collapses when nodes (e.g.,
species) are removed from the system in a specific order. Therefore, the
ranking of species maximizing the extinction area can inform pre-
servation strategies and interventions in endangered ecosystems. The
fitness-complexity map was reported to outperform previously existing
algorithms when applied to this class of mutualistic systems™. We will
show that our generalized non-linear map can provide even better
results by choosing the appropriate value of y.

In the same context of ecological systems, nestedness is a long-studied
structural property’>™’. A nested ecological system is essentially composed
by few generalist species that tend to interact with almost all the other
species, and by several specialists that preferentially interact with generalists,
rather than with other specialists. The identification of nested structures and
the generalist species at their core can help guide the design of conservation
and preservation efforts, e.g., refs. 38,39. Therefore, in addition to the the-
oretical interest in understanding the evolution of ecological networks,
accurate nestedness measures also have practical importance. Several
popular measures of nestedness require finding the ordering of rows and
columns of the incidence matrix that maximizes its “triangular shape.” We
will show that again our algorithm improves the performance of the fitness-
complexity map, which, in turn, has been shown to perform better than
previous state-of-the-art algorithms®.

Having established the practical usefulness of this flexible non-linear
map, we will focus on its general mathematical properties and on the role of
the parameter y. More specifically, we will show that the dynamical system
defined by the map undergoes a phase transition in its convergence prop-
erties for a critical value y, that depends on structural network properties.
We will explore in detail the close connection between the phase transition,
the maximization of the extinction area, and the re-ordering of the incidence
matrix in a triangular form, with all the ones located in the upper-left corner
and the bottom-right corner only composed by zeros. This connection is
also instrumental to define the parameter region where the value of y
maximizing the extinction area can be found.

Methods

Datasets

The ecological interaction matrices used in this work were downloaded
from Web of Life (http://www.web-of-life.es/), an open access database with
a large number of published species interaction networks. The full list of
matrices used in the result section is reported in the Supplementary Table 1.
We primarily focus on large systems, i.e., those with a product of the number
of rows and columns of at least 500, which are, in general, harder to treat
with a full exploration of possible rankings or the application of computa-
tionally expensive genetic algorithms. In particular, the illustrative example
discussed in the result section is a plant-pollinator interaction matrix based
on the work of C. Robertson who collected in 1929 the list of interactions
between plants and insects in Carlinville, Illinoise. This dataset was validated
and updated in ref. 41, extending the network to 1044 animal species visiting
456 plant species.

A general and flexible measure of node importance for bipartite
systems

This section presents the non-linear map and how to use it to measure the
node importance for bipartite networks. We consider unweighted undir-
ected bipartite networks, with an Nx M incidence matrix A, with
A;;€{0,1} and A;; = 1 if node i is connected to node j on the opposite node
set (Fig. 1a,b). We denote with x the scores of the nodes in the first node set
of the network, and with y the scores relative to the second one. The scores
are iteratively updated by the map, which starts from vectors of ones as
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The angular brackets denote the vector average (x) = Zfi 1X;/N. The map,
possibly, converges to stationary values, which represent the importance
measure of the nodes. In general, there is no guarantee that a stationary
condition exists. However, we could define a ranking of the nodes from the
map behavior at large ¢ for all the empirical systems considered. A detailed
discussion about the map convergence is postponed to the section about the
phase transition.

The numerical approximations that have to be applied to reliably
simulate the map in the presence of possible score divergences, and a
pseudocode are discussed in detail in the Supplementary Note 1. The
algorithm, and some of its applications, can be downloaded from the public
repository https://github.com/amazzoli/xymap.git.

The map depends on the free parameter y which can be tuned
depending on the idea of node importance suggested by the system in
analysis. In particular, the generalized map recovers known measures of
importance for specific values of y, as detailed in the following.

Degree centrality, y = 0. The simplest case is the degree centrality, which is
defined as the number of neighbors of a node, and can be obtained for y = 0.
In this case, the stationary solution is reached at the first map iteration,
and the scores are simply the node degree divided by the average degree.
Figure 1c shows the degree ranking of the toy example illustrated in Fig. 1a.

Singular vector centrality, y =1. For y = 1 the importance of a node is
proportional to the importance of the connected nodes in the other node
set. In other words, a node is important if it has a lot of important
neighbors. The illustrative example in Fig. 1d shows that this notion of
importance leads to a different ranking with respect to the case of y=0
(i.e., degree centrality). In particular, the second squared node now
surpasses the first one in the ranking because, even if it has less con-
nections, it is connected to the most important circular node in the
opposite side of the network.

This is the foundational idea of the eigenvector centrality in
classical unipartite networks’. According to this measure, the
importance ¢; of a node i is

where Bis the N x N adjacency matrix, which we assume to be symmetric and
irreducible, ie., the network is undirected and connected. The equation
above, when written in matrix form, is satisfied by each eigenvector of B with
corresponding eigenvalue A: Bc=Ac. To resolve the ambiguity of having
multiple possible choices for the scores, the scores are required to be all
positive. This constrains the choice to the eigenvector corresponding to the
largest eigenvalue, since the Perron-Frobenius theorem proves that it is the
only eigenvector with all positive components”. Therefore, the leading
eigenvector of B defines the so-called eigenvector centrality. This definition of
score is arbitrary to within a multiplicative constant. However, one is usually
interested in the node ranking, which is not affected by this degree of freedom.
An important property of the eigenvector centrality is that it can be computed
in a dynamical way, in the similar spirit of the map given by Eq. (1). Starting
from a vector of ones as initial condition, the recursive relation ¢*? =1 "'Bc®,
converges to the leading eigenvector, in the limit of large t.

This measure can be extended to bipartite networks”’. In this case, we
can consider the rectangular incidence matrix A and substitute the concept
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(a) Bipartite network (b) Incidence matrix (c) Degree (d) Singular vector (e) Fitness (f) Importance
ranking, y=0 ranking, y=1 ranking, y=-1 ranking, y=3
x=1.5 y=1.7 x=1.3 y=1.4 x=4.87 y=2.24 x=1.41 y=1.89
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Fig. 1 | Toy example of a bipartite system and its node ranking. The network is
represented as a non directed, unweighted, bipartite network, a where a set of
squared nodes, e.g., countries or pollinator animals, interact with a disjoint set of
circular nodes, e.g., products or plants. Such a network is associated with the
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incidence matrix b in which the element is equal to 1 if there is a link between the two
nodes. The panels from c—f show the scores and the rankings that Eq. (1) provides
for four values of y and are discussed in the main text. The black arrows between
nodes are changes in the ranking with respect to the degree ranking.

of eigenvectors with left/right singular vectors, and eigenvalues with singular
values. Supplementary Note 2 shows the proof that the iteration of the Eq.
(1) for y = 1 leads to a vector of scores x which is proportional to the leading
left singular vector u; of A (corresponding to the largest singular value o7),
while y is proportional to the leading right singular vector v;:

Ty —
X X u; A'u; =0V,

)

where

y XV, Av, = o4

Again, the Perron-Frobenius theorem guarantees that the leading singular
vectors are positive, and therefore consistent with the unique definition of a
positive score.

It is useful to describe one possible example of application of this score
system: rating the desirability of products which have been used by a set of
consumers”’. This can be described by a consumer-product bipartite system
which has links whether a consumer has tried a product. Clearly, the more a
product is consumed (high degree) the more important it is, but one can also
speculate that an “experienced” consumer increases further the importance
of the products that it has tried. The evaluation of consumer experience can
be made by the amount of the tried products and if those tried products are
considered very desirable. Another important example is the measure of
economic complexity introduced in®® (with a small difference in the nor-
malization factor of the map).

Fitness-complexity map, y = — 1. The choice of the exponent y = —1
recovers the fitness-complexity map introduced in the context of
economics™***?, The score x; corresponds to the fitness, while the score y;
is the inverse of the complexity. Therefore, the fitness-complexity map is
recovered through the substitution g, = )7]_1 for every j, and defining the
complexity as g; = q;/(q).

In this regime, the map attributes large importance to nodes with many
connections, but, differently from the previous case of y = 1, the connections
with low-importance neighbors have a larger weight. This effect is shown by
the ranking in Fig. le, where the squared node 5 increases its position in the
ranking with respect to the degree sorting, and surpasses the higher-degree
node 2. Indeed, node 5 is connected to the circular node 4, which has the
second lowest importance, while the squared nodes 2-4, are not.

The fitness-complexity map was introduced to quantify the non-
monetary competitiveness of a country on the basis of its exported products.
The basic idea is that the fitness (i.e., the x score) of a country is proportional
to the sum of the complexities of its exported products, which in our
notation is the sum of the inverse of the “simplicities,” given by the y scores.
The simplicity of a product is large if many countries can export that
product, in particular if these countries have low fitness. On the contrary, a
product is complex (i.e., low y) if only few countries with high fitness can
produce it.

The range of application of the fitness-complexity map extends to other
bipartite networks. For example, it has been used to analyze the contribution
of different countries to a set of scientific topics”. A different field of

application are mutualistic ecological networks. In the case of the interac-
tions between plants and pollinators, the “fitness” of an animal pollinator
seems to be significantly related to its ecological importance within the
ecosystem, while the “complexity” of a plant quantifies its vulnerability to
system perturbations™. This ecological example will be our main illustrative
application.

Behavior at large exponents. It is instructive to characterize the map
behavior for large exponents. In the case of y > 1, the first score of Eq. (1)
can be approximated as:

t-n)’
0 o maXiep | Y
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where the maximum at numerator comes from the approximation of X'
and it is evaluated among the set J(i) of neighbors of i. The maximum at
denominator is instead the leading term of (), and considers the largest
y-score among all the nodes of the second node set. A similar expression can
then be found for the update of the y scores, whose values depend only on
the maximal x of their neighbors. This expression implies that only the
nodes connected with the maximal y-score have non-negligible x-score and,
therefore, will dominate the ranking. In this limit, the degree of the node
does not enter explicitly in the computation. This can be seen in Fig. 1f,
which displays a ranking calculated for y = 3. The squared node 1, which is
the most connected among the squared nodes, becomes the last one in the
ranking, since it lacks the connection with the most important circular node,
i, the first one. The opposite limit of y — — oo leads exactly to the same
result of Eq. (3), but with a minimum instead of a maximum. Therefore, the
x-score is determined by the connection with the minimal y-score.

(€)

(f))

General intuition behind the map behavior. Putting all these con-
siderations together one can conclude that the absolute value of y sets the
balance between two properties in determining the importance of a node.
The first is the degree of the node which, for y =0, is the only relevant
feature. The second property is the connection with important nodes in
the other node set in the limit of large |y|, only the maximum (or mini-
mum) score among the connected neighbors contributes to the impor-
tance. The sign of y determines if the importance is given by having high-
score neighbors (positive y) or low-score ones (negative y).

Results

Looking for the specie ranking which maximizes the

extinction area

We can now evaluate the ranking generated by the map on ecological
systems of mutualistic interactions between species, such as plants and
pollinators. We use the extinction area to quantitatively evaluate the
goodness of the rankings*. The computation of this quantity is illustrated
in Fig. 2a—c. Given an animal ranking (e.g., (A, A,, A3)), we can first remove

Communications Physics| (2025)8:148


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02073-6

Article

Fig. 2 | Computing the extinction area in ecolo-
gical networks. a-c show a toy example of the
extinction area computation. Starting from the
complete network (a), animals (matrix rows) are
removed according to a certain ranking. In (b) the
animal A, has been deleted leading to the extinction
of the plant F; which remains without links. The
extinction area is the integral of the curve (c) which
shows the fraction of extinct plants at a given frac-
tion of removed animals. d is the extinction area

(a) Complete

network

computed at different map exponents y of the
mutualistic system Robertson 1929. The blue con-
tinuous line correspond to animal removal, where
the animal ranking is provided by the x-score at the
given y. The green dash-dot line is computed using
the opposite procedure: the plants are progressively
removed following the y ranking. e shows the

animal - flower
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the first animal (A,) and all its links. As a consequence, a certain number of
plants remain without links and thus goes extinct (F; in the example).

By progressively removing all the animals according to the ranking, we
can calculate the fraction of extinct plants as a function of the fraction of
removed animals (Fig. 2¢). The extinction area is defined as the integral of
this curve, and quantifies the speed of the ecosystem collapse for the given
ranking.

A previous work™ demonstrated that the fitness-complexity map, that
we recover for y = —1, provides an animal ordering that leads to a larger
extinction area than other algorithms. Figure 2d shows that, in a specific
case, our map can reach even larger values of extinction area for other values
of y. In particular, there is a maximum at ygs ~ —1.12. The improvement
with respect to the fitness-complexity map is even larger than the
improvement that the fitness-complexity map has compared to the simple
degree ranking (y =0).

The value of y that maximizes the area, yza, is dataset dependent. We
notice that in all the cases we studied yg, was strictly smaller than -1 and
typically within the range yg4 ~ [—1.4, —1]. We report in Fig. 2e the dis-
tribution of the best parameters for all the mutualistic networks discussed in
“Dataset” section. We shall further discuss the issue of finding the best

gamma and, in particular, the origin of the yg4 < —1 found in result section
about the phase transition.

Given the variability in the exponents that maximize the extinction
area across different ecosystems, we can test whether simple statistical
features of the interaction matrices correlate with these values. The most
significant (anti)correlation we observe is with matrix density, ie., the
fraction p of actual links among all possible ones. In fact, Fig. 2f suggests
that very sparse matrices are optimally ranked by exponents close to one,
whereas denser matrices require smaller exponents. The corresponding
analysis for uniform random matrices, reported in Supplementary Fig. 8,
confirms that, on average, smaller exponents are needed for denser
matrices. For random matrices, we also observe a clear dependence on
system size (i.e., the number of species) at a given interaction density. The
possible reasons behind these dependencies are further discussed later.

For several systems, the exponent yg, that maximizes the extinction
area is close to —1 (Fig. 2e), where our map becomes equivalent to the
fitness-complexity approach. Indeed, for these interaction networks, our
map rankings provide little to no improvement in the extinction area.
However, Fig. 2g highlights several notable exceptions where our map leads
to significantly larger extinction areas —by up to 20%—as observed for the
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ecological system used for Fig. 2d. In these cases, the species ranking
obtained with yg4 can be significantly different from the ranking corre-
sponding to y = —1. Supplementary Fig. 9 analyzes the ranking variations
using pg4 or y = —1 for the specific network analyzed in Fig. 9d. The rank is
well conserved only for the lowest-ranked species. However, in many cases,
species shift by as many as 100 positions (out of a total of 1044 species), with
some changing by up to 500 positions. The top two species remain the same
in both rankings, but the top ten differs dramatically. Species ranked in the
top ten of the fitness-complexity ranking drop to positions 200 or 300 in the
best-gamma ranking, and vice versa. Consistently with the interpretation
discussed in the method section, since g4 is relatively smaller and far from
y =0, species degree plays a less significant role in determining the ranking.
The color pattern of Supplementary Fig. 9 shows that the increased
importance of “low-importance” connected species in the other set in the
ranking. In this example, using the fitness complexity map all top 10 species
have a large degree (around 100), while in the yg4 ranking only two species
have large degree, five have an intermediate degree (~50) and three have a
small degree (~10).

One further question is how close the obtained extinction area is to the
global maximum. We can explore a large population of rankings by
employing a genetic algorithm that searches for the best extinction area.
Supplementary Note 3 shows that, for different ensembles of randomly
generated matrices, the average best extinction area found by our map
always coincides or is better than the genetic-algorithm result. It is worth
noticing that the iterative map is typically 100 times faster than a genetic
algorithm, as also discussed in Supplementary Note 3. In the same section,
we analyze the extinction area obtained by different algorithms when
applied to the small ecological matrices of the Web of Life database, for
which we can run a genetic algorithm in a reasonable amount of time. Also
in this case our map find the same extinction area of the genetic algorithm,
but for those very small ecosystems the ranking difference with respect to the
fitness-complexity map is negligible.

Finally, we investigated possible differences in progressively removing
rows or columns. As panel A shows, there can be differences in the EA value
at fixed exponent, but the maximum is roughly at the same value. Supple-
mentary Fig. 10 indeed shows that the optimization procedures by removing
rows or columns lead to almost the same maximum for each matrix. There is
more variability in the exponents at which the maximum is attained using
the two alternative removal procedures. The exponents often do not coin-
cide precisely, but are however strongly correlated (Supplementary Fig. 10).

Looking for the species ranking that maximizes the matrix
nestedness

The classical way to measure the nestedness of a network depends on the
reordering of rows and columns®. Given a row and column order, one can
compute a nestedness temperature and the final temperature of the network
is the minimal one among all the possible orders. Therefore, this measure
relies on algorithms that have to explore the factorially growing space of
possible rankings of rows and columns.

The fitness-complexity map has proven to be highly effective for this
purpose, identifying rankings that, in several cases, outperform state-of-the-
art search algorithms such as BINMATNEST'**. This task can be tackled
with our map by varying the parameter y and choosing the value mini-
mizing the nestedness temperature. We adopted the temperature definition
of ref. 46 and", whose implementation can be found in the repository
associated to the manuscript https:/github.com/amazzoli/xymap.git. The
temperatures that we find are typically better than the ones at y=—1
(Fig. 3a). In particular, we find lower temperatures also for larger matrices,
where the fitness-complexity map was performing slightly worse than the
BINMATNEST, as reported in Fig. 3 of ref. 40. Furthermore, our map, with
an optimized gamma value, systematically results in a lower temperature
compared to BINMATNEST (Fig. 3b) or a more recent algorithm that
addresses the nestedness maximization problem as an optimization pro-
blem using statistical physics techniques® (Fig. 3c).

An absolute value of measured nestedness does not have a particular
meaning per se. In ecology, one can compare the nestedness of different
ecological communities or the empirical value against a suitable null model
to determine its statistical significance™. The Z-score is a simple measure
that can be used to assess significance of the difference in nestedness tem-
perature between a real network and the average over an ensemble of
random networks, expressed in units of standard deviations. We consider a
random null model that conserves the degree of rows and columns on
average and compute the average temperature and its standard deviation
over an ensemble of 30 random matrices for each of the 116 empirical
ecological networks. We can then compare the Z-scores obtained by mea-
suring the temperature with our method, with the fitness-complexity map
(Fig. 3d) and with BINMATNEST (Fig. 3¢). The variations in the computed
Z-scores can go up to 0.5 units of standard deviations. Despite not being a
drastic change, it can still have consequences in specific cases. For example,
the network labeled as “M PL 046” in Web of Life database, move from a
Z =—1.6 computed with BINMATNEST to a Z = —2, possibly crossing a
significance threshold.

The best parameters for minimizing the nestedness temperature, ¥,,c4>
take values in the range [—1.5, 0]. Figure 3f shows the scatter plot of this
value and the one that maximizes the extinction area for the same matrix.
One would naively expect that these two tasks are somehow similar, since
they both try to “triangularize” the incidence matrix. However, the expo-
nents for the two tasks take values in different regions of the parameter
space, i.e., before and after y = —1. Moreover, the values are not correlated
(Spearman p =0.01, p =0.9).

Finally, an alternative metric of nestedness is often used in the ecolo-
gical literature with the acronym NODF, which stands for nestedness metric
based on overlap and decreasing fill (NODF)*. While this measure still
depends on the row and column order, its dependency is much weaker. In
particular, our algorithm cannot find better rankings to maximize this
metric than the simple degree ordering, which our map recovers for y =0
(Supplementary Fig. 11). The fitness-complexity map (y = —1) and the two
other methods tested in Fig. 3b, c even lead to a slight decrease in this
particular metric (Supplementary Fig. 11).

A phase transition suggests the value of y maximizing the
extinction area

This section examines on the stationary behavior of the general map
described by Eq. (1) for different values of y. Previous work*® provided
some analytical insights on map convergence properties as a function of the
input matrix for the specific case of y = —1 and for a generalization of the
fitness-complexity map similar, but not equivalent, to our map (its com-
parison with our map is postponed to the discussion).

As the number of iterations of the map increases, the scores x; and y;
tend to an asymptotic behavior which strongly depends on the value of y.
For special choices of the adjacency matrix and of y, this limiting behavior
may even be an oscillatory type. However, the generic situation is that the
scores tend to well defined and finite fixed points. Note that the divergence
to infinite values is not allowed since the trajectories are normalized at each
time step, limiting the maximum value of the score to the number of nodes
in the corresponding layer. We observe that the fixed points are all strictly
positive for positive parameters (p > 0), as well as for negative and small
parameters, i.e., y < 0and |y| < 1. An example is reported in Fig. 4al. On the
other hand, for small enough values of y, some of the scores can tend to zero
as in the examples of Fig. 4a2-4. This latter phenomenology could create an
ambiguity in the ranking definition. However, not all the nodes’ scores tend
to zero with the same speed, and we can thus rank first the nodes that have a
slower score decay, as better explained in Supplementary Note 1.

Interestingly, how the fraction of zero-scores changes as a function of y
strongly resembles a phase transition. This is displayed in Fig. 4a for the
particular case of the Robertson 1929 matrix. For exponents close to zero,
the score is proportional to the node degree, implying that all the fixed points
are positive: f= 1. Also when the exponent is decreased from zero to values
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Fig. 3 | Nestedness in ecological networks. a ratio of
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near —1, for instance at y = —0.75 in Fig. 4al, all the scores reach positive
values. Approaching y = —1, a small fraction of trajectories begins decaying
to zero, as in Fig. 4a2. Moving from —1 toward a “critical” exponent, the
fraction of positive trajectories decreases, as shown in Fig. 4a3, for y = —1.1.
Finally, after a discontinuous transition, there is a “condensation phe-
nomenon” with most trajectories converging to zero with few exceptions, as
in Fig. 4a4 for y=—1.3. As it typically happens in phase-transition phe-
nomena, the time required for convergence increases approaching the
transition. This abrupt transition from a macroscopic number of positive
scores to a fraction of order 1/N is present across all the different empirical
cases we have considered (see Supplementary Note 4).

Moreover, the behavior of the order parameter as a function of y in the
case of random interaction matrices A;; shows that the jump becomes
steeper with the matrix size. This is exactly the expected phenomenology for
a phase transition in the thermodynamic limit, i.e., in the large matrix size
limit. This allows to define a critical value y, which in the thermodynamic
limit separates the f ~ 1 phase (for y > y.) from the f ~ 0 phase (for y < y,). In
the empirical cases, this critical value is rounded out due to the finite size of
the interaction matrix, as it can be seen in Fig. 4. However, despite finite size
effects, the critical y region is narrow and the transition in the order para-
meter is still evident.

Even if the underlying dynamics is different, this phase transition
strongly resembles the condensation phenomena discussed for instance in

ref. 51 or in ref. 52. The score of one (or few) node takes a macroscopic value,
while the other scores are pushed to zero due to the normalization con-
straint. For this reason, we denote the f= 0 phase for y < y.as the “condensed
phase” and the y, as the “condensation point”.

Unfortunately, there is no obvious way to predict the value of y, for a
given empirical interaction matrix. However, the calculation of Supple-
mentary Note 5 derives an upper bound in the limit of large matrices:

ye< -1 @

While we have begun analyzing the relationship between the con-
vergence transition and various properties of the input networks, there
remains significant room for further investigation. For the fitness-
complexity map and for a different generalization, a previous work* pro-
posed an ansatz for predicting the fraction of scores converging to positive
values depending on the final reordering of the incidence-matrix rows and
columns. Testing this intuition and its implications in the context of our
map is a possible research direction. An alternative approach is to simplify
the class of input matrices in the analysis, as done in ref. 50 for studying
fitness-complexity convergence using perfectly nested matrices. In a similar
vein, in the next section, we consider uniform random matrices, for which
we derive a scaling relationship between the transition exponent and certain
matrix properties.
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Fig. 4 | Map phase transition. a shows the transition of the fraction of scores which
converge to positive values of the plant-pollinator matrix Robertson 1929 (see Sec.
“Datasets"). The four red circles above the blue line of the plot on the left are
associated to the four plots on the right, which show the x-score trajectories for
different exponents. The line colors refer to the node degree. b displays the absolute
value of the transition exponent, y,, for the x-score as a function of the size and the
density in uniform random matrices. Different line colors and styles represent dif-
ferent matrix densities on the left and different matrix sizes on the right. Each point is
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computed as an average over five matrices generated with the same parameters.

¢ shows the scatter plot of the exponent which maximizes the extinction area, yr4
and the exponent of the phase transition, y,, for uniform random matrices and the 20
largest ecological matrices (red points). The other three colors are different shapes of
uniform random matrices: horizontal N = s/1.5, M = s*1.5 in blue, vertical N=
s*1.5, M = s/1.5 in orange, and squared N = M = s in green. The considered matrices
have been generated with different sizes s, between 50 and 200, and different den-
sities between 0.2 and 0.4.

Phase transition in uniform random matrices. In the case of uniform
random matrices, the scaling of the critical map-exponent with the
parameters of the incidence matrix can be understood with the following
computation. Let us choose the matrix elements to be Bernoulli random
variables, such that A;; = 1 with probability pand A;; = 0 with 1 — p, where
the matrix has size (N, M). The map starts from initial conditions of ones,
xEO) = land y](-o) = 1, and, after one step, it leads to sums of independent
and identically distributed random variables: 5c§” = ZJZI Aj;. Using the
central limit theorem one can obtain the following expressions:

1 1—
xf '=1 + M;"]

(1) 1—p ®)
i = 1+ Np 1,

where 7 is the standard normal random variable ((r7) = 0 and Var(y) = 1). At
the next step, the non-normalized score reads:

1-p !

N_p'7> '

If |y| is small, the score can be approximated at first order with the following
small quantity: |y| \/ (1 — p)/(min(N, M)p)<1. This leads to a summation
of variables, both for x? and y<2), which have the same first and second
moment of the Bernoulli matrix element. As a consequence, by applying
again the central limit theorem, the score at the second step has the same
distribution of the score at the first step (Eq. (5)), implying that the sta-
tionary solution has been reached. The scores follow a Gaussian distribu-
tion, and are all positive. Thus for these values of y the system is in the f=1
phase. We know that for large enough negative values of y this solution is
certainly unstable and the system is in the condensed phase. If we assume
that the onset of the condensed phase coincides with the values of y for
which the above approximation is not valid any more, ie,
|y|\/ (1 — p)/(min(N, M)p) = O(1), we can derive the following scaling

M
i = ZA,.].<1 +
i

relationships for the critical exponent:

L min(N, M)p
Ye 1-p

Those predictions are verified in Fig. 4b.

()

The connection between condensation and the maximal
extinction area. The condensation of a few scores to positive values
seems to be related to the good performance in finding the extinction
area. This is shown by Fig. 4c, where the transition exponent, computed
according to the procedure described in Supplementary Note 4, is
plotted as a function of the exponent that maximizes the extinction
area ypa, which is always located in the condensation phase. Com-
bining this empirical observation with Eq. (4), we can derive the fol-
lowing bound:

VEa<V. S — 1, 7)
which can explain the distribution of exponents maximizing the extinction
area of different ecosystems in Fig. 2e. Moreover, the bound induces a
correlation between the two exponents, leading to similar dependencies on
matrix size and density, at least for uniform random matrices. Supple-
mentary Fig. 8 illustrates the scaling behavior of the exponent that max-
imizes the extinction area with respect to matrix size and density. Indeed,
these scalings resemble those of the critical exponent in Fig. 4b. However,
this connection between the two exponents does not fully account for cer-
tain patterns we observed in empirical ecological networks. For example,
Fig. 2f reports a negative correlation between pz4 and matrix density,
whereas y. shows no significant correlation with density (p = 0.06, p =0.5).
This suggests the presence of more complex relations in presence of
structured non-random matrices between the phase transition, the matrix
properties, and the system stability captured by the maximal extinction area.
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Fig. 5 | Incidence matrix reordered with the map ranking. Examples of matrices
with rows and columns sorted according to the x and y ranking for three different
map exponents, y = —3, —1.12, —1, of the same mutualistic system (Robertson 1292
matrix). A black dot corresponds to the entry 1, while a white dot to the entry 0.
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y =~ —1.12 is the value which maximizes the extinction area, as shown in Fig. 2d. The
exponents less or equal than —1.12 are in the condensation phase, see Fig. 4a, and
present the typical border of ones that separates a right-bottom area of zeros from the
rest of the matrix.

The condensation implies a triangular shape of the

incidence matrix

The shape of the incidence matrix, when ordered according to the map
ranking, shows a clear geometric pattern in the condensation phase. Figure 5
shows the matrix corresponding to an ecological example (Robertson 1929),
with the ones represented in black and the zero entries in white. Three
different rankings are displayed corresponding to three different value of the
exponent y. In the condensed phase, a large area of contiguous zeros appears
in the bottom right corner. The area is well separated by the top left areaby a
continuous border of ones. The calculation of Supplementary Note 5 shows
how both these features can be derived from the map (Eq. (1)) with the only
assumptions of having the system in the f=0 condensed phase, and the
solution to be stable.

There is a connection between this packing phenomenology and the
extinction area. Supplementary Note 6 proves that the extinction area
obtained by removing the rows is a linear function of the area of consecutive
zeros from the matrix bottom. Specifically, if we define z; as the number of
consecutive zeros from the matrix bottom of the column j, and Z = 211\4 z;
the total area of zeros, the extinction area obtained removing rows, E, reads:

=2 Z+1
T N\WM ’

where N and M are the number of rows and columns respectively. A similar
relation can be derived also for the transposed quantities. In other words, the
extinction area obtained by removing columns (removing nodes from the
second set and counting how many nodes of the first one get extinct) is
linearly dependent on the area of zeros from the matrix right. These relations
connect the extinction area with the visual triangular pattern of the adja-
cency matrix, and we expect that the ordering with the largest area of zeros
(second matrix of Fig. 5) would also have the largest extinction area.

The results of the last two sections suggest that the behavior of the map
in the condensed phase drives the ranking of nodes in a way that it “tri-
angularizes” the adjacency matrix, leading to a large area of zeros of the
bottom right corner, which also implies a large (almost maximal) extinction
area. It is important to stress that what we are able to prove analytically is the
correspondence between the area of zeros in the right lower part of the
matrix and the extinction area. Moreover, we can prove that in the con-
densation phase (i.e., for large enough negative values of y), the matrix takes
a triangular shape with a continuous border of ones. However, we cannot
prove that close to the transition the map provide an optimal packing of
zeros corresponding to the higher extinction area. As a general empirical

®)

fact, in all the studied cases the best extinction area is always reached in the
condensation phase and close to the transition point, and therefore
for y<—1.

Discussion

Bipartite networks are the natural description for various complex
systems in technological>”, social™*, economical’*”, linguistic”’, and
biological'**” domains. We introduce a tool to rank nodes in bipartite
networks according to different concepts of importance. The scores used for
ranking are defined through a non-linear map connecting the two sets of
nodes of the network. The map depends on the network incidence matrix
and on an exponent y which dictates the non-linearity, and implicitly
defines node importance. By selecting y, users can tailor the analysis to the
specific task. For example, the sign of y defines if a node is important when
connected to high-score neighbors or low-score neighbors. We have shown
how specific y values (0, +1, +eo) correspond to well known definitions of
node importance. The interpretation of other values of y is not trivial, but
qualitatively the y value informs about the importance attributed to the
scores of connected nodes. More generally, given a metric to measure how
good a ranking is, we can look for the y value that maximizes it. For instance,
we examined the problem of identifying the maximal extinction area in
ecological interaction matrices, thus ranking the species according to their
importance in the ecosystem stability. Analogously, we analyzed when our
map can identify species rankings that minimize the nestedness tempera-
ture. These two tasks are central for understanding the structure of complex
ecosystems and to inform preservation strategies by identifying core species
for the system stability. These tasks have been previously effectively
addressed using the fitness-complexity map, which correspond to y = —1 in
our framework™". Our results indicate that the optimal y values range from
[—1.4, —1] for the extinction area, and from [—1, 0] for nestedness. The
optimal values vary based on the specific task and dataset, making them
challenging to predict in advance. However, theory can help in limiting the
range of parameters that should be explored. For example, we could ana-
Iytically set the upper bound at yg4 = —1 for the extinction area, Eq. (7). Our
theoretical argument is based on the presence of a dynamical phase tran-
sition for large enough negative values of y. This transition separates the
score space into two phases. For y > y, all scores remain finite and positive,
whereas for y <y, a “condensed” phase emerges where only one or few
scores dominate, pushing the others towards zero through normalization.
We first established an upper bound for this transition as y. < 1, and then we
postulated (and check numerically, Fig. 4) that the extinction area is max-
imized in the condensed phase, ygs < y.. This picture is coherent with the
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visual inspection of the incidence matrix ordered according to the ranking in
the condensed phase. We proved that the extinction area is proportional to
the area of consecutive zeros from the bottom-right of the matrix and,
indeed, the matrix takes a clear triangular shape, with a border of ones
separating a “large” bottom-right area of zeros.

While we have characterized some relationships between incidence
matrix properties, the critical exponent, and the maximization of the
extinction area, our understanding remains incomplete, particularly for
complex empirical systems. The specific exponents y. and yg, are likely
influenced by how structural properties and correlations interact in shaping
the system’s robustness. Our flexible framework seems able to capture these
relationships by weighting node importance in different ways, depending on
the system in analysis. Moreover, the presence of a critical behavior raises
the possibility that the model could capture complex non-local structures in
its proximity. However, interpreting the final exponent values we identify is
not trivial.

The main limitation of our approach with respect to simpler algorithms
is that there is an additional hyper-parameter y that have to be optimized
depending on the task. This introduces a trade-off between computational
cost and the precision at which the user wants to identify the ranking that, for
instance, maximizes the extinction area. For small enough systems, directly
setting y = 1 is typically a safe choice to maximize the extinction area, but for
minimizing the nestendness temperature different exponents can be needed.
For large ecosystems, the optimal y is often different from -1 in both tasks, and
thus the cost-precision trade-off has to be considered.

Although we focused on ecological systems, it would be valuable to
explore the applicability of our generalized map in other fields. For instance,
several results have been obtained using the fitness-complexity algorithm
(i.e., the y=—1 case) in economic systems™>>*’. In particular, there is an
interesting ongoing debate on the meaning and the evaluation of the
“complexity” of exported products and on the “fitness” of the exporter
nations*". Different economic definitions would ideally correspond to
different values of y and can thus lead to different rankings of nations.

Besides its practical applications, our non-linear map represents a
relatively simple model with a rich phenomenology and an emergent
“dynamical” phase transition that could be explored in more depth with
statistical physics tools. For example, understanding the deep connection
between the condensation phase transition and the maximum of the
extinction area, shown by Fig. 4c, is still an open issue. These two features
seem closely connected by the triangular shape of the incidence matrix.
However the actual proof that the condensation is necessary for the maximal
extinction area (or the maximal that our mapping can provide) is still missing.
The possible connection between the condensation we observe and the well
studied condensation transition in network theory is also an open problem™.
Moreover, the recently discovered analogy between the fitness-complexity
map and the Sinkhorn-Knopp algorithm® suggests a possible alternative
direction to frame and understand the properties of our non-linear map.

Our framework represents only one possible generalization of ranking
algorithms based on non-linear maps as the fitness-complexity map”. A
previous attempt along this line™ generalized the map in a non-symmetric
manner and can actually be easily included in our framework by re-defining
the exponents for the x and y node types, ie., y,=—f and y,=—1/B.
However, our symmetric choice in Eq. (1) leads, for example, to larger
extinction areas as analyzed in more detail in Supplementary Note 7. The
behavior of our map for y — —oo discussed in the method section is also
reminiscent of the “Minimal Extremal Metric” introduced in ref. 50, where
the score of the second node set is given by the minimal score of the first set.
However, this extremal metric is obtained as the limit for large y of the
different non-symmetric map discussed above™. In particular, differently
from our case, the score on one set of nodes is still computed as in the fitness-
complexity map.

A more general extension of our map, which we plan to investigate,
involves a two-parameter version where the non-linearity differs between
the two node sets, i.e., y, # y,. In this case, the y,, y, plane could be explored
to select the best combination of exponents given the task at hand. This

generalization would allow the introduction of different principles of node
importance on the two sets with the consequent coupled rankings. The
statistical properties of this more general map in terms of convergence and
phase transitions could present an even richer phenomenology.

Finally, our approach can also be extended to study node centrality on
large multiplex networks™*. Multiplex networks are playing an increasingly
important role in modern big data analyses. Many of these networks could
be represented as multi-partite networks and could thus be approached with
an extension of our map. Moreover, multiplex networks implicitly have a
natural bipartite scheme with the nodes on one side and the layers of the
multiplex on the other side. Weighted links connect a node with a layer with
a weight proportional to the number (and centrality) of neighboring nodes.
Following™, we may rank the importance of nodes by increasing the cen-
trality of nodes that receive links from highly influential layers, and sym-
metrically enhance the influence of a layer if it contains central nodes. This
idea naturally leads to an iterative map, but extended to include a weighted
adjacency matrix. An additional non-trivial extension of our approach
could be developed for temporal networks®, adding yet another layer of
dynamics to the non-linear map.

Data availability

The values of y that maximize the extinction area and minimize the nest-
edness temperature in the ecological networks are reported in the Supple-
mentary Table 1. The corresponding ranking of species can be obtained by
using the code in the repository https://github.com/amazzoli/xymap.

Code availability

The node scores at the basis of our results can be computed with the software
in the repository https://github.com/amazzoli/xymap. It contains also the
code to generate the panels in Figs. 2d, 4a and 5. The code to generate all the
other figures are available upon request.
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