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The Meissner effect is a hallmark of superconductivity arising from the interplay between charged
superfluids and electromagnetic fields. However, superfluidity can also occur in systems of charge-
neutral particles with magnetic or electric dipole moments, such as Bose-Einstein condensates of
magnons or excitons. Despite this interest, the electromagnetic response of dipole superfluids,
including potential analogues or contrasts to theMeissner effect, remains poorly understood. Herewe
develop a Ginzburg-Landau theory to describe dipole superfluids subjected to a pseudo-magnetic
field, which is induced by a spatially modulating electromagnetic field. In magnetic dipole superfluids,
the responsediffers strikingly from theconventionalMeissner effect: the external field is enhancedbya
positive feedback, forming a vortex lattice separated by singular domain walls with diverging electric
charges. In contrast, electric dipole superfluids exhibit screening akin to superconductors, where the
pseudo-magnetic field is suppressed except near vortices.

When a magnetic field is applied to a superconductor, an electric super-
current flows to expel the external magnetic field, a phenomenon known as
the Meissner effect. This arises from a unique interaction between the
condensate of charged particles and the electromagnetic field. However,
condensates can also form from particles with different electromagnetic
properties. Of particular interest is a superfluid composed of charge-neutral
particles that possess a magnetic dipole moment. Recent attention has
focused on such systems, including spin-triplet excitonic insulators1–10 and
magnon Bose-Einstein condensates (BECs)11–27.

In general, magnetic dipoles experience a geometrical phase known as
the Aharonov-Casher (AC) phase28, analogous to the Aharonov-Bohm (AB)
phase observed for charged particles in magnetic fields. In the AC effect, an
electric field acts as an effective vector potential, and hence spatial variations
in the electric field generate a pseudo-magnetic field29–33, which plays a role
analogous to the real magnetic field in the AB effect. The AC effect has been
observed in a wide range of systems, including neutrons34, atomic systems35,
mesoscopic systems36–41, Josephson vortices42–44, and spin waves45,46. In par-
ticular, the AC effect serves as a fundamental basis for spin-current-driven
electric polarization, enabling multiferroicity in magnetic materials47–56.

This raises a natural question:Whenmagnetic dipoles condense into a
superfluid, how do they respond to a pseudo-magnetic field (a spatially
varying electric field) induced by the AC effect? The interaction between
magnetic-dipole superfluids and the AC phase has been explored from
various theoretical perspectives57–62. In this work, we propose a Ginzburg-
Landau phenomenological theory to describe dipole superfluids in external
electromagnetic fields, revealing behavior that starkly contrasts with that of
superconductors. We find that, under a pseudo-magnetic field, a dipole

superfluid spontaneously forms a vortex lattice similar to a type-II super-
conductor, though the field texture is nearly the inverse of what is observed
in conventional type-II superconductors. Figure 1 compares the vortex
lattices in (a) a type-II superconductor (electric-monopole superfluid)
under amagneticfield and (b) amagnetic-dipole superfluidunderapseudo-
magneticfield, which constitutes themain result of thiswork. In eachfigure,
the left panel illustrates the distribution of the supercurrent, and the right
panel depicts the distribution of the real magnetic field in (a) and the
pseudo-magnetic field in (b). In the superconductor [Fig. 1(a)], the super-
current circulates only in the vicinity of the vortices, where the magnetic
field is concentrated. In contrast, in the magnetic-dipole superfluid, the
circulation of the supercurrent extends to the hexagonal boundaries
separating the vortices, where the supercurrent abruptly changes direction
and pseudo-magnetic field is sharply localized. These boundaries are sin-
gular planes for physical variables: supercurrent, electric polarization, order
parameter derivatives are discontinuous, and pseudo-magnetic field and
electric charge density diverge. The formation of these singular walls occurs
abruptly when the coupling strength between the dipole superfluid and the
electromagnetic field exceeds a specific critical value.

Finally, we investigate superfluids of electric dipoles, where electric and
magnetic roles are reversed. Representative physical systems are exciton
BECs63–78, where excitons are charge-neutral and possess an electric-dipole
moment. When a magnetic field is applied to the electric-dipole, it experi-
ences an geometric phase, called He-McKellar-Wilkens (HMW) phase79,80,
that is the electric-dipole counterpart of AC phase in the magnetic-dipoles.
We formulate the Ginzburg-Landau theory and obtain vortex lattices in an
analogous way to the case of magnetic-dipole superfluids. Interestingly, we
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find that the behaviors are significantly different from those in magnetic-
dipole superluids, where the supercurrent and the pseudo-magnetic field is
concentrated only at vortex cores as illustrated in Fig. 1(c), resembling the
behavior observed in superconductors.

Thepaper is organized as follows.Wefirst developaphenomenological
theory for magnetic-dipole superfluids and derive the self-consistent
equations. Within this framework, we analyze both single vortex states and
vortex lattices, uncovering the emergence of singular domain walls where
the derivative of the order parameter becomes discontinuous. We then
extend this framework to electric-dipole superfluids in a magnetic field
following a parallel approach, and demonstrate that the system exhibits a
negative feedback effect that screens the pseudo-magnetic field. In the
Discussion section, we compare the theories of magnetic and electric dipole
superfluidswith that ofmonopole superfluids (superconductors) and clarify
the origins of their differing behaviors.

Results
Magnetic-dipole superfluid
We first focus on the magnetic-dipole superfluids under external electric
field. We assume that bosons with a constant magnetic moment μ = μez
form a Bose-Einstein condensate, where ez is a unit vector along the
direction of the magnetic dipole moment. The considered situation applies
to a spin-triplet excitonic insulator andamagnonBose-Einstein condensate,
with μ= gμB, where g≃ 2 is the Lande g-factor and μB is the Bohrmagneton.
From the standardmagnon gas picture, themagnetic dipole moment of the
magnon is fixed along the z-direction.

Here, we introduce a geometric phase of a magnetic dipole called the
Aharonov-Casher (AC) phase, and identify the fundamental feedback effect
for the external electromagnetic field.

When amagnetic dipolemoment μ= μezmoves in an electric fieldE, it
acquires the Aharonov-Casher (AC) phase28,

θAC ¼ � 1
_

Z
Am � dr; ð1Þ

where an effective vector potential is defined by

Am ¼ gACE× ez: ð2Þ

The constant gAC( > 0) represents the strength of the spin-orbit coupling,
and depends on the detail of thematerial. In vacuum, the gAC is μ/c

2, where c
is the speed of light. A simple derivation of the AC phase is presented in the
“Geometric phase for dipoles” subsection in theMethods. Formagnons in a
typicalmagnetic insulator, gAC greatly enhances and is typically 10

6 times as
large as in vacuum47,48.

Being perpendicular to ez [Eq. (2)], Am becomes a two dimensional
vector withAx

m and Ay
m components. The corresponding pseudo-magnetic

field along z-direction is then written as

Bm ¼ ð∇×AmÞz ¼ �gAC
∂Ex

∂x
þ ∂Ey

∂y

� �
: ð3Þ

Unlike the usual vector potential in AB phase, the effective vector potential
Amdoesnot have a gaugedegrees of freedom, since it is directly expressed by
the electric field.

For instance, an electric field distribution

E ¼ E
2
ðx; y;�2zÞ ð4Þ

givesAm ¼ ð�gACE=2Þr eϕ in the cylindrical coordinate (r, ϕ, z), resulting in
a uniform pseudo-magnetic field Bm ¼ �gACE. Such an electric field
distribution can be realized by an appropriate arrangement of external electric
charges. For instance, if we put a pair of point charges +Q at r± = (0, 0, ± l),
the desired electric field with E � Q=ð2πε0l3Þ is obtained near the origin.

When amagnetic-dipole system is placed in a spatially varying electric
field that induces apseudo-magneticfield, the systemrespondswithpositive
feedback, amplifying the applied electric field. Here we explain this effect
through a qualitative argument based on the classical mechanics.

We consider a situation where a magnetic-dipole polarized to z axis is
placed in an external electric field Eext given by Eq. (4). Eext is radially dis-
tributed in the xy-plane as shown in Fig. 2. It induces an effective vector
potential in the azimuthal direction, resulting in a negative uniformpseudo-
magnetic field Bm < 0 in z direction. According to the discussion in the
“Geometric phases for dipoles” subsection inMethods, theHamiltonian of a
magnetic dipole is expressed by H ¼ ðpþ AmÞ2=ð2m�Þ, where m* and p
represent themass and themomentumof amagnetic dipole. Consequently,
the dipole experiences a Lorentz force F = −v × Bm due to the pseudo-
magnetic field and undergoes cyclotronmotion29–31, as depicted by the gray
arrow in Fig. 2.

Fig. 1 | Vortex lattices of monopole and dipole superfluids. a a type-II super-
conductor (electric-monopole superfluid) under a magnetic field, (b) a magnetic-
dipole superfluid under a pseudo-magnetic field, and (c) an electric-dipole super-
fluid under a pseudo-magnetic field. In all cases, we apply an external (pseudo)
magnetic field in the negative z direction. The left panel plots the monopole
supercurrent (not including negative charge) in (a), the magnetic-dipole super-
current in (b), and the electric-dipole supercurrent in (c) with arrows and colors
indicating the magnitude and direction. The right panel depicts the distribution of
the real magnetic field in (a), and the pseudo-magnetic field in (b) and (c).
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Generally, themotion of themagnetic dipole induces an electric dipole
p= gACv× ez perpendicular to its velocity, as a reciprocal phenomenon to the
ACeffect47–52. See the “Geometric phases for dipoles” subsection inMethods
for a brief derivation. When multiple magnetic dipoles exhibit the same
circular motion, the macroscopic electric polarization P (the density of p)
arises in the same direction, and it generates an additional electric field
Eint =− P/ε0. As shown in Fig. 2,P and Eext are oppositely oriented unlike in
usual dielectric materials, indicating a negative electric susceptibility. As a
result, the induced electric field Eint aligns with Eext, i.e., the system exhibits a
positive feedback effect (Eext ⋅ Eint > 0). In the following sections, we
demonstrate that the positive feedback effect plays a crucial role in the
magnetic-dipole superfluid.

Ginzburg-Landau theory
We develop a phenomenological theory for the magnetic-dipole superfluid
including the AC phase. For the sake of comparison, we also present the
phenomenological Ginzburg-Landau theory for conventional super-
conductors in the “Ginzburg-Landau theory of superconductors (electric-
monopole superlfuids)” subsection inMethods tobedirectly comparedwith
the following formulation for magnetic-dipole superfluids.

We consider charge neutral Bose particles with a magnetic moment
μ = μez forming a Bose-Einstein condensate. Utilizing an analogy to the
Ginzburg-Landau theory of superconductivity or rotating atomic BEC, the
free energy FGL of the magnetic-dipole superfluid is given by

FGL½Ψ;Am� ¼
Z

d3r
1

2m� ∣ð�i_∇þ AmðrÞÞΨðrÞ∣2
�

�α∣ΨðrÞ∣2 þ β

2
∣ΨðrÞ∣4

�
;

ð5Þ

where m* is the effective mass, and ΨðrÞ ¼ jΨðrÞj exp iθðrÞð Þ is the order
parameter, or the macroscopic wavefunction of the magnetic-dipole
superfluid. We assume α > 0 and β > 0 for the stability of the BEC. The
parameterαdepends on a temperatureT and is given byαðTÞ / ðTc � TÞν ,
whereTc is a critical temperature and ν is a critical exponent. The superfluid
satisfies the Ginzburg-Landau (GL) equation

δFGL

δΨ� ¼ 1
2m� �i_∇þ Am

� �2
Ψ� αΨþ β∣Ψ∣2Ψ ¼ 0: ð6Þ

Thefirst term in the integral of Eq. (5) is the kinetic energy density, and
it should correspond ton*(m*v*^2/2)wheren� ¼ ∣Ψ∣2 is the the superfluid
density and v* is the velocity. Then, the associated supercurrent density,

jm = n*v*, is written as

jm ¼ _

m� ∣Ψ∣
2 ∇θ þ 1

_
Am

� �
¼ δFGL

δAm
: ð7Þ

Eq. (7) has an equivalent form to a conventional superconductor under
magnetic field, except that the vector potential is replaced with the effective
vector potential Am for the AC effect. The supercurrent flows in the
direction of the effective vector potentialAm,which is perpendicular to both
the electric field E and the magnetic dipole moment ∥ez.

As argued in the previous section, a current of magnetic-dipole
moment induces an electric polarization47–53. In the present case, the
polarizationP (density of electric dipolemoment) induced by themagnetic-
dipole supercurrent jm is given by

P ¼ gAC jm × ez : ð8Þ

A brief derivation of this relation is presented in the “Geometric phases for
dipoles” subsection in Methods. By definition, P does not have a z-com-
ponent. The electric field can then be expressed as

E ¼ Eext � P
ε0
; ð9Þ

where Eext represents the external electric field contributed from electric
charges outside the system, and ε0 is the permittivity of free space. For
simplicity, we assume the polarization of the superfluid is entirely generated
by the supercurrent, ignoring the polarization of normal state. In standard
terms of electromagnetism,Eext corresponds to the the electric displacement
field D = ε0E

ext, and Eq. (9) is written as E = (D − P)/ε0.
From Eqs. (2), (8), and (9), the effective vector potential is written as

Am ¼ Aext
m þ g2AC

ε0
jkm; ð10Þ

where Aext
m ¼ gACEext × ez and jkm is the xy-component of jm. The corre-

sponding pseudo-magnetic field Bm ¼ ð∇×AmÞz is given by

Bm ¼ Bext
m þ g2AC

ε0
ð∇× jkmÞz

¼ Bext
m þ gAC

ε0
ρ;

ð11Þ

where ρ ¼ �∇ � P is the polarization charge density.Whenwe consider the
response of the system to an external electric field Eext, we solve the GL
equation [Eq. (6)] self-consistently with Eq (7) and (10).

The same set of equations can also be derived by variation of the total
Helmholtz free energy including the electrostatic field. For the magnetic-
dipole superfluid, it is given by

F½DðrÞ;T� ¼ FGL þ
Z

dr
DðrÞ2 � PðrÞ2

2ε0
; ð12Þ

as a functional of the external fieldD(r) = ε0E
ext(r). Equation (12) is one of

the principal results of our paper. It can be derived by considering a quasi-
static process where the external electric field is slowly introduced to the
dipole superfluid. The detailed calculation is provided in the “Derivation of
total free energy for dipole superfluids” subsection in Methods. It is
straightforward to check that Eqs. (6) and (10) are obtained by the
equilibrium conditions δF/δΨ = 0 and δF/δAm = 0, respectively. (See the
“Derivation of total free energy for dipole superfluids” subsection in
Methods).

To highlight the essential scales of the system and relevant parameters,
we rewrite the equations in a dimensionless form. Similar to the standard
Ginzburg-Landau framework for superconductors, we normalize the

Fig. 2 | Positive feedback effect in magnetic dipole superfluids. Schematic figures
of (a) externally applied electric field and (b) the electromagnetic response of
magnetic dipoles. An external electricfieldEint induce effective vector potentialAmof
the AC phase, resulting negative pseudo-magnetic field Bm < 0. The magnetic dipole
experiences Lorentz force from the pseudo-magnetic field and perform cyclotron
motion (circular arrow in (b)). The moving magnetic dipole then induces electric
polarization P, and generate additional electric field Eint, showing positive feedback
effect Eext ⋅ Eint > 0.
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position r as ~r ¼ r=ξ and the spatial derivative as ~∇ ¼ ξ∇, where

ξ ¼
ffiffiffiffiffiffiffiffiffiffiffi
_2

2m�α

s
ð13Þ

is the coherence length of the superfluid. The order parameter is normalized
as ~Ψ ¼ Ψ=Ψ1 in units of a uniform BEC valueΨ1 ¼

ffiffiffiffiffiffiffiffi
α=β

p
, the effective

vector potential as ~Am ¼ Am=ð_=ξÞ, and energy functional as
~FGL ¼ FGL=ðα2ξ3=βÞ. As a result, the superfluid free energy [Eq. (5)] is
expressed in a dimensionless form as

~FGL ¼
Z

d3~r jð~∇þ i~AmÞ~Ψj2 � j~Ψj2 þ 1
2
j~Ψj4: ð14Þ

Eq. (6) becomes

�ð~∇þ i~AmÞ
2 ~Ψ� ~Ψþ j~Ψj2 ~Ψ ¼ 0: ð15Þ

The supercurrent [Eq. (7)], polarization [Eq. (8)], and polarization
charge density are normalized as

~jm ¼ j~Ψj2ð~∇θ þ ~AmÞ; ð16Þ

~P ¼ ~jm × ez; ð17Þ

~ρ ¼ �~= � ~P; ð18Þ

where ~jm ¼ jm=j0, ~P ¼ P=ðgACj0Þ and ~ρ ¼ ρ=ðgACj0=ξÞ with
j0 ¼ _Ψ2

1=ðm�ξÞ. The effective vector potential, Eq. (10), becomes

~Am ¼ ~A
ext
m þ η~jm ð19Þ

with

η ¼ g2ACΨ
2
1

m�ε0
: ð20Þ

The parameter η is a dimensionless quantity that characterizes the strength
of the electrostatic coupling in the superfluid.Theηdepends on temperature
as ηðTÞ / αðTÞ / ðTc � TÞν according to Eq. (20). The pseudo-magnetic
field [Eq. (11)] is written as

~Bm ¼ ~B
ext
m þ ηð~=×~jmÞz

¼ ~B
ext
m � η~ρ;

ð21Þ

where ~Bm ¼ Bm=ð_=ξ2Þ. In this unit, the pseudo-magnetic flux penetrating
a given area becomes equal to the AC phase integrated along the boundary,
and hence the dimensionless flux quanta is given by ~ϕ

0
m ¼ 2π.

The total free energy of Eq. (12) is normalized as

~F ¼ ~FGL½~Ψ; ~Am� þ η

Z
d3~r ~D

2 � ~P
2

	 

; ð22Þ

where ~F ¼ F=ðξ3α2=βÞ, ~D ¼ D=ð gACj0Þ and ~E ¼ E=ð gACj0=ε0Þ.
Equations (15), (16) and (19) are a set of the self-consistent equations.

The latter two equations can be readily solved for~jm and ~Am as

~jm ¼ j~Ψj2
1� ηj~Ψj2 ð

~∇θ þ ~A
ext
m Þ; ð23Þ

~Am ¼ 1

1� ηj~Ψj2 ðηj
~Ψj2 ~∇θ þ ~A

ext
m Þ: ð24Þ

An important observation is that the presence of η ( > 0) enhances the
supercurrent and the vector potential by decreasing the denominator
1� ηj~Ψj2. This is the positive feedback effect argued in the “Magnetic-
dipole superfluids” subsection in Results. The equations also imply a sin-
gular behavior when the denominator vanishes, i.e., ηj~Ψj2 ¼ 1. This will be
discussed in the next subsection.

Single-vortex state
In the following, we consider an infinitely-large magnetic-dipole superfluid
under an external field of ~A

ext
m ¼ ð�j~Bext

m jr=2Þeϕ, which gives a uniform
pseudo-magnetic field Bext

m . (See the “Magnetic-dipole superfluids” sub-
section in Results). Here we set ~B

ext
m ¼ �0:02 (along − z direction). We

assume a superfluid solution of the form

~Ψðr; ϕ; zÞ ¼ f ðrÞeinϕ ð25Þ

with a single vortex of n = + 1 along the z-axis. We solve the set of self-
consistent equations [Eqs. (6), (7) and (10)] by a numerical iteration. (See
the “Technical details of self-consistent numerical calculations” subsection
inMethods). The results for differentηparameters are summarized inFig. 3.
Here we plot (a) the absolute order parameter f ðrÞ ¼ j~ΨðrÞj, (b) the
azimuthal component of the supercurrent~jmðrÞ, which is equal to the radial
component of electric polarization, ~PðrÞ, and (c) polarization charge density
~ρðrÞ, which is related to the internal pseudo-magneticfield ~B

int
m ¼ ~Bm � ~B

ext
m

by ~ρ ¼ �~B
int
m =η. The lower panels display the two-dimensional plots of the

distribution of j~Ψj,~jm, ~ρ on the xy plane at η = 1. In the plot of~jm, the color
and brightness indicate its direction and magnitude, respectively.

First, we focus on η = 0 (blue curve in Fig. 3), where the electrostatic
feedback is absent. In this case, the supercurrent [Eq. (23)] is given by
~jm ¼ j~Ψj2ð~∇θ þ ~A

ext
m Þwhere ~∇θ ¼ ð1=rÞeϕ. Its azimuthal component then

becomes~jmðrÞ ¼ f ðrÞ2ð1=r � j~Bext
m jr=2Þ, which vanishes at the radius r� �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2=j~Bext
m j

q
( = 10 in the present case). The r* is the radius such that the

pseudo-magnetic flux penetrating the region r < r* is equal to a quantum

flux ~ϕ
0
m ¼ 2π.

As the parameter η is increased from zero, we observe that the van-
ishing point of ~jm still remains at r = r*, while its slope at r = r* becomes
gradually steeper, as seen in Fig. 3(b). This is expected from Eq. (23) where
the supercurrent amplitude is enhanced by the denominator 1� ηj~Ψj2. In
η ≳ 1, interestingly,~jmðrÞ becomes a step-like function, i.e., the direction of
the azimuthal supercurrent abruptly changes at r = r*. Consequently, the
pseudo-magnetic field exhibits a sharp peak according to the relation Bm �
Bext
m / ∇× jm [Eq. (21)], which is clearly observed in Fig. 3(c). In terms of

electric quantities, this corresponds to a high magnitude of ∇ ⋅ P, i.e., a
sharply-localized polarization charge density at r= r*. Asη increases beyond
1, the width of the discontinuous wall at r = r* becomes extremely narrow,
and the charge density as well as the pseudo magnetic field diverge.

The step-like behavior of~jmðrÞ in η≳ 1 can be explained by vanishing
denominator 1� ηj~Ψj2 in Eq. (23). In the present case, Eq. (23) is written as

~jmðrÞ ¼
1

1
f ðrÞ2 � η

1
r
� ∣Bext

m ∣
2

r

� �
: ð26Þ

In thenumerical solutions presented inFig. 3, the f (r) ofη≳1 exhibits a kink
structure in the vicinity of r*, which is well described by

f ðrÞ ¼ η�1=2 � ajr � r�j ða > 0Þ: ð27Þ
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Then the denominator of Eq. (26) is written as 1
f ðrÞ2 � η � 2η3=2ajr � r�j in

the lowest order in r − r*. Noting the bracket in Eq. (26) can be approxi-
mated by ð�2=r2�Þðr � r�Þ, we end up with a step function

~jmðrÞ ¼
1

η3=2ar2�
sgnðr� � rÞ; ð28Þ

where sgnðxÞ � x=jxj. Here we note that the maximum of f(r) is η−1/2

[Eq. (27)], i.e., the f(r) is tuned in suchaway that thedenominator ofEq. (26)
vanishes right at r = r*. This cancels with the original zero of the super-
current, resulting in a step function. In the actual numerical result, the kink
of f(r) at r= r* is rounded so that themaximum is slightly lower than η−1/2 as
observed in the inset of Fig. 3(a), which prevents the denominator from
completely vanishing. Consequently, the step structure in ~jm is smoothed
into a continuous, yet rapidly-changing function.

It should also benoted that the totalflux inside the radius r= r* remains
quantized even when the internal field Bint

m ¼ Bm � Bext
m is included.

This can be understood by the following consideration: By applying the
Stokes theorem to Eq. (21), the flux of the internal field in r < r* becomesR
r<r�

Bint
m d2r / H

r¼r�
jm � dr, whichvanishes since jm=0 at r= r*. Therefore,

the total flux inside r* is contributed solely by the external fieldBext
m , which is

quantizedbydefinition.ZerofluxofBint
m inside the radius r* is equivalent to a

zero net charge within the region.
It should also be emphasized that the domain wall found in our cal-

culation differs from the conventional case in the following way: In super-
conducting domainwalls, the order parameter undergoes an abruptπ phase
change, causing it to vanish at the domain wall81. In contrast, in the singular
domain wall of magnetic-dipole superfluids, the order parameter does not
vanish; instead, its derivative (i.e., the supercurrent) vanishes and chan-
ges sign.

To demonstrate the energetic advantage of the vortex state in
pseudo-magnetic fields, we investigate the total free energy F with and
without a vortex. Here we consider a finite system of the disc with
radius R = 40, and obtain the self-consistent solutions with no vortex
(n = 0), a single vortex (n = 1), a single anti-vortex (n = − 1) at the
center of the disc. We impose a boundary condition such that the order
parameter vanishes at the edge of the disc r = R. For the obtained
solutions, we calculate the total free energy of the system F given by
Eq. (12).

Figure 4 plots the relative total free energy of n = 1 (solid curves) and
n = − 1 (dashed curves) compared to the n = 0 state, as a function of the
external pseudo-magnetic field Bext

m . The different colors correspond to
different η. Let us first consider the case of η = 0 (blue curve), which
corresponds to a standard superfluid without the electrostatic feedback
effect. At ~B

ext
m ¼ 0, the uniform solution (n=0) is the ground state, while the

vortex states (n = ± 1) are degenerate in higher energy. When ~B
ext
m is

increased, the relative energy of the n = 1 state decreases, and it finally
becomes the lowest at B ¼ B�

mðRÞ � ð1þ 2 logRÞ=ð1þ R2Þ. The critical
field B�

mðRÞ can be regarded as a pseudo-magnetic field at which the system

Fig. 3 | Single vortex states in magnetic-dipole superfluids. Self-consistent solu-
tion of a magnetic-dipole superfluid with a single vortex of n = 1 under
~B
ext
m ¼ �0:02ðr� ¼ 10Þ. In top panels, we plot (a) absolute order parameter

f ðrÞ ¼ j~ΨðrÞj, (b) azimuthal component of the supercurrent~jmðrÞ (equal to the radial
electric polarization, ~PðrÞ), and (c) polarization charge density ~ρðrÞ (equal to the
internal pseudo-magnetic field), where different colors correspond to different η's.

Inset of (a) is a magnified plot near r* = 10, where dashed lines indicate the value of
η−1/2. The lower panels display the two-dimensional plots of (a) f(r), (b)~jmðrÞ and (c)
~ρðrÞ on the xy plane, at the parameter of η = 1. In (b), the arrows represent the
magnetic-dipole supercurrent~jmðrÞ, while the color and brightness indicate its
direction and magnitude, respectively, as shown in the inset. In (c), the arrows
represent the polarization ~PðrÞ.

Fig. 4 | Free energy of vortex states in the magnetic dipole superfluid. Relative
Helmholtz free energy of single vortex states n = 1 (solid curves) and single anti-
vortex states n =− 1 (dashed curves) compared to the uniform n = 0 state, as a
function of the external pseudo-magnetic field Bext

m . Colors represent the value of η.
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of size R allows a single vortex to enter. The anti-vortex state (n = −1) is
always higher in energy as naturally expected.

When we increase η, the critical field at which the n = 1 state becomes
stable monotonically decreases, i.e., the n = 1 vortex state is stabilized in a
smallerfield. It is stark contrast to the typical behaviorsof superconductivity,
where the critical field Hc1 increases as the coupling to the electromagnetic
field increases82. This corresponds to a transition from type II regime with
the formation of the vortices to the type I regime where the Meissner effect
occurs.

Vortex lattice
When thepseudo-magneticfield ismuch greater thanB�

mðRÞ, we expect that
multiple vortices enter the superfluid, forming of a vortex lattice. Here we
demonstrate the emergence of a vortex lattice in a dipole superfluid by
numerically solving Eqs. (15), (16) and (19) self-consistently. We assume a
triangular lattice with primitive lattice vectors a1 = a(1, 0) and a2 ¼
að1=2; ffiffiffi

3
p

=2Þ where a is the lattice constant. The lattice constant a is
determined by the requirement that the unit cell contains exactly a quantum
flux ~ϕ

0
m ¼ 2π, giving a2 ¼ 2πr2�=

ffiffiffi
3

p
.

We assume a periodic current profile jm(r+ ai) = jm(r), which ensures
Aint
m ðrÞ ¼ Aint

m ðrþ aiÞ by Eq. (19). Since the periodic vector potential can
only give zero flux on average, the total pseudo-magnetic flux is contributed
solely by the external field Bext

m . Therefore, we can assume that the total
vector potential, including the external field, obeys the periodicity,

Amðrþ LÞ ¼ AmðrÞ þ
Bext
m

2
ez × L ð29Þ

where L(l1, l2) = l1a1+ l2a2 is a lattice translation vector with integer li. The
order parameter then satisfies the magnetic Bloch condition,

Ψðrþ LÞ ¼ ΨðrÞ exp �i
Bext
m

2
ðez × LÞ � rþ iπðl1 þ l2 þ l1l2Þ

� �
: ð30Þ

The single-valuedness of the order parameter is guaranteed when unit cell
spanned by a1 and a2 accommodates an integermultiple of flux quanta.We
solve the self-consistent equation by a numerical iteration with the periodic
boundary condition of Eqs. (29) and (30), starting froman initial statewith a
single vortex per unit cell.

Figure 5 summarizes the obtained superfluid vortex lattice for η=0.8, 1
and 1.1, in ~B

ext
m ¼ �0:02. Each figure presents spatial maps of (a) the

absolute order parameter f(r), (b) the supercurrent~jmðrÞ, and (c) the charge
density ~ρðrÞ ð¼ �η~B

int
m ðrÞÞ, respectively. We observe that the single vortex

structure argued in the previous section are periodically arranged in a
consistent manner. The supercurrent jm circulates in the counterclockwise
direction in each cell [Fig. 5(b)], or equivalently, the polarization P is
arranged radially with respect to the vortex.When η exceeds 1, significantly,
the supercurrent distribution extends upto the edge of the honeycomb unit
cell, and its directionabruptly changes across thedomainwall as in the single
vortex case. As a result, the polarization charge (i.e., the internal pseudo-
magnetic field) is sharply concentrated at the domain wall, forming a bold
honeycombdomain-wall network as seen in Fig. 5(c).We also havenegative
polarization charge localized around the vortex cores, which exactly cancels
with those on the domain wall, resulting in a zero net charge. Equivalently,
the integral of Bint over a unit cell is vanishing, so that the total pseudo-
magnetic flux remains per unit cell equal to that of the external field Bext

m .
We have also systematically performed the same self-consistent cal-

culations for different angles ranging from 60∘ (triangular lattice) to 90°
(square lattice). We find that the triangular vortex lattice always has the
lowest free energy for all values of η.

If we vary ~Bm within the range j~Bmj≪1, it primarily affects the size of
the vortex latticewhile preserving its qualitative features.However,when ~Bm
becomes large, on the order of 1, we expect the vortex lattice to melt into a
liquid phase, similar to other superfluid systems83.

Electric-dipole superfluids
The above argument for magnetic-dipole superfluids can be directly
extended to electric dipoles, where the roles of electric and magnetic fields
reversed. Such a situation can be realized in excitonic condensates, where
excitons (bound states of an electron and a hole) are charge-neutral and
possess an electric dipole moment63–78,84.

In the following, we present a phenomenological theory for electric-
dipole superfluids interacting with a magnetic field, paralleling the discus-
sion of magnetic-dipole superfluids in the previous sections. However, the
electric-dipole superfluids show distinct behavior, owing to its negative
feedback effect, while the magnetic-dipole superfluids show positive feed-
back effect.

While the magnetic dipole interacts with the electric field through the
ACphase, the electric dipole p= pez interacts with themagneticflux density
B by means of the He-McKellar-Wilkens (HMW) phase77–80,85–89,

θHMW ¼ 1
_

Z
Ap � dr; ð31Þ

where Ap is the effective vector potential given by

Ap ¼ gHMW B× ez; ð32Þ

where gHMW = p for vaccum. A simple derivation of HMW phase is pre-
sented in the “Geometric phases for dipoles” subsection in Methods. The
corresponding pseudo-magnetic field along z-direction is then written as

Bp ¼ ð∇×ApÞz ¼ �gHMW

∂Bx

∂x
þ ∂By

∂y

� �
: ð33Þ

Here the pseudo-magnetic field is given by a spatially-dependent magnetic
field. In the following,B andBext represent real magnetic fields, not pseudo-
magnetic fields.

In contrast to the magnetic dipole case, the electric dipole exhibits the
negative feedback against the external field. Figure 6 shows the schematic
figure illustrating the response of electric dipoles, corresponding toFig. 2 for
magnetic dipoles. Here we apply radially-distributed magnetic field Bext,
which gives the pseudo-magnetic fieldBp in the − z direction. According to
the Hamiltonian H ¼ ðp� ApÞ2=ð2m�Þ, the electric-dipole experiences a
Lorentz force F =+ v × Bp due to the pseudo-magnetic field, leading to the
cyclotron motion. (See the “Geometric phases for dipoles” subsection in
Methods.) The motion of the electric dipoles generates a magnetic-dipole
μ = − gHMWv × ez, giving magnetization M (the density of μ). (See the
“Geometric phases for dipoles” subsection in Methods.) The M and Bext

are oppositely oriented, indicating a diamagnetic response. This aligns with
the negative dielectric response in the magnetic dipole case. The magneti-
zation contributes to the additional magnetic field Bint = μ0M. Since
Bext ⋅ Bint < 0, the feedback is negative.

This negative feedback effect contrasts with the positive feedback effect
in themagnetic-dipole system. The opposite features are due to the fact that
the electric field in the magnetic-dipole case corresponds toH-field (not B-
field) in the electric-dipole case, and that generally H-field and B-field
induced by magnetic dipoles are oppositely directed (e.g., in magnetic
materials). Indeed, if we replace + and − charges of induced electric dipole
in Fig. 2 with N and S magnetic monopoles, we reproduce the situation of
Fig. 6, where the inducedH-field is oriented outward, similar toEint in Fig. 2.
Therefore the induced B-field points inward.

We assume that the Ginzburg-Landau free energy functional for
electric-dipole superfluids is given by

FGL½Ψ;Ap� ¼
Z

d3r
1

2m� ∣ð�i_=� ApÞΨðrÞ∣2
�

�αjΨðrÞj2 þ β

2
jΨðrÞj4

�
;

ð34Þ
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wherem* is the effectivemass of a quasiparticle having an electric dipole and
Ψ(r) is the order parameter. The Ginzburg-Landau equation is written as

δFGL

δΨ� ¼ 1
2m� ð�i_∇� ApÞ2Ψ� αΨþ βjΨj2Ψ ¼ 0: ð35Þ

The supercurrent is expressed as

jp ¼
_

m� jΨj2 ∇θ � 1
_
Ap

� �
¼ � δFGL

δAp
: ð36Þ

Just as the current of amagnetic dipole induces electric polarization, the
current of electric dipole jp induces the magnetization by

M ¼ gHMW ez × jp: ð37Þ

A brief derivation of this relation is presented in the “Geometric phases for
dipoles” subsection inMethods. Themagnetic flux density can be expressed

as

B ¼ Bext þ μ0M: ð38Þ

whereBext is the externalmagneticfluxdensity, andμ0 is the permeability. In
the standardnotationof electromagnetism,Bext corresponds to themagnetic
fieldH = Bext/μ0, and Eq. (38) is written as B = μ0(H+M). From Eqs. (32),
(37), and (38), the total magnetic field induces the effective vector potential

Ap ¼ Aext
p þ μ0g

2
HMW jp; ð39Þ

with Aext
p ¼ gHMW Bext × ez .

Equations (35) and (39) can alternatively be derived by variation of the
total free energy including the magnetic field. In the present case, it is
appropriate to use the Gibbs free energy G[H(r), T] = F[B(r), T] − ∫ dr
B(r) ⋅ H(r) rather than the Helmholtz free energy F[B(r), T], since the
external magnetic field H is fixed. According to the argument of the
“Derivation of total free energy for dipole superfluids” subsection in

Fig. 5 |Vortex lattices inmagnetic-dipole superfluids. Self-consistent vortex lattice
of a magnetic-dipole superfluid for η = 0.8, 1 and 1.1, in ~B

ext
m ¼ �0:02. Each figure

presents spatial maps of (a) the absolute order parameter f ðrÞ ¼ j~ΨðrÞj, (b) the

supercurrent~jmðrÞ, and (c) the charge density ~ρðrÞ ð¼ �~B
int
m ðrÞ=ηÞ, respectively. In

(b), the arrows represent themagnetic-dipole supercurrent~jmðrÞ, while the color and
brightness indicate its direction and magnitude, respectively, as shown in the inset.
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Methods, the Gibbs free energy is written as

G½HðrÞ;T� ¼ FGL þ
Z

dr
BðrÞ2
2μ0

� BðrÞ �HðrÞ
� �

: ð40Þ

It is straightforward to check that Eqs. (35) and (39) are obtained by the
equilibrium conditions δG/δΨ = 0 and δG/δAp = 0, respectively (See, the
“Derivation of total free energy for dipole superfluids” subsection in
Methods).

Similar to the argument for magnetic-dipole systems, the equations
(36) and (39) can be expressed in a dimensionless form as,

~jp ¼ j~Ψj2ð~∇θ � ~ApÞ; ~Ap ¼ ~A
ext
p þ ηp~jp; ð41Þ

where the variables with tilde represent dimensionless quantities and we
defined a dimensionless parameter

ηp ¼
μ0g

2
HMWΨ2

1
m� ; ð42Þ

which corresponds to η for magnetic-dipole superfluids. The two equations
Eqs. (41) can be solved for~jp and ~Ap as

~jm ¼ j~Ψj2
1þ ηpj~Ψj2

ð~∇θ � ~A
ext
p Þ; ð43Þ

~Ap ¼
1

1þ ηpj~Ψj2
ðηpj~Ψj2 ~∇θ þ ~A

ext
p Þ: ð44Þ

In contrast to the corresponding formula for the magnetic-dipole case,
Eqs. (23) and (24), ηp enters with positive sign in the denominator
1þ ηpj~Ψj2. Therefore, the ηp > 0 gives s a negative feedback reducing the
applied field.

When an electric-dipole superfluid is subjected to a pseudo-magnetic
field Bp (a spatially-dependent magnetic field), the system also forms a
vortex lattice, while the electro-magnetic field texture is completely distinct
from the case of magnetic-dipole superfluids due to the negative feedback
effect.

Here, we perform analyses of a single vortex state and a vortex lattice in
the electric-dipole superfluid, aligning with the corresponding calculations
for the magnetic-dipole cases. First, we consider a single vortex state under

an external field of ~A
ext
p ¼ ð�j~Bext

p jr=2Þeϕ with ~B
ext
p ¼ �0:02. We assume

an anti-vortex state ~Ψðr; ϕ; zÞ ¼ f ðrÞe�iϕ, where the negative sign in the
phase factor corresponds to the negative sign of the effective vector potential
in Eq. (36). In Fig. 7, we plot (a) the absolute value of the order parameter
f ðrÞ ¼ j~ΨðrÞj, (b) the azimuthal componentof the supercurrent~jpðrÞ, which
is equal to the radial component ofmagnetization, ~MðrÞ, and (c) the abolute
value of pseudo-magnetic field j~BpðrÞj, for different ηp parameters.

As seen in Fig. 7(b), the supercurrent is suppressed owing to the
negative feedback effect (i.e. the denominator 1þ ηpj~Ψj2 in Eq. (43)). This
behavior is stark contrast to magnetic-dipole superfluids, where the
supercurrent is amplified by the positive feedback effect. Furthermore, as is
shown in Fig. 7(c), the pseudo-magnetic field is sharply concentrated at the
vortex core, whereas away from the core (r≫ ξ), it converges to a nonzero
constant,

~BpðrÞ �
1

1þ ηp
~B
ext
p ðr≫ ξÞ: ð45Þ

This equation is obtainedby taking the curl of Eq. (44)with j~ΨðrÞj2 ¼ 1. It is

worth noting that the total flux inside the radius r� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=j~Bext

p j
q

ð¼ 10Þ is
always quantized, as demonstrated by the same reasoning presented in the
“Single-vortex states” subsection in Results.

We also calculate vortex lattice states of electric-dipole superfluids,
in the same manner as described in the “Vortex lattices” subsection in
Results. In Fig. 7, we show the plots of the distributions of (d)
f ðx; yÞ ¼ j~Ψðx; yÞj, (e)~jpðx; yÞ, (f) j~Bpðx; yÞj on the xy plane at η = 0.5.We
observe that the single-vortex structures are periodically arranged in a
consistent manner; the pseudo-magnetic field is primarily concentrated
around the vortices and remains nearly constant away from them at the
value given by Eq. (45).

Discussion
We have shown that magnetic and electric dipole superfluids under a
pseudo-magnetic field form vortex lattices with distinctly different
electromagnetic field textures. The magnetic-dipole system exhibits a
positive feedback effect for the applied field, resulting in discontinuous
domain walls that separate neighboring vortices. In contrast, the electric-
dipole system shows a negative feedback effect, leading to a strong
suppression of the pseudo-magnetic field away from the vortex core. The
latter behavior resembles the vortex lattice in type-II superconductors
(electric-monopole superfluids), but with a significant difference: the
magnetic field in superconductors decays exponentially away from the
vortex, whereas the pseudo-magnetic field in electric-dipole superfluids
converges to a constant value proportional to ∝ 1/(1 + ηp). In this
section, we discuss the origins of these different behaviors among the
three distinct classes of systems — superconductors, magnetic-dipole
superfluids, and electric-dipole superfluids — through their key
equations.

In the three cases, the superfluid free energy FGL [Eqs. (5), (34), (62)]
and the supercurrent [Eqs. (7), (36), (64)] share the same functional form
with respect to the corresponding vector potential, i.e., A for super-
conductors, and Am (Ap) for magnetic (electric)-dipole superfluid.
Accordingly, the supercurrent and vector potential obey the same rela-
tionship. When the phase θ is constant, in particular, we have the London-
type equation j ∝ − A, jm ∝ Am, and jp ∝ − Ap.

However, a difference lies in the relationship between the vector
potential and the real magnetic/electric field:

∇×A ¼ B (electric monopole),

Am ¼ gACE× ez (magnetic dipole),

Ap ¼ gHMW B× ez (electric dipole).

ð46Þ

Fig. 6 | Negative feedback effect in electric dipole superfluids. Schematic figures of
(a) externally applied magnetic field and (b) the electromagnetic response of electric
dipoles, which correspond to Fig. 2 for magnetic dipoles. An external magnetic field
Bext (orange) induce effective vector potential Ap (purple) of HMW phase, resulting
negative pseudo-magnetic field Bp < 0. The electric dipole experiences Lorentz force
from the pseudo-magnetic field and perform cyclotron motion (gray). The moving
electric dipole induces a magnetization M, and they generate additional magnetic
field Bint, showing negative feedback effect Bext ⋅ Bint < 0.

https://doi.org/10.1038/s42005-025-02088-z Article

Communications Physics |           (2025) 8:171 8

www.nature.com/commsphys


As an inverse effect, the relationship between the supercurrent and the
induced magnetization/polarization is also different, as

∇ × M ¼ j (electric monopole),

P ¼ gAC jm × ez (magnetic dipole),

M ¼ �gHMW jp × ez (electric dipole).

ð47Þ

Note that Equations (46) and (47) represent different aspects of the same
phenomenon. In fact, Eq. (47) can be derived from the variation of the free
energy with the same form, under condition of Eq. (46).

In Eqs. (46) and (47), the crucial difference between monopoles and
dipoles is in the existence/absence of the spatial derivative ∇ . For the
monopole case, in particular, these relations with London’s equation j ∝ A
lead to ∇ ×∇ ×A∝A or∇2B∝B, resulting in an exponential decay of the
magneticfield (Meissner effect). In contrast, indipole superfluids, the spatial
derivative term is absent, resulting in a linear relationship between the
external field and the induced field. Consequently, the external fields are
amplified or suppressed by a factor of (1−η)−1 in magnetic-dipole super-
fluids and ð1þ ηpÞ�1 in electric-dipole superfluids,where the opposite signs
in front of η and ηp correspond to positive and negative feedback,
respectively.

Finally, the origin of the opposite feedback effects in the magnetic and
electric dipole systems is explained as follows. Both systems share the par-
allel relationships described by Eqs. (46) and (47), which lead to the same
anti-parallel orientations between the external field Eext /Bext and the
induced dipole density P /M. Here we note that the negative sign inM in
Eq. (47) cancels with the negative sign in jp∝−Ap.However, opposite signs
come in the relations between the induced dipole density and the feedback
fields: Eint = − P/ε0 and Bint = + μ0M, resulting in positive and negative
feedback, respectively.

The domain formation with singular domain walls is a particularly
remarkable feature of magnetic-dipole superfluids, with no counterparts
in other physical systems. In order to experimentally observe this, we
need a magnetic-dipole superfluid satisfying η ¼ g2ACΨ

2
1=ðm�ε0Þ≳ 1

[Eq. (20)], which requires large spin-orbit coupling, high density of
condensate, and small effective mass. We provide a rough estimation of η
for a magnon BEC in Yttrium Iron Garnet (YIG), a representative
example of currently available materials. In magnetic insulators, gAC is
typically 106 times as large as in vacuum47,48. The superfluid density can
be assumed about Ψ2

1 � 1021 cm�311. The effective mass is obtained by
m* = ℏ2/(2JSa2) by considering ferromagnetic Heisenberg model, where J
is the nearest-neighbor ferromagnetic exchange coupling, S is the effec-
tive spin and a is the lattice constant. Using material parameters from
experiments, we have J ≈ 1.37 K, S ≈ 14.3, and a ≈ 12.4Å90,91. Under these
conditions, we have η ~ 0.36. We also present an estimation of the
magnitude of pseudo-magnetic field. Considering the spatially mod-
ulating electric field Eq. (4), the dimensionless pseudo-magnetic field is
given by j~Bmj ¼ gACE=ð_=ξ2Þ. In the case of YIG, the value j~Bmj ¼ 0:02
used in our calculations corresponds to a reasonable condition with an
electric field gradient of E ¼ 0:01Vnm�2 and a superfluid coherence
length of ξ = 1 nm.

Throughout this study, we assumed that the bosons constituting the
superfluid have a fixed dipole moment. In the case of magnons, this
assumption is justified because magnon creation, as defined by the
Holstein-Primakoff transformation, corresponds to a spin-lowering
operator, where each magnon is associated with a dipole moment of
gμB. For excitons as electric dipoles, on the other hand, the dipole
moment can change if the relative orbital state of the electron-hole pair is
excited (e.g., from 1s to 2p). We assume that the external field is moderate
enough to prevent such excitations. Incorporating the variation of the
dipole moment would introduce additional nontrivial effects on the
properties of dipole superfluids.

Fig. 7 | Vortex states in electric-dipole superfluids. In top panels, self-consistent
solutions of an electric-dipole superfluid with a single vortex of n =−1 under ~B

ext
p ¼

�0:02 ðr� ¼ 10Þ are summarized. We plot (a) absolute order parameter f ðrÞ ¼ j~ΨðrÞj,
(b) azimuthal component of the supercurrent~jpðrÞ (equal to the radial magnetization,
~MðrÞ), and (c) absolute value of total pseudo-magnetic field j~BpðrÞj, where different
colors correspond to different ηp's. Inset of (c) is a magnified plot near j~BpðrÞj ¼ 0. In

lower panels, self-consistent vortex lattice of an electric-dipole superfluid under ~B
ext
p ¼

�0:02 ðr� ¼ 10Þ are summarized. We display the two-dimensional plots of (d)
f ðx; yÞ ¼ j~Ψðx; yÞj, (e) ~jpðx; yÞ and (f) j~Bpðx; yÞj on the xy plane, at the parameter of
η = 0.5. The colors and brightness in (e) indicate the direction and magnitude of the
supercurrent ~jpðx; yÞ, respectively.
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We also neglected dipole-dipole interactions between bosons. While
this effect is generally considered small inmagnon and exciton systems, it is
known to give rise to nontrivial phenomena in alkali spinor Bose-Einstein
condensates due to the anisotropic nature of dipole-dipole interactions92.
Investigating its impact on the electromagnetic response is an interesting
direction for future work.

We have theoretically studied magnetic and electric dipole super-
fluids subjected to a pseudo-magnetic field induced by a spatially
modulated electromagnetic field. Using a Ginzburg-Landau phenom-
enological theory that incorporates the geometric AC/HMW phase, we
obtained self-consistent solutions by fully accounting for the feedback
effect of the electromagnetic field induced by the response current. Under
a pseudo-magnetic field, both electric and magnetic dipole superfluids
spontaneously form vortex lattices but exhibit distinct field textures.
When the electrostatic coupling parameter η exceeds a critical value,
magnetic dipole superfluids form a honeycomb lattice with a singular
domain wall with diverging pseudo-magnetic fields and polarization
charges. This behavior contrasts starkly with conventional super-
conductors (monopole superfluids). In electric dipole superfluids, the
pseudo-magnetic field is concentrated only at vortex cores as in con-
ventional superconductors, but it does not decay exponentially away
from the vortices. Despite sharing parallel formulations, magnetic and
electric dipole systems exhibit opposite features due to a sign difference
in the feedback effect for the applied field. These findings highlight novel
field textures and self-organized structures unique to magnetic dipole
superfluids, opening new directions in exploring superfluid systems with
unconventional electromagnetic responses.

Methods
Geometric phase for dipoles
We provide parallel derivations of the Aharonov-Casher (AC) phase28 for
magnetic dipoles, and He-McKellar-Wilkens (HMW) phase79,80 for electric
dipoles.

We present a simplified derivation of the original Aharonov-Casher
(AC) phase28 in vacuum as a relativistic effect. We consider a particle
with a magnetic-dipole μ = μ ez, which is moving with velocity v. The

magnetic-dipole is equivalent to a small loop electric current on the xy-
plane. When the loop current moves with velocity v relative to the rest
frame, we (an observer in the rest frame) observe electric charge density
ρ = v ⋅ j/c2 from Lorentz covariance. Here j is the current density in the
moving frame fixed to the loop current. When a square loop current is
moving along the x-axis, therefore, two sides along x are positively and
negatively charged as illustrated in Fig. 8(a), resulting in an electric
dipole

p ¼ gACv × ez; ð48Þ

where gAC = μ/c2.
If an external electric field E is present, the particle has an electrostatic

potential energy − p ⋅ E. Thus, the Lagrangian for the particle is given by

L ¼ 1
2
m�v2 þ p � E; ð49Þ

where m* is a mass of the particle. As the second term is transformed as
p ⋅ E = gAC(v × ez) ⋅ E =− gAC(E × ez) ⋅ v, the Lagrangian is written as

L ¼ 1
2
m�v2 � v � Am; ð50Þ

where

Am ¼ gACE× ez: ð51Þ

Since Eq. (50) is formally equivalent to the Lagrangian of an electron in a
magnetic field, Am plays the role of the effective vector potential for the
magnetic-dipole. Therefore, the moving magnetic-dipole acquires the AC
phase [Eq. (1)].

The He-McKellar-Wilkens (HMW) phase79,80 can be derived in a
similar manner to the AC phase. We consider an electric-dipople con-
stituting a pair of point charges + q and − q located at z = + d/2 and
z =− d/2, where p = qd. If the electric-dipole moves in the x-direction with
velocity v, the two point charges ± q generate counter-propagating electric
currents along x, as illustrated in Fig. 8(b). This gives rise to a magnetic
moment in the y-direction as

μ ¼ �gHMWv × ez; ð52Þ

where gHMW = p.
If an external magnetic field B is present, the particle has an magne-

tostatic potential energy − μ ⋅ B. Thus, the Lagrangian for the particle is
given by

L ¼ 1
2
m�v2 þ μ � B; ð53Þ

where m* is a mass of the particle. As the second term is transformed as
μ ⋅ B =− gHMW(v × ez) ⋅ B = gHMW(B × ez) ⋅ v, the Lagrangian is written as

L ¼ 1
2
m�v2 þ v � Ap; ð54Þ

where

Ap ¼ gHMWB× ez: ð55Þ

Since Eq. (54) is formally equivalent to the Lagrangian of an electron in a
magnetic field, Ap plays the role of the effective vector potential for the
electric-dipole. Therefore, the moving electric-dipole acquires the HMW
phase [Eq. (31)].

(a) AC phase

(b) HMW phase

Fig. 8 | Electric/magnetic dipole induced by the motion of magnetic/electric
dipole. Schematic figure for (a) a moving magnetic-dipole (loop current) with
induced electric dipole, and (b) a moving electric-dipole with induced magnetic-
dipole.
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Alternatively, this HMW phase can directly be derived from the
Aharonov-Bohm (AB) phase as follows. When the dipole moves hor-
izontally along the x-axis, from x to x + Δx, the positive and negative
charges acquire Aharonov-Bohm (AB) phases given by
θ ± ¼ ð± q=_ÞR C ±

dr � AðrÞ, where C± are the paths followed by the
positive and negative charges, respectively. The total geometric phase for
the dipole is given by θHMW = θ+ + θ−, and it becomes
ðq=_Þ½R Cþ

� R
C�
�dr � AðrÞ ¼ ðp=_ÞByðrÞΔx, where we used Stokes’s

theorem and p = qd. The result is consistent with Eqs. (31) and (32).

Derivation of total free energy for dipole superfluids
We present the derivation of the Helmholtz free energy of magnetic dipole
superfluids [Eq. (12)], and the Gibbs free energy of electric dipole super-
fluids [Eq. (40)], paralleling the argument for the conventional
superconductors.

We derive the expression of the Helmholtz free energy F[D(r), T],
Eq. (12). We consider a quasi-static, isothermal process where the external
electric field, orD(r), is slowly introduced to themagnetic-dipole superfluid
with the temperature fixed. Here, we consider a general situation where the
external electric fieldD (and consequently E andP) depends on position, to
account for the system under the pseudo-magnetic field, which needs
spatially dependent electric field [Eq. (3)]. We assume that the system is at
the thermal equilibriumof givenD(r) andT at everymoment of the process.
As in a general dielectric material, the change in the Helmholtz free energy
from the initial state (i) with D = 0 to the final state (f) with D = D(r) is
written as

F½DðrÞ;T� � F½0;T� ¼
Z f

i

Z
dr EðrÞ � δDðrÞ

¼
Z f

i

Z
dr

D � δD� P � δP
ε0

� P � δE
� �

¼
Z

dr
D2 � P2

2ε0
�

Z f

i

Z
dr P � δE

ð56Þ

Here
R f
i � � � δDðrÞ represents the functional integral in D(r).

The last term in Eq. (56) coincides with the change of GL energy
functional FGL[Ψ, Am], because the infinitesimal change in FGL in the
process is written as

δFGL½Ψ;Am� ¼
Z

dr
δFGL

δAm
� δAm ¼ �

Z
dr P � δE; ð57Þ

where we used Eqs. (2), (7) and (8). Here we note that the variation δFGL
should also include δFGL/δΨ and δFGL/δΨ

*, while these terms just
vanish because we assume that the GL equation Eq. (6) holds
throughout the quasi-static process. From Eq. (56) and Eq. (57), we
obtain Eq. (12).

We can readily check that the self-consistent equations are derived by
the variation of the total Helmholtz free energywithD fixed. Eq. (6) is given
by δF/δΨ = 0, since δF/δΨ = δFGL/δΨ. Eq. (10) is obtained by δF/δAm = 0,
noting

δF
δAm

¼ δFGL

δAm
þ δ

δAm

D2 � P2

2ε0

� �

¼ jm þ ε0
g2AC

Aext
m � Am

� � ¼ 0;
ð58Þ

where we used relations P = D − ε0E and E ¼ g�1
ACðez ×AmÞ þ Ezez .

Wederive the expressionof theGibbs free energyG[H,T], Eq. (40).We
consider a quasi-static, isothermal process where the externalmagnetic field
H is slowly introduced to the electric-dipole superfluid with temperature

fixed.The change in theGibbs free energy from the initial state (i)withH=0
to the final state (f) with H is given by

G½HðrÞ;T� � G½0;T� ¼ �
Z f

i

Z
dr BðrÞ � δHðrÞ

¼
Z f

i

Z
dr

B � δB
μ0

�H � δB� B � δH�M � δB
� �

¼
Z

dr
B2

2μ0
� B �H

� �
�

Z f

i

Z
drM � δB

ð59Þ

We can show that the last term in Eq. (59) coincides with the change in FGL
by the following argument. In aquasi-static process, the infinitesimal change
in the GL free energy functional is given by

δFGL½Ψ;Ap� ¼
Z

dr
δFGL

δAp
� δAp ¼ �

Z
M � δB; ð60Þ

where we used Eq. (36), and we noted that δFGL/δΨ = δFGL/δΨ
* = 0

throughout the process. Equations (59) and (60) lead to the Eq. (40).
We check that self-consistent equations are derived by the variation of

the total Gibbs free energy while fixing H. Eq. (35) is straightforwardly
derived from δG/δΨ = 0 since δG/δΨ = δFGL/δΨ. Eq. (39) is obtained by
δG/δAp = 0, noting

δG
δAp

¼ δFGL

δAp
þ δ

δAp

B2

2μ0
� B �H

� �

¼ �jp þ
1

μ0p
2

Ap � Aext
p

	 

¼ 0;

ð61Þ

where we used relations B = μ0(H +M) and B ¼ g�1
HMWðez ×ApÞ þ Bzez .

Ginzburg-Landau theory for superconductors (electric-mono-
pole superfluids)
We review the standardGinzburg-Landau theory82,93 for superconductor, to
provide a basis for comparison with the corresponding theory for dipole
superfluids. The Ginzburg-Landau free energy functional for conventional
superconductors is given by

FGL½Ψ;A� ¼
Z

d3r
1

4me
∣ð�i_=þ 2eAÞΨðrÞ∣2

�

�αjΨðrÞj2 þ β

2
jΨðrÞj4

� ð62Þ

where me is the electron mass, and e ( > 0) is the elementary charge. Ψ(r)
represents the superconducting order parameter and B = ∇ ×A represents
the magnetic flux density, where A is the vector potential. The Ginzburg-
Landau equation for the order parameter is given by

δFGL

δΨ� ¼ 1
4me

ð�i_∇þ 2eAÞ2Ψ� αΨþ βjΨj2Ψ ¼ 0: ð63Þ

The superconducting current is described by the London equation, giving

j ¼ � e_
me

jΨj2 ∇θ þ 2e
_
A

� �
¼ � δFGL

δA
; ð64Þ

and this superconducting current produces the magnetizationM by Max-
well equations, giving

j ¼ ∇×M: ð65Þ
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The total Gibbs free energy including magnetic field contribution is
given by

G½HðrÞ;T� ¼ FGL þ
Z

dr
BðrÞ2
2μ0

� BðrÞ �HðrÞ
� �

; ð66Þ

which canbederivedby considerations similar to those in the “Derivationof
total free energy for dipole superfluids” subsection in Methods. We can
readily check that self-consistent equations are derived by the variation of
the total Gibbs free energy with H fixed: Eq. (63) is obtained from
δG/δΨ = 0 since δG/δΨ = δFGL/δΨ. Eq. (65) is derived by δG/δA = 0, noting

δG
δA

¼ δFGL

δA
þ δ

δA
B2

2μ0
� B �H

� �

¼ �jþ 1
μ0

∇ × ∇ × A� Aext
� � ¼ 0;

ð67Þ

where we used relations B = μ0(H+M) and B = ∇ × A. Here, Aext is the
vector potential of the external magnetic field defined by μ0H = ∇ × Aext.

By combining Eq. (64) with Eq. (65), we have ∇ × ∇ × A=− λ−2A,

where λ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
me=ð2μ0e2jΨj2Þ

q
is the London’s penetration depth. Thus, we

obtain∇2B = λ−2B, which shows the exponential decay of themagnetic flux
density (Meissner effect).

Technical details of self-consistent numerical calculations
We present the technical details of the numerical calculation. In the cal-
culations in the main text, we numerically solve the GL equation [Eq. (6)]
self-consistentlywithEqs. (7) and (10)underagiven externalfield, following
the procedure outlined below.

First we set an initial configuration with Ψ = Ψ(0) and
Am ¼ Að0Þ

m ð� Aext
m Þ. Then, we calculate the supercurrent jm using Eq. (7).

From obtained jm, we obtain the updated vector potential Að1Þ
m using

Eq. (10). We then obtain the order parameter Ψ(1) by solving GL equation
[Eq. (6)] with Am ¼ Að1Þ

m . We go back to the first stage with Ψ = Ψ(1)

and Am ¼ Að1Þ
m , to obtain Ψ = Ψ(2) and Að2Þ

m . We repeat the procedure until
∣Ψ(n+1) − Ψ(n)∣ and jAðnþ1Þ

m � AðnÞ
m j become sufficiently small.

In theprocedure toobtainΨby theGLequation,weminimizeFGLwith
respect to Ψ instead of directly solving the GL equation, since the GL
equation is equivalent to δFGL/δΨ

* = 0. Specifically, we optimize Ψ by
repeating steps of

Ψ ! Ψ� δFGL

δΨ� Δt; ð68Þ

where Δt > 0 is a positive constant. At every step, the FGL consistently
decreases because the change of FGL at the step is given by

δFGL ¼
δFGL

δΨ
δΨ ¼ � δFGL

δΨ�

����
����
2

Δt < 0: ð69Þ

We repeat this procedure until ∣δFGL∣ ~ 0, to obtain Ψ satisfying the GL
equation.

Data availability
Data are available upon reasonable request.
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