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Decoherence severely limits the performance of quantum processors, posing challenges to reliable
quantum computation. Probabilistic error cancellation, a quantum error mitigation method,
counteracts noise by quasiprobabilistically simulating (non-physical) inverse noise operations.
However, existing formulations of physical implementability, quantifying the minimal cost of
simulating non-physical operations using physical channels, do not fully account for the experimental
constraints, since noise also affects the cancellation process, and not all physical channels are
experimentally accessible. Here, we generalize the physical implementability to encompass arbitrary
convex sets of experimentally available quantum states and operations. Within this generalized
framework, we demonstrate noiseless error cancellation with noisy Pauli operations and analyze the
bias of noisy cancellation. Furthermore, we establish connections between generalized physical
implementability and quantum information measures, e.g. diamond norm, logarithmic negativity, and
purity. These findings enhance the practical applicability of probabilistic error cancellation and open
new avenues for robust quantum information processing and quantum computing.

Inquantumcomputation, an ideal quantumcircuit is unitary1.However, the
imperfection of quantum devices will lead to the noises in the performance
of quantum circuits. The physical operations on a quantum system are
thought to be completely positive and trace-preserving (CPTP), which is
also called the quantum channel2. TheMarkov noise in quantum circuit can
be depicted as a quantum noise channel E3.

In practice, the noise channel E can be evaluated by the quantum
process tomography, even though the cost may be exponentially
overwhelming4.With theknowledgeof thenoise channelE, wewould like to
implement its inverse E�1 to cancel the impact of the noise. However, only
the unitary channels have quantum channels as its inverse E�1 is also
CPTP5. It is impossible to physically implement a quantum channel to
cancel the incoherence error.

Although the inverse operationE�1 maynot be aquantumchannelbut
rather a Hermitian-preserving and trace-preserving (HPTP) operation, it
can be simulatedwith a series of quantumchannels. If it can be decomposed
as the affine combination of quantum channels, the inverse operation E�1
can be simulated by the quasiprobability mixture, of which the absolute
value of coefficients in the affine decomposition are normalized into a
probabilistic distribution. The noise inverse operation is the probabilistic
mixture of quantum channels with signatures of coefficients in this

distribution up to normalization. This quantum error mitigationmethod is
the probabilistic error cancellation (PEC)6–17.

Furthermore, the reduced dynamics with correlated initial conditions
might not always be CPTP18,19. The quasiprobability mixture technique
allows for simulating suchHPTPoperationswith quantumchannels, which
helps to analyze the non-Markov noise. The logarithm of the minimal cost,
or overheadCem in the context of quantumerrormitigation6,10,20, to simulate
an HPTP operation with CPTP channels is defined as the physical imple-
mentability of the HPTP operation10,21. It has also been shown that the
physical implementability of the noise inverse operation E�1 characterizes
the decoherence effects of noise channel22.

In the PECmethod, by employing the Pauli-twirling technique6,17,23–27,
the error channel and the noises in experiments can be randomized com-
piled to be Pauli diagonal. By employing the cycle benchmarking28,29 and
error reconstruction technique30,31, the error model of the noisy circuit can
be constructed17,26,32. In principle, with the well-performed randomized
compiling and sufficient estimation of error model, the PEC method is
believed to be free of bias6. However, in practice, the PEC method will not
always be unbiased. The bias can be induced from the violation of the error
model33,34. Thismay be caused by the inaccurately randomized compiling or
the inaccurate error model estimation34.
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Moreover, to cancel the error in noisy circuit, additional Pauli gates
need to be introduced in the implementation of the PEC, which would also
be affected by the noises in the additional circuit. Intuitively, the noises on
Pauli gates Pi may be single-qubit errors, which is not comparable to the
error to be canceled. However, due to the cross-talk between qubits35, the
noises of multi-qubit Pauli gates may not be the tensor product of noises of
single-qubit Pauli gates in experiments. Therefore, the noises introduced in
Pauli gates are not simply the single-qubit errors, and it is possible to yield a
considerable bias of cancellation. If the noises in the cancellation are less
than the error to be canceled, the PEC has a positive effect on the perfor-
mance of a quantum circuit. Otherwise, the cancellation makes the per-
formance of the quantum circuit even worse. The similar imperfection in
quantum error correction leads to the famous threshold theorem36–39, which
may be the main obstacle to realizing fault-tolerant quantum computation.
The error mitigation technique is not believed to have an inevitable
threshold phenomenon6. Nevertheless, the noisy implementation of the
cancellation will also lead to additional bias.

In this paper, we investigate the noisy cancellation of the error channel.
We generalized the physical implementability to an arbitrary given convex
set F of quantum operations and states that are available in experiments,
and its general properties are introduced inMethods. Using the generalized
physical implementability, we demonstrate the optimalmethod to noiseless
cancel a given error channel with noisy Pauli gates in Results. We also
consider the bias of the noisy cancellation with the noisy Pauli gates and the
bias of the error model violation. Moreover, we illustrate the connection
between the generalized physical implementability and other quantum
information measures, such as the diamond norm, logarithmic negativity,
and purity in Discussion.

Results
Noiseless cancellation with noisy Pauli Basis
LetN beanHPTPoperationon systemA, and then it canbedecomposedas
the affine combination of CPTP channelsN i

N ¼
X
i

niN i; ð1Þ

where∑ini= 1. If all ni≥ 0, it can be implemented by a probabilisticmixture
of CPTP channelsN i. Otherwise, for any ni ≤ 0, we should rewrite it as

N ¼ Z
X
i

sgnðniÞqiN i; ð2Þ

where Z = ∑i ∣ni∣ and qi = ∣ni∣/Z. Then, N can be simulated by using the
probabilistic mixture of CPTP channelsN i with sign sgnðniÞ. The quantity
Z is the cost of CPTP channels for the implementation of a single HPTP
operation. The physical implementability21 is definedas the logarithmof the

minimal cost of CPTP operations for HPTP operations

νðN Þ ¼ logmin
X
i

jnij : N ¼
X
i

niN i;N i 2 Q
( )

; ð3Þ

whereQ denote the set of CPTP channels.
For the PEC quantum error mitigation method, the error channel is

mitigated by simulating its inverse operation. Let E � Uλ � Uy be the error
channel (in the left action) of an ideal quantumcircuitU whose noisy circuit
in experiments is Uλ, as shown in Fig. 1. The quasiprobability decomposi-
tion of the inverse operation E�1 of error channel is

E�1 ¼
X
i

riPi; ð4Þ

where Pi are called noisy basis. With the Pauli-twirling technique, we
consider the error model as the Pauli diagonal error, and the noisy basisPi
are Pauli gates. Then, the ideal expectation of the operator bO relative to the
initial state ρ is

bOD E
0
¼ Z

X
i

sgnðriÞ
jrij
Z

Tr bOPi � UλðρÞ
h i

: ð5Þ

The PEC mitigated unitary circuit UPEC is shown in Fig. 1a.
Ideally, the Pauli gates Pi are physically realizable quantum channels,

but the inevitable noises in experiments lead to the noisy Pauli gates Ki.
Here,we encounter twodifferent kinds of noise, one is the error channelE in
the quantum circuit U of our interest, and another is the noises in the noisy
basis Pi, which is used to cancel E. To clearly distinguish them, the former
oneE is called error,while the latter is callednoise in the following.Thenoisy
realization of the inverse of the error channel thus is

E�1λ ¼
X
i

riKi≠E�1; ð6Þ

which cannot cancel the error channel completely, as Fig. 1a
Instead, if we ideally apply a modified PEC operation of the error

channel, shown in Fig. 1b,

E�1m ¼
X
i

qiPi; ð7Þ

its noisy realization is

E�1λm ¼
X
i

qiKi: ð8Þ

Fig. 1 | Diagram of the PEC method and its modification. a The noisy imple-
mentationUλ of a quantum circuitU with error channel E. The PECmethod cancels
this error by implementing its inverse operation E�1. b However, the noisy reali-
zation of the inverse operation E�1λ incompletely cancels the error E. With the noises

of cancellation, the PEC operation needs to be modified as E�1m ¼ Θ�1ðE�1Þ, where
Θ is the map from the ideal Pauli gates Pi to noisy gate Ki , such that its noisy
realization E�1λm cancels the error E complete.
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We can select the parameters qi to cancel E completely, i.e., E�1λm ¼ E�1,
based on the knowledge of the noises on Pauli gates.

In precise, with the Pauli twirling techniques, we still assume that the
noisy Pauli gates are Pauli diagonal

Ki ¼ ΘðPiÞ ¼
X
j

ΘijPj: ð9Þ

The noisemapΘ can be calibrated on the experimental devices. If the noisy
Pauli gate Ki are not completely indistinguishable, i.e., Ki are linearly
independent, the noise linear map Θ is invertible. Then, the modified PEC
operation of the error channel is

E�1m ¼ Θ�1ðE�1Þ ¼
X
i

qiPi; ð10Þ

where qi ¼
P

jrjΘ
�1
ji .

There still exists a problem that which model of the noisy quasiprob-
ability cancellation of error E is optimal. To depict the cost of noisy can-
cellation, We thus define the generalized physical implementability for any
HPTP operationN with respect to noisy CPTP operations as

pΘðQÞðN Þ ¼ inf
X
i

jxij : N ¼
X
i

xiN i;N i 2 ΘðQÞ
( )

ð11Þ

where the minimization is the quasiprobability decompostion N ¼P
ixiN i with respect to noisy CPTP channels ΘðQÞ. Here, Θ denotes the

noisemap for the basis of the operation space.Moreover, for other quantum
information processing tasks involving the quasiprobability decomposition,
their optimal costs can also be quantified by several types of implement-
ability functions similar to the generalized physical implementability as
defined. For the general definition and properties of the implementability
function, see Methods.

With the generalized physical implementability, the optimal cost of the
inverse operation E�1 is pΘðQÞðE�1Þ. Assume that the linear map Θ is
invertible, by the affine invariance of the implementability function (see
Methods), we have

pΘðQÞðE�1Þ ¼ pQðΘ�1ðE�1ÞÞ ¼ pQðE�1m Þ; ð12Þ

where pQ ¼ exp ν is the (exponential) physical implementability. Since the
optimal cancellation of a mixed-unitary channel with ideal CPTP channels
is the decomposition with the unitaries21, the optimal cancellation of
modified PEC cancellation operation E�1m is the quasiprobability decom-
position with respect to the ideal Pauli channels Pi with quasiprobability

qi ¼
X
j

rjΘ
�1
ji : ð13Þ

The optimal cancellation of E�1 with respect to the noisy CPTP channels
ΘðQÞ thus is the quasiprobability decomposition with respect to the noisy
Pauli channels Ki with qi in Eq. (13). In conclusion, with the matrix Θij

measured from the noisy Pauli basis Ki, the inverse operation E�1 of the
error channel can be optimally canceled under the noisy Pauli basis Ki.

Here, we illustrate the result with simple examples. Assume the noise is
a depolarizing error ononequbit, ideally, the error channel of evolutionwith
error rate λ is

E ¼ 1� 3λ
4

� �
I þ λ

4
ðX þ Y þ ZÞ: ð14Þ

It is not difficult to show that its inverse is

E�1 ¼ 4� λ

4ð1� λÞ I �
λ

4ð1� λÞ ðX þ Y þ ZÞ: ð15Þ

If the error rate λ≪ 1, we approximateΘðPiÞ � Pi, forPi ¼ X ;Y;Z, we
have

U ¼ 4� λ

4ð1� λÞUλ �
λ

4ð1� λÞ ðX þ Y þ ZÞ � Uλ; ð16Þ

which is in coincidence the known results of the depolarizing error7. Then,
we assume thatΘðI Þ ¼ I andKPi

¼ ΘðPiÞ ¼ Eα � Pi forPi ¼ X ;Y;Z.
It can be calculated as

Eα ¼ 1þ 3ð1� λÞα
4

I þ 1� ð1� λÞα
4

ðX þ Y þ ZÞ: ð17Þ

Let a ¼ 1þ3ð1�λÞα
4 ; b ¼ 1�ð1�λÞα

4 , we have

ðΘijÞ ¼

1 0 0 0

b a b b

b b a b

b b b a

0
BBB@

1
CCCA: ð18Þ

Thus, the quasiprobability, Eq. (13), of optimal cancellation in terms of
ðKI ;KX ;KY ;KZÞT is obtained from Eqs. (15) and (18).

For an arbitrary Pauli diagonal error, since it is CPTP, in general, it can
be written as the exponential of Lindblad operators3.

E ¼ expL; ð19Þ

where the Lindblad operator can be written as

L ¼
X
i

λiðPi � I Þ: ð20Þ

Thus, the error channel is

E ¼�i½ωiI þ ð1� ωiÞPi�; ð21Þ

where ωi ¼ ð1þ e�2λi Þ=2. This error model is called the Pauli-Lindblad
noise model17. The inverse operation of the error channel is

E�1 ¼ expð�LÞ ¼ �i μiI þ ð1� μiÞPi

� �
¼ e2

P
i
λi�i ωiI þ ð1� ωiÞð�PiÞ

� � ð22Þ

where μi ¼ ð1þ e2λi Þ=2. There are two ways to simulate the inverse
operation of the error channel. One is to simulate E�1 as a whole channel,
and the other is to simulate each layer μiI þ ð1� μiÞPi

� �
, separately. No

matter the ideal or noisy cancellations, the second way may have more cost
than the first way21, since the sub-multiplicity of the implementability
function (see Methods). For the formalism simplicity, however, we only
consider the noisy cancellation in the second way. By measuring the noise
map Θ of Pauli gates in the experiment, the optimal noisy cancellation is
given as

E�1 ¼�i μiI þ ð1� μiÞ
X
j

Θ�1ij Kj

" #
: ð23Þ
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Invertibility of noise map
The above discussion is based on the assumption that the linear map Θ is
invertible. When the map Θ is not invertible, there is no perfect noisy can-
cellation. The invertibility ofΘ is equivalent to detΘ≠0. In practice, assuming
the truevalueΘ0of thenoisemap isnot invertible, i.e., detΘ0 ¼ 0, the random
fluctuation from the finite measurements will lead to the noise map Θ mea-
sured from the experiments to be invertible, detΘ≠0. Therefore, the condition
detΘ≠0 calculated with the experimental data does not certainly imply the
invertibility of the noise mapΘ. In the following, we discuss the condition the
noise map Θ is invertible under finite measurements in experiment.

For simplicity, denote the true value of the determinant of the linear
map detΘ0 as det0. With the Chebyshev’s inequality, it can be shown that
theprobability for the case that the true valueof thedeterminantof the linear
map Θ is not invertible is expressed as

Pðdet0 ¼ 0Þ≤ exp � N

2 Θ�1
�� ��2

2

 !
: ð24Þ

Therefore, for a given number N of measurements, the linear map Θ is
invertible with the probability (1 − δ) if the map Θ satisfies that

Θk k2 ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2D log 1

δ

N

s
; ð25Þ

where D is the dimension of the map Θ. For the details of calculation, see
Supplementary Note V.

Bias of noisy cancellation
For the noisy cancellation, without mitigating the noises in simulation of
inverse noise operation E�1, we would like to estimate the bias of the noisy
cancellation E�1λ � E ¼ ΘðE�1Þ � E. The bias of the expectation of Pauli
operator bO is expressed as

δλ ¼ jTr½bOUðρÞ� � Tr½bOE�1λ � E � UðρÞ�j
≤ pQðI � E�1λ � EÞ;

ð26Þ

where we denoteQ ¼ QðA! AÞ. With E�1λ ¼ ΘðE�1Þ, we have

δλ ≤ 2ΘλpQðE�1λ � EÞ≤ 2ΘλpΘðQÞðE�1λ Þ; ð27Þ

whereΘλ ¼ 1�miniΘii is themaximal error probability of the noisy Pauli
gates. This result allows for estimating the upper bound of the bias in
experiments, with the cost of simulation pΘðQÞðE�1λ Þ and the calibration of
Pauli gatesΘλ. For the details of the calculation, see Supplementary Note V.

If the circuit consists of L layers of operationsU ¼ QL
i¼1 �Li, whereLi

is the i-th layer, there are two strategies to realize the PECmethod. One is to

cancel the error of each layerEi separately, and the other is to cancel the total
error

Q
iEi directly. The circuits are shown in Fig. 2. Let the noisy realization

of circuit beUλ ¼ �
 L

i¼1Liλ, whereLiλ ¼ Ei � Li, then the error channel of
the circuit is

E ¼ � 
L

i¼1~Ei;
ð28Þ

where ~Ei ¼ ð�
 L

j > iLjÞ � Ei � ð�
!L

j > iLyj Þ. Here, the arrow above the
symbol◯ represents the acting direction of layers.

We consider the bias of noisy cancellation of the total error of the
circuit for these two different strategies. For the separate cancellation
method, the noisy realization of the error-canceled circuit is

UPEC ¼ �
 L

i¼1LiPEC;
ð29Þ

where LiPEC ¼ E�1iλ � Ei � Li. The error of the separate cancellation is

E�1S � E ¼ �
 L

i¼1~EiPEC; ð30Þ

where ~Ei ¼ ð�
 L

j > iLjÞ � E�1iλ � Ei � ð�
!L

j > iLyj Þ. The bias of the noisy sepa-
rate cancellation is

δλS ≤ 2Θλ

XL
j¼1

Yj
i¼1

pΘðQÞðE�1iλ Þ: ð31Þ

For the detailed calculation, see Supplementary Note V. On the other hand,
by applying Eq. (27), the bias of the direct cancellation method is

δλD ≤ 2ΘλpΘðQÞðE�1λ � EÞ

≤ 2Θλ

YL
i¼1

pΘðQÞðE�1iλ Þ:
ð32Þ

Since the upper boundof the bias of the direct cancellationmethod, Eq. (32),
is less than the upper bound of the bias of the separate cancellationmethod,
Eq. (31), the direct cancellation method appears to be more accurate than
the separate cancellation method.

However, there are more results with the detailed analysis of the noisily
canceled error E�1λ � E.We consider a particular case that the noisily canceled
error E�1λ � E is a CPTP quantum channel, pQðE�1λ � EÞ ¼ 1. For instance, if
the noises are uniform on the Pauli gates,ΘðEÞ ¼ N � E, with the commu-
tativity of Pauli diagonal operation, it preservesE�1λ � E ¼ N 2 QðA! AÞ.
The bias of the direct cancellation is bounded by

δλD ≤ 2Θλ; ð33Þ

since pQðE�1λ � EÞ ¼ 1. For the separate cancellation method, assume the
noisily canceled error for each layer E�1iλ � Ei is a CPTPquantum channel; it

Fig. 2 | Noisy probabilistic error cancellations
of multi-layer circuit. a Cancel the errors of the
L-layer circuit separately in each layer. b Cancel the
errors of the L-layer circuit directly as a whole error
of the circuit.
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can be shown that the bias is bounded by

δλS ≤ 2½1� ð1� 2ΘλÞL=2�≤ 2: ð34Þ

For details of the calculation, see Supplementary Note V.
The numerical results for comparing the two cancellation methods

with small and large error rates are shown in Fig. 3. When the error rate is
sufficiently small, e.g., λ = 0.05 as used in Fig. 3a–c, the noisily canceled
errors for both separate and direct cancellations are CPTP, Fig. 3c. Thus, the
bias is limited by the CPTP upper bounds, as shown in Fig. 3a for the
separate cancellationEq. (34) and Fig. 3b for the direct cancellationEq. (33).
Thebias of direct cancellation ismuch smaller than the separate cancellation
method. When the error rate is moderately large, e.g., λ = 0.5 as used in
Fig. 3d–f, the noisily canceled errorE�1iλ � Ei of each layer error is still CPTP,
thus the noisily canceled error

Q
iE�1iλ � Ei of separate cancellation is also

CPTP, as shown inFig. 3f, and the bias of separate cancellation is still limited
by Eq. (34), as shown in Fig. 3d. For the direct cancellation method, the
noisily canceled error E�1λ � E is CPTP, when the layer is shallow. However,
it will no longer be CPTP as the layer increases, as ilustrated in Fig. 3f. The
bias of direct cancellation increases exponentially with the layer number
accroding to Eq. (32) in and will surpass the CPTP upper bound of separate
cancellationEq. (34), see Fig. 3ewhere theCPTPupper bound is labeledby a

dotted curve. Thus, for a large error rate, the separate cancellationmethod is
more effective than the direct cancellation method.

When the error rate is large enough, the noisily canceled error for the
individual layer will not be CPTP. The bias of both the separate and direct
cancellationmethods will exponentially increase with the layer number, see
Eqs. (32) and (31). However, for the direct cancellationmethod, the error of
L layers of circuits may not be invertible under a finite measurement pre-
cision in the experiment, since its error rate is typically L times the error rate
of the one for the individual layer. By considering themap ΞðN Þ ¼ E �N ,
where E is the error to be canceled, the condition of invertibility of E is given
by Eq. (25), as

Ek k2 ≥
ffiffiffiffiffiffiffiffiffiffiffiffi
2 log 1

δ

N

s
: ð35Þ

In brief, for the case where the circuit is shallow and the error rate is
sufficiently small, the direct cancellation method is more accurate. If the
circuit is deep and the error rate is large, the separate cancellationmethod is
more accurate.

Intuitively, onemay expect a clear criterion for choosing between these
two cancellation methods. The condition for the criterion requires the
solution of a multi-variable polynomial equation pQðΘðE�1Þ � EÞ ¼ 1 in

Fig. 3 | Numerical results for the biases of the noisy cancellations with separate
and direct methods. a, b, d, and e, Colored filling regions denote the biases of
expectations for different Pauli operators, and solid curves denote the median of the
biases of the operator expectations. Dashed curves denote the distance between the
imperfectly canceled error E�1λ � E and I in the implementability function
pQðI � E�1λ � EÞ, which upper bounds the bias of the operator expectations by Eq.
(26). Dotted curves denote the CPTP upper bound of pQðI � E�1λ � EÞ, see Eqs. (33)
and (34) for the direct and separate cancellation methods, respectively. The error Ej

is assumed to be the same for each layer, Ej ¼ E0, and the error E0 as well as the
noises N i on Pauli gates Pi are randomly sampled from the Pauli-Lindblad error
model (21), with a fixed single-layer error rate λ=∑iλi. c and f, Dotted dashed curves
denote the implementability function pQðE�1λ � EÞ of the imperfectly canceled error

for direct and separate cancellation methods. a--c, For a small error rate λ = 0.05,
since the imperfectly canceled errors E�1λ � E (c) are CPTP for circuits with a layer
number less than 20, the biases of both the separate (a) and direct (b) cancellation
methods are limited by theCPTP upper bound, Eqs. (33) and (34), and the bias of the
direct cancellation is smaller than the separate cancellation method. d–f For a large
error rate λ = 0.5, since the imperfectly canceled error E�1λ � E for the direct can-
cellation method (f) will eventually not be CPTP with the cumulation of errors
E ¼ EL

0 . The bias increases exponentially and surpasses the CPTP bound (e), as the
layer number L grows. However, the error E�1λ � E for the separate cancellation
method (f) is still CPTP, since each the error of individual layer E�10λ � E0 is CPTP.
The bias of separate cancellation is still bounded by the CPTP upper bound (f). For
details of simulation, see Supplementary Note VI.
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the components νi of E and the elementΘij ofΘ. However, the solution for
the criterion is very complicated, where the error rate λ of E and the max-
imum error probability Θλ of the noise map Θ are not sufficient to deter-
mine the criterion. In experiments, to verify whether the noisily canceled
error is CPTP requires the complete estimation of the noise map Θ, which
provides sufficient information for the noiseliess cancellation, thus it need
not to consider the bias of noisy cancellation. Therefore, there is no feasible
and reliable criterion to distinguish which method, direct or separate, has
better performance. To quantitatively determine this criterionwill be a topic
in further investigations. Moreover, the error model used for PEC may be
inaccurate, which also hinders the verification of the noisily canceled
CPTP error.

Bias of Inaccurate error model
The case where the error model is inaccurate will also induce the bias of the
PEC method. This is not the main target of this work and has been inves-
tigated in other works34. The bias of the PEC from the inaccurate error
model is estimated by employing the diamond norm

δO ¼ jTr½OUðρÞ� � Tr½ObE�1 � E � UðρÞ�j
≤ I � bE�1 � E��� ���

�

≤
XL
j¼1

I � bE�1j � E j

��� ���
�

Yj�1
i¼1

bE�1i � Ei

��� ���
�
;

ð36Þ

where δO ¼ j Oh iPEC � Oh iexactj is the bias of the PEC method with the
inaccurate error model, Ei is the exact error channel of i-th layer, and bEi is
the inaccurate errormodel learned fromexperiment.With the estimation of
the diamond norm of the operation I � bE�1j � E j, the bias is calculated as

δO ≤
XL
j¼1

δj
Yj�1
i¼1

γi; ð37Þ

where γi ¼ pQðbE�1i Þ,

δj ¼ j1� νðjÞ0 j þ γj � νðjÞ0 ; or ð38Þ

δj ¼ j1� νðjÞ0 j þ TðfrðjÞk gÞ; ð39Þ

νðjÞ0 ¼ 1
4n
P

kr
ðiÞ
k is the component of bE�1j � Ej in I , rðiÞk ¼ f meas

Pk
=fmod

Pk
is the

ratio of the measured fidelity to the model fidelity of the Pauli gate Pk, and

TðfrðjÞk gÞ ¼
4n � 1
4n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
k

rðjÞk rðjÞk �
1

4n � 1

X
m≠k

rðjÞm

� �s
: ð40Þ

Since the diamond norm is the implementability function pQ, Eq. (51),
the bias fromthe inaccurate errormodel is compatiblewith thebias from the
noisy cancellation operation estimated in this work. The total bias of the
noisy PEC with the inaccurate error model is upper bounded as

δλO ¼ jTr½OUðρÞ � bE�1λ � E � UðρÞ�j
≤ pQðI � bE�1λ � EÞ≤ δO þ δλD;S:

ð41Þ

Wenext consider thePauli diagonal errormodelE ¼ expLðλiÞ, where
LðλiÞ ¼

P
iλiðPi � I Þ. Assume real error parameters fλðjÞi gwithdeviations

from the parameters fbλðjÞi g, measured in experiments for the jth layer. The
mitigated error channel for the jth layer is

bE�1j � E j ¼ expLðΔλðjÞi Þ; ð42Þ

where bE j is the target error channel for the mitigation, E j is the real error

channel, and ΔλðjÞi ¼ λðjÞi � bλðjÞi . The total mitigated error channel is

bE�1 � E ¼Y
j

bE�1j � E j ¼ expLðΔλÞ; ð43Þ

whereΔλi ¼
P

jΔλ
ðjÞ
i . The bias of the expectation of the Pauli operator bO is

upper bounded by

δO ≤ pQðI � bE�1 � EÞ
¼ pQðbE�1 � EÞ þ j1� ν0j � ν0:

ð44Þ

It is crucialwhether themitigated errorbE�1 � E isCPTPornot, and the
error is called under-mitigated or over-mitigated if it is CPTP or not CPTP.
The numerical results for the bias of under-mitigated and over-mitigated
errors are shown in Fig. 4. For the under-mitigated error,bλðjÞi ≤ λðjÞi , we have

Fig. 4 | Numerical results for the biases of the inaccurate errormodel with under-
mitigated and over-mitigated cases. a, b Colored filling regions denote the bias of
expectations for different Pauli operators, and solid curves denote the median of the
bias of the operator expectations. Dashed curves denote the distance between the
mitigated error Ê�1 � E and I characterized by the implementability function
pQðI � Ê�1 � EÞ, which upper bounds the bias of the operator expectations in Eq.
(26). Dotted curves denote the CPTP upper bound of pQðI � Ê�1 � EÞ, as shown in
Eqs. (45) and (46) for the under-mitigated and over-mitigated errors, respectively.
The mitigated error channel E�1i � Ei for each layer is assumed to be the same,

Ei ¼ E0, and randomly sampled from the Pauli-Lindblad error model in Eq. (21),
with a fixed single-layer error rateΔλunder ¼ 0:05Δλunderi ≥ 0 for the under-mitigated
error channel (a), and Δλoveri ¼ �Δλunderi for over-mitigated error channel (b).
c Dotted dashed curves denote the implementability function pQðÊ

�1 � EÞ for the
under-mitigated and over-mitigated errors. Since the under-mitigated error Ê�1 � E
is CPTP, the bias is lower than the CPTP upper bound as shown in (a). In contrast,
the over-mitigated error channel Ê�1 � E is not CPTP, the bias increases exponen-
tially as the layer number L grows, which is bounded by the non-CPTP upper bound
in Eq. (46) as shown in (b). For details of simulation, see Supplementary Note VI.
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pQðbE�1 � EÞ ¼ 1, as shown in Fig. 4c, and the upper bound is shown in
Fig. 4a as

δO ≤ 2 1� e�Δλ
� �

; ð45Þ

whereΔλ =∑iΔλi > 0. For the over-mitigated error, bE�1 � E is not CPTP as
illustrated in Fig. 4c, the upper bound increases as the layer number
increases, as shown in Fig. 4b

δO ≤ e2Δλ� � 2e�maxfΔλ;0g þ 1; ð46Þ

where Δλ� �
P

ijminfΔλi; 0gj. Therefore, when considering the error
model violation, the under-mitigated error channel outperforms the under-
mitigated error channel.

For the error beyond the description with the Pauli diagonal error
model, it can be randomly compiled into the Pauli diagonal error model by
using the well-performed Pauli twirling technique. However, when the
number N of shots for Pauli twirling is not sufficiently large, the inaccurate
errormodel will yield a deviation from the estimation. This deviationwill be
suppressedwith the increase ofN as	1= ffiffiffiffi

N
p

according to the largenumber
theorem, so it canbe interpreted as a statistical error of the estimation.Given
a tolerant precision δ of the estimation and a tolerant probability γ≪ 1 for
the failure, the number of shots N should satisfies

N≳
L2

δ2
ðA� B log γÞ; ð47Þ

where A, B ≥ 0 are constants for the specific error model. More detailed
discussions can be found in Supplementary Note V.

Discussion
The implementability function is related to several quantities in quantum
information theory and has further applications in quantum information
processing. Here, we discuss the relationship between the implementability
function and the diamond norm, logarithmic negativity, as well as purity.
These results can reduce to the results about CPTP operationsQðA! AÞ
in otherworks.However, our technique doesnot stemfrom the semidefinite
property of Q but uses the convexity and the free property of resource
theories and can be applied to a general case.

We first consider the relationship between the implementability
function and the diamond norm38,40. For a systemA, given a convex free set
of states F ðAÞ, the implementability function pF ðAÞ can be defined. Natu-
rally, it induces a norm on the space of quantum operations BðA! AÞ

N�� ��
�F ðAÞ � max

pF ðAÞðN ðρÞÞ
pF ðAÞðρÞ

: ð48Þ

This norm is a generalization of the diamond norm

N�� ��
� � max

ρ2QðA
AÞ
id
N ðρÞ�� ��

1

ρ
�� ��

1

; ð49Þ

where the free set is QðA
 AÞ, since the implementability function
pQðAÞ ¼ �k k1, with respect to the set of all quantum stateQðAÞ is the trace
norm �k k1 (see Supplementary Note VII). The norm �k k�F ðAÞ is the Min-
kowski functional of the set FmaxðA! AÞ of resource non-generating
(RNG) operations2, i.e., the maximal assignment of operations for the free
set F ðAÞ of state (see Supplementary Note VII for the proof)

N�� ��
�F ðAÞ ¼ pFmaxðA!AÞðN Þ: ð50Þ

Therefore, the diamond is the exponential of the physical implementability

N�� ��
� ¼ pQðA!AÞðN Þ: ð51Þ

This result has also been proved with semidefinite programs41, where
pQðA!AÞ is denoted as k � k♦. We give a different proof (see Supplementary
Note VII) without semidefinite programs, which is simpler.

In addition, we consider the relationship between the implementability
function and the logarithmic negativity. The following results generalize the
results of physical implementability22. The logarithmic negativity is defined
as42,43

EN ðρÞ ¼ log ρTB
�� ��

1
; ð52Þ

which denotes the negativity of the partial transposed density matrix ρTB ,
and is effective to detect entanglement44,45. Since pQðABÞ ¼ �k k1, it is the
logarithm of implementability function

EN ðρÞ ¼ log pTBðQÞðABÞðρÞ ð53Þ

on the free set TBðQÞðABÞ of partial transpose of quantum states, since the
partial transpose TBðρÞ ¼ ρTB is a linear involution T2

B ¼ idB. Given a
convex free set F ðABÞ, for ρ ∈ B(AB), we can define a generalized version
ENF ðABÞ of logarithmic negativity with respect to a convex set F ðABÞ as

ENF ðρÞ ¼ log pTBðF ÞðABÞðρÞ; ð54Þ

whereTBðF ÞðABÞ is thepartial transpose of the free setF ðABÞ.With the so-
defined generalized logarithmic negativity and the sub-multiplicity of
implementability function, it follows that for ρ ¼ N ðρ0Þ, where
ρ0 2 BðABÞ,N 2 BðAB! ABÞ

ENF ðABÞðρÞ � ENF ðABÞðρ0Þ
≤ log pTBðF ÞðAB!ABÞðN Þ;

ð55Þ

where the action of partial transpose on operations is induced as

TBðN Þ ¼ TB �N � TB: ð56Þ

For the proof, see Supplementary Note VII. This inequality is tight when

pTBðF ÞðAB!ABÞðN Þ ¼ N�� ��
�TBðF ÞðABÞ; ð57Þ

and by Eq. (50), i.e., the free set of operations is a resource nongenerating set

F ðAB! ABÞ ¼ FmaxðAB! ABÞ: ð58Þ

When the operationN is invariant under the partial transpose, namely

TB �N � TB ¼ N ; ð59Þ

the inequality reduces to

ENF ðABÞðρÞ � ENF ðABÞðρ0Þ≤ log pF ðAB!ABÞðN Þ: ð60Þ

In particular, it holds for the local operationsN ¼PiqiN A
i 
N B

i , which
is invariant under the partial transpose.

Purity is the square of the Frobenius norm Ak k2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðAyAÞ

p
. Let

σ 2 BðAÞ,N 2 BðA! AÞ. For the Frobenius norm, we have

N ðσÞ�� ��
2

σk k2
≤ pF ðAÞðN Þ max

l2Aþ ∪A�
F l

�� ��
F ; ð61Þ

where �k kF is an induced norm of the Frobenius norm

Mk kF ¼ maxi Mi

�� ��
F
¼ max

i
max
σ i

Miðσ iÞ
�� ��

2

σ i
�� ��

2

; ð62Þ
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where Mi is the Jordan decomposition of the operation M as the matrix
acting on the vector space of stateBðAÞ. Here,F l is the extremepoints of the
free set, whereN has optimal decomposition on them. In particular, if the
operationN is identity, i.e.,N ðIÞ ¼ I, denoting σ = ρ − I/D, we have

log
PðN ðρÞÞD� 1
PðρÞD� 1

≤ 2 log pF ðAÞðN Þ

þ 2 log max
l2Aþ ∪A�

F l

�� ��
F :

ð63Þ

Moreover, ifN ¼PlxlU l is a unitarymixed operation, where the unitaries
U l 2 F ðA! AÞ are free, namely F l ¼ U l , we have

log
PðN ðρÞÞD� 1
PðρÞD� 1

≤ 2 log pF ðAÞðN Þ: ð64Þ

For the proof, see Supplementary Note VII.

Conclusion
The implementability function pF is the generalization of physical imple-
mentability to arbitrary convex free setF , which evaluates theminimal cost
to simulate a resource with the free resources by quasiprobability decom-
position. We investigate the noisy realization of the PEC method based on
the properties of the implementability function.We demonstrate the way to
optimally simulate the inverse operation of the error channel with the noisy
Pauli basis. This method requires that the noisy Pauli gates can be reversed
into ideal Pauli gates.We give the condition under which the invertibility is
guaranteed with a tolerant probability of failing under finite measurements
in experiments. We also derive upper bounds of the bias of the noisy can-
cellation of error channel without canceling the noise on Pauli gates. It
shows that to mitigate the error channels in circuits with many layers,
canceling the total error directly has better performance than canceling the
layer errors separately when the error rate and layer number are small.
Otherwise, the separate cancellation has better performance.

Moreover, we discuss several quantum-information quantities that are
relevant to the implementability function, including the diamond norm,
logarithmic negativity, and purity. We propose a norm on quantum
operations based on a given implementability function of state, which is a
generalization of the diamond norm. This norm denotes the implement-
ability function of the resource non-generating set of the operation. It
directly implies that the diamond norm is the exponential of physical
implementability, whichhas also beenprovedwith semidefinite programs41.
Moreover,wederive the relationbetween the implementability functionand
the logarithmic negativity and purity, which extends the existing results22.

Our results aremainly based on the convexity of the free set. However,
the compositionof theoperationmay implymoreproperties for quantifying
resources, which may be left to further research. We hope that our results
will be useful for the probabilistic error cancellationmethod in practice.We
also expect that the implementability function will have more applications
in the field of quantum information processing.

Methods
Let A, B, C, … denote the systems; the Hilbert spaces of these systems are
HA;HB;HC . The set of bounded linear operators on the Hilbert spaceHA is
denoted asBðAÞ, towhich the densitymatrices ofA systembelong. The linear
operation on the operators from BðAÞ to BðBÞ is denoted as BðA! BÞ.

The quantum resources form a convex set Q � B=R of space of
normalized resources.Here,we focus on thequantumchannelsQðA! AÞ,
which are the completely positive and trace preserving (CPTP) quantum
operations. For the noisy cancellation, the implementable channels can be
expressed asΘðQÞðA! AÞ, whereΘ is the linearmap from ideal channels
to noisy channels. In this section, the symbol (A → A) for quantum
operation will be omitted for simplicity.

The quasiprobability decomposition technique used in the PEC has
also been used in other quantum information processing tasks, such as

entanglement forging46, where the entangled states are simulated with
separable states, and circuit knitting47–49, where the nonlocal operations are
simulated with local operations. Therefore, it is worth extending the defi-
nition of the physical implementability to any convex free set of quantum
resources. (see Supplementary Note I for a brief introduction to the fra-
mework of quantum resource theories). In general, for a given convex setF
of freely implementable resources, the implementability function can be
defined as

pðNÞ ¼ infF
X
i

jxij; ð65Þ

over all decompositionN=∑ixiEiwithEi 2 F . Our definitiondoesnot take
the logarithm, since the implementability function p(N) so-defined is just
the minimal number of free operations used to simulate a resourceful
operation with quasiprobability decomposition technique. Meanwhile, this
quantity is also related to the robustnessmeasureR in the quantum resource
theories2,10,50,51 as

p ¼ 2Rþ 1: ð66Þ

The robustness depicts theminimal amount ofmixingwith free resources to
wash out all resources51. The implementability function operationally cor-
responds to the inverse problem of the robustness.

The infimum of the cost is attained if the convex set F is bounded
closed

pðNÞ ¼ min
F

X
i

jxij <1: ð67Þ

Hereafter, we assume that the free set F is a bounded closed convex set.
Then, the implementability function has the following basic properties:
(i) Faithfulness

pðNÞ≥ 1; andN 2 F ; iff pðNÞ ¼ 1: ð68Þ

(ii) Sub-linearity

pðaN1 þ bN2Þ≤ jajpðN1Þ þ jbjpðN2Þ: ð69Þ

(iii) Composition sub-multiplicity

pðM � NÞ ≤ pðMÞpðNÞ: ð70Þ

(iv) Tensor-product sub-multiplicity

pðM 
 NÞ≤ pðMÞpðNÞ: ð71Þ

(v) If F 1 � F 2,

pF 1
≥ pF 2

: ð72Þ

In general, not all the resources can be implemented by the resources
that can be freely implemented with quasiprobability decomposition. One
example is that if the freely implementable resources are local operations
and classical channels (LOCC), the CNOT gate is not implementable22.
Therefore, we consider the affine space A ¼ aff ðF Þ, and the vector space
V ¼ hF i generated by the free setF . Then, the implementability function
pF is the Minkowski gauge function52 of the convex set
C ¼ convðF ∪ � F Þ, when constrainedon the affine spaceA ¼ aff ðF Þ, as

pF ¼ pCjA � inffα≥ 0 : N 2 αCg: ð73Þ
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This implies that the implementability function is a ratio of the length of
lines, which is an affine invariant preserved by affine transformations
GA(V)53. In the vector space V, the implementability function is a norm,
which is the so-calledbasenormfor the free setF 54,55.Actually, for anynorm
∥ ⋅ ∥, since its sub linearity, there is a balanced convex set
C �k k ¼ fN :k N k ≤ 1g, such that the norm is the Minkowski gauge
function of C �k k. Therefore, the implementability function may be
potentially related to many norms widely used in quantum information
theory. For the proofs of the properties above, see Supplementary Note II.
For more mathematical properties and structures of the implementability
function, see Supplementary Note III and Supplementary Note IV.
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