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Decoherence severely limits the performance of quantum processors, posing challenges to reliable
quantum computation. Probabilistic error cancellation, a quantum error mitigation method,
counteracts noise by quasiprobabilistically simulating (non-physical) inverse noise operations.
However, existing formulations of physical implementability, quantifying the minimal cost of
simulating non-physical operations using physical channels, do not fully account for the experimental
constraints, since noise also affects the cancellation process, and not all physical channels are
experimentally accessible. Here, we generalize the physical implementability to encompass arbitrary
convex sets of experimentally available quantum states and operations. Within this generalized
framework, we demonstrate noiseless error cancellation with noisy Pauli operations and analyze the
bias of noisy cancellation. Furthermore, we establish connections between generalized physical
implementability and quantum information measures, e.g. diamond norm, logarithmic negativity, and
purity. These findings enhance the practical applicability of probabilistic error cancellation and open
new avenues for robust quantum information processing and quantum computing.

In quantum computation, an ideal quantum circuit is unitary'. However, the
imperfection of quantum devices will lead to the noises in the performance
of quantum circuits. The physical operations on a quantum system are
thought to be completely positive and trace-preserving (CPTP), which is
also called the quantum channel’. The Markov noise in quantum circuit can
be depicted as a quantum noise channel £°.

In practice, the noise channel £ can be evaluated by the quantum
process tomography, even though the cost may be exponentially
overwhelming'. With the knowledge of the noise channel £, we would like to
implement its inverse £ ' to cancel the impact of the noise. However, only
the unitary channels have quantum channels as its inverse £ is also
CPTP". 1t is impossible to physically implement a quantum channel to
cancel the incoherence error.

Although the inverse operation £~ may not be a quantum channel but
rather a Hermitian-preserving and trace-preserving (HPTP) operation, it
can be simulated with a series of quantum channels. If it can be decomposed
as the affine combination of quantum channels, the inverse operation £
can be simulated by the quasiprobability mixture, of which the absolute
value of coefficients in the affine decomposition are normalized into a
probabilistic distribution. The noise inverse operation is the probabilistic
mixture of quantum channels with signatures of coefficients in this

distribution up to normalization. This quantum error mitigation method is
the probabilistic error cancellation (PEC)*".

Furthermore, the reduced dynamics with correlated initial conditions
might not always be CPTP'®". The quasiprobability mixture technique
allows for simulating such HPTP operations with quantum channels, which
helps to analyze the non-Markov noise. The logarithm of the minimal cost,
or overhead C,,,, in the context of quantum error mitigation*'**’, to simulate
an HPTP operation with CPTP channels is defined as the physical imple-
mentability of the HPTP operation'*”. It has also been shown that the
physical implementability of the noise inverse operation £ ' characterizes
the decoherence effects of noise channel™.

In the PEC method, by employing the Pauli-twirling technique®'”**,
the error channel and the noises in experiments can be randomized com-
piled to be Pauli diagonal. By employing the cycle benchmarking”®* and
error reconstruction technique"“’”, the error model of the noisy circuit can
be constructed'***”. In principle, with the well-performed randomized
compiling and sufficient estimation of error model, the PEC method is
believed to be free of bias’. However, in practice, the PEC method will not
always be unbiased. The bias can be induced from the violation of the error
model™"*. This may be caused by the inaccurately randomized compiling or
the inaccurate error model estimation™.
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Moreover, to cancel the error in noisy circuit, additional Pauli gates
need to be introduced in the implementation of the PEC, which would also
be affected by the noises in the additional circuit. Intuitively, the noises on
Pauli gates P; may be single-qubit errors, which is not comparable to the
error to be canceled. However, due to the cross-talk between qubits3 > the
noises of multi-qubit Pauli gates may not be the tensor product of noises of
single-qubit Pauli gates in experiments. Therefore, the noises introduced in
Pauli gates are not simply the single-qubit errors, and it is possible to yield a
considerable bias of cancellation. If the noises in the cancellation are less
than the error to be canceled, the PEC has a positive effect on the perfor-
mance of a quantum circuit. Otherwise, the cancellation makes the per-
formance of the quantum circuit even worse. The similar imperfection in
quantum error correction leads to the famous threshold theorem®*’, which
may be the main obstacle to realizing fault-tolerant quantum computation.
The error mitigation technique is not believed to have an inevitable
threshold phenomenon’. Nevertheless, the noisy implementation of the
cancellation will also lead to additional bias.

In this paper, we investigate the noisy cancellation of the error channel.
We generalized the physical implementability to an arbitrary given convex
set F of quantum operations and states that are available in experiments,
and its general properties are introduced in Methods. Using the generalized
physical implementability, we demonstrate the optimal method to noiseless
cancel a given error channel with noisy Pauli gates in Results. We also
consider the bias of the noisy cancellation with the noisy Pauli gates and the
bias of the error model violation. Moreover, we illustrate the connection
between the generalized physical implementability and other quantum
information measures, such as the diamond norm, logarithmic negativity,
and purity in Discussion.

Results

Noiseless cancellation with noisy Pauli Basis

Let V' be an HPTP operation on system A, and then it can be decomposed as
the affine combination of CPTP channels \V;

N = Z ”iNiv (1)

where > n,;=1.Ifall n;> 0, it can be implemented by a probabilistic mixture
of CPTP channels A/ ;- Otherwise, for any n; < 0, we should rewrite it as

N=z Z sgn(n)q: N, )

where Z = 3, |n;| and g; = |n|/Z. Then, N can be simulated by using the
probabilistic mixture of CPTP channels \V; with sign sgn(n;). The quantity
Z is the cost of CPTP channels for the implementation of a single HPTP
operation. The physical implementability”' is defined as the logarithm of the

5;1 Noisy U

Cancellation

Noise in PEC
E-1E T #E!
(a)

Urpec | = U

Error in circuit

minimal cost of CPTP operations for HPTP operations
YN) = logmin{z Il : N = nN,N, e Q}, 3)

where Q denote the set of CPTP channels.

For the PEC quantum error mitigation method, the error channel is
mitigated by simulating its inverse operation. Let £ = U, o U be the error
channel (in the left action) of an ideal quantum circuit &/ whose noisy circuit
in experiments is I/,, as shown in Fig. 1. The quasiprobability decomposi-
tion of the inverse operation £ " of error channel is

&= Zrﬂ)i, (4)

where P; are called noisy basis. With the Pauli-twirling technique, we
consider the error model as the Pauli diagonal error, and the noisy basis P,
are Pauli gates. Then, the ideal expectation of the operator O relative to the
initial state p is

(0), =23 s 2 1e[0P, o 0] ®

The PEC mitigated unitary circuit Upgc is shown in Fig. la.

Ideally, the Pauli gates P; are physically realizable quantum channels,
but the inevitable noises in experiments lead to the noisy Pauli gates /C;.
Here, we encounter two different kinds of noise, one is the error channel £ in
the quantum circuit I/ of our interest, and another is the noises in the noisy
basis P;, which is used to cancel £. To clearly distinguish them, the former
one € is called error, while the latter is called noise in the following. The noisy
realization of the inverse of the error channel thus is

5;1 = Zrilcivtgil, 6)

1

which cannot cancel the error channel completely, as Fig. la
Instead, if we ideally apply a modified PEC operation of the error
channel, shown in Fig. 1b,

-1 _
gm _§ :qiph (7)
i
its noisy realization is
_1 _
Em = E a;K;. )
i
Noiseless
UsmpEC | = | | e
Cancellation AmPEC A \m

Noise in PEC
Eml—oEl=E1

U—EolU
(b)
Original PEC Modified PEC
Upr = u -1 R U — U < U _ U o1
e A € with £—1 A with £5l=0-1 (€1 mPEC A m

Fig. 1 | Diagram of the PEC method and its modification. a The noisy imple-
mentation U, of a quantum circuit I{ with error channel £. The PEC method cancels
this error by implementing its inverse operation £*. b However, the noisy reali-
zation of the inverse operation &; ' incompletely cancels the error €. With the noises

of cancellation, the PEC operation needs to be modified as £.' = @ 1(£7"), where
© is the map from the ideal Pauli gates P; to noisy gate /C;, such that its noisy
realization &} cancels the error £ complete.
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We can select the parameters g; to cancel £ completely, ie., £} = €77,
based on the knowledge of the noises on Pauli gates.

In precise, with the Pauli twirling techniques, we still assume that the
noisy Pauli gates are Pauli diagonal

K;=0(P)=> 0P, ©)
J

The noise map ® can be calibrated on the experimental devices. If the noisy
Pauli gate K; are not completely indistinguishable, ie., /C; are linearly
independent, the noise linear map @ is invertible. Then, the modified PEC
operation of the error channel is

5;1 = @*1(6—1) = Zqipi, (10)

where g, = erjG)jjl.

There still exists a problem that which model of the noisy quasiprob-
ability cancellation of error £ is optimal. To depict the cost of noisy can-
cellation, We thus define the generalized physical implementability for any

HPTP operation N with respect to noisy CPTP operations as
PeigyN) = inf{2|x,-| N =) x NN e @(Q)} (1

where the minimization is the quasiprobability decompostion N =
>~xN; with respect to noisy CPTP channels @(Q). Here, ® denotes the
noise map for the basis of the operation space. Moreover, for other quantum
information processing tasks involving the quasiprobability decomposition,
their optimal costs can also be quantified by several types of implement-
ability functions similar to the generalized physical implementability as
defined. For the general definition and properties of the implementability
function, see Methods.

With the generalized physical implementability, the optimal cost of the
inverse operation £7! is p®(g)(871). Assume that the linear map © is
invertible, by the affine invariance of the implementability function (see
Methods), we have

Peoo)(€71) = po(@H(E™) = po(EL), (12)
where p, = exp v is the (exponential) physical implementability. Since the
optimal cancellation of a mixed-unitary channel with ideal CPTP channels
is the decomposition with the unitaries”, the optimal cancellation of
modified PEC cancellation operation &' is the quasiprobability decom-
position with respect to the ideal Pauli channels PP; with quasiprobability

q; = Z r]@jjl.
j

(13)

The optimal cancellation of £~ with respect to the noisy CPTP channels
©(Q) thus is the quasiprobability decomposition with respect to the noisy
Pauli channels iC; with g; in Eq. (13). In conclusion, with the matrix ®;
measured from the noisy Pauli basis KC;, the inverse operation £~' of the
error channel can be optimally canceled under the noisy Pauli basis /C;.

Here, we illustrate the result with simple examples. Assume the noise is
a depolarizing error on one qubit, ideally, the error channel of evolution with
error rate A is

It is not difficult to show that its inverse is

e 44 )
T41-)" 41-)

X+Y+2). (15)

If the error rate A < 1, we approximate @(P;) ~ P, for P, = X, Y, Z, we
have

4—2 A
:4(1—)0”*_4(1—)0

u (X+YV+Z)old, (16)

which is in coincidence the known results of the depolarizing error’. Then,
weassume that @(Z) = Zand Kp = O(P;) = £* o P;for P, = X, Y, Z.
It can be calculated as

1+3(1-2)° 1—(1-)*
& = +(4 )I+ (4 )(X+y+Z). (17)
Leta = 1+3(‘11_A)a b= 1_(14_)0“, we have
1 000
©,) = b a b b (18)
P7lb b oa b
b b b a

Thus, the quasiprobability, Eq. (13), of optimal cancellation in terms of
(K, Ky, Ky, K,)" is obtained from Egs. (15) and (18).

For an arbitrary Pauli diagonal error, since it is CPTP, in general, it can
be written as the exponential of Lindblad operators’.

E=expL, (19)
where the Lindblad operator can be written as
L=) WP, -1) (20)
Thus, the error channel is
€ =0OilwL + (1 — )P, 21

where w; = (1 + e~2%)/2. This error model is called the Pauli-Lindblad
noise model'”. The inverse operation of the error channel is

&' =exp(—L) = O;(uT + 1 — u)P))

22
— QZZWQ,. [“’iI +(1— wi)(_,Pi)} )

where y; = (1 + e)/2. There are two ways to simulate the inverse
operation of the error channel. One is to simulate £ ' as a whole channel,
and the other is to simulate each layer (4,Z + (1 — y,)P;), separately. No
matter the ideal or noisy cancellations, the second way may have more cost
than the first way”', since the sub-multiplicity of the implementability
function (see Methods). For the formalism simplicity, however, we only
consider the noisy cancellation in the second way. By measuring the noise

map © of Pauli gates in the experiment, the optimal noisy cancellation is
given as

EN=OiuT+ A —p)Y Okl (23)
30\ A J
SZ(I_Z)I+Z(X+y+Z)' (14)
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Invertibility of noise map

The above discussion is based on the assumption that the linear map © is
invertible. When the map © is not invertible, there is no perfect noisy can-
cellation. The invertibility of ® is equivalent to det ®+0. In practice, assuming
the true value ®, of the noise map is not invertible, i.e., det ®, = 0, the random
fluctuation from the finite measurements will lead to the noise map ® mea-
sured from the experiments to be invertible, det ®0. Therefore, the condition
det ®=0 calculated with the experimental data does not certainly imply the
invertibility of the noise map ©. In the following, we discuss the condition the
noise map @ is invertible under finite measurements in experiment.

For simplicity, denote the true value of the determinant of the linear
map det ®, as det,. With the Chebyshev’s inequality, it can be shown that
the probability for the case that the true value of the determinant of the linear
map O is not invertible is expressed as

Therefore, for a given number N of measurements, the linear map @ is
invertible with the probability (1 — J) if the map © satisfies that

2Dlogi
Ol, =1/ 9
ell, N

where D is the dimension of the map ®. For the details of calculation, see
Supplementary Note V.

N

; (24)
2l|le7;

P(dety = 0) < exp (—

(25)

Bias of noisy cancellation

For the noisy cancellation, without mitigating the noises in simulation of
inverse noise operation £~*, we would like to estimate the bias of the noisy
cancellation £;' 0 £ = @(£7") o £. The bias of the expectation of Pauli
operator O is expressed as

8y = [Tr{OU(p)] — Tr{OE; " o £ o Up)]|

26
<po@ - E108), 26)

where we denote @ = Q(A — A). With 5;1 = O(£7"), we have
8 <200 (€7 0 E)<20,pg(0)(E7 1), (27)

where ®) = 1 — min,0;; is the maximal error probability of the noisy Pauli
gates. This result allows for estimating the upper bound of the bias in
experiments, with the cost of simulation pg o, (£;") and the calibration of
Pauli gates ©,. For the details of the calculation, see Supplementary Note V.

If the circuit consists of L layers of operations i/ = HiL:1 oL;, where L;
is the i-th layer, there are two strategies to realize the PEC method. One is to

cancel the error of each layer &; separately, and the other is to cancel the total
error | [,€; directly. The circuits are shown in Fig. 2. Let the noisy realization

L
of circuitbelf, = (O,;_, L;), where L) = &; o L;, then the error channel of
the circuit is

<L .

&= Oi=15i7
<«L

- L
where & =(O;, £j)o&;0 (6)]. N l-EJT). Here, the arrow above the
symbol () represents the acting direction of layers.
We consider the bias of noisy cancellation of the total error of the
circuit for these two different strategies. For the separate cancellation
method, the noisy realization of the error-canceled circuit is

(28)

<«L

uPEC = Oi:l‘ciPEO

where Lppc = €' 0 £; o L;. The error of the separate cancellation is

(29)

L .
55_1 0l = 61‘:15;?50 (30)

~ <«L 1 —L + . )
where £; = (O;,,£) 0 &y 0 &; 0 (O L;). The bias of the noisy sepa-
rate cancellation is
L
8520, Y [ poco)End)- (31)

=1 i=1

For the detailed calculation, see Supplementary Note V. On the other hand,
by applying Eq. (27), the bias of the direct cancellation method is

0\p £20,pg0)(Ex 1o &)

L (32)
<20, H Poioy(End).
i=1

Since the upper bound of the bias of the direct cancellation method, Eq. (32),
is less than the upper bound of the bias of the separate cancellation method,
Eq. (31), the direct cancellation method appears to be more accurate than
the separate cancellation method.

However, there are more results with the detailed analysis of the noisily
canceled error £; ' o £. We consider a particular case that the noisily canceled
error 5;1 o € isa CPTP quantum channel, pQ(S)T1 o &) = 1. For instance, if
the noises are uniform on the Pauli gates, ®(€) = N o &, with the commu-
tativity of Pauli diagonal operation, it preserves £ ' 0 £ = N € Q(A — A).
The bias of the direct cancellation is bounded by

8p <20, (33)
since pg(éjl o &) = 1. For the separate cancellation method, assume the
noisily canceled error for each layer £ o &, isa CPTP quantum channel; it

(@)

Fig. 2 | Noisy probabilistic error cancellations

of multi-layer circuit. a Cancel the errors of the
L-layer circuit separately in each layer. b Cancel the
errors of the L-layer circuit directly as a whole error
of the circuit.
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U

n

PEC
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(b)
U
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dir
PEC

Communications Physics| (2025)8:296


www.nature.com/commsphys

https://doi.org/10.1038/s42005-025-02217-8

Article

(a) Seperate (b) Direct (c) po(Ey' 0 &)
- - 5 4
20 do 20 do L5 Separate
pQ(I—Z;IQE) pQ(I—E;Iof) 1.0
1.5 1 1.5 1 :
CPTP bound CPTP bound
0.5 1
1.0 1 1.0 1 1.5
0.5 1 0.5 1.0 4
Direct
0.0 F====———mmmm——mm—mmm——— - =1 00 F========================- 0.5 1
5 10 15 20 5 10 15 20 5 10 15 20
L (Layer number) L (Layer number) L (Layer number)
(d) Seperate (e) Direct (f) po(Ey1 0 &)
207 207 do 307 Separate
po(T—E7108) Direct
=g - -
L5 L5 CPTP bound 25
1.0 1 1.0 2.0 1
0.5 - %o 0.5 - 1.5
po(I - €1 08)
CPTP bound
0.0 fF====——————m 0.0 f======———mmmm——mm———m— 1.0
5 10 15 20 5 10 15 20 5 10 15 20

L (Layer number)

Fig. 3 | Numerical results for the biases of the noisy cancellations with separate
and direct methods. a, b, d, and e, Colored filling regions denote the biases of
expectations for different Pauli operators, and solid curves denote the median of the
biases of the operator expectations. Dashed curves denote the distance between the
imperfectly canceled error £;' o £ and Z in the implementability function

Po(T — &' 0 £), which upper bounds the bias of the operator expectations by Eq.
(26). Dotted curves denote the CPTP upper bound of p(Z — &' 0 &), seeEgs. (33)
and (34) for the direct and separate cancellation methods, respectively. The error &;
is assumed to be the same for each layer, £; = &, and the error £; as well as the
noises \V; on Pauli gates P; are randomly sampled from the Pauli-Lindblad error
model (21), with a fixed single-layer error rate A = 3;A;. cand f, Dotted dashed curves
denote the implementability function po (&5 o &) of the imperfectly canceled error

L (Layer number)

L (Layer number)

for direct and separate cancellation methods. a--c, For a small error rate A = 0.05,
since the imperfectly canceled errors ;' o £ (c) are CPTP for circuits with a layer
number less than 20, the biases of both the separate (a) and direct (b) cancellation
methods are limited by the CPTP upper bound, Egs. (33) and (34), and the bias of the
direct cancellation is smaller than the separate cancellation method. d—f For a large
error rate A = 0.5, since the imperfectly canceled error £ o & for the direct can-
cellation method (f) will eventually not be CPTP with the cumulation of errors

£ = &;. The bias increases exponentially and surpasses the CPTP bound (e), as the
layer number L grows. However, the error £ o £ for the separate cancellation
method (f) is still CPTP, since each the error of individual layer £;;' o £, is CPTP.
The bias of separate cancellation is still bounded by the CPTP upper bound (f). For
details of simulation, see Supplementary Note VI.

can be shown that the bias is bounded by

8)s <2[1 — (1 —20)]<2. (34)

For details of the calculation, see Supplementary Note V.

The numerical results for comparing the two cancellation methods
with small and large error rates are shown in Fig. 3. When the error rate is
sufficiently small, e.g., A = 0.05 as used in Fig. 3a—c, the noisily canceled
errors for both separate and direct cancellations are CPTP, Fig. 3c. Thus, the
bias is limited by the CPTP upper bounds, as shown in Fig. 3a for the
separate cancellation Eq. (34) and Fig. 3b for the direct cancellation Eq. (33).
The bias of direct cancellation is much smaller than the separate cancellation
method. When the error rate is moderately large, e.g., A = 0.5 as used in
Fig. 3d-f, the noisily canceled error £3' o &, of each layer error is still CPTP,
thus the noisily canceled error [[,€;" o &; of separate cancellation is also
CPTP, as shown in Fig. 3, and the bias of separate cancellation is still limited
by Eq. (34), as shown in Fig. 3d. For the direct cancellation method, the
noisily canceled error £;' o £ is CPTP, when the layer is shallow. However,
it will no longer be CPTP as the layer increases, as ilustrated in Fig. 3f. The
bias of direct cancellation increases exponentially with the layer number
accroding to Eq. (32) in and will surpass the CPTP upper bound of separate
cancellation Eq. (34), see Fig. 3e where the CPTP upper bound is labeled by a

dotted curve. Thus, for alarge error rate, the separate cancellation method is
more effective than the direct cancellation method.

When the error rate is large enough, the noisily canceled error for the
individual layer will not be CPTP. The bias of both the separate and direct
cancellation methods will exponentially increase with the layer number, see
Egs. (32) and (31). However, for the direct cancellation method, the error of
L layers of circuits may not be invertible under a finite measurement pre-
cision in the experiment, since its error rate is typically L times the error rate
of the one for the individual layer. By considering the map E(N) = £ o N,
where £ is the error to be canceled, the condition of invertibility of £ is given
by Eq. (25), as

1
1€ = 1/ 2288 (39)

In brief, for the case where the circuit is shallow and the error rate is
sufficiently small, the direct cancellation method is more accurate. If the
circuit is deep and the error rate is large, the separate cancellation method is
more accurate.

Intuitively, one may expect a clear criterion for choosing between these
two cancellation methods. The condition for the criterion requires the
solution of a multi-variable polynomial equation pQ(®(571) o&)=1in
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the components v; of £ and the element ®;; of ®. However, the solution for
the criterion is very complicated, where the error rate A of £ and the max-
imum error probability ®, of the noise map © are not sufficient to deter-
mine the criterion. In experiments, to verify whether the noisily canceled
error is CPTP requires the complete estimation of the noise map ®, which
provides sufficient information for the noiseliess cancellation, thus it need
not to consider the bias of noisy cancellation. Therefore, there is no feasible
and reliable criterion to distinguish which method, direct or separate, has
better performance. To quantitatively determine this criterion will be a topic
in further investigations. Moreover, the error model used for PEC may be
inaccurate, which also hinders the verification of the noisily canceled
CPTP error.

Bias of Inaccurate error model

The case where the error model is inaccurate will also induce the bias of the
PEC method. This is not the main target of this work and has been inves-
tigated in other works™. The bias of the PEC from the inaccurate error
model is estimated by employing the diamond norm

8o = |Tr[OU(p)] — THOE ' o & o UP)]|

S"I—27105

° (36)
L ~—1 Ll
S;HI—SJ o€, HHE of).

where 85 = [{O)pgc — (O)exaetl is the bias of the PEC method with the
inaccurate error model, £; is the exact error channel of i-th layer, and 5 is
the inaccurate error model learned from experiment. With the estimation of

the diamond norm of the operation 7 — 5; o &), the bias is calculated as

)

=1 Zkr(ki) is the component of Ej 0&inZ, r(’) =fp"/ fﬁk"d is the
ratio of the measured fidelity to the model ﬁdehty of the Pauli gate Py, and

N 1

; 4" —1
() =~

Since the diamond norm is the implementability function p 5, Eq. (51),
the bias from the inaccurate error model is compatible with the bias from the
noisy cancellation operation estimated in this work. The total bias of the
noisy PEC with the inaccurate error model is upper bounded as

8,0 = |Tr{OU(p) — E;l o EoU(p)]l

1 (41)
<po(T — &, 08)<8p+bips-

We next consider the Pauli diagonal error model £ = exp L(A;), where
LA) =3 MP; — Il(ﬁ\ssume real error parameters {/1 )} with deviations
from the parameters {A; }, measured in experiments for the jth layer. The
mitigated error channel for the jth layer is

ot _ G)
& o0& =expL(AL)), (42)
where gj is the target error channel for the mitigation, &; is the real error

channel, and AA?) = A?)
1 ~1
£ oe=]]g

j

where AL, = > jAA?). The bias of the expectation of the Pauli operator O is
upper bounded by

j)
- XY . The total mitigated error channel is

o 5] = exp ;C(A/\), (43)

L j-1
025 H (37)
=1 =l ~—1
Sp<po(ZT—E 08
- TR ()
where y; = po(&; ), =po(€ o0&+ 1=l =,
. ~—1
8]. =1- vg)| +y, - vg), or (38) Itis crucial whether the mitigated error €& o £is CPTP or not, and the
! error is called under-mitigated or over-mitigated if it is CPTP or not CPTP.
5 = 11— v+ Tt (39) The numerical results for the bias of under-mitigated and. over- mltlgated
i 11 =vol+ ({rk b, errors are shown in Fig. 4. For the under-mitigated error, A, </1 , we have
(a) Under-Mitigated (b) Over-Mitigated (c) pa(E10 &)
209 30 6 80 3.0 Under-Mitigated
po(T—E710€) po(T—E108) Over-Mitigated
157 CPTP Bound nCPTP Bound 251
4 -
1.0 2.0 1
2 -
0.5 1 1.5
0.0 === mmmmmmm— o] ) fF==mmmmmmmmmmm———————mmm o 1.0 1
5 10 15 20 5 10 15 20 5 10 15 20

L (Layer number)

Fig. 4 | Numerical results for the biases of the inaccurate error model with under-
mitigated and over-mitigated cases. a, b Colored filling regions denote the bias of
expectations for different Pauli operators, and solid curves denote the median of the
bias of the operator expectations. Dashed curves denote the distance between the
mitigated error & o &and T characterized by the implementability function
Po(Z — & 0 &), which upper bounds the bias of the operator expectatlons in Eq.
(26). Dotted curves denote the CPTP upper bound of po(Z — & 0&),asshown in
Egs. (45) and (46) for the under-mitigated and over-mitigated errors, respectively.
The mitigated error channel £ fl o &; for each layer is assumed to be the same,

L (Layer number)

L (Layer number)

&; = &, and randomly sampled from the Pauli-Lindblad error model in Eq. (21),

with a fixed single-layer error rate A\*™" = 0.05A1™" > 0 for the under-mitigated
error channel (a), and A = )L““de’ for over-mitigated error channel (b).

¢ Dotted dashed curves denote the implementability function pQ(S o &) for the

under-mitigated and over-mitigated errors. Since the under-mitigated error & o€
is CPTP, the bias is lower than the CPTP upper bound as shown in (a). In contrast,
the over-mitigated error channel & o &is not CPTP, the bias increases exponen-
tially as the layer number L grows, which is bounded by the non-CPTP upper bound
in Eq. (46) as shown in (b). For details of simulation, see Supplementary Note VI.
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pQ(E "o &) =1, as shown in Fig. 4c, and the upper bound is shown in
Fig. 4a as
So<2[1—e ], (45)

where AL =>7,A); > 0. For the over-mitigated error, &' o Eisnot CPTP as
illustrated in Fig. 4c, the upper bound increases as the layer number
increases, as shown in Fig. 4b

80 < eZA}», — e~ max{AA,0} +1, (46)
where AA_ = }";| min{A);, 0}|. Therefore, when considering the error
model violation, the under-mitigated error channel outperforms the under-
mitigated error channel.

For the error beyond the description with the Pauli diagonal error
model, it can be randomly compiled into the Pauli diagonal error model by
using the well-performed Pauli twirling technique. However, when the
number N of shots for Pauli twirling is not sufficiently large, the inaccurate
error model will yield a deviation from the estimation. This deviation will be
suppressed with the increase of Nas ~ 1/+/N according to the large number
theorem, so it can be interpreted as a statistical error of the estimation. Given
a tolerant precision & of the estimation and a tolerant probability y < 1 for
the failure, the number of shots N should satisfies

2

N2 (4 — Blogy), )

where A, B > 0 are constants for the specific error model. More detailed
discussions can be found in Supplementary Note V.

Discussion

The implementability function is related to several quantities in quantum
information theory and has further applications in quantum information
processing. Here, we discuss the relationship between the implementability
function and the diamond norm, logarithmic negativity, as well as purity.
These results can reduce to the results about CPTP operations Q(A — A)
in other works. However, our technique does not stem from the semidefinite
property of Q but uses the convexity and the free property of resource
theories and can be applied to a general case.

We first consider the relationship between the implementability
function and the diamond norm™*’. For a system A, given a convex free set
of states F(A), the implementability function p,, can be defined. Natu-
rally, it induces a norm on the space of quantum operations 3(A — A)

PrayN(p)
N = max—————. (48)
[ = w2
This norm is a generalization of the diamond norm
id®N
W], = ma JEONO, )
s N )
where the free set is O(A ® A), since the implementability function
Powy = Il with respect to the set of all quantum state Q(A) is the trace

norm ||-||; (see Supplementary Note VII). The norm |-|| oF(A) 18 the Min-
kowski functional of the set F (A — A) of resource non-generating
(RNG) operations’, i.e., the maximal assignment of operations for the free
set F(A) of state (see Supplementary Note VII for the proof)

HNHof(A) = pme(AeA)(N) (50)

Therefore, the diamond is the exponential of the physical implementability

HNHO =pQ(A—)A)(JV-)' (51)

This result has also been proved with semidefinite programs”, where
Po(as 4y is denoted as || - [|4. We give a different proof (see Supplementary
Note VII) without semidefinite programs, which is simpler.

In addition, we consider the relationship between the implementability
function and the logarithmic negativity. The following results generalize the
results of physical implementability”. The logarithmic negativity is defined

252

Ey(p) =log ||p"*|,, (52)
which denotes the negativity of the partial transposed density matrix pTs,
and is effective to detect entanglement*. Since py ) = I-Il; it is the
logarithm of implementability function

En(p) = 10g pr.(0)an)(P) (53)

on the free set Tp(Q)(AB) of partial transpose of quantum states, since the
partial transpose Tp(p) = p'» is a linear involution T% = id,. Given a
convex free set F(AB), for p € B(AB), we can define a generalized version
Eyr(ap) of logarithmic negativity with respect to a convex set F(AB) as

Exr(p) = 10gpr, 7)ap)(P); (54)
where T5(F)(AB) is the partial transpose of the free set F(AB). With the so-
defined generalized logarithmic negativity and the sub-multiplicity of
implementability function, it follows that for p= N (py)» where
p, € B(AB), N' € B(AB — AB)

EN]-"(AB)(p) - ENf(AB)(Po)

(55)
< logpr,ryap—anN),
where the action of partial transpose on operations is induced as
TyN)=TzoN o Ty (56)

For the proof, see Supplementary Note VII. This inequality is tight when

Pryryas—anWN) = HNHQTH(}')(AB)’ (57)

and by Eq. (50), i.e,, the free set of operations is a resource nongenerating set

F(AB — AB) = F,,,.(AB — AB). (58)

When the operation N is invariant under the partial transpose, namely

TyoNoTy=N, (59)

the inequality reduces to

Exzan(P) = Exrup)(Po) < 108 prap ap(N)- (60)
In particular, it holds for the local operations ' = $°,q, N+ ® N7, which
is invariant under the partial transpose.

Purity is the square of the Frobenius norm ||A|, = Tr(ATA). Let
0 € B(A), N € B(A — A). For the Frobenius norm, we have

61
ol max_ [\ 7|, (61)

leATUA™

where ||-|| is an induced norm of the Frobenius norm

”Awp=muﬂwa=mgmﬂﬂ@ﬁ3L7 (62)

o lell,
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where M, is the Jordan decomposition of the operation M as the matrix
acting on the vector space of state B(A). Here, F is the extreme points of the
free set, where A has optimal decomposition on them. In particular, if the
operation AV is identity, i.e., N'(I) = I, denoting o = p — I/D, we have

P(N(p))D — 1

%8 poD—1 ~ 2log pra)(N)

(63)

+ 210gl€;;1+1zt)(/r H]:1||F'

Moreover,if N = > x4, is a unitary mixed operation, where the unitaries
U; € F(A — A) are free, namely 7| = U, we have

PN (p))D — 1

P(p)D — 1 )

<2logpr (V).

For the proof, see Supplementary Note VIL.

Conclusion

The implementability function p is the generalization of physical imple-
mentability to arbitrary convex free set 7, which evaluates the minimal cost
to simulate a resource with the free resources by quasiprobability decom-
position. We investigate the noisy realization of the PEC method based on
the properties of the implementability function. We demonstrate the way to
optimally simulate the inverse operation of the error channel with the noisy
Pauli basis. This method requires that the noisy Pauli gates can be reversed
into ideal Pauli gates. We give the condition under which the invertibility is
guaranteed with a tolerant probability of failing under finite measurements
in experiments. We also derive upper bounds of the bias of the noisy can-
cellation of error channel without canceling the noise on Pauli gates. It
shows that to mitigate the error channels in circuits with many layers,
canceling the total error directly has better performance than canceling the
layer errors separately when the error rate and layer number are small.
Otherwise, the separate cancellation has better performance.

Moreover, we discuss several quantum-information quantities that are
relevant to the implementability function, including the diamond norm,
logarithmic negativity, and purity. We propose a norm on quantum
operations based on a given implementability function of state, which is a
generalization of the diamond norm. This norm denotes the implement-
ability function of the resource non-generating set of the operation. It
directly implies that the diamond norm is the exponential of physical
implementability, which has also been proved with semidefinite programs"'.
Moreover, we derive the relation between the implementability function and
the logarithmic negativity and purity, which extends the existing results™.

Our results are mainly based on the convexity of the free set. However,
the composition of the operation may imply more properties for quantifying
resources, which may be left to further research. We hope that our results
will be useful for the probabilistic error cancellation method in practice. We
also expect that the implementability function will have more applications
in the field of quantum information processing.

Methods
Let A, B, C, ... denote the systems; the Hilbert spaces of these systems are
‘H 4, Hg, H. The set of bounded linear operators on the Hilbert space H 4 is
denoted as B(A), to which the density matrices of A system belong. The linear
operation on the operators from B(A) to B(B) is denoted as B(A — B).
The quantum resources form a convex set @ C B/R of space of
normalized resources. Here, we focus on the quantum channels Q(A — A),
which are the completely positive and trace preserving (CPTP) quantum
operations. For the noisy cancellation, the implementable channels can be
expressed as ©(Q)(A — A), where O is the linear map from ideal channels
to noisy channels. In this section, the symbol (A — A) for quantum
operation will be omitted for simplicity.

entanglement forging™, where the entangled states are simulated with
separable states, and circuit knitting””~*’, where the nonlocal operations are
simulated with local operations. Therefore, it is worth extending the defi-
nition of the physical implementability to any convex free set of quantum
resources. (see Supplementary Note I for a brief introduction to the fra-
mework of quantum resource theories). In general, for a given convex set F
of freely implementable resources, the implementability function can be

defined as

p(N) = infx Z i1, (65)

over all decomposition N=>_x;E; with E; € F. Our definition does not take
the logarithm, since the implementability function p(N) so-defined is just
the minimal number of free operations used to simulate a resourceful
operation with quasiprobability decomposition technique. Meanwhile, this
quantity is also related to the robustness measure R in the quantum resource
theories™'****' as
p=2R+1. (66)

The robustness depicts the minimal amount of mixing with free resources to
wash out all resources’. The implementability function operationally cor-
responds to the inverse problem of the robustness.

The infimum of the cost is attained if the convex set F is bounded
closed

p(N) = n};nz |2;] < c0. (67)

Hereafter, we assume that the free set F is a bounded closed convex set.
Then, the implementability function has the following basic properties:
(i) Faithfulness

p(N)=1, andN € F, iff p(N) = 1. (68)
(i) Sub-linearity
p(aN, + bN,) <|a|p(N}) + [b|p(N,). (69)
(iii) Composition sub-multiplicity
p(M o N) < p(M)p(N). (70)
(iv) Tensor-product sub-multiplicity
pM ® N) < p(M)p(N). (71)
v) fF, CF,
Pr 205 (72)

In general, not all the resources can be implemented by the resources
that can be freely implemented with quasiprobability decomposition. One
example is that if the freely implementable resources are local operations
and classical channels (LOCC), the CNOT gate is not implementable™.
Therefore, we consider the affine space A = aff(F), and the vector space
V = (F) generated by the free set 7. Then, the implementability function
pr is the Minkowski gauge function” of the convex set
C = conv(F U — F), when constrained on the affine space A = aff(F), as

= =inf{a>0: N € aC}. 73
The quasiprobability decomposition technique used in the PEC has Py = Pela = inft } 73)

also been used in other quantum information processing tasks, such as
Communications Physics| (2025)8:296 8
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This implies that the implementability function is a ratio of the length of
lines, which is an affine invariant preserved by affine transformations
GA(V)”. In the vector space V, the implementability function is a norm,
which is the so-called base norm for the free set 7°**. Actually, for any norm
[[-1l, since its sub linearity, there is a balanced convex set
Cpqy=1{N:I N | <1}, such that the norm is the Minkowski gauge
function of C, . Therefore, the implementability function may be
potentially related to many norms widely used in quantum information
theory. For the proofs of the properties above, see Supplementary Note IL
For more mathematical properties and structures of the implementability
function, see Supplementary Note III and Supplementary Note IV.
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