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1 Theoretical results

1.1 Dynamical system and synchronisation

We consider the dynamical system introduced in the Main Text, that is, the system of
N ≥ 1 differential equations with N dynamical variables x1, . . . ,xN : T → RD, for some
T ⊆ R open interval (time domain) and D ≥ 1 integer (dimension), given by

ẋi = f(xi) + hi(x1, . . . ,xN) i = 1, . . . , N (I.1)
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with either hi = hmulti
i for all i (called the multilayer case), or hi = hhyper

i for all i (called
the hypergraph case), where

hmulti
i (x1, . . . ,xN) =

M∑
m=1

σm

N∑
j=1

A
(m)
i,j g(m)(xi,xj), and (I.2)

hhyper
i (x1, . . . ,xN) =

M∑
m=1

σm

N∑
j1,...,jm=1

A
(m)
i,j1,...,jm

g(m)(xi,xj1 , . . . ,xjm). (I.3)

Here, we assume the following:

• f : RD → RD is a smooth function;

• each g(m) is a smooth function of the form g(m) : R2×D → RD (multilayer case) or
g(m) : R(M+1)×D → RD (hypergraph case);

• σm > 0 are non-negative real parameters (coupling strength for layer m or order m);

• A(m) is the adjacency matrix for layer m, or the hypergraph adjacency tensor of
order m+ 1;

• the coupling functions are synchronisation non-invasive, that is, they satisfy
g(m)(x, . . . ,x) = 0 for all m, and any x ∈ RD. (For the general case, see Section
1.6.)

The function f represents the internal dynamics at each node, the functions g(m) the
coupling dynamics on layer m (multilayer case) or the (m + 1)-body dynamics (hyper-
graph case), the matrix or tensor A(m) model the pairwise (multilayer case) or many-
body (hypergraph case) interactions between the dynamical variables, and the coupling
parameter σm model the overall coupling strengths on layer m (multilayer case) or on
m-body interactions (hypergraph case). One important example is the Laplacian opera-
tor, g(m)(xi,xj) = xi − xj — this is indeed the only linear non-invasive operator in two
variables up to a constant.

Remark 1.1. Mathematically, the coupling parameter can be absorbed into the adjacency
matrix, respectively tensor. In practice, we use them to parametrise families of dynamical
systems. For instance, in simulations, we will typically increase each σm from zero,
or very low values, to higher values to study the transition into (cluster and/or global)
synchronisation of the system.

Note that, for M = 1, both the multilayer and the hypergraph cases reduce to the
network (monolayer) case,

ẋi = f(xi) + σ
N∑
j=1

aij g(xi,xj). (I.4)

We can represent the interactions between the variables x1, . . . , xN using a multilayer 
network (multilayer case) or a hypergraph (hypergraph case). In the multilayer case, we
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define the interaction multilayer network of this dynamical system as the weighted mul-
tilayer network with M layers of N vertices and inter-layer weighted adjacency matrices
A(m) (1 ≤ m ≤ M). In the hypergraph case, the interaction hypergraph is the weighted
hypergraph with vertices V = {1, . . . , N} and weighted hyperedges {i1, . . . , im} whenever
A

(m)
i1,...,im

≠ 0, which then becomes the weight of that hyperedge.

Remark 1.2 (Multiplex and multilayer dynamics). Strictly speaking, our multilayer
model is a multiplex, as we have the same N nodes (dynamical units) on each layer, that
is, we have M different ‘types’ of pairwise interactions between the same N nodes. In
multilayer network, we have different nodes on each layer and both inter- and intra-layer
pairwise interactions. The dynamics on a multilayer network with N nodes organised
into M layers of Nα nodes each (so that N =

∑M
α=1Nα) would have a coupling of the

form

hmultilayer
i =

M∑
β=1

σα,β

∑
j∈Vβ

Aα,β
i,j g

α,β(xi,xj) , (I.5)

where i is a node in the α layer and Vβ is the set of nodes in the β layer. If all nodes
(dynamical units) are identical (same internal dynamics given by the same function f),
this case can be seen as a multiplex network on N nodes and M2 layers m = (α, β) such
that A(m)

ij is zero unless i ∈ Vα and i ∈ Vβ. The generic multilayer case (different internal
dynamics, that is, functions f (α), on each layer α) is out of the scope of the present paper 
and part of our future work on equitablity and synchronisation.

A solution x = (x1, . . . , xN ) of the dynamical system (I.1) consists of differentiable 
functions x1, . . . , xN : T → Rm that satisfy the system of equations. A synchronised 
solution is a solution which satisfies x 1 =  . . .  =  x N ( identical s ynchronisation). By the 
non-invasive property above, xs is a solution of the differential e quation ẋ = f (x) i f and 
only if x1 = . . . = xN = xs is a (synchronised) solution of (I.1).

A subset C of the node set V = {1, . . . , N} is called a cluster. A solution x1, . . . , xN 

is C-synchronised, or synchronised on C, if xi = xj for all i, j ∈ C. Note that if C = {i} 
a singleton (a set with one element), every solution is C-synchronised. If P is a partition 
of the node set V (a collection of pairwise disjoint clusters whose union is V ), we call a 
solution x = (x1, . . . , xN ) P-synchronised if it is C-synchronised for each C ∈ P .

1.2 Dynamical and structural equitability

In this section, we discuss dynamical and structural equitability, in more generality than 
in the Main Text. We focus on the multiplex case, and discuss the hypergraph case in 
Section 1.5.
Correspondence to terminology in the Main Text. Dynamical equitability in 
the Main Text corresponds to weak dynamically equitability (WDE) in this document. 
Similarly, external equitability corresponds to structural equitability per layer (SEL), and 
linear independence in cluster synchronisation to linear independence with respect to the 
families F(C).
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Consider the multilayer dynamical system given by Equations (I.1) and (I.2). Let x

be a solution, C ⊆ V a cluster, i ∈ V a node, and m ∈ {1, . . . ,M} a layer. We extend
the notation from the Main Text to

hi =
M∑

m=1

σm

N∑
j=1

A
(m)
i,j g(m)(xi,xj), hi =

M∑
m=1

σm

N∑
j=1

A
(m)
i,j , (I.6)

hC
i =

M∑
m=1

σm

∑
j∈C

A
(m)
i,j g(m)(xi,xj), hC

i =
M∑

m=1

σm

∑
j∈C

A
(m)
i,j , (I.7)

hC,m
i =

∑
j∈C

A
(m)
i,j g(m)(xi,xj), hC′,m

i =
∑
j∈C

A
(m)
i,j , (I.8)

and note the equalities

hi =
∑
C∈P

hC
i , hC

i =
M∑

m=1

hC,m
i , hi =

∑
C∈P

hC
i , and hC

i =
M∑

m=1

hC,m
i . (I.9)

The rows above (I.6) to (I.8) encode the dynamical (left) respectively structural (right)
input to node i from all other nodes (top row), all nodes on cluster C from all layer
(middle row), and all nodes on cluster C and layer m (bottom row). The quantities on
the left column, hi, hC

i and hC,m
i , depend on the solution x and thus are functions of

t ∈ T , and note that hi is simply hmulti
i in Eq. (I.2). The quantifies on the right column

depend only on the underlying interaction multiplex (they can be seen as total or partial
node degrees in the multiplex) and thus independent on any solution or exact form of
the coupling functions — they only depend on the pattern and strength of interactions
between dynamical units.

Next, we define several notions of external equitability. In all of them, equitability
refers to ‘equal input’ for each node in a cluster C ⊆ V from nodes outside the cluster
(‘external’). The different notions arise from whether the input refers to the overall
contribution from all nodes outside the cluster (‘weak’) or from nodes on each cluster
in a partition separately, or on each cluster and layer (‘per layer’), and to either the
dynamical input with respect to a solution (‘dynamical’) or to the structural input with
respect to the pattern and strength of interactions between dynamical units (‘structural’).
In what follows, we drop the word ‘external’, for simplicity.

Definition 1.3. We call a cluster C ⊆ V dynamically equitable with respect to a solution
x if every pair of nodes i, j ∈ C have the same dynamical input from the nodes outside
C, that is,

h
V \C
i = h

V \C
j . (I.10)

We call a cluster C ⊆ V structurally equitable if every pair of nodes i, j ∈ C have the
same structural input from the nodes outside C, that is,

h
V \C
i = h

V \C
j . (I.11)
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Let P be a partition of the node set and x a solution of the dynamical system. We call
the partition P weakly dynamically equitable (WDE) (with respect to x) if every cluster
C ∈ P is dynamically equitable (with respect to x). We call the partition P weakly
structurally equitable (WSE) if every cluster C ∈ P is structurally equitable. We call
the partition P dynamically equitable (DE) (with respect to x) if for every C,C ′ ∈ P,
C ̸= C ′, and every i, j ∈ C,

hC′

i = hC′

j . (I.12)

We call the partition P structurally equitable (SE) if for every C,C ′ ∈ P, C ̸= C ′, and
every i, j ∈ C,

hC′

i = hC′

j . (I.13)

We call the partition P dynamically equitable per layer (DEL) (with respect to x) if for
every C,C ′ ∈ P, C ̸= C ′, and every i, j ∈ C,

hC′,m
i = hC′,m

j . (I.14)

A partition P of the node set is structurally equitable per layer (SEL) if for every C,C ′ ∈
P, C ̸= C ′, and every i, j ∈ C,

hC′,m
i = hC′,m

j . (I.15)

Remark 1.4. Note that these definitions (WDE, WSE, DE, SE, DEL and SEL) are
‘external’, in the sense that we do not need to hold in the case C = C ′.

Next, we show that strong equitability implies weak equitability, equitability per layer
implies equitability, and structural equitability per layer implies dynamical equitabil-
ity for synchronised solutions. This, proved in Theorem 1.7 below, can be represented
schematically as

DEL +3 DE +3WDE

SEL +3

CS

KS

SE +3WSE

(I.16)

where CS that stands for ‘cluster synchronisation’ (that is, P-synchronisation), and the
notation A

B
=⇒ C means ‘A and B implies C’. Note that structural concepts (SEL,

SE, WSE) are with respect to a fixed partition P of the node set, and the dynamical
concepts (DEL, DE, WDE, CS) are with respect to the partition P and a solution x

of the dynamical system.

Remark 1.5. The concepts of SEL and SE, respectively DEL and DE, coincide if there
is only one layer m = 1, that is, in the monolayer, or network, case, but otherwise they
are distinct. Similarly, we can give examples, both in the dynamical and the structural
sense, of weakly equitable partitions that are not equitable.

Remark 1.6. Neither SE nor WSE necessarily imply dynamical equitability in any of its
forms even under cluster synchronisation (it is not difficult to give counterexamples —
mathematically, it amounts to the condition

∑
i ai =

∑
i bi not implying

∑
i ciai =

∑
i cibi
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for more than two summands and constants ai, bi, ci) and there does not seem to be a
natural condition that would make that occur. In any case, cluster synchronisation relates
to the strongest form of structural equitability, SEL, as shown later (Section 1.4) so we
consider SEL the appropriate notion of structural equitability in multiplex networks, as
presented in the Main Text.

Theorem 1.7. Consider the multilayer dynamical system given by Equations (I.1) and
(I.2). Let P be a partition of the node set and x a solution of the dynamical system.
Then,

(1) if P is dynamically, respectively structurally, equitable, then each C ∈ P is weakly
dynamically, respectively structurally, equitable;

(2) if P is dynamically, respectively structurally, equitable per layer, then it is dynam-
ically, respectively structurally, equitable;

(3) if P is structurally equitable per layer and x is P-synchronised, then it is dynami-
cally equitable per layer.

Proof. (1) This follows directly from the definitions. If i, j ∈ C ∈ P then

h
V \C
i =

∑
C ̸=C′∈P

hC′

i =
∑

C ̸=C′∈P

hC′

j = h
V \C
i , (I.17)

and, similarly, we can show that h
C\V
i = h

C\V
j .

(2) This follows directly from the definitions. If i ∈ C ∈ P then

hC
i =

M∑
m=1

hC,m
i =

M∑
m=1

hC,m
j = hC

j (I.18)

and, similarly, we can show that hC
i = hC

j .

(3) If x is P-synchronised, we can write xC for the synchronised solution on a cluster
C ∈ P , that is, xi = xC for any i ∈ C. Then, given i, j ∈ C, C ̸= C ′ ∈ P , and
m ∈ {1, . . . ,M},

hC′,m
i =

∑
k∈C′

A
(m)
i,k g(m)(xi,xk) =

∑
k∈C′

A
(m)
i,k g(m)(xC ,xC′) = g(m)(xC ,xC′)hC′,m

i , (I.19)

and similarly for hC′,m
j . Therefore, hC′,m

i = hC′,m
j implies hC′,m

i = hC′,m
j and we have

dynamical equitability per layer.

1.3 Linear independence over trajectories
Given functions f1(t), . . . , fK(t), t ∈ T ⊆ R, the set F = {f1, . . . , fK} is linearly inde-
pendent over T if the condition a1f1(t) + . . . + aKfK(t) = 0 for all t ∈ T , where ai ∈ R 
are constants, implies a1 = . . . = aK = 0. Linear independence can be checked for differ-
entiable functions by using the Wronskian W (t), a K × K determinant of the functions
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and their higher derivatives: if W (t) is not identically zero over T , the functions must
be linearly independent [1]. A single function f1(t) is linearly independent if (and only
if) it is not identically zero on T , and f1, . . . , fK , K ≥ 2 are linearly independent if no
function fi is an exact linear combination of the rest, over T .

Definition 1.8. Let P be a partition of the node set, C,C ′ ∈ P clusters with C ̸= C ′,
and x a P-synchronised solution. We define the following sets of functions on T :

F(C) = {g(m)(xC ,xC′) | C ′ ∈ P , 1 ≤ m ≤ M}, (I.20)

F(C,C ′) = {g(m)(xC ,xC′) | 1 ≤ m ≤ M}, (I.21)

F(C,C ′,m) = {g(m)(xC ,xC′)}. (I.22)

Note that F(C,C ′,m) only has one element, and the inclusions

F(C,C ′,m) ⊆ F(C,C ′) ⊆ F(C) (I.23)

for any C,C ′ ∈ P , 1 ≤ m ≤ M . Any subset of a linearly independent set is linearly
independent, which means that

• if F(C) is linearly independent, so is F(C,C ′) for any C ′ ∈ P , C ′ ̸= C;

• if F(C,C ′) is linearly independent, so is F(C,C ′,m) for any m.

Schematically, we can represent this as

F(C) +3 F(C,C ′) +3 F(C,C ′,m). (I.24)

As in the Main Text, we define linear independence over the first family of sets.

Definition 1.9. Let P be a partition of the node set and x a P-synchronised solution.
We call x linearly independent (with respect to P) if F(C) is linearly independent for
each C ∈ P.

The following result clarifies the relation between linear independence and different
notions of equitability.

Theorem 1.10. Consider the multilayer dynamical system given by Equations (I.1) and
(I.2). Let P be a partition of the node set and x a P-synchronised solution of the dynam-
ical system.

(1) Suppose that F(C,C ′,m) is linearly independent (equivalently, g(m)(xC , xC′) is not
identically zero over T ) for all C,C ′ ∈ P, C ̸= C ′ and 1 ≤ m ≤ M . Then P is
DEL with respect to x if and only if P is SEL.

(2) Suppose that F(C,C ′) is linearly independent for all C,C ′ ∈ P, C ̸= C ′. Then P
is DE with respect to x if and only if P is SEL.

(3) Suppose that F(C) is linearly independent for all C ∈ P. Then P is WDE with
respect to x if and only if P is SEL.
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The results of this theorem can be represented schematically as

DEL +3X`

F(C,C′,m)

� 

DE +3
F(C,C′)ks

KS

F(C,C′)

��

WDE
F(C)ks

=E

F(C)

}�
SEL

(CS)

(I.25)

where we assume cluster synchronisation (CS), we have used DEL =⇒ DE =⇒ WDE

from the previous theorem, and the right-to-left arrows are a consequence of the other
arrows and (I.24). In particular, if x is P-synchronised and linearly independent (F(C)

is linearly independent for each C ∈ P), then all four notions are SEL, DEL, DE, and
WDE are equivalent.

Proof. We will write xC for the synchronised solutions on a cluster C ∈ P , that is,
xC = xi for any i ∈ C.

(1) Let C,C ′ ∈ P , C ̸= C ′, i, j ∈ C, m ∈ {1, . . . ,M}, and t ∈ T time domain. We have

hC′,m
i (t) = hC′,m

j (t) ⇐⇒∑
k∈C′

A
(m)
i,k g(m)(xi(t),xk(t)) =

∑
k∈C′

A
(m)
j,k g(m)(xj(t),xk(t)) ⇐⇒

g(m)(xC(t),xC′(t))
∑
k∈C′

(
A

(m)
i,k − A

(m)
j,k

)
= 0 ⇐⇒

g(m)(xC(t),xC′(t))
(
hC′,m
i − hC′,m

j

)
= 0

with each equation satisfied for all t ∈ T . By the linear independence hypothesis, this is
equivalent to

hC,m
i − hC,m

j = 0 for all m ⇐⇒ hC,m
i = hC,m

j for all m.

All in all, we have DEL holds if and only if SEL holds. We note that one implication (SEL
implies DEL) does not need the linear independence hypothesis, just P-synchronisation,
which we knew from Theorem 1.7 or diagram I.16.

(2) The proof is very similar, and sketched below (we drop the time parameter t), with
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the same notation as in (1):

hC′

i = hC′

j ⇐⇒
M∑

m=1

σm

∑
k∈C′

A
(m)
i,k g(m)(xi,xk) =

M∑
m=1

σm

∑
k∈C′

A
(m)
j,k g(m)(xj,xk) ⇐⇒

M∑
m=1

σmg
(m)(xC ,xC′)

∑
k∈C′

(
A

(m)
i,k − A

(m)
j,k

)
= 0 ⇐⇒

M∑
m=1

σmg
(m)(xC ,xC′)

(
hC′,m
i − hC′,m

j

)
= 0

F(C,C′)⇐⇒

σm

(
hC,m
i − hC,m

j

)
= 0

σm ̸=0⇐⇒

hC′,m
i = hC′,m

j .

(3) Analogously to (1) and (2), and with the same notation, we have

h
V \C
i = h

V \C
j ⇐⇒

M∑
m=1

σm

∑
k ̸∈C

A
(m)
i,k g(m)(xi,xk) =

M∑
m=1

σm

∑
k ̸∈C

A
(m)
j,k g(m)(xj,xk) ⇐⇒

M∑
m=1

σm

∑
C′∈P,C′ ̸=C

∑
k∈C′

g(m)(xC ,xC′)
(
A

(m)
i,k − A

(m)
j,k

)
= 0 ⇐⇒

M∑
m=1

∑
C′∈P,C′ ̸=C

σm

(
hC′,m
i − hC′,m

j

)
g(m)(xC ,xC′) = 0

F(C)⇐⇒

σm

(
hC,m
i − hC,m

j

)
= 0

σm ̸=0⇐⇒

hC′,m
i = hC′,m

j .

Now that we have explored the different notions of equitability and their relationships,
we move on to study cluster synchronisation in the context of equitability.

1.4 Synchronisation and equitability

We first show that equitability is a necessary condition for cluster synchronisation, in the
following sense.

Theorem 1.11. Consider the multilayer dynamical system given by Equations (I.1) and
(I.2). Let P be a partition of the node set {1, . . . , N} and x a P-synchronised solution.
Then,

(1) the partition P is WDE with respect to x;

(2) if x is linearly independent (F(C) is linearly independent for all C ∈ P), then P is
SEL.
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Proof. (1) Let C ∈ P , i, j ∈ C. Since x = (x1, . . . ,xN) is a solution the dynamical
system,

ẋi = f(xi) + hi(x1, . . . ,xN) = f(xi) + hC
i + h

V \C
i , (I.26)

and similarly for j. Since x is P-synchronised, hC
i = hC

j = 0 (as the coupling functions
are non-invasive), and xi = xj. In particular,

ẋi = ẋj =⇒ h
V \C
i = h

V \C
j (I.27)

and P is WDE with respect to x by definition.

(2) By (1), we have WDE, which, under the linear independence hypothesis, is equivalent
to SEL (and DEL, and DE) by Theorem 1.10; see diagram I.25.

Next, we show the reciprocal, that is, that equitability is also a sufficient condition,
using the quotient dynamics.

As in the Main Text, we define the quotient of the dynamical system (I.1), (I.2) with
respect to a partition P of the node set {1, . . . , N} into K = |P| clusters as the dynamical
system with dynamical units y1, . . . ,yK and K differential equations

ẏi = f(yi) + hi(y1, . . . ,yK), where (I.28)

hi(y1, . . . ,yK) =
M∑

m=1

σm

K∑
j=1

B
(m)
i,j g(m)(yi,yj) and (I.29)

B
(m)
ij =

1

|Ci|
∑

k∈Ci,l∈Cj

A
(m)
kl , (I.30)

the quotient matrix of A(m) with respect to P .

Theorem 1.12. Consider the multilayer dynamical system given by Equations (I.1) and
(I.2), which we refer to as the parent dynamical system, a partition of the node set P, and
the associated quotient dynamical system given by Equations (I.28) to (I.30). Suppose that
P is SEL. Then, x = (x1, . . . ,xN) is a P-synchronised solution of the parent dynamical
system if and only if y = (y1, . . . ,yK) is a solution of the quotient dynamical system,
where yk = xi whenever i ∈ Ck.

Proof. Note that the condition yk = xi whenever i ∈ Ck uniquely defines y from x (since
x is P-synchronised), and x from y (since P is a partition of the node set). Using the
equitability condition (SEL), we can write

B
(m)
kl =

1

|Ck|
∑

i∈Ck,j∈Cl

A
(m)
ij =

1

|Ck|
∑
i∈Ck

=h
Cl,m

i︷ ︸︸ ︷∑
j∈Cl

A
(m)
ij

I.15
=

1

|Ck|
|Ck|hCl

i = hCl
i =

∑
j∈Cl

A
(m)
ij , (I.31)
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for any choice i ∈ Ck and any k ̸= l. Suppose that x = (x1, . . . ,xN) and y = (y1, . . . ,yK)

satisfy yk = xi whenever i ∈ Ck. Let k ∈ {1, . . . , K} and i ∈ Ck. Then

hk(y1, . . . ,yK) =
N∑

m=1

σm

K∑
l=1

B
(m)
kl g(m)(yk,yl) (I.32)

(I.31)
=

N∑
m=1

σm

K∑
l=1

∑
j∈Cl

A
(m)
ij g(m)(yk,yl) (I.33)

=
N∑

m=1

σm

K∑
l=1

∑
j∈Cl

A
(m)
ij g(m)(xi,xj) (I.34)

=
N∑

m=1

σm

N∑
j=1

A
(m)
ij g(m)(xi,xj) = hi(x1, . . . ,xN). (I.35)

(Note that the second equality follows from (I.31) for k ̸= l and from the non-invasiveness
of g(m) for k = l.) All in all, if i ∈ Ck, the differential equation for xi in the parent
dynamical system is the same as the differential equation for yk in the quotient dyanamical
system. This completes the proof.

1.5 Synchronisation and equitability for hypergraphs

We now discuss the hypergraph case. Consider the hypergraph dynamical system given by
Equations (I.1) and (I.3). Let P be a partition of the node set {1, . . . , N}, 1 ≤ m ≤ M ,
C,C1, . . . , Cm ∈ P , and i ∈ C. Consider the following notation, which extends the
notation in the Main Text,

hC1,...,Cm

i =
∑
j1∈C1

. . .
∑

j1∈Cm

A
(m)
i,j1,...,jm

, (I.36)

h
(m)
i =

∑
C1,...,Cm∈P

hC1,...,Cm

i , (I.37)

hi =
M∑

m=1

σmh
(m)
i . (I.38)

and corresponding dynamical quantities hC1,...,Cm

i , h
(m)
i and hi, given a solution x =

(x1, . . . ,xN), by adding g(m)(xi,xj1 , . . . ,xjm) to Eq. (I.36) above.

Definition 1.13. We call the partition P dynamically equitable per layer (DEL), respec-
tively dynamically equitable (DE), respectively weakly dynamically equitable (WDE)
with respect to a solution x, if, for each C ∈ P and i, j ∈ C, we have

hC1,...,Cm

i = hC1,...,Cm

j , respectively (I.39)

h
(m)
i = h

(m)
j , respectively (I.40)

hext
i = hext

j , (I.41)
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where each equation must hold for all C1, . . . , Cm ∈ P not all equal to C, and all 1 ≤
m ≤ M , and we write hext

i = hi −
∑M

m=1 σm hC,m...,C
i where C, m. . ., C represents C repeated

m times.

Remark 1.14. We keep a similar terminology to the multiplex case, even though it does
not make much sense to talk about ‘layers’ in this case but rather about ‘multi-body in-
teractions’.

Remark 1.15. This is still an ‘external’ notion of equitability, as we exclude the case
C1 = . . . = Cm = C, as argued in the Main Text.

Definition 1.16. We call a partition P structurally equitable per layer (SEL) if, for
each C ∈ P and i, j ∈ C, we have

hC1,...,Cm

i = hC1,...,Cm

j (I.42)

for all C1 . . . , Cm ∈ P not all equal to C, and all 1 ≤ m ≤ M .

Remark 1.17. As in Section 1.2, we could have defined structural equitability (SE) and
weak structural equitability (WSE) and shown SEL =⇒ SE =⇒ WSE. However,
as in the multilayer case, SEL is the appropriate notion of structural equitability, for
analogous reasons (see Remark 1.6).

As in the multilayer case, we can show that strong equitability implies weak equi-
tability, equitability per layer implies equitability, and structural equitability per layer
implies dynamical equitability for synchronised solutions.

Theorem 1.18. Consider the hypergraph dynamical system given by Equations (I.1) and
(I.3). Let P be a partition of the node set and x a solution of the dynamical system.
Then,

(1) if P is DE, then it is WDE;

(2) if P is DEL, then it is DE;

(3) if P is SEL and x is P-synchronised, then P is DEL.

Proof. (1) and (2) follow directly from the definitions, namely Eqs. (I.37) and (I.38).

(3) If x is P-synchronised, we can write xC for the synchronised solution on a cluster
C ∈ P , that is, xi = xC for any i ∈ C. Let C ∈ P , i, j ∈ C, m ∈ {1, . . . ,M}, and
C1, . . . , Cm ∈ P . Then

hC1,...,Cm

i =
∑

j1∈C1,...,jm∈Cm

A
(m)
i,j1,...,jm

g(m)(xi,xj1 , . . . ,xjm) (I.43)

=
∑

j1∈C1,...,jm∈Cm

A
(m)
i,j1,...,jm

g(m)(xC ,xC1 , . . . ,xCm) (I.44)

= g(m)(xC ,xC1 , . . . ,xCm)
∑

j1∈C1,...,jm∈Cm

A
(m)
i,j1,...,jm

(I.45)

= g(m)(xC ,xC1 , . . . ,xCm)h
C1,...,Cm

i , (I.46)
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and similarly for hC1,...,Cm

j . By hypothesis, hC1,...,Cm

i = hC1,...,Cm

j and hence, by the above,
hC1,...,Cm

i = hC1,...,Cm

j .

The results of the theorem can be represented schematically as follows,

DEL +3 DE +3WDE

SEL

CS

KS (I.47)

with the same notational conventions as in (I.16).

Remark 1.19. The concepts of DEL and DE coincide in the monolayer, or network,
case (m = 1), but otherwise they are distinct. Similarly, we can give examples of WDE
partitions that are not DE.

Next, we define the corresponding notions of linear independence in the hypergraph
case.

Definition 1.20. Let P be a partition of the node set, C,C1 . . . , Cm ∈ P, and x a
P-synchronised solution. We define the following sets of functions on T :

F(C) =
{
g(m)(xC ,xC1 , . . . ,xCm) | 1 ≤ m ≤ M,C1, . . . , Cm ∈ P not all equal to C

}
,

F(C,m) =
{
g(m)(xC ,xC1 , . . . ,xCm) | C1, . . . , Cm ∈ P not all equal to C

}
,

F(C,C1, . . . , Cm) =
{
g(m)(xC ,xC1 , . . . ,xCm)

}
.

Note that F(C,C1, . . . , Cm) has only one element, and the inclusions

F(C,C1, . . . , Cm) ⊆ F(C,m) ⊆ F(C) (I.48)

for any C,C1, . . . , Cm ∈ P , 1 ≤ m ≤ M . Any subset of a linearly independent set is
linearly independent, which means that

• if F(C) is linearly independent, so is F(C,m) for any 1 ≤ m ≤ M ;

• if F(C,m) is linearly independent, so is F(C,C1, . . . , Cm) for any C1, . . . , Cm ∈ P .

Schematically, we can represent this as

F(C) +3 F(C,m) +3 F(C,C1, . . . , Cm). (I.49)

As in the Main Text, we define l inear independence over the first family of  sets.

Definition 1 .21. Let P  be a  partition o f t he node s et and x  a  P -synchronised solution. 
We call x linearly independent (with respect to P) if F(C) is linearly independent for 
each C ∈ P.

The following result clarifies t he r elation b etween l inear i ndependence a nd different 
notions of equitability in the hypergraph case. It is analogous to Theorem 1.10 and the 
proof (omitted) is very similar.
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Theorem 1.22. Consider the hypergraph dynamical system given by Equations (I.1)
and (I.3). Let P be a partition of the node set and x a P-synchronised solution of the
dynamical system.

(1) Suppose that F(C,C1, . . . , Cm) is linearly independent (equivalently, the coupling
function g(m)(xC ,xC1 , . . . ,xCm) is not identically zero over T ) for all C ∈ P,
C1, . . . , Cm ∈ P not all equal to C, and 1 ≤ m ≤ M . Then P is DEL with
respect to x if and only if P is SEL.

(2) Suppose that F(C,m) is linearly independent for all C ∈ P, and 1 ≤ m ≤ M . Then
P is DE with respect to x if and only if P is SEL.

(3) Suppose that F(C) is linearly independent for all C ∈ P. Then P is WDE with
respect to x if and only if P is SEL.

The results in this theorem can be represented schematically as

DEL +3X`

F(C,C1,...,Cm)

� 

DE +3
F(C,m)ks

KS

F(C,m)

��

WDE
F(C)ks

=E

F(C)

}�
SEL

(CS)

(I.50)

where we assume cluster synchronisation (CS), we have used DEL =⇒ DE =⇒ WDE

from the previous theorem, Theorem 1.18, and the right-to-left arrows are a consequence
of the other arrows and (I.49). In particular, if x is P-synchronised and linearly indepen-
dent (F(C) is linearly independent for each C ∈ P), then all four notions are SEL, DEL,
DE, and WDE are equivalent.

Finally, we related cluster synchronisation and stability in the next two results, which
adapt Theorems 1.11 and 1.12 to the hypergraph case.

Theorem 1.23. Consider the dynamical system (I.1) with (I.3). Let P be a partition of
the node set {1, . . . , N} and x a P-synchronised solution. Then,

(1) the partition P is WDE with respect to x;

(2) if x is linearly independent (F(C) is linearly independent for all C ∈ P), then P is
SEL.

Proof. (1) Let i, j ∈ C ∈ P . Since the solution is P-synchronised, xi = xj and so ẋi = ẋj,
which implies

hi(x1, . . . ,xN) = hj(x1, . . . ,xN) =⇒ hext
i (x1, . . . ,xN) = hext

j (x1, . . . ,xN), (I.51)

since hC,...,C
i = hC,...,C

i = 0 as the coupling functions are non-invasive g(m)(x, . . . ,x) = 0.
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(2) Write xC = xi whenever i ∈ C. Let i, j ∈ C, then xi = xj so ẋi = ẋj which implies
(substitute differential equation, equate, rearrange, write xl as xC′ whenever l ∈ C ′)

M∑
m=1

σm

N∑
j1,...,jm=1

(
A

(m)
i,j1,...,jm

− A
(m)
j,j1,...,jm

)
g(m)(xC ,xC1 , . . . ,xCm) = 0 ⇐⇒ (I.52)

M∑
m=1

σm

(
hC1,...,Cm

i − hC1,...,Cm

j

)
g(m)(xC ,xC1 , . . . ,xCm) = 0

F(C)⇐⇒ (I.53)

σm

(
hC1,...,Cm

i − hC1,...,Cm

j

)
= 0

σm ̸=0⇐⇒ hC1,...,Cm

i = hC1,...,Cm

j (I.54)

for all m, C1, . . . , Cm, that is, the partition is SEL.

As in the Main Text, we define the quotient of the hypergraph dynamical system (I.1)
and (I.3) with respect to a partition P of the node set {1, . . . , N} into K = |P| clusters
as the dynamical system with dynamical units y1, . . . ,yK and K differential equations

ẏi = f(yi) + hi(y1, . . . ,yK), where (I.55)

hi(y1, . . . ,yK) =
M∑

m=1

σm

K∑
j1,...,jm=1

B
(m)
i,j1,...,jm

g(m)(yi,yj1 , . . . ,yjm) and (I.56)

B
(m)
ij1...jm

=
1

|Ci|
∑

k∈Ci,k1∈Cj1
,...,km∈Cjm

A
(m)
k,k1,...,km

, (I.57)

the quotient tensor of A(m) with respect to P .

Theorem 1.24. Consider the hypergraph dynamical system given by Equations (I.1) and
(I.3), which we refer to as the parent dynamical system, a partition of the node set P, and
the associated quotient dynamical system given by Equations (I.55) to (I.57). Suppose that
P is SEL. Then, x = (x1, . . . ,xN) is a P-synchronised solution of the parent dynamical
system if and only if y = (y1, . . . ,yK) is a solution of the quotient dynamical system,
where yk = xi whenever i ∈ Ck.

Proof. Note that the condition yk = xi, i ∈ Ck, uniquely defines y from x (since x

is P-synchronised), and x from y (since P is a partition of the node set). Using the
equitability condition (SEL), we can write

B
(m)
kl1...lm

=
1

|Ck|
∑

i∈Ck,j1∈Cl1
,...,jm∈Clm

A
(m)
ij1...jm

=
1

|Ck|
∑
i∈Ck

=h
Cl1

,...,Clm
i︷ ︸︸ ︷∑

j1∈Cl1
,...,jm∈Clm

A
(m)
ij1...jm

I.42
=

1

|Ck|
|Ck|h

Cl1
,...,Clm

i = h
Cl1

,...,Clm

i =
∑

j1∈Cl1
,...,jm∈Clm

A
(m)
ij1,...,jm

, (I.58)

for any choice i ∈ Ck and any indices l1, . . . , lm not all equal to k. Suppose that x = 
(x1, . . . , xN ) and y = (y1, . . . , yK) satisfy yk = xi whenever i ∈ Ck. Let k ∈ {1, . . . , K}
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and i ∈ Ck. Then

hk(y1, . . . ,yK) =
M∑

m=1

σm

K∑
l1,...,lm=1

B
(m)
k,l1,...,lm

g(m)(yk,yl1 , . . . ,ylm) (I.59)

(I.31)
=

M∑
m=1

σm

K∑
l1,...,lm=1

∑
j1∈Cl1

,...,jm∈Clm

A
(m)
ij1,...,jm

g(m)(yk,yl1 , . . . ,ylm) (I.60)

=
M∑

m=1

σm

K∑
l1,...,lm=1

∑
j1∈Cl1

,...,jm∈Clm

A
(m)
ij1,...,jm

g(m)(xi,xj1 , . . . ,xjm) (I.61)

=
M∑

m=1

σm

N∑
j1...,jm=1

A
(m)
ij1,...,jm

g(m)(xi,xj1 , . . . ,xjm) = hi(x1, . . . ,xN). (I.62)

(Note that the second equality follows from (I.31) for l1, . . . , lm not all equal to k and from
the non-invasiveness of g(m) for l1 = . . . = lm = k.) All in all, if i ∈ Ck, the differential
equation for xi in the parent dynamical system is the same as the differential equation
for yk in the quotient dynamical system. This completes the proof.

1.6 General coupling

Here, we describe, section by section, the necessary changes to generalise our results so
far when we remove the non-invasiveness condition.

Section 1.1 The dynamical systems Eqs. (I.1), (I.2) and (I.3) are the same, removing
the assumption g(m)(x, . . . ,x) = 0 (last bullet point after Eq. (I.3)).

Section 1.2 In Definition 1.3, substitute hV \C
i and h

V \C
i by hi respectively hi in Eqs. (I.10)

and (I.11), and remove the condition ‘C ≠ C ′’, that is, immediately before Eqs. (I.12),
(I.13), (I.14) and (I.15). Ignore Remark 1.4. Theorem 1.7 holds verbatim.

Section 1.3 Remove ‘C ≠ C ′’ from Definition 1.8, the first bullet point below Eq. (I.23),
and the statement of Theorem 1.10. The proof of this theorem is identical, except re-
moving the condition ‘C ̸= C ′’.

Section 1.4 Theorem 1.11 holds but the proof of case (1) now goes as
(1) Let C ∈ P , i, j ∈ C. Since x = (x1, . . . ,xN) is a solution the dynamical system,

ẋi = f(xi) + hi(x1, . . . ,xN) = f(xi) + hi, (I.63)

and similarly for j. Since x is P-synchronised, xi = xj. In particular,

ẋi = ẋj =⇒ hi = hj (I.64)

and P is WDE with respect to x by definition.
Theorem 1.12 holds verbatim with the proof adapted by removing the references to k ≠ l, 
that is, remove ‘and any k ̸= l’ and the note in brackets after Eq. (I.35).
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Section 1.5 In Definition 1.13, remove both superscripts ‘ext’ from Eq. (I.41), and the
definition of hext

i immediately after, that is, ‘and we write. . . ’. Ignore Remark 1.15. In
Definition 1.16, remove ‘not all equal to C’. Theorem 1.18 holds, with verbatim proof.
In Definition 1.20, remove ‘not all equal to C’ from the definitions of F(C) and F(C,m).
In Theorem 1.22, remove ‘not all equal to C’ in statement (1). Theorem 1.23 holds, with
the proof of (1) simplified to
(1) Let i, j ∈ C ∈ P . Since the solution is P-synchronised, xi = xj and so ẋi = ẋj, which
implies

hi(x1, . . . ,xN) = hj(x1, . . . ,xN). (I.65)

Theorem 1.24 holds, with identical proof except deleting ‘not all equal to k’ after Eq. (I.58),
and the note in brackets after Eq. (I.62).

1.7 Higher-order explosive synchronisation

Since equitably (external, or general) is a ‘per layer’ concept, the number of equations
that need to be simultaneously satisfied to achieve equability increases (linearly) with the
number of layers. It is worse than that: many networks have equitable partitions with
high probability somewhere on the network (for example, orbit partitions in real-world
networks [2, 3]) but for those equitable clusters to occurs on the same nodes in two, or
more, layers, it is much less likely.

For a concrete calculation, suppose that nk is the average number of clusters with
k nodes in the, say for simplicity, coarsest equitable partition for a family of graphs.
If we write pk for the probability of a subset of k nodes to form an equitable cluster,
we have the relation pk

(
n
k

)
= nk ≤ n

k
hence pk ≤ n

k(nk)
typically very small. On two

layers, the probability of the same set of nodes to form an equitable cluster goes from
pk to p2k and the expected number of equitable clusters with k nodes from pk

(
n
k

)
= nk to

p2k
(
n
k

)
= pknk. Similarly, for M layers, it goes to pMk

(
n
k

)
= pM−1

k nk. That is, pM−1
k is the

expected proportion of equitable clusters in one layer that survive after adding M − 1

layers (sampled from the same family of graphs). Even assuming the largest possible pk
(equal to n/k), we have pk =

n

k(nk)
, which decays very quickly to 0 with n and k.

For a concrete example, if n = 100 and k = 2, 3, 4, the values of pk are 1/99, 1/4851, 
and 1/156849; for n = 1, 000, these are 1/999, 1/498501, and 1/165668499. Even if the 
original network has the maximum number of equitable clusters with k nodes (50, 33, 
25 respectively 500, 333, 250), the expected number of simultaneously equitable clusters 
with k nodes on just 2 layers would be 0.5, 0.007, and 0.00002 (1 s.f.) and the same for 
n = 1, 000 (the expected numbers are the same in the limit n → ∞).

1.8 Global synchronisation and equitability

In the non-invasive coupling case, there is always a globally synchronised solution, as 
explained in the Main Text. This agrees with our structural results: the partition into
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one cluster is always externally equitable, and a globally synchronised solution is always
linearly independent.

In the general coupling case, we have a similar result, but in this case requiring the
(general) equitability of the multiplex network, or hypergraph, and the linear indepen-
dence of the globally synchronised solution.

Theorem 1.25. Consider the multilayer or the hypergraph dynamics, with the same
terminology and notation as in Section 1.1. Then,

(1) if there is a linearly independent, globally synchronised solution of the dynamical
system, then the partition into a single cluster is equitable;

(2) if the partition into a single cluster is equitable, and the corresponding quotient
dynamics has a solution, then the system has a globally synchronised solution.

Proof. (1) A globally synchronised solution is the same as a P-synchronised solution
where P is the partition into one cluster. By our results, P must be WDE which implies
SEL (called equitability in the Main Text in the general coupling case) by the linearly
independent hypothesis.
(2) Conversely, if the partition is equitable, any solution ys of the quotient dynamics
(which has the form ẏ = f(y) + h(y), a single equation, on a single quotient node) is a
solution of the parent dynamics by repeating the entries of each node, that is, a globally
synchronised solution.

In a network (one layer), the partition into one cluster is equitable is equivalent to
a regularity condition, namely that the weighted out-degree on each layer m, or for
each order m, is the same for all nodes. In matrix, or tensor, form, the multiplex,
or hypergraph, is layer-by-layer regular if for all i, j ∈ V and 1 ≤ m ≤ M we have
d
(m)
i = d

(m)
j , where

d
(m)
k =

∑
l∈V

A
(m)
kl = hV,m

k (multiplex case) (I.66)

d
(m)
k =

∑
l1,...,lm∈V

A
(m)
kl1...lm

= hV,...,V
k (hypergraph case) (I.67)

for each k ∈ V , the weighted out-degree of node k on layer, respectively for order, m.

1.9 Finding equitable partitions

Here, we explain how to adapt the Weisfeiler-Lehman (WL) refinement algorithm to other 
combinatorial structures on a set of nodes, such as multiplex and hypergraphs. We first 
explain the network (graph) case.

Consider the graph (network) G = G(A) associated to a given N ×N matrix A: it has 
vertex set V = {1, . . . , N} and a directed edge from i to j (i, j ∈ V ) with weight Aji ≠ 0, 
and no such edge when Aji = 0 (we reverse the indices for convenience). A connection 
function on G is a function c : V × P(V ) → X where P(V ) is the power set of V (the set
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of all subsets of V ) and X is a set. Our main example is the weighted in-degree, that is,
the sum of the weights of edges from a subset (cluster) C to a vertex v,

c(i, C) =
∑
j∈C

Aij. (I.68)

A partition P is externally c-equitable if for all C,C ′ ∈ P , C ≠ C ′, and all i, j ∈ C, we
have c(i, C ′) = c(j, C ′). We define c-equitable partition similarly, removing the condition
C ̸= C ′.

Given two partitions P and P ′ of the same set, we call P ′ finer than P , and P coarser
than P ′, if for all C ′ ∈ P ′ there exists C ∈ P such that C ′ ⊆ C. This is an order relation
among all partitions of a set. Given a partition P and nodes i, j ∈ V , we write i ∼P j if
nodes i and j belong to the same cluster in P .

The refinement algorithm finds the coarsest c-equitable partition of a given partition,
and it works as follows. Given a partition P and a connection function c, we define a
refinement (a finer partition) P ′ as the equivalence classes of the equivalence relation i ∼ j

if i ∼P j and c(i, C) = c(j, C) for all C ∈ P . If P ′ = P , then the partition is c-equitable;
otherwise, we repeat the same procedure on the new partition P ′. The algorithm stops
when it finds a c-equitable partition or when it reaches the singleton partition, which is
always c-equitable. The same algorithm applies for external equitability, by redefining
the equivalent relation as: i ∼ j if i ∼P j, say i, j ∈ C ′ ∈ P , and c(i, C) = c(j, C) for all
C ∈ P , C ̸= C ′, that is, we ignore the internal connectivity on each cluster.

Now it should be clear that the refinement algorithm can be adapted to multiplex
networks, by defining an appropriate connection function. Namely, we define c(i, C) =

(c1(i, C), . . . , cM(i, C)) where

cm(i, C) =
∑
jinC

A
(m)
ij = hC,m

i . (I.69)

The hypergraph case is a bit more complicated, as we need to define connection functions
of the form cm(i, C1, . . . , Cm), namely,

cm(i, C1, . . . , Cm) =
∑

A
(m)
ij1,...,jm

= hC1,...,Cm

i (I.70)
j1∈C1,...,jm∈Cm

and substitute the equivalence relation above by i ∼ j if i ∼P j and cm(i, C1, . . . , Cm) = 
cm(j, C1, . . . , Cm) for all m and all C1, . . . , Cm ∈ P, not all equal to C (for external 
equitability only). With this changes, the refinement algorithm still works for multiplex 
networks and hypergraphs. The maximum number of iterations is N − 1, and in each 
iteration the column sum of M matrices, respectively tensors, are computed, resulting on 
a polynomial time algorithm. It is possible to show that the refinement a lgorithm finds 
the coarsest c-equitable, respectively externally c-equitable, partition finer t han P , but 
this is outside the scope of the present article.

1.10 Natural coupling example

Inspired by the example of natural coupling in [4], consider the hypergraph dynami-
cal system with coupling functions g(1)(x, y) = y2 − x2 and g(2)(x, y, z) = yz − x2.



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

Then g(2)(x, y, y) = g(1)(x, y) so the linear independence condition is never satisfied
when x = xi, y = xj, z = xk and nodes j and k are in the same synchronised clus-
ter, as the coupling functions g(1) and g(2) would be linearly dependent (in fact, equal).
Indeed, for any non-trivial cluster solution, we can take i ∈ C, j, k ∈ C ′ and then
g(2)(xC , xC′ , xC′) = g(1)(xC , xC′), which can never satisfy the linear independence condi-
tion. This is an example where our approach would not work and is due to the fact that
the coupling functions are not ‘generic’ enough. In particular, in such system, we could
have cluster synchronisation without equitability of the underlying hypergraph partition.

2 Numerical Simulations

In this section, we comment in more detail on the different simulations displayed in the
Main Text, both for the multilayer as well as for the hypergraph case.

2.1 Multilayer case

We simulated Lorenz [5] oscillators f(x) = (σ(y−z), x(ρ−z)−y, xy−βz) with parameters
σ = 10, ρ = 28, β = 2 and Laplacian couplings in both layers 1 and 2, in the form
g(1)(xj,xi) = (xj − xi, 0, 0), g(2)(xj,xi) = (0, yj − yi, 0), where xi = (xi, yi, zi) and
xj = (xj, yj, zj).

The dynamics were numerically computed in Julia with an RK45 algorithm, up to
final time tf = 1000 with a timestep of ∆t = 10−3. The synchronization error Sk of
the kth cluster is computed at late times (t ∈ [900, 1000] at intervals of 0.25) as the
time-averaged root-mean-square deviation defined by

Sk =

〈√
1

Nk

∑
i∈Ck

|xi − xk|2
〉

T

, (II.71)

where Ck is the set of nodes contained in cluster k, xk is the ensemble average of x =

(xi)i∈V within Ck, and ⟨.⟩T denotes the temporal average over the late time window T .
The multiplex network GA = {G(1)

A , G
(2)
A }, for which both layers simultaneously satisfy

the structural equitability condition, is shown in Supplementary Fig. 1: nodes {7, 8, 9, 10}
form a cluster which is structurally equitable with all other nodes in both layers. As shown
in the Main Text, this cluster synchronises for smaller values of coupling strengths (σ1, σ2)

than the whole network.
The multilayer network GB = {G(1)

B , G
(2)
B }, which does not satisfy the structural

equitability condition, is shown in Supplementary Fig.2. Although there are non-trivial 
structurally equitable partitions for each layer separately, with almost identical nodes 
({6, 7, 8, 9, 10, 11} for the first l ayer a nd {7, 8, 9, 10, 1 1} f or t he s econd), t here a re no 
common structurally equitable partition for both layers. As it was shown in the Main 
Text, in this case there is no cluster synchronization before total synchronisation when 
both layers are active.
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Supplementary Figure 1: Multilayer network GA with the same non-trivial external eq-
uitable (or structurally equitable) partition in both layers.

Supplementary Figure 2: Multilayer network GB which does not have any common non-
trivial external equitable (or structurally equitable) partition in both layers.

2.2 Hypergraph case

We now consider hypergraph dynamics. We simulated Lorenz [5] oscillators as in the 
multilayer case, with parameters σ = 10, ρ = 28, β = 8/3. For simplicity, we assume 
the couplings to be diffusive, i .e. g(1)(xi, xj )  =  h(1)(xj ) − h (1)(xi) and g(2)(xi, xj , x k) = 
h(2)(xj , xk) − h(2)(xi, xi), and so-called natural coupling h(2)(x, x) = h(1)(x). This means 
that the coupling from pairwise and triadic interactions are essentially the same: a three-
body interaction with two nodes on the same state is equivalent to a two-body interaction.

Under these assumptions, we chose the two-body and three-body couplings as h(1)(xj ) = 
(xj

3, 0, 0)T and h(2)(xj , xk) = (xj
2xk, 0, 0)T (cf. [4] where the Master Stability Function for 

this system is calculated, see Figure 5a in loc. cit.)
The computation was performed in C with a RK45 algorithm, up to final t ime t f = 

1000 with a timestep of ∆t = 10−3. The synchronization error Sk of the kth cluster 
is computed over the last 500 timesteps. The synchronization error is again defined by 
equation (II.71).
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As for the hypergraph itself, it is defined as follows (we give a text description as
a visualisation is probably not very insightful). The hypergraph has 20 nodes V =

{1, ..., 20} and 4 non-trivial clusters:

• Cluster C1 = {1, 2, 3} with connectivity

– Pairwise: internal edges (1, 2) and (2, 3), external edges (i, 15), (i, 17), (i,
18), for each i ∈ C1;

– Triadic: no internal hyperedges, external hyperedges (1, 17, 20) and (2, 15,
19).

(In this cluster, the pairwise structural equitability condition is satisfied, but not
the triadic one.)

• Cluster C2 = {4, 5, 6, 7} with connectivity

– Pairwise: internal edges (4, 5), (4, 7) and (7, 5), external edges (4, 15) and (7,
20);

– Triadic: internal hyperedge (5, 6, 7), external hyperedges (i, 18, 20), (i, 17,
15) and (i, 15, 16) for each i ∈ C2;

(In this cluster, the pairwise structural equitability condition is not satisfied, but
the triadic one is.)

• Cluster C3 = {8, 9, 10} with connectivity

– Pairwise: no internal edges, external edges (8, 15) and (8, 16);

– Triadic: internal hyperedge (8, 9, 10), external hyperedges (9, 15, 16) and (10,
15, 16);

(In this cluster, neither the pairwise nor the triadic structural equitability conditions
are satisfied.)

• Cluster C4 = {11, 12, 13, 14} with connectivity

– Pairwise: internal edges (11, 12), (11, 13) (12, 13) and (13, 14), external edges
(i, 18) and (i, 20) for each i ∈ C4;

– Triadic: internal hyperedge (12, 13, 14), external hyperedges (i, 16, 17), (i,
19, 20) for each i ∈ C4;

• The remaining nodes (15 to 20) are not clustered, that is, they are trivial or one-
node clusters and there is no additional connectivity among them.
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Cluster synchronisation is a key phenomenon observed in networks of coupled dynamical units. Its
presence has been linked to symmetry and, more generally, to equability of the underlying pattern of
interactions between dynamical units. However, it is not known under which conditions equitability-
induced synchronisation is the only cluster synchronisation that can occur on a particular system.
Here, we reveal a natural linear independent condition such that equitability becomes necessary,
and sufficient, for the existence of cluster synchronised solutions on a very general dynamical system
which allows multiplex or higher-order, arbitrarily weighted interactions. Our results explain the
ubiquity of explosive synchronisation, as opposed to cluster synchronisation, in multiplex and higher-
order networks: equitability imposes additional constraints that must be simultaneously satisfied
on the same set of nodes. The outcomes of this work have significant implications for the design
of complex dynamical systems of coupled dynamical units with arbitrary cluster synchronisation
patterns and coupling functions.

INTRODUCTION

The study of synchronization in coupled networks of
oscillators [8] serves as a fundamental pillar to under-
stand the dynamics of interconnected systems, hold-
ing profound implications across numerous disciplines
[7, 9, 29]. At its core, the existence of a synchronized
state represent how individual elements within a network
coordinate their behaviours, fostering coherence or col-
lective dynamics. In recent years, traditional results of
global synchronizability in standard networks [27] have
been extended to both systems with multiple layers of in-
teractions [5, 9, 11, 12, 14] as well as systems with many-
body interactions [3, 15], constituting a new paradigm
that allows researchers to better model the complex pro-
cesses of real-world systems [6].

A synchronized state may not involve the whole net-
work. In fact, under specific conditions, one can observe
one or more subsets of nodes that synchronize their mo-
tion independently of the other groups of nodes and of
the rest of the network, giving rise to the phenomenon
known as cluster synchronization. Notably, even though
the nodes within a specific cluster evolve in a coordinated
fashion, displaying similar patterns of activity or dynam-
ics, nodes in other clusters may have different synchro-

nization patterns or even remain desynchronized from
each other. Understanding how clusters within a network
synchronize their activities impacts multiple fields, as it
offers insights into the general processes of organization
and dynamics in complex systems [20, 26, 28, 30–33, 37],
including brain networks, social networks, power grids,
and biological systems. The existence of cluster synchro-
nised solutions has been related to the presence of net-
work symmetries and, more generally, of equitable parti-
tions [25, 31], balanced equivalent relations [1, 17, 18, 35]
and graph fibrations [10, 36].
Recently, the study of synchronisation has been consid-

ered in generalisations of network models, such as mul-
tilayer and hypergraph models [12, 15]. Indeed, there
is increasing evidence of the importance of higher-order
interactions in real-world systems [3, 13], with emerg-
ing applications of higher-order dynamics to real-world
systems [24]. In contrast to network models, explosive
synchronisation has been commonly observed in higher-
order network dynamics [2, 16].
In this article, we formally explain the role of equitabil-

ity in cluster synchronisation for a very general system of
coupled identical dynamical units in multiplex networks
(a type of multilayer network with the same nodes on
each layer) and hypergraphs (see Fig. 1). We explain why
equitability (and thus cluster synchronisation) is much
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less common in multiplex or higher-order (hypergraph)
interactions compared to pairwise (network) interactions.
Namely, we show that equitability (of the partition of
the underlying interaction multiplex, or hypergraph, into
clusters) is a necessary condition for the existence of in-
dependent cluster-synchronised solutions (on those clus-
ters), that is, synchronised solutions for which the cou-
pling functions between clusters are linearly independent
over trajectories. Conversely, equitability is also a suf-
ficient condition for synchronisation: we can construct
cluster synchronised solutions with respect to any given
partition, as long as it is equitable, from the quotient dy-
namics. The results are independent of the specific form
of the coupling functions or of the coupling strength pa-
rameters, and depend only of the structural properties
(equitability) of the underlying interaction patterns (a
network, multiplex, or hypergraph). Although we only
concern ourselves with the existence and not the stabil-
ity of the synchronised solutions (which depends on the
specific form of the coupling functions and, for fixed cou-
pling functions, on the values of the coupling strength pa-
rameters), our results show how equitability gives strong
restrictions on the existence of synchronised solutions,
and, in particular, how the restrictions are much harder
to achieve for higher-order dynamical interactions.

RESULTS

The results section is organised as follows. After de-
scribing the dynamical systems, we first study the mul-
tiplex (over the next few sections), then the hypergraph
case when the coupling functions are non-invasive, which
includes the diffusive case and relates to external equi-
tability. Then we explain how to generalise our results to
general coupling functions, which relates to general equi-
tability, and why both cases must be treated separately.
We finish with a discussion on explosive synchronisation,
and on finding equitable partitions.

Dynamical system and cluster synchronisation

The behaviour of a networked system of N identicalD-
dimensional units is described by a system of dynamical
equations of the form

ẋi = f(xi) + hi(x1, . . . ,xN ) i = 1, . . . , N (1)

where xi(t) is aD-dimensional vector describing the state
of the ith unit at time t ∈ T ⊆ R, f is a smooth map
that encodes the internal dynamics of the units, and
hi(x1, . . . ,xN ) is a coupling term, representing the to-
tal dynamical input of all other nodes to node i. In a
multiplex network with M layers (and the same N nodes

on each layer), the coupling is of the general form

hmulti
i =

M∑
m=1

σm

N∑
j=1

A
(m)
i,j g(m)(xi,xj) , (2)

whereas in a higher-order network (hypergraph) with
highest multi-body interactions order M , it is [15]

hhyper
i =

M∑
m=1

σm

N∑
j1,...,jm=1

A
(m)
i,j1,...,jm

g(m)(xi,xj1 , . . . ,xjm) . (3)

(See Fig. 1 for some toy examples.) In the equations
above, σm > 0 is the coupling strength for layer m or
order m, A(m) is the adjacency matrix for layer m (in
the multiplex case), or the hypergraph adjacency ten-
sor of order (number of elements in a relation, in the
hypergraph case) m + 1, and the coupling functions g
are assumed to be synchronization non-invasive, that
is, g(m)(x,x, . . . ,x) = 0 for all m and any x. Non-
invasiveness [15, 21] guarantees that the coupling does
not alter the intrinsic dynamics of the dynamical units
when they are synchronised, and it is a mild general-
isation of the class of diffusive systems, that is, those
in which coupling functions depend (possibly linearly)
on differences between states. Our results, however, can
be adapted to generic coupling functions beyond non-
invasive ones; this needs to be treated as a separate
case, explained in the section ‘General coupling’ after
discussing the non-invasive multiplex, and hypergraph,
cases. For M = 1, both the multiplex and the hyper-
graph case reduce to the network (or monolayer) case,

ẋi = f(xi) + σ
N∑
j=1

aij g(xi,xj), (4)

where aij are the entries of the network adjacency matrix
A = (aij). An important example in this case is the
graph Laplacian coupling, g(xi,xj) = xj − xi.

A solution x⃗ = (x1, . . . ,xN ) to the dynamical system
Eq. (1) is globally synchronised if x1 = . . . = xN (iden-
tical synchronisation). Since g is non-invasive, this is
equivalent to the synchronised solution xs = xi being a
solution of ẋ = f(x). Many systems, however, exhibit
partial synchronisation, that is, identical synchronisation
in a subset, or several subsets, of nodes or dynamical
units [7, 9, 28]. Formally, given a partition P of the node
set V (a collection of pairwise disjoint subsets of V , called
clusters, whose union is V ), we say that a solution x⃗ is
P-synchronised if

xi = xj for all i, j ∈ C, (5)

for each C ∈ P. This includes any form of synchronisa-
tion (that is, involving any subsets of nodes), as we can
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put single nodes on (trivially) synchronised clusters on
their own — we call such cluster a singleton. We note
that, if the partition has k clusters, the case k = 1 corre-
sponds to global synchronisation and the case k = n to
no synchronisation.

In this article, we are concerned with very general nec-
essary and sufficient conditions for the existence of cluster
synchronised solutions, based on the equitability proper-
ties of the underlying pattern of interactions. We will
not make any assumptions or claims on the stability of
the solutions, which typically depends on the actual form
of the dynamical system, such as the coupling functions
g(m), or, for given coupling functions, the values of the
coupling strength parameters σm.
For simplicity, we focus on the multiplex case first, and

discuss the hypergraph case later, in the Section called
‘Results for hypergraph dynamics’.

Dynamical and external equitability

We want to relate cluster (or partial) synchronisation
to equitability, that is, the fact that every node receives
the same input from nodes in other clusters. We first
introduce a notion of dynamical equitability, then relate
this to a more standard notion of external equitability
[25, 31, 33].

First, we introduce some notation. Given a subset of
nodes C ⊆ V and a solution x⃗ = (x1, . . . ,xN ) of the
dynamical system, we write

hC
i =

M∑
m=1

σm

∑
j∈C

A
(m)
i,j g(m)(xi,xj), (6)

the total dynamical input to node i from nodes in cluster
C ⊆ V . We can see hC

i as a function of x1, . . . ,xN , or
as a function of t as xj = xj(t) for all j. Note that
hC
i is a non-invasive function of x1, . . . ,xN , since all the

coupling functions g(m) are non-invasive, and additive,
in the sense that hA∪B

i = hA
i + hB

i whenever A and B
are disjoint clusters.

We can now rewrite Eq. (1) in the multiplex case in
terms of the internal and external dynamical inputs with
respect to a partition P,

ẋi = f(xi) + hint
i + hext

i , (7)

where i ∈ C, C ∈ P, hint
i = hC

i , and hext
i = h

V \C
i . In

particular, if x⃗ is a P-synchronised solution, the internal
dynamical input to each node is zero (hint

i (t) = 0 all
t ∈ T , all i) since the coupling functions are non-invasive,
and the external contribution to two nodes in the same
cluster is equal, that is,

hext
i = hext

j (8)

whenever i, j ∈ C, C ∈ P. This motivates the following
definition of dynamical equitability. We call a solution
x⃗ dynamically P-equitable if Eq. (8) is satisfied for all
i, j ∈ C, for all C ∈ P. Thus we have showed that
dynamical equitability is a necessary condition for cluster
synchronisation.
We would like to relate this notion to a more standard

notion of external equitability, that is, equitability with
respect to the interaction pattern of the nodes in the
underlying multiplex network. If C ⊆ V , we write

hC,m
i =

∑
k∈C

A
(m)
ik (9)

for the structural input to node i from all nodes in C
on layer m. This is a constant that depends only on
the partition P and the underlying interaction multiplex
network, but not on the coupling functions g(m) nor on
a solution x. We say that P is externally equitable if, for
all C,C ′ ∈ P, C ̸= C ′, and 1 ≤ m ≤ M ,

hC′,m
i = hC′,m

j (10)

for all i, j ∈ C. This means that the total, or aggregated,
input to a node in C from all nodes in C ′ is the same (see
Fig. 1). The condition C ̸= C ′ results in ‘external’ eq-
uitability, and is included since the internal connectivity
in each cluster does not play a role in cluster synchro-
nisation, as shown above, due to the non-invasiveness of
the coupling function (which implies hint

i = 0 for all i).
Note that condition (10) is always satisfied when P is the
partition into one cluster (the condition becomes empty
and thus true by convention) or N clusters.
It is easy to show that external equitability implies

dynamical equitability for any cluster synchronised solu-
tion (see Supplementary Methods, Theorem 1.7(c)). We
will show that, under a natural cluster linear indepen-
dence condition (next section), dynamical and external
equitability are in fact equivalent for cluster-synchronised
solutions, and relate them more generally to cluster syn-
chronisation (in the two sections after that).
In the Supplementary Methods (Section 1.2), we study

several definitions of dynamical and external equitability
and their relationships in more detail, and justify our
choices above.

Independent cluster synchronisation

We call a cluster-synchronised solution independent
if the coupling functions (across clusters, and layers)
with all other clusters are linearly independent over
trajectories. Formally, given P a partition and x⃗
a P-synchronised solution, we call the solution x⃗ P-
independent if, for each C ∈ P, the M ·(|P|−1) functions

g(m)(xC ,xC′), m = 1, . . . ,M, C ′ ∈ P, C ′ ̸= C, (11)
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figures/MultihyperToy.png

FIG. 1. Multiplex and hypergraph dynamical systems. Toy example of a) a biplex (multilayer network with two layers
with three identical nodes), and b) a hypergraph with pairwise and triadic interactions among three nodes, along with their
respective adjacency matrices/tensors and dynamical equations. The shorthand (123) indicates any permutation of the three
indices. To illustrate equitability, consider the partition into clusters {1, 3} and {2}: it is externally equitable for the multiplex

(a) if w
(1)
12 = w

(1)
23 (layer 1) and w

(2)
12 = w

(2)
23 (layer 2); and for the hypergraph (b) if w12 = w23.

are linearly independent over the time domain T , where
we write xC(t) for the synchronised solution on C
(i.e. xC(t) = xi(t) for all i ∈ C), and similarly for xC′ .
We call this (linearly) independent cluster synchronisa-
tion: cluster synchronisation (Eq. (5)) with linearly inde-
pendent coupling functions over trajectories (Eq. (11)).
We note that Eq. (11) is always satisfied if P is the parti-
tion into one cluster (as empty conditions are true by con-
vention) or N clusters (singleton partition), correspond-
ing to global respectively no synchronisation.

In some sense, independent cluster synchronisation is
‘generic’: clusters are independent unless they are syn-
chronised (xC = xC′ , which we can resolve by merging
synchronised clusters together), or there is a linear rela-
tion between them. Namely, the following are the differ-
ent ways in which a solution may fail to be independent
with respect to a partition:

(1) there are synchronised clusters, that is, xC = xC′

for some C ̸= C ′, which immediately implies
g(m)(xC , xC′) = 0 identically 0;
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(2) the coupling between two clusters is zero de-
spite not being (identically) synchronised, that is,
g(m)(xC , xC′) = 0 even though xC ̸= xC′ ;

(As an example, consider a sinusoidal Kuramoto
coupling function

g(m)(xi,xj) = sin(xi − xj) (12)

and a solution with xC(t) = xC′(t) + kπ for an
integer k.)

(3) there are linearly dependent layers, for exam-
ple g(1) = g(2) + g(3) on some trajectory
(xC(t),xC′(t)), even if g(1) ̸= g(2) + g(3) in gen-
eral;

(For an example, consider the coupling functions
g(1)(x1, x2) = 4x1 − 1,

g(2)(x1, x2) = x1 + x2,

g(3)(x1, x2) = x1 + x2 + 1,

(13)

with the trajectories given by{
xC(t) = t,

xC′(t) = t− 1,
(14)

then g(1) ̸= g(2) + g(3) in general but g(1)(t) =
g(2)(t)+g(3)(t) over the trajectory (xC(t), xC′(t)).)

(4) there are linearly dependent clusters within a layer,
for example g(m)(xC ,xC1) = g(m)(xC ,xC2) +
g(m)(xC ,xC3

);

(As an example, consider the coupling function
g(m)(x1, x2) = x1 + x2 and cluster solutions
xC(t) = t, xC1

(t) = 6t, xC2
(t) = 2t, and xC3

(t) =
3t.)

and any combination of the above. Later, we will see that
these are the only cases in which cluster synchronisation
(and thus dynamical equitability) can occur without re-
quiring external equitability of the underlying partition.

All but case (1), which simply means that synchronised
nodes need to be in the same cluster, depend on the spe-
cific form of the M coupling functions g(m), and in par-
ticular on their algebraic properties, and thus we cannot
say anything more in general. From now on, therefore,
we will focus on independent cluster synchronisation.

Independent cluster synchronisation implies
external equitability

Our first result is that, under independent synchroni-
sation, dynamical and external equitability (see previous
section) are equivalent. That is, if x⃗ is a P-synchronised
(Eq. (5)), P-independent (Eq. (11)) solution, then the
following are equivalent:

(i) x⃗ is dynamically P-equitable (Eq. (8));

(ii) P is externally equitable (Eq. (10)).

(See Supplementary Methods, Theorem 1.10(3), for a full
derivation.) Since we have shown that dynamically eq-
uitability is a necessary condition for (linearly indepen-
dent) cluster synchronisation, so is external equitability.
This restricts the groups of nodes in a network that can
support cluster synchronisation to those forming equi-
table partitions simultaneously on each layer. (In the
next section, we will see that external equitability is also
a sufficient condition for cluster synchronisation.)
We could have considered weaker, less restrictive, no-

tions of external equitability, for instance equitability
with respect to all layers instead of per layer, or with re-
spect to all external nodes instead of per cluster, but we
can show that they are not necessary for cluster synchro-
nisation (see Supplementary Methods, Sections 1.2-1.3,
for a full comparison on difference notions of equitabil-
ity). Therefore, in the context of independent cluster syn-
chronisation, a partition must be equitable on each layer
simultaneously. This explains why cluster synchronisa-
tion is much harder to achieve in multi-layer networks:
the equitability condition must be simultaneously satis-
fied on each layer, for the same nodes. Indeed, even if
many networks have equitable partitions with high prob-
ability somewhere on the network (for example, orbit par-
titions in real-world networks [23, 30]), the probability of
equitable clusters to occur on the same nodes in two,
or more, layers decays very rapidly with the number of
layers (see Supplementary Methods, Section 1.7, for an
explicit calculation).
Let us illustrate the simultaneous external equitabil-

ity condition with the two multilayer networks shown in
Fig. 2. These are biplex networks, that is, multiplex net-
works (same nodes on all layers) with two layers. The

first biplex network GA = (G
(1)
A , G

(2)
A ) has a partition

which is externally equitable in both layers simultane-
ously: the one with nodes C = {7, 8, 9, 10} as one cluster
and all other nodes as singletons. Later, we show that
cluster synchronisation does occur on C, on a numerical
example (Fig. 3). On the other hand, the second biplex

network GB = (G
(1)
B , G

(2)
B ) violates the simultaneous eq-

uitable condition: even though there are almost identical
external equitable partitions for every layer individually,
{6, 7, 8, 9, 10, 11} on layer 1 and {7, 8, 9, 10, 11} on layer 2,
there are no partitions which are equitable on both layers
simultaneously (node 6 is essential to achieve equitability
on layer 1, but prevents equitability on layer 2). Again,
we show later on a numerical example (Fig. 3) that only
explosive synchronisation is observed in this case.

Altogether, we have shown that cluster synchronisa-
tion can only occur in one of these cases:

• there is a linear dependence relation between the
coupling functions on trajectories (as illustrated in
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figures/two_biplexes.png

FIG. 2. Equitability on multiplex networks. Two biplex networks GA = (G
(1)
A , G

(2)
A ) on the left and GB = (G

(1)
B , G

(2)
B )

on the right. The nodes are represented by green or black dots labelled 1 to 10 for GA and 1 to 11 for GB with two types
of connections among them shown as two separate layers (bottom and top). A partition of the node set on layer is shown by
colour: the green nodes form one cluster, and the black nodes are singletons. The biplex networks GA and GB exhibit very
different dynamical behaviour: cluster synchronization on GA, and explosive synchronization on GB (see section ‘Numerical
Results’). This can be easily explained in terms of equitability: the green nodes form an equitable cluster in their respective
layers, but only the common nodes {7, 8, 9, 10} are equitable overall on GA, with no similar equitable partition on GB .

the previous section); or, if not,

• the partition of the underlying interaction net-
work must be layer-by-layer externally equitable
(Eq. (10)).

This summarises the key insight of our article: unless
there are linear dependencies between coupling functions
(on trajectories), cluster synchronisation can only occur

if the underlying partition is externally equitable layer
by layer. (For a comparison to other possible notions of
equitability, see Supplementary Methods, Sections 1.2-
1.3.)

In the next section, we show the converse statement,
that is, that external equitability (layer by layer) is not
only necessary, but sufficient to guarantee the existence
of a synchronised solution, with the help of the quotient



ARTI
CLE

 IN
 P

RES
S

ARTICLE IN PRESS

network formalism.
Before moving on, we briefly remark on external eq-

uitability and its relation to symmetry. Network sym-
metries (formally, permutation of the nodes preserving
(weighted) edges) are an important source of equitable
partitions, namely partitions into orbits of structurally
equivalent nodes [23, 30]. For multiplex networks, and
also for hypergraphs, we can extend the definition to per-
mutations of the nodes preserving edges on each layer,
respectively hyperedges of the same order. As an exam-
ple, the equitable partition in the biplex GA in Fig. 2 is
indeed a symmetry partition into orbits.

Quotient dynamics

Quotients with respect to equitable partitions have
been studied in the context of cluster synchronisation
and dynamics e.g. [1, 18, 34]. Our treatment of quotient
and quotient dynamics here is similar or equivalent to
that found elsewhere.

If A is an N×N real matrix, say the adjacency matrix
of a weighted, directed network with N nodes, and P =
{C1, . . . , CK} is a partition of the node set {1, . . . , N}
into K clusters, the quotient of A with respect to P is
the K ×K matrix B with (k, l)-entry

Bk,l =
1

|Ck|
∑

i∈Ck,j∈Cl

Ai,j , (15)

the average connectivity from all nodes in Cl to a node
in Ck.

Given the dynamical system (Eqs. (1) and (2)) and
a partition P of the dynamical units (equivalently, of
the set {1, . . . , N}) into K clusters, we define its quo-
tient dynamical system with respect to P as the same
dynamical system (same internal dynamics f , coupling
functions g(m), and coupling strengths σm) on the quo-
tient multiplex network, that is, the multiplex network
with quotient adjacency matrices B(m), m = 1, . . . ,M .
Explicitly, we have dynamical units y1, . . . ,yK and K
differential equations

ẏi = f(yi) + hi(y1, . . . ,yK), (16)

where

hi(y1, . . . ,yK) =
M∑

m=1

σm

K∑
j=1

B
(m)
i,j g(m)(yi,yj). (17)

We refer to this dynamical system as the quotient dy-
namics, and to the original one as the parent dynamics.
In the Supplementary Methods, Theorem 1.12, we

show a correspondence between P-synchronised P-
equitable solutions x⃗ of the parent dynamical system,
and (global) solutions y⃗ of the quotient dynamical sys-
tem, by setting yk = xi for any i ∈ Ck. Formally,

x = (x1, . . . ,xN ) is a P-synchronised, P-equitable so-
lution of Eq. (1) if and only if y⃗ = (y1, . . . ,yM ) is a
solution of Eq. (16), where yk = xi for any i ∈ Ck.
This means that we can construct equitable, cluster

synchronised solutions on an arbitrary multiplex network
with respect to an arbitrary partition, simply by ‘lifting’
(repeating on each node in a cluster) a solution of the
quotient multiplex network. That is, in this sense, eq-
uitability implies cluster synchronisation (the existence
of cluster synchronised solutions on the clusters of the
chosen equitable partition). Again, we are not making
any claims on the stability of the synchronised solutions:
even if the quotient solution is stable, the parent solu-
tion will be stable under uniform perturbations of all the
nodes in the cluster, but not necessarily under arbitrary,
non-uniform perturbations.
As an example, the biplex network GA in Fig. 2 was

constructed in this way: starting with an arbitrary (quo-
tient) network on 7 nodes, substitute node 7 by an arbi-
trary graph (on four nodes 7, 8, 9 and 10 in this case)
and connect the new nodes to the other nodes in an eq-
uitable way (each node 1 to 6 connects to either all, or
none, of the nodes 7 to 10 in the cluster) to create the
parent graph. (Of course, other, more complex, equitable
connectivity patterns are possible.)

Numerical Results

We illustrate the relation between equitability and
cluster synchronisation with numerical simulations of
coupled Lorenz oscillators on the two biplex network
shown in Fig. 2 as we vary the coupling strength pa-
rameters σ1 and σ2. The quantity of interest we track
here is the synchronization error,

Sk =

〈√
1

Nk

∑
i∈Ck

|xi − xk|2
〉

T

, (18)

where Ck is the set of nodes contained in cluster k (or
all nodes in the case of the total error), xk is the en-
semble average of x⃗ = (x1, . . . ,xN ) within Ck, xk =
1
Nk

∑
i∈Ck

xi, where Nk = |Ck| the number of nodes in

Ck, and ⟨·⟩T denotes the temporal average over a late
time window T . Full details of the simulations, includ-
ing the dynamical functions involved, which belong to
Class II [8] on each layer (global synchronisation guaran-
teed for high enough values of σi), can be found in the
Supplementary Methods, Section 2.1.
The results of the simulations are shown in Fig. 3.

Panels A1 to A3 (respectively B1 to B3) show the total
synchronisation errors on the biplex network GA (respec-
tively GB) as well as the cluster synchronisation error for
the nodes {7, 8, 9, 10}, which form a layer-by-layer equi-
table cluster in GA (but not in GB). Panels A1, A2,
B1 and B2 show that cluster synchronisation occurs on
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each layer separately (the cluster synchronisation error
drops before the global one does) for both GA and GB .
However, only GA exhibits multilayer cluster synchroni-
sation: panel A3 shows a significant region of coupling
values (σ1, σ2) (red area) for which the cluster {7, 8, 9, 10}
synchronises while the network is not globally synchro-
nised; this is however numerically negligible for GB , as
shown in panel B3, which suggests that the system un-
dergoes a critical transition from no synchronisation to
global synchronisation (explosive synchronisation).

The general results in our paper fully explain the nu-
merically observed behaviour: the nodes {7, 8, 9, 10} form
a layer-by-layer equitable partition on GA, but no such
partition exists on GB (Fig. 2), exemplifying the preva-
lence of explosive synchronisation on multilayer (and
higher-order) networks compared to standard (mono-
layer) networks. (See also the ‘Explosive synchronisation
and equitability’ section below.)

Results for hypergraph dynamics

Now we turn our attention to higher-order networks
(hypergraphs), with dynamical interactions described by
Eqs. (1) and (3), and show that all our previous results
hold in this setting. In this section, we state the key
definitions and main results, with full details deferred to
the Supplementary Methods, Section 1.5.

We first introduce the following notation, where P is a
partition of the node set, C,C1, . . . , Cm ∈ P, i ∈ C, and
1 ≤ m ≤ M ,

hC1,...,Cm

i =
∑

j1∈C1

. . .
∑

j1∈Cm

A
(m)
i,j1,...,jm

. (19)

We also define corresponding dynamical quantities
hC1,...,Cm

i , given a solution x⃗ = (x1, . . . ,xN ), by adding
g(m)(xi,xj1 , . . . ,xjm) to Eq. (19) above. These quanti-
ties account for the total structural, respectively dynam-
ical, input to node i from all nodes in C1, . . . , Cm.
Unlike the 2-body (pairwise) case, we allow in gen-

eral the ‘input’ clusters C1, . . . , Cm to be equal to C or
to each other since interactions are now not only inter-
nal (i, j1, . . . , jm ∈ C) or external (j1, . . . , jm ̸∈ C) but
‘mixed’ in general. Dynamical equitability is still inde-
pendent of the purely internal connectivity (due to the
non-invasiveness of the coupling functions g(m)) so we
remove the case C1 = . . . = Cm = C in the definitions of
equitability, below.

We call a P-synchronised solution x⃗ dynamically P-
equitable if, for all C ∈ P, i, j ∈ C, we have

hext
i = hext

j , (20)

where hext
i = hi − hint

i = hi −
∑M

m=1 σm hC,m...,C
i with

C, m. . ., C representing C repeated m times. We call the

partition P externally equitable if, for all C ∈ P, i, j ∈ C,
we have

hC1,...,Cm

i = hC1,...,Cm

j , (21)

for all C1, . . . , Cm ∈ P not all equal to C, and all 1 ≤
m ≤ M .

Similarly, we extend the definition of independent clus-
ter synchronisation to multi-body interactions. We call
a P-synchronised solution x⃗ P-independent if, for every
C ∈ P, the family of functions

g(m)(xC ,xC1
, . . . ,xCm

) (22)

where 1 ≤ m ≤ M , and C1, . . . , Cm ∈ P not all equal to
C, is linearly independent over the time domain T .

As in the multiplex case, we can show that cluster
synchronisation implies dynamical equitability, and an
equivalence between dynamical and external equitability
for independent cluster synchronisation (see Supplemen-
tary Methods, Theorems 1.18(3) and 1.22). In particu-
lar, we have that cluster synchronisation can only occur
in one of these cases:

• there is a linear dependence relation between the
coupling functions on trajectories; or, if not,

• the partition of the underlying interaction hyper-
graph must be externally equitable (Eq. (21)).

To demonstrate our theoretical results numerically, we
simulated Lorenz oscillators in a hypergraph with 20
nodes, four clusters, and both 2- and 3-body interactions
(see the Supplementary Methods, Section 2.2, for a full
description of the system). The clusters were chosen such
that C1 is (externally) equitable with respect to pairwise
but not triadic interactions; cluster C2 is equitable for
triadic but not pairwise interactions; cluster C3 satisfy
neither pairwise nor triadic equitability; and cluster C4

is the only one that simultaneously satisfy pairwise and
triadic equitability. The results (Fig. 4) show the mean
square error of the four clusters for a fixed and small
value of the triadic interaction coupling (σ2 = 0.2), and
varying pairwise interaction coupling (σ1). We can see
that only cluster C4 synchronises before the whole sys-
tem does. We also note that cluster C1 becomes almost
synchronous due to triadic interactions becoming small
with respect to the pairwise interactions for which C1

does satisfy external equitability.
Finally, we can also prove the reciprocal statement,

that is, that the external equitability of a given partition
implies the existence of cluster synchronised solutions,
by ‘lifting’ (repeating on each cluster) a solution of the
quotient dynamics to the parent hypergraph. Namely,
we define quotient dynamics for multi-body interactions
as follows.

If A is a square tensor (that is, all indices have the
same dimension N , for example an adjacency tensor for
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figures/multiplex_clustererrors.png

FIG. 3. Equitability and synchronisation on two multiplex networks. Synchronization error Eq. (18) of coupled Lorenz
oscillators in the two biplex networks shown in Fig. 2 with respect to the cluster {7, 8, 9, 10}. Panels A1 and A2 (respectively
B1 and B2) show the cluster synchronization errors in GA (respectively GB) when only layer 2, or layer 1, is active. Panels
A3 and B3 show the 10−5 contours of the synchronization errors (i.e. the regions whose error is below or above 10−5) for
(σ1, σ2) ∈ [0, 10]× [0, 10] for networks GA and GB , respectively. See the Supplementary Methods, Section 2.2, for full details.

a hypergraph with N nodes) and P is a partition of the
set {1, . . . , N} into K clusters, the quotient tensor of A
with respect to P is the square tensor B defined by

Bk1,...,km
=

1

|Ck1 |
∑

i1∈Ck1
,...,im∈Ckm

Ai1,...,im , (23)

the average connectivity of nodes in Ck2
, . . . , Ckm

to a
node in Ck1 . The quotient dynamics of the dynamical
system Eqs. (1), (3) with respect to a partition P is the
system with dynamical units y1, . . . ,yK , where K = |P|,
and differential equations

ẏi = f(yi) + hi(y1, . . . ,yK), (24)
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figures/error_lowsigma2.png

FIG. 4. Equitability and synchronisation on a hyper-
graph. Synchronization error of coupled Lorenz oscillators
for four cluster on a hypergraph (fully described in the Sup-
plementary Methods, Section 2.2) with 20 nodes and both
pairwise and triadic interactions. The clusters satisfy only
pairwise respectively triadic structural equitability (clusters
C1 respectively C2), none (cluster C3) or simultaneously both
(cluster C4). The coupling parameter σ2 is fixed at 0.2 while
σ1 is increased. Only cluster C4 synchronises before the whole
system does, as shown by the synchronisation error, which
agrees with our prediction, as the only simultaneously equi-
table cluster for all types of interactions. Cluster C1 becomes
almost synchronous due to the triadic interactions becoming
small with respect to the pairwise interactions for which C1

does have external equitability.

where

hi(y1, . . . ,yK) =
M∑

m=1

σm

K∑
j1,...,jm=1

B
(m)
i,j1,...,jm

g(m)(yi,yj1 , . . . ,yjm) , (25)

and B(m) is the quotient tensor of A(m) with respect to
P, for each m.

Similarly to the multiplex case, we can show (Supple-
mentary Methods, Theorem 1.24) that (x1, . . . ,xN ) is a
P-synchronised solution of the parent dynamics if and
only if (y1, . . . ,yK) is a solution of the quotient dynam-
ics, where yk = xi whenever i ∈ Ck ∈ P. This means
that any solution of the quotient system (with respect to
an externally equitable partition) gives rise to a cluster
synchronised solution (with respect to the clusters in the
partition) of the original (parent) system.

General coupling and general equitability

Our approach can be adapted to general coupling func-
tions, that is, dropping the non-invasiveness condition
g(x, . . . , x) = 0 in Eqs. (2) and (3), by substituting ex-
ternal equitability with general equitability. That is, we
need to consider the internal cluster connectivity which
is not necessarily zero when the cluster is synchronised
in this general case.
Our previous results can be extended to general cou-

pling functions with the following changes from external
to general equitability:

• substitute (8) and (20) by hi = hj ;

• remove C ̸= C ′ before (10) and (11);

• remove ‘not all equal to C’ after (21) and (22).

With these changes, our results hold: for linear
independent solutions, cluster synchronisation implies
(general) equitability and vice-versa (see Supplementary
Methods, Section 1.6).
Perhaps counter-intuitively at first, the generic case in-

cludes the non-invasive case but needs to be treated sep-
arately: if any of the coupling functions are non-invasive
(any of the functions satisfy g(x, . . . ,x) = 0, the solu-
tions are never linearly independent (the family of func-
tions Eq. (11) includes a zero function when C = C ′) and
our results do not apply (no linearly independent solution
exists). If all functions are non-invasive (they all satisfy
g(x, . . . ,x) = 0), our previous approach (first part of the
paper) applies, by restricting to external equitability.
More generally, if we have a mixed system with non-

invasive and general coupling functions, our results apply
to the corresponding mixed notion of equitability: ex-
ternal equitability on layer m, respectively order m, if
g(m) is non-invasive, otherwise general equitability, and
adapting the notion of linear independence condition (re-
move g(m)(xC ,xC) whenever g

(m) is non-invasive). The
same also applies to a general coupling function that be-
comes non-invasive on a particular synchronised trajec-
tory (g(xC ,xC) = 0 for some cluster C).

Explosive synchronisation and equitability

Explosive synchronisation refers to the sudden transi-
tion from a non-synchronised to a fully synchronised state
of the dynamical units. Our results guarantee that ex-
plosive synchronisation is the only possible generic (that
is, linearly independent) synchronisation that can oc-
cur if the only equitable partitions are partitions into
1 or N clusters (corresponding to global, respectively
no synchronisation). Let us refer to this as generic ex-
plosive synchronisation, that is, systems for which the
only generic (linearly independent) solution is the glob-
ally synchronised one (xi = xj for all i, j).
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In the non-invasive case, the partition into one cluster
is always externally equitable (condition (10) is empty,
as there is no external connectivity to consider) and, in-
deed, any solution of the internal dynamics ẋ = f(x) is a
globally synchronised solution of the system, as explained
earlier. Therefore, we have generic explosive synchroni-
sation if and only if the underlying partition have no
external equitable partitions except the partitions into
one and into N clusters — a purely structural condition
of the underlying interaction multiplex or hypergraph.

In the general case, however, the partition into one
cluster may not be equitable, as we now need to consider
internal equitability. Indeed, the system admits a glob-
ally synchronised solution if and only if the partition into
one cluster is equitable. This, in turn, is equivalent to a
regularity condition on the underlying multiplex, or hy-
pergraph, namely that all nodes have the same weighted
in-degree on each layer, respectively for each order m.

Finding equitable partitions

Finding all equitable partition on an arbitrary graph
(network) is in general a computationally hard problem
[22], but there are some tractable cases. For example, the
refinement procedure in the Weisfeiler-Lehmann (WL)
algorithm [19] finds the coarsest equitable partition in
polynomial time — any other equitable partition must
be a refinement (obtained but further subpartitioning the
clusters). Any other equitable partition must therefore
be a refinement of the WL one. In particular, only nodes
within the same WL cluster can synchronise (in a generic,
that is, linearly independent, way). The WL refinement
algorithm can be easily adapted to weighted networks,
multiplexes, and hypergraphs, and to obtain the coarsest
equitable refinement of a given partition P (see Supple-
mentary Methods, Section 1.9 for details).

The case of external equitability is more subtle. Since
the computation of all equitable partitions is computa-
tionally hard, so is the computation of all external equi-
table partitions. Any equitable partition, including the
WL one, is also externally equitable, but there can be
more (for example, the partition into one cluster is always
externally equitable). The WL algorithm can be adapted
to find the coarsest externally equitable partition con-
taining a given partition P (Supplementary Methods,
Section 1.9) but it cannot be used to find the coarsest
partition overall: the partition into one cluster (whole
network) is already externally equitable.

It would be very interesting to find algorithms to find
equitable and externally equitable partitions in the large
but sparse graphs typically found in applications, but
this is out of the scope of the present article.

CONCLUSIONS

In this article, we are concerned with very general nec-
essary and sufficient conditions for the existence of clus-
ter synchronised solutions on two very general systems of
coupled dynamics (multiplex, and hypergraph). We show
that cluster synchronisation, with respect to a partition
P, can only occur in either of these two cases:

• there is a linear dependence relation between the
coupling functions on trajectories (see Eqs.(11) and
(22); or, if not,

• P is an equitable partition of the underlying inter-
action multiplex or hypergraph (Eq. (10) respec-
tively (21)).

In other words, cluster synchronisation can occur with-
out equitability (of the underlying cluster partition), but
only if there are linear dependencies between the coupling
functions. The first case (linear dependence) depends on
the particular algebraic properties of the coupling func-
tions, while the second one (equitability) is a structural
property of the underlying pattern of interactions, and
thus independent of the particular form of the coupling
function.
Moreover, in the linear independent, or equitable, case,

we show that the correct notion of external equitabil-
ity is simultaneous equitability per layer (multiplex case,
Eq. (10)) or per many-body interaction (hypergraph case,
Eq. (21)), explaining why cluster synchronisation is much
harder to achieve in general in multi-layer and higher-
order coupled dynamical systems. Our theoretical find-
ings are illustrated with numerical simulations for both
multiplex networks and hypergraphs.
Although we cannot make any general claims about

the stability of the cluster synchronised solutions, which
will depend on the specific form of the coupling functions
and values of the coupling strength parameters, our re-
sults provide strong restrictions about the groupings of
nodes that can independently synchronise for any choice
of coupling function, based solely on the equitability of
the underlying interaction network, multiplex, or hyper-
graph.
Finally, using the quotient dynamics, we also show that

equitable solutions exists for any pre-determined cluster-
ing structure, paving the way for control applications in
clustering engineering and control on arbitrary systems.
There are limitations to our approach, for instance

when there are linear dependencies between coupling
functions either overall, or when restricted to some syn-
chronised solutions: such generic solutions can exists
without equitability of the underlying partition. (For
a concrete example, inspired by the natural coupling in
[15], see Supplementary Methods, Section 1.10.) Again,
such solutions are not ‘generic enough’ as they depend
on linear dependencies of the coupling functions.
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Our work focuses on two general systems of dynami-
cal interactions, each generalising standard pairwise (net-
work) dynamics: multiplex (different ‘types’ or layers of
edges or pairwise interactions) and hypergraph (multi-
body interactions). Of course, a even more general sys-
tem would combine several layers of multi-body interac-
tions — the interested reader can easily adapt the results
in our paper to such systems as needed.

Our results formalise and clarify the relationship be-
tween cluster synchronisation and equitability, but sev-
eral important open questions remain. These include fast
and exhaustive algorithms to find equitable partitions in
arbitrary multiplexes and hypergraphs; the realisation
and ordering problem, that is, which equitable parti-
tions and in which order they synchronise as we increase
the coupling strength parameters (see [4] for the network
case); the stability question, that is, finding general con-
ditions that guarantee the stability and a synchronised
solution, for instance from a quotient to a parent solu-
tion; and an extension to non-identical dynamical units
such as general multi-layer networks and to other syn-
chronisation types beyond identical synchronisation. We
hope our article will stimulate work on these, and other,
directions.
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