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Topological water wave statesin a
one-dimensional structure
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Topological concepts have been introduced into electronic, photonic, and phononic systems, but have

: not been studied in surface-water-wave systems. Here we study a one-dimensional periodic resonant

Accepted: 14June 2016 : syrface-water-wave system and demonstrate its topological transition. By selecting three different

Published: 04 July 2016 : water depths, we can construct different types of water waves - shallow, intermediate and deep water

. waves. The periodic surface-water-wave system consists of an array of cylindrical water tanks connected

with narrow water channels. As the width of connecting channel varies, the band diagram undergoes a
topological transition which can be further characterized by Zak phase. This topological transition holds
true for shallow, intermediate and deep water waves. However, the interface state at the boundary
separating two topologically distinct arrays of water tanks can exhibit different bands for shallow,
intermediate and deep water waves. Our work studies for the first time topological properties of water
wave systems, and paves the way to potential management of water waves.
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Water waves propagating through periodic structures can exhibit many interesting phenomena, such as band
gaps in periodic lattice'~, super-lensing effect*, refraction®, cloaking®, and others’-%, most of which are inspired
by rapid progress in photonic systems®!! in the last three decades. However these phenomena of water waves are
still isolated from topological concepts of recent topological physics'?-'>.

The study of topological physics was initiated in quantum Hall effect'? and topological insulators**!>. Their
special topological band structures give rise to the one-way propagation of quantum electronic waves as topolog-
ically protected edge states along boundaries of the systems. These edge states are robust against back-scattering
from disorders because of the lack of backscatter channels. By constructing similar topological states in classical
wave systems, the topological concepts have transformed the understanding of fundamental wave behaviors in
photonics!®-? and phononics?*2.

Topological properties of two- or three- dimensional Bloch bands can be defined by topological invariants,
which are calculated in terms of the well-known Berry phase? during the adiabatic motion of a particle across
the Brillouin zone. For one-dimensional (1D) cases, the topological invariant of Bloch bands is the so-called Zak
phase!?, which was proposed theoretically by J. Zak in 1989. This topological property can be found in the con-
densed matter Su-Schrieffer-Heeger (SSH) model® of polyacetylene and linearly conjugated diatomic polymers®'.
However, Zak phase had not been observed until 2013 when it was experimentally measured in condensed matter
ultra-cold atoms®. Meanwhile, Zak phase has been introduced into photonic systems®**4. Recently, Zak phase
was further introduced into 1D periodic acoustic systems®.

The purpose of this report is to bring the concept of topology into the water wave systems by investigating an
effective SSH model for water waves. By studying a 1D periodic array of cylindrical water tanks connected with
narrow water channels, we demonstrate the existence of topological transition as the width of the connecting
water channels varies. Through selecting three different water depths, we can construct different types of water
waves - shallow, intermediate and deep water waves. By numerically calculating the band structures and Zak
phases, we confirm the existence of topological transition for the shallow, intermediate and deep water waves.
However, the interface state at the boundary separating two topologically distinct arrays of water tanks can exhibit
different bands for shallow, intermediate and deep water waves.

Model

Inspired by the theoretical SSH*® model as schematically shown in bottom of Fig. 1a, we design a 1D periodic
system of cylindrical water tanks connected with narrow water channels for water waves. The unit cell is shown
in the upper part of Fig. 1a. The lattice constant is 2a. Each unit cell has two cylinder water tanks with the same
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Figure 1. The periodic water tank structure and topological transition for water waves. (a) the three
dimensional view of one unit cell of water tank with lattice constant 2a. (b) the topological transition point
at Aw=0. Parameters: lattice constant 2a = 0.4 m, radius of cylinder tank r = 0.44, water depth h=0.5a

(intermediate water waves), width of connecting rank w=10.16a.
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Figure 2. Eigen modes and band structures for intermediate water wave case. (a) the two eigen modes with
nearly single-valued vertical displacement of the water surface at k, = 7/2a in panel (b). The red-blue pattern
shows the positive and negative water surface displacement. The water depth is = 0.5a. Band structures of 1D
periodic watery system with width parameters (b) Aw=0.5w (blue dotted lines), (c) Aw =0 (black dotted
lines), (d) Aw=—0.5w (red dotted lines). The first band gaps in panel b and d are topologically distinct to each
other. The blue and red numbers in panel (b,d) represent the Zak phase. Panel (b) is the band diagram at the
topological transition point. The other parameters are the same as in Fig. 1.

radius r=0.4a. The two connecting water channels between two water tanks have width w+ Aw for the one at
two sides of the unit cell and w — Aw for the middle one. The width is w=0.16a4 and Aw is the modulation for
dimerization. The tanks partly filled with water at depth & constitute the 1D periodic water wave system. We con-
sider linearized surface water waves®, which obey the Helmholtz equation:

(V> + () =0 (1)

where 7(r) is the vertical displacement of water surface. The wave vector k satisfies the dispersion relations for
different types of water waves: w? = ghk? for shallow water waves, w? = gk tanh (kh) for intermediate water waves,
and w? = gk for deep water waves. The gravitational acceleration is g= 9.8 m/s%. The boundary condition at the
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Figure 3. Band structures of shallow (water depth h=0.05a) and deep (water depth h=5a) water wave cases.
(a—c) Three panels show the band diagrams for shallow water wave case with Aw=0.5w (blue dotted lines),
Aw=0 (black dotted lines) and Aw= —0.5w (red dotted lines). (d-f) Three panels show the band structures for
deep water wave case with Aw = 0.5w, Aw=0and Aw= —0.5w. In the limit of k — 0, the system changes to an
intermediate-water-wave system and then a shallow-water-wave system with kh < 1.

walls of water tanks is 7 - V7 = 0. Because of the periodicity, we can apply the Bloch theorem and perform the
numerical calculations based on finite element method (commercial software COMSOL) to obtain the band

structures.

Results
First, we set lattice constant a=0.2 m and the uniform water depth 4 =0.5a4. We first consider the dispersion of

w? =gk tanh (kh) for intermediate water waves. Since there are two resonant tanks in one unit cell, hereafter we
only consider the two-band model with two lowest water-wave eigen modes, whose vertical displacement pat-
terns of water surface are nearly single valued in each cylindrical tank. Two examples of the patterns of the eigen
modes in one unit cell are shown in Fig. 2a. By sweeping the parameter Aw at momentum k= 7/2a , we arrive
at the result as shown in Fig. 1b. The band crossing of two bands indicates the band gap closing and reopening,
which shows the topological transition point at Aw =0 for the water wave system.

By choosing three values of Aw=0.5w, 0, —0.5w, we numerically calculate the band structures and show the
results in Fig. 2b-d, respectively. We can see that in three panels at the bottom of Fig. 2, the band gap closes and
then reopens with decreasing Aw from positive to negative values. This result shows the topological transition in
agreement with the result in Fig. 1b.

To investigate the topological property of the band gaps, we can extend the concept of Zak phase'®, which was
first developed from electronic system, to our 1D periodic water tanks. The Zak phase characterizes the topolog-
ical property of the Bloch bands and can be viewed as the Berry’s phase® picked up by a particle moving across
the Brillouin zone. By expressing the normalized Bloch wave of water waves as 1), ;(r), we can define the Zak

phase for water waves through the Bloch function u,, ,(r) = eiikrl/zm (1) as.
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Figure 4. Band diagrams of the water-wave systems with an interface. The band structure of two kinds of
interface: (a) Between 10 unit cells with Aw=0.5w and 10 unit cells with Aw = —0.5w. (b) Between 10 unit
cells with Aw=10.5w and 10 unit cells with Aw =0.3w. There is an interface state localized inside the band

gap in panel (a) whereas no interface state in panel (b-d). The nontrivial interface states for shallow water wave
system h=0.05a and deep water wave system h = 5a. (e) the vertical displacement of water surface of

the interface state in panel (a). The red-blue pattern shows the positive and negative surface displacement.

Fig. 4a,c,d all use the same structure. The other parameters are the same as in Fig. 1.

. [72a

Pzak = lj:w/Za (14| Oty ) ks )
where 7 is band index, k is momentum, and 2a is lattice constant. Note that besides momentum and band index,
the Bloch function is also a function of two-dimensional spatial positions.

After numerically calculating the Zak phase of the first band by using the cell-periodic Bloch function obtained
from simulation, we find 7 and 0 as shown in blue and red numbers in panel b and d with Aw=0.5w, —0.5w,
respectively. Note that the Zak phase of each dimerization is a gauge dependent value, but the difference between the
Zak phases of two dimerized configurations with Aw >0and Aw <0, whichis Ay, = ¢ — ©zak, = Tinour
water-wave model, is topologically defined*. The topological property of the band gap depends on the summation
of the Zak phases of all the bands below the gap'*!°. Therefore, band gaps in Fig. 2b,d are topologically distinct to
each other.

In contrast, there are distortions of band structures for shallow water waves (kh < 1) and deep water waves
(kh > 1) with respect to intermediate water waves. By setting # = 0.05a and h = 5a, we arrive at the regions of
shallow water waves and deep water waves. The calculated results of band structures with Aw=0.5w, 0, —0.5w as
shown in Fig. 3a—c for shallow water waves and Fig. 3d-f for deep water waves. The blue, black and red dotted
lines correspond to Aw =0.5w, 0, —0.5w. We can see that in both cases there exists topological transition points
between the first and second bands at Aw = 0. The Zak phases are shown in blue and red numbers. The results
here are consistent with the intermediate water wave case, which verifies the existence of the topological transi-
tion for all three cases. Note that for the case of shallow water wave in contrast with intermediate case, there is a
global frequency shift as shown in Fig. 3a—c and a little distortion which can be clearly seen in the interface-state
calculations in Fig. 4a,c. For the deep water wave case, there is huge anomaly of eigenvalue calculation in which
the eigenvalue approaches very large value at long wavelength limit (k¢ — 0). This is because in this limit ofk — 0,
the system is no longer a deep-water-wave system, but changes to an intermediate-water-wave system and then a
shallow-water-wave system with kb < 1. As a result, in Fig. 3d-f, the transition from shallow water waves to
intermediate water waves and then deep water waves can be included all as the wave vector k changes from 0 to
m/2a.

Although the Zak phases characterize the geometric properties of the bulk bands, they can be used to deter-
mine the presence of the interface states located at the boundary between different structures®**’. The topolog-
ically nontrivial phases in Figs 1 and 2 underlie the existence of protected interface states. In the previous water
wave system as in Fig. 2, there will be interface states localized at the boundary between two kinds of semi-infinite
topologically distinct water tank arrays. By choosing intermediate water wave model with water depth h=0.5a,
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we calculated the band structure and demonstrate the vertical displacement of water surface for one inter-
face state. In Fig. 4a, the interface is between two arrays of water tanks with width modulation Aw = 0.5w and
Aw=—0.5w, respectively. In view of the previous result in Fig. 1b, the two semi-infinite arrays of water tanks
are topologically distinct to each other. We find that there is one interface state localized inside the band gap.
Note that in calculation, we choose a finite structure and neglect the states located at two ends of the structure
for simplicity. In Fig. 4b, the interface is between two arrays of water tanks with width modulation Aw=0.5w
and Aw=0.3w, respectively. As expected, there is no eigen state within the band gap. Furthermore, we compare
the interface states under different dispersions as in Fig. 4c,d. The panels in the order of Fig. 4c,a,d show the
differences of band structures of interface states from shallow water waves to intermediate water waves and then
deep water waves. The interface states change from flat states inside a complete band gap (Fig. 4¢) into dispersive
state within a complete band gap (Fig. 4a), and then dispersive state within an incomplete bang gap (Fig. 4d). To
visualize the interface states, we plot the three-dimensional pattern of vertical displacement of water surface in
Fig. 4e from the results shown in Fig. 4a. The structure has total 20 unit cells (left: 10 unit cells with Aw=—0.5w
and right: 10 unit cells with Aw=—0.5w). Figure 4a-d all use the same structure. The red-blue pattern shows the
positive and negative water surface displacement of the interface state. They strongly localize at the boundary and
decay rapidly into the bulks. The green arrow indicates the location of the boundary. We should note that, if we
excite the periodic water tanks in the band gap with the same parameters as in Fig. 4b, field attenuation from the
excitation point can still be found because of the lack of bulk channels inside the band gap. However, this is not a
localized interface state, and its position depends on the position of the excitation.

Conclusions

In summary, we investigated the topological transition and extended the Zak phase'? into a 1D water wave sys-
tem. By calculating the band structures and Zak phases, we verify the topological transition for shallow, interme-
diate and deep water wave cases. We also demonstrated the interface states in one specific boundary separating
two kinds of structure configurations. The parameters can be scaled up or down if needed. The measurement of
Zak phase could use the reflection-phase method as shown in ref. 35. The reflection phases of wave functions can
be directly observed by taking photos. The vertical displacement of water surface for the interface state can also be
observed directly. The results here bring the concept of topology into water wave systems in 1D system and may
have potential applications in the future.
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