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Abstract

Links and knots are exotic topological structures that have garnered significant interest across multiple branches of
natural sciences. Coherent links and knots, such as those constructed by phase or polarization singularities of coherent
light, have been observed in various three-dimensional optical settings. However, incoherent links and knots—knotted
or connected lines of coherence singularities—arise from a fundamentally different concept. They are "hidden” in the
statistic properties of a randomly fluctuating field, making their presence often elusive or undetectable. Here, we
theoretically construct and experimentally demonstrate such topological entities of incoherent light. By leveraging a
state-of-the-art incoherent modal-decomposition scheme, we unveil incoherent topological structures from
fluctuating light speckles, including Hopf links and Trefoil knots of coherence singularities that are robust against
coherence and intensity fluctuations. Our work is applicable to diverse wave systems where incoherence or practical
coherence is prevalent, and may pave the way for design and implementation of statistically-shaped topological

structures for various applications such as
communications.

high-dimensional

optical information encoding and optical

Introduction

In recent years, the investigation of topological structures
has attracted significant attention due to their fundamental
interest and potential applications. Links and knots represent
typical topological structures, defined mathematically as
closed curves in three-dimensional (3D) space. appearing as
interlinked strings and chains'~. These structures have been
observed in various physical systems, including classical and
quantum fields*®, fluid dynamics’, crystals®'% and plas-
mas'', playing a prominent role in physical sciences'>™°. In
particular, as complex 3D optical topological structures, links
and knots of optical fields have sparked extensive experi-
mental and theoretical research interests, leading to the
exploration of exotic dynamics of knotted vortices'®>",
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With coherent light fields, optical knots composed of
phase singularities were first theoretically reported by
Berry and Dennis in 2001*?. Subsequently, Leach et al.
experimentally constructed such knots based on linear
superposition of fully coherent Laguerre—Gaussian (LG)
beams with optimized intensities and phases®~>°, Fol-
lowing this, the singularity line of the polarization struc-
ture was proposed, creating a space-varying polarized
beam with singularities that undergo knotted trajectories
during free-space propagation’’~>°, In the generation of
optical links or knots, fully coherent beams have been
predominantly considered and employed®*~>*. However,
it is worth noting that apart from phase and polarization,
coherence is also one of the fundamental characteristics
of a light field. Indeed, coherence singularities have been
proposed and used to characterize the point pairs with
zero degrees of coherence® 7, even though their inten-
sities are not necessarily zero. Yet, to our knowledge, the
topological nature of coherence singularities arising from
incoherent light fields has never been explored.

In this study, we introduce a new class of 3D topological
entities termed incoherent links and knots. These struc-
tures represent knotted or connected lines of coherence
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singularities that are hidden within the coherence struc-
tures of incoherent light fields. Through experimental
investigations using a modal decomposition measurement
approach®®*’, we examine a series of fluctuating speckled
light patterns and uncover incoherent Hopf links and
Trefoil knots. Our findings indicate that while the phase
singularities within these fields exhibit variability and may
wash out completely, the coherence singularities remain
robust, forming incoherent links or knots observed in the
evolution of coherence structure during beam propaga-
tion. The discovery of these incoherent topological
structures may inspire further interest and investigation in
turbulence-resistant 3D topological beam structures,
incoherent  light-matter  interactions, and high-
dimensional optical information coding.

Results

Within a coherent light field, a point exhibiting zero
intensity and an indeterminate phase is referred to as a
phase singularity. In the context of the polarization
dimension, a point characterized by an undefined polar-
ization vector is referred to as a polarization singularity. In
contrast, coherence singularities are “hidden” within the
statistical properties of an incoherent light field and do
not correspond to conventional vortex singularities or
intensity zeros. Figure 1la illustrates a schematic diagram
of coherence singularities in incoherent light, specifically
depicted as fluctuating speckled light. Due to statistical
averaging, the intensity of speckled light exhibits a uni-
form distribution. The degree of coherence |u|, as a
second-order correlation statistic of speckled light, is
characterized by the interference between point pairs
(p,py) (Fig. la). The interference fringes of intensity
patterns between different paired points are shown in
Fig. 1a. p represents the two-dimensional coordinates in
the x-y plane at a fixed propagation distance z. Specifi-
cally, a zero degree of coherence (|u(p,,py)| =0) indi-
cates a coherence singularity at p, (for a fixed reference
point at p,)*’. By connecting multiple stable coherence
singularities in speckled light, incoherent Hopf links can
be generated. As shown in Fig. 1b, blue and red are used
to distinguish between different rings. In contrast, due to
the fluctuating intensity, amplitude, and phase of speckled
light (Fig. 1c, d), no stable phase singularities can be
observed.

To quantitatively analyze and design stable coherence
singularities within an incoherent speckled light field, a
mutual coherence function in the space-time domain
I'(py,py,7) = (E*(py,t)E(py, t + 7)) was introduced’. In
this function, E(p, t) represents the instantaneous electric
field, the asterisk signifies the complex conjugate, and the
angular brackets indicate the ensemble average. In rela-
tively steady fluctuation condition, this function can be
transformed into a cross-spectral density function,
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represented by

I(py,py)é®dr (1)

—0o0

where W(pl’ P2, w) = <E*(p1,w)E(p2, w)>:ZnE;(pl>w)
E,(py, w). The frequency, denoted as w, is omitted from
subsequent theoretical and experimental analyses as a
result of the monochromatic light assumption. Conse-
quently, Eq. (1) is simplified to a four-dimensional cross-
spectral density function, W(p,,p,), capable of charac-
terizing and computing the second-order statistical
characteristics of a propagating monochromatic and
linearly polarized incoherent beam. The degree of
coherence for a given pair of points (p;,p,) within the
incoherent field is defined as***':

W(py, ps ) = (1/27) /

u(p1 ) = Wpr.02)/ [VW o1 0V W s0r)|  (2)

Thus, point pairs with zero degree of coherence also
exhibit zero cross-spectral density. At a specified value of
p,, which is taken as a reference point, the four-
dimensional coherence function simplifies to a two-
dimensional (2D) function that remains complex-valued,
containing both amplitude and phase components. Here,
we designate the central point p, as the reference point,
and the 2D degree of coherence function y can be
expressed as:

#(p,Po) = |u(p: po)l * exp {icoﬂ(p, Po)} (3)

where |u(p, py)| denotes the amplitude of the coherence
function and ¢,(p,py) represents its phase. Unlike
conventional phase and polarization singularities which
manifest in predetermined locations, the coherence
structure and its coherence singularities exhibit varia-
tion depending on the chosen reference points. It is
worth noting that, although the speckles fluctuate with
time, the coherence structure of the light field remains
stable. This statistical stability of the light field ensures
invariant coherence singularities embedded within the
coherence function, thereby maintaining the stability of
incoherent knots and links. Our results show that while
the amplitude of the coherence structure shifts with
changes in the reference point, the central phase
pattern of the coherence function remains almost
unchanged, indicating the stability of the coherence
singularity (see Fig. S1).

In Fig. 2a, an incoherent light source comprised of
fluctuating speckle light fields was generated by the
scattering of coherent light through a rough surface, and
its amplitude of the coherence function exhibits a Gaus-
sian distribution (Fig. 2b). Afterwards, a hologram con-
taining the vortex phase information was placed
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Fig. 1 Schematic diagram illustrating coherence singularities and formation of stable incoherent links in fluctuating speckled light. a

Coherence characterization of fluctuating speckled light via the interference between different points and the central reference point p,. Zero degree
of coherence (|u(p,, Py)| = 0) indicates a coherence singularity at p,. b Incoherent Hopf links are composed of multiple coherence singularities in
the speckled light. Blue and red distinguish the two links. In contrast, no stable intensity singularities can be observed in the instantaneous speckle
light or its average intensity. ¢ Fluctuations in the intensity of the speckled light, averaging a uniform incoherent light field. d Fluctuations in the

EXE(p)E(p)

E(p.t,)

(Fig. 2¢)*®. When studying a 3D space following scatter-
ing, phase singularities emerge within a specific cross-
sectional area, potentially leading to the formation of links
and knots*>*>, Nevertheless, the movement of the scat-
terer results in drastic and unpredictable changes to these
phase singularities, links, and knots. After an extended
period of statistical averaging, the fluctuation of the
incoherent light field reaches a stationary distribution,
which means its statistical properties do not change over
time. The field generated by dynamic speckles may be
considered an incoherent light field, in which the phase
singularities wash out and vanish. By studying the
coherence structure of the incoherent light field, it was
observed that the 2D coherence structure changed from a
Gaussian distribution (Fig. 2b) to an amplitude distribu-
tion with zero points (Fig. 1b), after the light passed

through the hologram. Stable and orderly coherence
singularities reemerged, although the instantaneous elec-
tric fields of the speckle light fields remained chaotic, with
phase singularities appearing randomly (Fig. 2e). Based on
this principle, a wider variety of coherence singularities
can be designed and generated, such as topological links
composed of coherence singularities.

In order to create an incoherent light field with a spe-
cific coherence structure, we used a computational
hologram based on LG modal superposition (Fig. 2c), with
a transmission function denoted as H(p) = Her(p) +
Hoynper(p) =2 C,,LGé,(p). Detailed coefficients C, are
provided in Supplemental Table S1. The cross-spectral
density after the hologram can be expressed as

W(py,p2) = Wolpy, po)H" (p1)H(py), with Wo(py, py)
representing the incoherent light source with Gaussian
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Fig. 2 Numerical generation of incoherent light sources with fluctuating speckles and the formation of incoherent Hopf links. a Incoherent
light source composed of speckles and b its amplitude of coherence function. ¢ The hologram used to generate incoherent Hopf links. d The
amplitude of the coherence function after passing through the hologram, with zeros indicating coherence singularities. @ Corresponding
instantaneous speckle amplitudes, and phase distributions after hologram. f The incoherent Hopf link of coherence singularities and the typical phase
structure of the coherence function on different planes. The scale bars represent 0.4 mm
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distributed coherence structure. The cross-spectral den-
sity during propagation can be calculated based on
extended Huygens-Fresnel integral (see Methods). The
coherence amplitude generated is depicted in Fig. 2d,
revealing two pairs of points with zero degrees of coher-
ence (|u| = 0), referred to as coherence singularities. The
phase of the coherence function ¢,(p,p,) is indetermi-
nate at these points (Fig. 2f). Notably, ¢,(p, p,) is not the
wavefront, as ¢, represents the phase of coherence
structure and is used to describe the spatial coherence
between two points in space. Additionally, when analyzing
structures for continuous propagation distances (Fig. 2f),
points with zero degrees of coherence form an incoherent
Hopf link, characterized by links with two nested rings.
Consequently, a 3D topological structure emerges in the
incoherent optical field during propagation.

In the experiment, the incoherent links were char-
acterized using incoherent modal decomposition. The
incoherent light field, considered as an incoherent
superposition of multi-modes denoted as W(p,,p,) =
> Es(p1)En(p,), was utilized. Following diffraction over
a specific distance, the intensity Io(k) was treated as the
incoherent superposition of diffraction patterns for mul-
tiple modes, represented by Io(k) =3, ¥ (k)y, (k).
Subsequently, the modes in W (p,, p,) were updated using
a multi-probe ptychography iterative engine based on a
series of diffraction patterns. Utilizing modal super-
position theory of spatial modes {E,(p)}, one can

reconstruct the cross-spectral density, intensity, and
coherence function. The measurement is conducted on
the source plane, which facilitates the derivation of spatial
modes for other planes using angular spectral transmis-
sion based on the acquired spatial modes on the source
plane. Furthermore, in the context of incoherent light
sources with symmetrical coherence structures, the
coherence length also serves as a metric of the degree of
coherence, defined as the beam waist of the amplitude of
the coherence function. The intensity correlations of the
fluctuating speckles were used to characterize the coher-
ence length (Supplemental Fig. S2).

Experimental results of incoherent links at z= 100 mm
using a medium coherence light source (coherence length
do =1 mm) are depicted in Fig. 3a, which corroborates the
numerical simulations in Fig. 2d, f The phase of the
coherence structure over a range of propagation distances
is calculated by applying angular spectral transmission on
spatial modes of the source plane (Fig. 3b). By analyzing
the phase distributions of the coherence function at
propagation distances ranging from z=—500mm to
z =500 mm, the locations of coherence singularities were
tracked across 1001 evenly spaced planes and connected
by lines. Figure 3c visualizes the incoherent Hopf link
composed of these coherence singularities. The experi-
mental results align well with the those obtained from
numerical simulations (see more details in Supplemental
Figs. S3, S4 and S7).
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Fig. 3 Experimental demonstration of incoherent links and 3D
mapping of coherence singularities. a Experimental results of the
beam intensity, and the amplitude and phase of coherence function
at a plane z=100mm (6 =1 mm). b Experimental phase structures
of the coherence function at various propagation planes
reconstructed by using angular spectrum transmission. ¢ Numerical
and experimental results of the incoherent links obtained by mapping
coherence singularities in 3D plots. The scale bars represent 0.4 mm

. J

In the experimental configuration, a smaller spot inci-
dent on the dynamic scatterer produces a larger speckle
size and a higher coherence of the light field. The
coherence length can be adjusted by adjusting the size of
the light spot on the scatterer. We chose three incoherent
light sources with different degrees of coherence, each
associated with different sizes of speckles. The results of
high coherence (6o =2 mm) are presented in Fig. 4a—d.
Four coherence singularities emerge from the Gaussian-
distributed coherence amplitude (Fig. 4b) after passing
through the hologram and propagate to the plane
z=100mm (Fig. 4c, d). Conversely, the results of low
coherence (0o =0.5 mm) are shown in Fig. 4e—h, featuring
a limited coherence amplitude envelope near the singu-
larity (Fig. 4g). Regardless of high or low coherence, the
phase structure of the coherence function remains con-
sistent, and the positions of coherence singularities stay
consistent (Figs. 3a and 4d and h). Various degrees of
coherence were compared to assess the robustness of
incoherent links, indicating the stability of these topolo-
gical structures within incoherent light fields. However,
considering the noise in the experiment, the coherence
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width is intentionally established to exceed the spatial
extent of singularities. Failure to adhere to this precau-
tion, which means the coherence is diminished too low,
will result in a reduction of the coherence envelope. A
decrease in the size of this envelope makes the coherence
structure’s reconstruction more vulnerable to noise.

Knots are also typical topological structures, and in this
study, incoherent knots were effectively produced (Fig. 5a)
by manipulating the distribution of coherence structure
using the hologram shown in Fig. 5b. The corresponding
LG mode coefficients are listed in Supplemental Table S1.
The incoherent knots were also analyzed using multi-
probe ptychography iterative engine, and angular spectral
transmission was employed to reconstruct coherence
structures during propagation, similar to the methodology
described for incoherent links. Figure 5a displays the
reconstructed intensity, the amplitude of the coherence
function, and the phase of the coherence function at the
plane z=100mm for medium coherence (6o =1 mm),
aligning with the results of the numerical simulation
results in Supplemental Fig. S5. Tracking the coherence
singularities with zero degree of coherence (|¢| = 0), it is
observed that their positions undergo gradual evolution
during transmission. Different from the double-wire
connection observed in incoherent links, these singula-
rities are connected by a single wire (Fig. 5¢c, d). These
knots are connected end to end by a single line with a
crossing number of three, thus forming an incoherent
Trefoil knot. The experimental results align well with
numerical simulations. Figure 5e illustrates incoherent
knots of different degrees of coherence, which are con-
sistent with the numerical simulations (Supplemental Fig.
S7). Despite varying degrees of coherence for incoherent
light fields, incoherent knots persist, demonstrating the
robustness of incoherent knots against light field
decoherence.

Discussions

In this work, we have proposed and theoretically for-
mulated the model of 3D topological structures in inco-
herent light fields—the incoherent links and knots.
Remarkably, these 3D topological structures demonstrate
robustness even in the presence of a reduced coherence
and fluctuating light fields. We have devised a scheme to
generate the 3D topological structures by inducing
coherence singularities within an incoherent light field,
thereby constructing both an incoherent Hopf link and an
incoherent Trefoil knot. Further experimental measure-
ments were achieved by incoherent modal decomposition,
enabling the calculation of the coherence structure and
the charting of the 3D topological configurations. Our
experimental results confirm the successful generation
and observation of incoherent links and knots in inco-
herent light fields.
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Fig. 4 Numerical and experimental generation of incoherent links using light field of different coherence lengths. a Numerical incoherent
light source composed of speckles under high coherence and b its amplitude of the coherence function. ¢, d Numerical amplitude and phase of the
coherence function after passing through the hologram. e Numerical incoherent light source under low coherence and f its amplitude of the
coherence function. g, h Numerical amplitude and phase of the coherence function after passing through the hologram. Experimental results of
incoherent Hopf links under (i) high coherence and (j) low coherence, including the amplitude and phase of the coherence function and incoherent
links from 3D mapping of coherence singularities. The scale bars represent 0.4 mm

A fully coherent structured light, when modulated by a
specific hologram, can have its intensity zeros (phase
singularities) evolve and form a 3D topological structure.
However, with a fluctuating incoherent light source and
the same hologram, the light field fluctuations cause the
singularities to wash out and eventually vanish (Fig. S8).
The decoherence of light source makes the identification
of singularities and corresponding links and knots infea-
sible. In contrast, the coherence singularities, corre-
sponding to zero degrees of coherence, remain robust as a
3D topological structure. In addition, according to Eq. (1),
the cross-spectral density function is proportional to the
electric field as the degree of coherence approaches infi-
nity and there are no fluctuations in spatial modes™.
Thus, the 3D topological structure constructed by phase
singularities in a coherent light field could be viewed as a
special case within the broader class of 3D topological
structures framed by coherence singularities.

For the topological structures, we have also investigated
the robustness of incoherent links and knots against dif-
ferent perturbations, considering factors such as phase
perturbation to the hologram and fluctuation of speckle
noise. Fig. S9 illustrates the impact of phase noise on
coherence singularities. Panels S9a-c show the phase
perturbation (C> = 1071) and the corresponding inco-
herent link. As long as the noise level remains within a

certain range, the coherence singularities that define these
structures still form the same topological links or knots,
even though they may shift or deform slightly. However,
with further increasing the noise level or introducing
phase singularities into the noise®, coherence singula-
rities may appear and disappear, potentially undergoing a
topological transition. In Fig. S10, we further examine the
effect of adding more randomly fluctuating speckles to the
detection plane. By considering the incoherent super-
position of a structured light field with noise of varying
energy levels, we define their ratio as the signal-to-noise
ratio (SNR). In Fig. S10, when the SNR is greater than 1:1,
the evolution of coherence singularities observed from
phase patterns of the coherence structure remains stable,
even though the recognition accuracy of singularities in
amplitude is very low. As the noise level further increases,
however, the coherence singularities are progressively
destroyed, eventually disrupting the link they form.

It is expected that further research into topological
transitions or knot invariants mediated by coherence
singularities would emerge in the future. For example,
new findings may lead to encoding high-dimensional
optical information using incoherent links and knots,
where each distinct topological structure can represent
different data values®. A continuous transition from a
link to a knot has been studied by manipulating the
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Fig. 5 Experimental demonstration of incoherent Trefoil knots
and comparison with numerical simulations. a Experimentally
reconstructed beam intensity, and the amplitude and phase of
coherence function at a plane z=100 mm (8o =1 mm). b The
hologram used to generate incoherent Trefoil knots. ¢, d Comparison
of the numerical and experimental results for incoherent knots
composed of coherence singularities. e Experimental results of
incoherent Trefoil knots reconstructed by mapping coherence
singularities in 3D plots using different coherence lengths. The scale
bars represent 0.4 mm

topological charge of the LG mode*. The ability of
incoherent topological structures to encode information
by mapping various topological configurations to data sets
could offer new possibilities for data transmission.
Moreover, leveraging the robustness against noise and
fluctuations®”, information encoding based on incoherent
topological structures could be robust against perturba-
tions, potentially enhancing both the security and effi-
ciency for optical communication systems*”** without
specially designed topological vortex guides™.

In summary, incoherent links and knots exist in the
coherence structures of incoherent light fields, that is,
second-order correlations. Different from polarization
and phase singularities, which also form 3D topological
structures, coherence singularities are higher-dimensional
topological information of the light field. Our results of
incoherent knots and links stem from the analysis of the
fluctuating light field’s statistical properties. The discovery
of such incoherent topological structures provides a new
degree of freedom in the generation of 3D topological
structures. Although our results are obtained in an inco-
herent light field composed of dynamic speckle fields, the
underlying physics with incoherent sources can
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encompass pseudo-thermal light, LEDs, X-rays, or even
electron beams. Moreover, these results provide new
insights into the evolution and manipulation of coherence
singularities that may have potential applications in
information coding and quantum optics.

Materials and methods
Theoretical generation of incoherent links and knots in
incoherent light fields

The incident quasi-monochromatic random fluctua-
tions of the incoherent beam are characterized by the
cross-spectral density function in space-frequency,
denoted as: W(p;,p,,0) = (E*(p;)E(p,)). Following
modulation by a spatial light modulator (SLM) and pro-
pagation over a distance z, the cross-spectral density
function is transformed to:

W (r1,15,2) = ()7 [[ W (py. po: )" (p1)H (py)

x exp[— % (r; — py)* + & (r, — p,)*] dp,dp,

(4)

H(p) represents the transmittance function of the
SLM, r signifies the coordinates at transmission dis-
tance z, and k denotes the wavevector. The distribution
of coherence structures in the z-plane can be deter-
mined using Eq. (2) presented in the main text.
In order to create incoherent links or knots, it is
necessary for the cross-spectral density of the source
plane to adhere to a particular distribution. By
manipulating the parameters of the incoherent light
field within the source plane, a coherence structure
with a specific distribution can be produced. The
accompanying supplement offers further theoretical
information, such as the generation of speckle in
incoherent optical fields, SLM transmittance functions,
and knot theory.

Experimental generation of incoherent links and knots via
coherence singularities

As illustrated in Supplemental Fig. S1la, the experi-
mental configuration for the generation and measurement
of incoherent links and knots is outlined. A coherent laser
beam is generated by a semiconductor laser (VentusHR
532nm) and magnified by a beam expander. Subse-
quently, the magnified beam is directed onto a ground
glass surface (which may be substituted with another
scattering medium) by a thin lens L1 (f= 100 mm). Fol-
lowing collimation by a thin lens L2 (f=150 mm), the
beam is transformed into a speckle pattern at the rear
focal plane of L2, designated as the source plane. The size
of the speckle is influenced by both the focal spot size on
the ground glass and the roughness of the ground glass. In
our case, the requirement that the beam spot diameter on
the scattered sample exceeds the non-uniform scale of the
ground glass is met. As the ground glass rotates, these



Wang et al. Light: Science & Applications (2025)14:175

speckles exhibit random fluctuations and are super-
imposed incoherently to generate an incoherent light
field. The autocorrelation of these speckles can be used to
calculate the coherence length, as illustrated in Supple-
mental Fig. S2. As the focal spot size increases, the size of
source speckles decreases and the source coherence
length decreases. Following the source plane, an SLM
(HDSLMS85T, pixel pitch = 8 pm) loaded with holograms
H(p) (Figs. 2c and 5b) is utilized to modulate the
amplitude and phase of all instantaneous speckle fields,
thereby altering the coherence structures of the inco-
herent light field. The modulated incoherent beam is then
transmitted through a 4f system consisting of lenses L3
and L4, ultimately imaging onto the back focus plane of
L4 to achieve the desired coherence structures of inco-
herent Hopf links and Trefoil knots.
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