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Abstract
Mechanical frequency combs (MFCs), built upon wave mixing in mode-coupled micromechanical resonators, are often
limited by their narrow and sparse spectra due to small energy exchange rates. However, the ability to model and
enhance the energy exchange rate remains insufficiently explored. Here, we systematically propose coupling
enhancement schemes for different architectures, and present a coupling-enhancement anchor design to achieve the
giant energy exchange rate between the coupled modes of our device, enabling the broadening of comb spacing to
overlap harmonic clusters of MFCs, leading to the generation of supercontinuum frequency combs. A theoretical
model describing the physical relationship between the energy exchange rate and resonator parameters is developed,
which is validated by the consistent correlation between the energy exchange rate and the induced mode amplitude
under varying driving frequencies. Our finding builds a design-oriented approach to raise the energy exchange rate in
mode-coupled resonators and to construct decade-wide dense spectral range of MFCs, paving the way for their
potential applications in precision timekeeping and signal processing.

Introduction
Conventional linear, single-mode resonant micro-

electro-mechanical systems (MEMS) have been exten-
sively utilized in timing, sensing, and signal processing
applications due to their high-quality factors, low power
consumption, and ease of integration1,2. However, as
system requirements grow more demanding, the
exploration of nonlinear MEMS architectures, particularly
those involving modal interactions, has unlocked new
dynamic functionalities by facilitating energy transfer
between distinct vibrational modes, capabilities that are
unattainable in linear devices3,4. This modal energy
transfer pathway allows the system to access complex
dynamic behaviors, such as bifurcations5–7, modal loca-
lization8–10, and random process11,12. Many prior works

have intentionally designed weak energy exchange rate to
enhance sensitivity to perturbations or to study subtle
energy dissipation mechanisms, as limited modal energy
transfer enables disturbances to remain localized, ampli-
fying mode-specific responses within individual modes.
This strategy offers novel opportunities in precision sen-
sing and dynamic filtering.
Beyond these applications, mode-coupled MEMS reso-

nators have also been demonstrated as platforms for
generating micromechanical frequency combs (MFCs)
characterized by a series of equally spaced spectral lines,
with potential for chip-scale precision timing and fre-
quency synthesis in recent years13,14. The theoretical
foundation of MFCs was first established by Cao et al.
through the nonlinear modal coupling inside a Fermi-
Pasta-Ulam α chain15. Following this, a variety of MFC
implementations have been realized utilizing mode cou-
pling. Ganesan et al. experimentally demonstrated MFCs
via autoparametric subharmonic excitation in piezo-
electric resonators16–18. Czaplewski et al. employed 1:3
internal resonance to induce MFCs through saddle-node
bifurcations19,20. Apart from these works, MFCs have
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been also studied through various means, including
parametric excitation21–23, internal resonance24–27, and
self-excitation by negative dissipation28,29.
Despite the extensive research effort in MFCs, the comb

spacing is generally less than one-tenth of the corre-
sponding excitation frequency, the number of comb lines
is few, and the bandwidth remains very narrow, typically
unable to span a full frequency octave of the excitation
signal, significantly limiting their potential in precision
timing. We hypothesize that tuning (mostly raising) the
comb spacing could help solving this challenge. However,
the ability to systematically model and tune the energy
exchange rate among coupled modes, a key parameter
governing comb spacing, remains insufficiently explored.
Among them, Okamoto et al. investigated the dynamic
coupling rate between two GaAs-based mechanical reso-
nators under modulated pumping signals30. Chen et al.
directly observed coherent energy transfer between cou-
pled vibrational modes and quantitatively characterized
the energy exchange rate within the internal resonance
regime31. Zhang et al. indicated that the energy exchange
rate is impacted by asymmetry-induced energy localiza-
tion and can be enhanced by nonlinearity32. Park et al.
demonstrated the formation and evolution of MFCs using
non-degenerate parametric pumping, and discussed how
comb spacing varies with pump amplitude and fre-
quency33. Zhou et al. designed a vacuum-sealed micro-
electromechanical silicon ring resonator to study the first-
order sideband dynamical coupling process with great
control flexibility34. In our previous work, we generated
MFCs in a 1:3 internal resonance device and studied the
evolution of comb spacings due to period-doubling
bifurcation and cyclic-fold bifurcation35,36. However, it
still remains unknown on the relationship between the
energy exchange rate and the comb spacing, which hin-
ders a strategy toward expanded and denser MFC spectra.
Unlike the weak coupling favored in sensing applica-

tions, the formation of stable MFCs requires strong mode
coupling to sustain efficient energy exchange rate and
enforce modal-coupling conditions37. To address the
limited tunability of energy exchange rates in existing
MFC systems, we investigate how structural design can be
systematically employed to enhance modal coupling
strength, including beam geometry variation, symmetry
breaking, and coupling interface modification. Figure 1
illustrates several representative structural optimization
strategies aimed at reinforcing modal coupling in both
single and coupled MEMS resonators, thereby enabling
stronger energy exchange rate critical for broadband MFC
generation. In the fixed anchor design shown in Fig. 1a,
the flexural mode and torsional mode of the resonator are
nearly orthogonal along the out-of-plane (Z-axis) direc-
tion, resulting in minimal energy exchange. To overcome
this, we redesign a truss anchor structure, where the truss

can undergo out-of-plane motion along z-axis easily. This
modification enhances the hybridization between two
initially independent modes (the flexural mode along the
x-axis and the torsional mode along the z-axis), thereby
increasing the modal interaction. The uniform
clamped–clamped beam in Fig. 1b exhibits inherent
orthogonality between its second and third flexural
modes, thus suppressing modal energy exchange under
linear conditions. However, Asadi et al. introduced
asymmetry into the beam structure and enables non-
orthogonal modal projection, thereby facilitating coupling
strength between these otherwise decoupled modes38.
Rahmanian et al. achieved more than 150 equidistant
peaks in the case of a 2:1 modal interaction in an
imperfect nano-cantilever beam where energy exchange
was enhanced unintentionally26. Beyond single-resonator
designs, modal coupling strength in multi-resonator sys-
tems can also be enhanced. As illustrated in Fig. 1c, the
electrostatic coupling is replaced with a mechanical con-
nection using short coupling beams, achieving nearly a
tenfold increase in coupling strength. In Fig. 1d, Santos
et al. investigated tuning-fork structures and found that
decreasing the spacing between cantilever beams while
increasing the base anchor size led to an exponential
increase in modal coupling strength, due to enhanced
mechanical interaction at the shared anchor39. These
diverse architecture designs demonstrate the broad
applicability of structural optimization as an effective
strategy for enhancing modal coupling strength in both
single and multi-resonator systems.
In this Article, we demonstrate MFCs with drastically

increased comb spacing by giant energy exchange rate
between the coupled flexural and torsional modes in a
truss-anchored resonator. A theoretical model is devel-
oped to quantitatively relate the energy exchange rate to
key resonator parameters, providing a foundation for
controlling the spectral properties of MFCs. The model is
validated through experiments under varying drive fre-
quencies, confirming the predicted correlation between
the giant modal energy exchange rate and the MFC
spectra. By employing a mode-coupled resonator with a
giant energy exchange rate, we achieve supercontinuum
MFCs featuring broader comb spacings and decade-wide
spectral range.

Results
Device characterization and analytical modelling
The schematic diagrams of two capacitive MEMS

resonators, namely Device A and Device B, used in this
paper are shown in Fig. 2. The two resonators share
similar geometry size and both exhibit 1:3 internal reso-
nance between the flexural mode and the torsional mode.
The two resonators are both driven by an ac voltage Vac

and a bias voltage Vdc in a vacuum chamber with a
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pressure less than 0.1 Pa. The mechanical motions are
monitored mainly by optical measurement with a laser
spot at similar positions on both devices. Device A, shown
in Fig. 2a, features a shuttle mass supported by four fixed-
guided tether beams, resulting in a relatively weak modal
coupling because the torsional mode is not easy to excite.
In contrast, Device B incorporates a modified anchored
structure for coupling enhancement, as shown in Fig. 2b,
where one side of the tethers is anchored on a movable
truss that can displace vertically in z-axis (the same as that
in Fig. 1a), resulting in a strong coupling between the two
modes. The mode shapes and resonance frequencies of
the two resonators are analyzed through COMSOL

simulation. Interestingly, under identical driving force,
Device A exhibits a larger torsional amplitude than Device
B, as part of the input energy in Device B is absorbed by
the bending of the truss. This enhanced coupling enables
a higher energy exchange rate in Device B, allowing for
larger driving forces to be applied without damaging the
structure.
Figure 2 also illustrates the simulated mode shapes,

where u1 denotes the vibration amplitude of the flexural
mode while ϕ2 corresponds to the rotational angle of the
torsional mode. To facilitate the derivation of the coupled
dynamic system, the rotational angle ϕ2 is equivalently
transformed into a translational displacement u2 by
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introducing an effective mass m2 that accounts for the
energy associated with torsional motion. Based on this
equivalence in the coupling system, due to the geometric
nonlinearity of beams with a large length-to-width ratio
more than 230:4, the stiffness response includes only
linear and cubic terms. Regarding the coupling mechan-
ism, cubic terms alone satisfy the frequency–phase
matching condition required for internal resonance,
whereas the frequency components arising from linear or
other nonlinear interactions cannot effectively contribute
to the energy transfer. Hence, a two-mode coupled system
with Duffing nonlinearity subjected to an electrostatic
force can be established as:

m1€u1 þ γ1 _u1 þ k11u1 þ k13u
3
1 � κ u1 � u2ð Þ3 ¼ F cos Ωtð Þ;

ð1Þ

m2€u2 þ γ2 _u2 þ k21u2 þ κ u1 � u2ð Þ3 ¼ 0; ð2Þ

where mi and γ i are the effective mass and damping
coefficient, k11 and k21 are linear stiffness coefficients, k13
is the Duffing nonlinear stiffness coefficient, κ is the
coupling coefficient, and F is the driving amplitude of the
external force with a driving frequency Ω.
After applying mass and stiffness normalization to the

coupled equations, the amplitudes u1 and u2 can be
transferred into non-dimensional parameters q1 and q2,

and the coupled equations can be written as:

€q1 þ c1 _q1 þ q1 þ q31 þ α 3q21q2 � 3q1q
2
2 þ q32

� � ¼ fcos ωdτð Þ
ð3Þ

€q2 þ c2 _q2 þ p2q2 þ α q1 � q2ð Þ3 ¼ 0; ð4Þ

where τ ¼
ffiffiffiffiffi
k11
m1

q
t ¼ ω1t, Q2 ¼ m2ω2

γ2
, p ¼ ω2

ω1
, h ¼ 1ffiffiffiffiffiffiffiffiffiffiffi

k13
k11

� κ
k11

q ,

c1 ¼ γ1

ffiffiffiffiffiffiffiffiffi
1

k11m1

q
, c2 ¼ p

Q2
, α ¼ κh2

k11
, f ¼ F

k11h
, and ωd ¼ Ω

ω1
. The

coupled dynamic equations are numerically solved using a
four-step variable length Runge–Kutta method. Resonator
parameters can be extracted by fitting the simulated
amplitude-frequency response curves to experimental
data (details about parameter extraction is in Supplemen-
tary Section 4 of Supplementary Information).

By tuning the ac voltage Vac loaded on the devices while
maintaining a fixed bias voltage Vdc (24 V for Device A and
50 V for Device B), the amplitude-response curves of the
flexural mode under different driving forces are plotted in
Fig. 3. Solid lines represent experimental measurements,
while dotted lines denote simulation results. For Device A,
the natural frequency is ~50,095Hz. At low drive levels
(Vac less than 400mV), a typical stiffness hardening
behavior is observed. When the input excitation fails to
sustain the nonlinear dynamics, the system exhibits a
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and simulated modes. b The diagram and measurement methods of the strongly coupled resonator with coupling enhancement anchor and
simulated modes
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downward transition to the lower response branch, as
demonstrated in Fig. 3a. As the driving amplitude increases
from 400 to 1000mV, a primary Hopf bifurcation emerges
near one-third of the torsional mode frequency, resulting in
the initiation of internal mode coupling. The bifurcation
frequency remains nearly constant in the internal reso-
nance region, as the driving energy is redistributed from the
flexural to the torsional mode and is insufficient to main-
tain large-amplitude vibrations in both modes simulta-
neously. Once the input exceeds 1500mV, the system
overcomes the primary Hopf bifurcation and stabilizes on
the upper branch. Within the internal resonance region, a
Neimark–Sacker bifurcation is triggered to generateMFCs.
For Device B, with a natural frequency of ~50,255Hz, a
similar stiffness hardening trend is observed in Fig. 3c.
However, due to the enhanced coupling strength, the Hopf
bifurcation location remains effectively stationary over a
much wider range of excitation amplitudes, spanning from
600 to 4000mV. At the same time, a stiffness-softening
trend is observed at the high-amplitude end under 4Vac

excitation, which results from the combined effects of a
high energy exchange rate that redistributes a substantial
portion of the vibration energy from the flexural mode to

the torsional mode and reduces the effective stiffness of the
flexural mode, together with the additional electrostatic
softening effect introduced by the 4Vac application. Due to
the measurement limitations of the operational amplifier
chip, MFCs induced by Neimark–Sacker bifurcation under
higher driving voltages are challenging to capture through
electrical detection. Therefore, we subsequently adopted
optical measurement for characterization. Consequently,
the energy is more efficiently transferred, leading to a
bifurcation behavior that spans a broader excitation range.
The resonator parameters are fitted and listed in the fol-
lowing Table 1. The coupling coefficient κ is estimated by
tuning the parameters of the coupled equations such that
the bifurcation points under small-amplitude excitation in
the simulations (Fig. 3b, d) matches the experimental
results (Fig. 3a, c).
Comb spacing is an essential metric for MFCs, which

represents the amplitude modulation period of the
vibration signal and is determined by the energy exchange
rate γex. With the extracted parameters, we can calculate
the normalized coupling coefficients α ¼ κ � h2

k11
as αA ¼

0:0165 and αB ¼ 0:3155, and then quantify the energy
exchange rate γex between the two coupled modes. From
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Eqs. (3) and (4), we can derive the power transferred from
q1 to q2 as:

P / αA3
1A2ωd sin 3ϕ1;0 � ϕ3;0

� �
: ð5Þ

where A1 and A2 are the corresponding amplitude of q1
and q2 while ϕ1;0 and ϕ3;0 are the corresponding phase.
To calculate the energy exchange rate γex, we divide P by
the energy E of q1, where E1 ¼ 1

2K11A
2
1 ¼ 1

2A
2
1, because

K11 has been stiffness normalized. Hence, we can relate
the formula of energy exchange rate γex to other key
factors by a coefficient C:

γex ¼
P
E1

¼ CαA1A2ωd sin 3ϕ1;0 � ϕ3;0

� �
: ð6Þ

Not considering the complex bifurcations within the
MFCs pattern, we can conclude that the energy exchange
rate γex, also as the comb spacing of MFCs, is proportional
to the coupling coefficient, amplitudes of the coupled
modes, driving frequency, and the phase difference
between the two coupled modes. Through structural
optimization, the coupling coefficient can be enhanced by
an order of magnitude, which significantly increases the
energy exchange rate without the risks of device damage
or excessive power consumption that may arise from
merely increasing the driving voltage.

MFCs evolution and exergy exchange rate
To further verify the relationship between the energy

exchange rate γex and resonator parameters, optical
measurements are performed at a 2-Hz interval to record
the torsional mode amplitude A2 and the corresponding
energy exchange rate γex for both Devices A and B under
varying driving frequencies. To ensure the consistency of
the proportional coefficient C, the analysis is restricted to
data within the same MFCs bifurcation regime, where
flexural mode amplitude A1 and phase difference 3ϕ1;0 �
ϕ3;0 hardly change, as illustrated in Fig. 4. The blue
asterisks represent the experimental energy exchange rate
γex and the red asterisks represent the measured torsional
amplitude A2.
In the case of Device A, the driving voltage is fixed at

Vdc ¼ 24V and Vac ¼ 1:5V. The driving frequency is
swept from 59,353 Hz to 59,367 Hz. As shown in Fig. 4a,
both the energy exchange rate γex and amplitude A2

initially increase with driving frequency and then

Table 1 Major parameters of the two devices

Parameter Device A Device B

m1 (ng) 0.838 0.725

m2 (ng) 0.306 0.265

γ1 (N•s/m) 1.641 × 10−8 1.163 × 10−8

γ2 (N•s/m) 3.419 × 10−8 2.108 × 10−8

k11 (N/m) 86.396 72.253

k13 (N/m
3) 3.082 × 1012 2.512 × 1012

k21 (N/m) 382.132 241.419

κ (N/m3) 5.003 × 1010 6.025 × 1011
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decrease. At ωd ¼ 59; 353Hz ´ 2π, the corresponding
MFCs spectrum exhibits a relatively low energy exchange
rate of 326.15 Hz and a torsional amplitude of 122.48 nm.
As the frequency increases to 59,363 Hz, γex reaches its
maximum of 332.15 Hz, accompanied by the highest
torsional amplitude of 148.37 nm. Beyond this point,
further increase in the driving frequency leads to a decline
in both parameters. At ωd ¼ 59; 367Hz ´ 2π Hz, the
energy exchange rate γex drops to 328.65 Hz and the
amplitude A2 decreases to 133.17 nm, indicating a limit in
the comb spacing expansion before the system transitions
into a new dynamical state via a cyclic-fold bifurcation.
The close agreement between the two nonlinear trends
confirms a positive correlation between γex and A2, vali-
dating the theoretical relationship within the observed
frequency range.
Remarkably, Device B demonstrates a similar nonlinear

response in Fig. 4b, where the trends of energy exchange
rate γex and amplitude A2 show strong consistency,
reinforcing the validity of the correlation described in Eq.
(6). It is important to emphasize that due to energy
absorption by the bending of the truss, the measured
absolute value of the torsional amplitude A2 cannot
directly quantify the exact amount of energy transferred
(details about resonator characterization is in Supple-
mentary Section 3 of Supplementary Information).
However, a positive correlation between the trend of A2

and γex remains evident. When the driving frequency is
swept from 50,830 Hz to 50,840 Hz, γex increases rapidly
from 1942.84 Hz to 2126.92 Hz, accompanied by a cor-
responding rise in A2 from 9.62 nm to 14.55 nm. Beyond

50,840 Hz, both parameters continue to grow but at a
slower rate, indicating the proximity of a cyclic-fold
bifurcation. The mutual agreement of the nonlinear
increasing rates of γex and A2 also proves the positive
correlation between them.
With parameters summarized in Table 1 and fixed

driving amplitudes, the simulated evolution of MFCs for
Devices A and B are obtained to validate the accuracy of
the theoretical model, where the red and blue dots
represent the simulated energy exchange rate γex and
torsional amplitude A2, respectively as shown in Fig. 4c, d.
For Device A, the simulation captures the nonlinear
growth trends of both γex and A2 over the frequency range
of 59,347–59,358 Hz in Fig. 4c when the flexural mode
amplitude A1 is ~3 μm. The results further confirm the
positive correlation between these two quantities as
observed experimentally. For Device B, the much-
increased value of the torsional amplitude A2 is calcu-
lated from the dynamic Eqs. (3) and (4), not considering
the energy consumption of the truss. Device B exhibits a
comparable nonlinear relationship between γex and A2

from 51,030 Hz to 51,072 Hz as depicted in Fig. 4d.
To determine the proportional coefficient C in Eq. (6),

we extracted the amplitudes A1 and A2 under various
driving frequencies. As shown in Fig. 5, a linear fit for
Device A yields a slope of CA ¼ 0:00183 with a coefficient
of determination R2 ¼ 0:9951. Due to its fixed anchor
structure, the power transmission rate
αA1A2ωd sin 3ϕ1;0 � ϕ3;0

� �
from q1 to q2 remains rela-

tively low, leading to a small energy exchange rate. In
contrast, Device B featuring a truss anchor design exhibits
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Fig. 5 The linear fitting curves for the proportional coefficient C for Device A (blue) and Device B (red), respectively
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an over two-order-of-magnitude improvement in power
transmission rate between modes. The corresponding
linear fitted slope of CB ¼ 0:00194 with R2 ¼ 0:9949 is
demonstrated in Fig. 5, indicating a giant enhancement in
energy exchange rate. Although there is a slight deviation
between CA and CB caused by the different phase differ-
ence 3ϕ1;0 � ϕ3;0, the consistent nonlinear trend between
energy exchange rate and driving frequency across both
devices confirms the validity of the theoretical pro-
portionality between the energy exchange rate and reso-
nator parameters. Hence, the theoretical model of Eq. (6)
has been proved significant guidance for us to control the
spectral range and comb spacings of MFCs.

Giant γex induced supercontinuum MFCs
To further validate the tunability of the energy exchange

rate γex, a comparative analysis of Devices A and B under
varying excitation levels is carried out within the same
vacuum environment. The results, presented in Fig. 6,
highlight the progressive development of their corre-
sponding MFCs. As demonstrated in Fig. 6a1, 6a2, Device
A exhibits a modulation period of 14.8 ms, giving rise to
distinctly separated comb clusters centered around har-
monics, with an associated γex of 67.214 Hz. This rela-
tively low energy exchange rate is associated with a
weaker coupling coefficient αA and small vibration
amplitude A2. Upon increasing the driving amplitude, the
modulation period of Device A shortens to 2.99 ms due to
a substantial rise in the energy exchange rate to 334.3 Hz,
as illustrated in Fig. 6b1, b2. A comparison between the
spectral amplitudes in Fig. 6a3–a5 and 6b3–b5 reveals
that the enhanced torsional vibration amplitude A2 results
in frequency combs with wider spacing and an expanded
spectral range, confirming the key role of giant energy
exchange rate in shaping MFC spectra.
The limited coupling coefficient αA of Device A con-

straints its comb spectral range, preventing higher-order
harmonic components from overlapping with each other
to form supercontinuum MFCs. In contrary, Device B,
designed with a giant coupling coefficient αB, exhibits a
significantly shorter modulation period of 0.587 ms, cor-
responding to an energy exchange rate of 1699.7 Hz, as
illustrated in Fig. 6c1, c2. This elevated exchange rate
facilitates the spectral overlap of higher-order harmonics,
and with precise alignment of the excitation frequency to
match the comb lines, supercontinuum MFCs spanning
nearly a decade can be achieved. Further increasing the
driving amplitude results in a larger torsional vibration
amplitude and an even higher energy exchange rate γex,
leading to a further reduced modulation time of 0.163 ms
and increased comb spacing of 6131.2 Hz, as shown in Fig.
6d1, d2. These results collectively demonstrate that by
appropriately controlling the coupling coefficient and the
vibration amplitude of the resonator, the energy exchange

rate can be effectively tuned over a wide range, thereby
enabling precise modulation and formation of the spectral
characteristics of supercontinuum MFCs.
In general, a higher energy exchange rate facilitates

stronger interactions between the coupled modes, which
is favorable for generating stable and broadband MFCs. If
the comb spacing is too small, comb lines may interfere
with each other, leading to signal crosstalk and a reduced
signal-to-noise ratio. For precision timing, MFCs with
larger comb spacing and improved stability can serve as
highly accurate on-chip frequency references and reduce
phase noise in timing systems. Similarly, for frequency
synthesis, the tunable comb spacing and broad spectral
range provides flexible access to multiple frequency
channels, which is advantageous for generating harmonics
or intermediate frequencies. Therefore, both quantities
are meaningful indicators for evaluating the overall per-
formance of MFCs. Figure 7 summarizes and compares
these two parameters across various reported MFCs
implementations40–42, including our work. Notably, our
Device B, enabled by the coupling-enhanced anchor
design, exhibits an order-of-magnitude improvement in
both normalized energy transfer rate and MFCs spectral
range, leading to the supercontinuum MFCs.

Discussion
In summary, we have demonstrated a systematic

method for enhancing the energy exchange rate in
internally coupled MEMS resonators through targeted
structural design and dynamics study. Two devices with
distinct coupling coefficients are fabricated and char-
acterized via both experiments and numerical simula-
tions. A theoretical model describing the proportional
relationship between the energy exchange rate and key
resonator parameters was developed. By sweeping the
driving frequency, the positive correlation between the
energy exchange rate and the torsional amplitude is ver-
ified and the proportional coefficient C is quantitatively
determined through numerical fitting. Notably, the
enhanced coupling coefficient in Device B facilitated
broader comb spacings and a significantly expanded
spectral range of MFCs, leading to a supercontinuum
MFC spanning over a decade in bandwidth. These find-
ings provide a design-oriented strategy for dynamic
spectral control of MFCs, with promising implications for
precision timing, frequency synthesis, and on-chip signal
processing.

Materials and methods
Resonator fabrication
The MEMS resonator is fabricated using a conventional

silicon-on-insulator (SOI) micromachining process, as
illustrated in Supplementary Fig. S1. The fabrication
begins with backside photolithography followed by
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etching to remove the 350-μm-thick high-resistivity sili-
con handle layer. Subsequently, the 25-μm-thick
phosphorus-doped device layer is coated with a metal
stack consisting of 15 nm of nickel and 200 nm of gold.
Frontside patterning of the device silicon is carried out
through standard photolithography, and structures are
defined by deep reactive ion etching. Finally, the buried
oxide layer is released using vapor-phase hydrofluoric
acid, and the device undergoes post-release cleaning.

Experimental setup
The experimental setup diagram is demonstrated in

Supplementary Fig. S2, including a temperature-stabilized
vacuum chamber, which maintains room temperature and
a vacuum level of ~0.1 Pa. A RIGOL DP832 DC power
supply is used to provide a constant bias voltage, while a
Zurich Instruments MFLI lock-in amplifier supplies the
AC driving signal. The DC and AC voltages are super-
imposed using a T-bias configuration and applied to the
same side of the comb-drive electrode. A 2-V DC bias is
applied to the device, where mechanical motion modulates
the current via the piezoresistive effect. The resulting signal
is amplified using a transimpedance amplifier for lock-in
detection. This voltage signal is fed into the voltage input of
the lock-in amplifier for signal acquisition. All frequency
sweep measurements are performed via computer control
using the Zurich MFLI interface. Optical measurements
are also performed using a Polytec MSV-600 laser Doppler
vibrometer, which offers a higher signal-to-noise ratio and
a noise floor as low as 100 fm, allowing accurate detection
of the torsional modes.

Parameter extraction
The resonator parameters were extracted through a

combination of experimental measurement and

numerical modeling. First, a low-amplitude linear fre-
quency sweep was conducted to determine the resonance
frequency and quality factor of each mode (shown in
Supplementary Fig. S3). Based on the geometric dimen-
sions of the proof mass and supporting beams, the
effective modal mass, linear stiffness, and cubic nonlinear
stiffness for both flexural and torsional modes were esti-
mated using analytical expressions43,44. The coupled-
mode equations governing the 1:3 internal resonance
behavior were then solved using the method of multiple
scales to derive amplitude-frequency response rela-
tions45,46. Numerical simulations of the frequency
response were performed via MATLAB using ODE sol-
vers, allowing us to generate theoretical sweep curves
under various parameter sets. By systematically compar-
ing these simulated curves with experimentally measured
frequency responses, we were able to fit and extract key
parameters, including the modal coupling coefficient and
the torsional stiffness.
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