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We predict a half-quantized mirror Hall effect induced by mirror symmetry in
strong topological insulator films. These films are known to host a pair of
gapless Dirac cones in the first Brillouin zone associated with surface electrons.

Our findings reveal that mirror symmetry assigns a unique mirror parity to
each Dirac cone, resulting in a half-quantized Hall conductance of i% for each
cone. Despite the total electrical Hall conductance being null due to time-
reversal invariance, the difference in the Hall conductance between the two
cones yields a quantized Hall conductance of % for the difference in mirror
currents. The effect of helical edge mirror current - a crucial feature of this
quantum effect - may, in principle, be determined by means of electrical
measurements. The half-quantum mirror Hall effect reveals a type of mirror-
symmetry induced quantum anomaly in a time-reversal invariant lattice sys-
tem, giving rise to a topological metallic state of matter with time-reversal

invariance.

In the quantum field theory, the coupling of a single flavor of 2+1d
massless Dirac fermions to a U(1) gauge field results in a topological
Chern-Simons term for the gauge field, which corresponds to a half-
quantized Hall conductance. This phenomenon explicitly violates
parity and time-reversal symmetries, leading to the emergence of
parity anomaly’. Due to this anomaly, a single Dirac cone theory
cannot have an ultraviolet completion without breaking parity sym-
metry. In other words, the anomaly can be viewed as an obstruction to
regularizing a continuum Dirac theory on a lattice without breaking
symmetry or gauge invariance. In lattice crystals, the bandwidth of the
band structure is finite, and the lattice spacing provides a natural
ultraviolet cutoff for the wave vector. As a result, massless Dirac cones
always appear in pairs in lattice systems with time-reversal symmetry
to avoid quantum anomaly. For instance, graphene exhibits a pair of
massless Dirac cones’, in addition to the double degeneracy of elec-
tron spin, while a strong topological insulator (TI) film hosts a pair of
surface massless Dirac fermions*™.

The quest to realize parity anomaly in condensed matter has been
ongoing since the early 1980s’®. The primary approach involves
introducing a symmetry-breaking term to open an energy gap in the
Dirac fermions® ™. For example, Haldane® proposed a periodic alter-
nating magnetic flux in a graphene lattice to enforce gap opening in
paired Dirac cones, while Yu et al."° suggested doping transition metal
elements into a magnetically ordered TI film. These predictions have
led to the observation of the quantum anomalous Hall effect'®, with

numerous efforts continuing to explore quantum anomaly in con-
densed matter'”**. Another approach involves realizing a single gap-
less Dirac cone on a lattice, which breaks time-reversal symmetry to
circumvent fermion doubling and results in a half-quantized Hall
conductance®*. A recent measurement of the half-quantized Hall effect
in a semimagnetic topological insulator revealed the signature of
parity anomaly of a single Dirac cone in a parity anomalous
semimetal®”®, A theoretical work based on the Landauer-Biittiker
formula highlights the importance of the dephasing process in
understanding this effect”. Additionally, the chiral edge current of a
parity anomalous semimetal has been reported in an electrical circuits
experiment®,

A key question is whether it is possible to directly observe parity
anomaly in a time-reversal invariant system without introducing
symmetry-breaking perturbations, despite the constraint of symmetry.
The surface states of a topological insulator are regarded as a pro-
mising platform for realizing parity anomaly in condensed matter.
However, a film of TI necessarily possesses two surfaces, where the
anomalous terms from each surface alternate in sign, effectively can-
celing each other out. In this study, we report the finding of a quantum
anomaly in a mirror-symmetric Tl film with time-reversal invariance. In
addition to time-reversal symmetry, certain strong TIs, such as Bi,Te;
and Bi,Ses, exhibit additional mirror planes perpendicular to specific
axes. It is feasible to grow or to fold mechanically a thin film with a twin
boundary that respects both mirror and time-reversal symmetry.
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Consequently, a mirror parity can be assigned to the two independent
Dirac cones, leading to a quantum anomaly for each cone with a half-
quantized Hall conductance of + —2h Although the total electric Hall
conductance is zero due to time-reversal invariance, the difference in
the Hall conductance between the two cones results in a quantized Hall
conductance % for the difference in mirror currents. This phenomenon
is termed the half quantum mirror Hall effect. The helical edge mirror
current, a key feature of this quantum effect, can be measured through
transport measurements using entirely electrical means.

Results
The mirror symmetry and single gapless Dirac cones
The surface of a Z, strong topological insulator hosts an odd number
of gapless Dirac surface cones as a consequence of the bulk-surface
correspondence**?’, For simplicity, we consider only the case of one
gapless Dirac surface cone. In this scenario, a TI film hosts a pair of
gapless surface states separated spatially if we assume the film is thick
enough such that the finite size effect can be ignored®. Denote the
Hamiltonian H for the quasi-two-dimensional system, which can be
viewed as a semimetal with its degenerated low-energy spectra con-
sisting of doubled Dirac fermions. As the system does not break the
time-reversal symmetry, the appearance of the paired Dirac cones
does not cause any quantum anomaly in general if the two bands away
from the Dirac point or at the higher energy part are inseparable.
The presence of the mirror symmetry in the z-direction /\A/lZ
(perpendicular to the film as shown in the left panel of Fig. 1) leads to a
further classification of the band structure® . M, is an inversion
operator under the sign flip of the Cartesian coordinate component
perpendicular to the mirror plane, (ry, ry, 1) > (ry, ry, —r;). Mirror
symmetry also applies a 180-degree rotation about the z-axis to the
electron spin, so ([)T u,bT and t,bi — 1(,()l such that the operator

squares to — 1 for or spin one- half fermions, M = — 1. The mirror sym-
metry means [H, MZ] 0, which implies that all the states of the quasi-
2D system can be labeled with a mirror eigenvalue +ias shownin Fig.1
(middle panel). Thus, we can utilize the mirror symmetry to define a
projection operator denoted as P,, with the expression 7AD =la-
1)(/\/12) where x represents the elgenvalue of the mirror symmetry
operation /\/l By utilizing the projection operator, the Hamiltonian #
can be decomposed into the two dlstmct sectors, H, and H_ where
each sector H is given by H P HP . The time-reversal symmetry T
commutes w1th any spatial symmetry [T M ,1=0, thus the two sectors
are the time-reversal counterpart of each other 7 H T H , but
each H breaks the time-reversal symmetry. Since there exists a palr of
the gapless Dirac fermions within the bulk gap of a strong TI, we come
to draw a conclusion that for a mirror-symmetric TI film, each sec-
tor ﬂx hosts a single gapless Dirac cone in the first Brillouin zone which is
the spatial mixture of the top and bottom surface states with even or odd
mirror parity.

Existence of a single massless Dirac cone in each TA{X means to have
parity anomaly. The half-quantized Hall conductance is associated to
each mirror sector 0%, = —ﬁ as a consequence of the quantum anomaly
of massless Dirac fermlons24 %, The time-reversal symmetry requires
the co-existence of two flavors of massless Dirac fermions with xy = +1
and -1, and the total Hall conductance 0¥}, = }°, o, = 0. However, their
difference defines a nontrivial mlrror Hall conductance,
0,"("; = ZXXU’}y = % The mirror Hall effect is quite similar to the quan-
tum spin Hall effect®”?®, but the mirror Hall conductance is only one-
half of quantum spin Hall effect. Hence we term this phenomenon
as the “half-quantum mirror Hall effect". It is a metallic or semi-metallic
phase as the Fermi level always crosses the conduction or valence
bands of the massless Dirac fermions, which is essentially distinct from
the quantum spin Hall effect. From the band theory in solid, the factor4
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Fig. 1| Schematic of separation of a time-reversal invariant system with mirror
symmetry into two symmetry broken subsystems with mirror parity. (Left
panel) The time-reversal invariant system is represented by the cyan color, with the
wave functions of the Dirac states on the top and bottom surfaces denoted by
|W,/ ), respectively. The presence of mirror symmetry connects these two states:
iUy, |W,(2)) =|W,(—2)). The cyan-colored circles with arrows indicate the helical
mirror current centered at the mirror plane. (Middle panel) The system char-
acterized by definite mirror parity, features a single Dirac cone within the Brillouin
zone. The wavefunction of surface states exhibits either even (x = + 1, red color) or
odd (xy=-1, yellow color) parity with respect to the z-axis, which is represented by

|we/,,(z)> f(llll (2)) £|W,(2))), respectively. (Right panel) After transitioning to
the eigenbasis of mirror operator cpzx ‘/)z“XUM ¢_,, each mirror eigensector is
equivalent to a topological insulator thin film with a single surface subjected to a
symmetry-breaking term. The wavefunction of the surface state, denoted by
|®X(z)>, is distributed on a single surface within the new coordinate framework.
The red and yellow circles with arrows represent the counter-propagating mirror
current J,—, associated with the half-quantum mirror Hall effect. The arrows
pointing along the z-direction indicate the effective magnetization on the surface in
the mirror eigenbasis.
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Fig. 2 | Symmetry-breaking gapless Dirac cones and half-quantum mirror Hall
effect. a Schematic diagram of a film exhibiting mirror symmetry.

Hyp(@)=Ho+Y 5_45(Hze®* +h.c.) represents the Hamiltonian of each layer, while
T.-+1 and T,.1, represent the hopping terms between adjacent layers in the z-
direction. The gray plane represents the mirror plane. b The band structure of
topological insulator thin film (gray lines) is based on a 3D tight-binding model
calculation with open boundary conditions parallel to the mirror plane and periodic
boundary conditions along the remaining two directions. The red circles represent
the energy spectrum by diagonalizing the Hamiltonian describing half thickness of
the film (731)?) with a time-reversal symmetry breaking term f/X on the bottom layer.
The blue dashed lines are from the effective Hamiltonian [Eq. (7)]. ¢ The mirror Hall
conductance as a function of chemical potential u calculated by using Eq. (8) based

> parity invariant regime

~ 4~
} parity breaking regime

X L3

on the 3D tight-binding model for TI and the model for the surface states in Eq. (7).
The blue line marked with triangles represents the contributions from the lowest-
energy four gapless bands as determined by the tight-binding model. d Schematic
diagram of two separated classes of the gapless Dirac cones with even and odd
parity. Black arrows represent the pseudo-spin texture (i.e., d = (6)) of two gapless
Dirac cones with opposing mirror eigenvalues iy. The time-reversal symmetry 7
transforms one Dirac cone into another with the opposite mirror eigenvalue. For
each mirror sector, we can define a parity operator M, which transforms

(ky, ky) > (=ky, k) and is represented by i6y in the 2 x 2 subspace. This parity
symmetry is disrupted in high-energy states (indicated by light colors) but is pre-
served in low-energy states (indicated by dark colors).

is closely associated to the band structure of the massless Dirac cone®.
Thus, the mirror symmetry-induced quantum anomaly also defines a
unique type of quantum anomalous semimetal with time-reversal
invariance.

Mirror plane with time-reversal symmetry breaking

The time-reversal symmetry breaking in the sector ﬂx is attributed to
the existence of the mirror plane in a strong topological insulator
system, which can be regarded as an origin of quantum anomaly.
Consider the Hamiltonian of a topological insulator thin film stacked
along z direction in the real-space representation (r, z) with r=(x, y),

H=3_
rz

‘I’:,ZHO(Z);Dr,z + ( Z @:sz(Z)fbns,z + @:,sz,zﬂ@r,zﬂ + h.C.) :|

§=x)y

@

where the creation field operator @iz is a vector representing the
internal degrees of freedom in the unit cell, including orbit and spin.
Hy(2) denotes the on-site Hamiltonian matrix and Hs(2) represents the
hopping matrix that characterizes electron transitions between
adjacent sites along x or y direction, corresponding to the displace-
ment vectors 6 =X or Yy, respectively. T,.; and T;zﬂ corresponds to

the hopping terms between adjacent layers in the z-direction. h.c. is an
abbreviation for “Hermitian conjugate"”. For a thin film with an even
number of layers L,, as the mirror plane located at the center of the
middle two layers, the indices z are sequentially labeled as - L,/
2,...,,-1,1,...,L,/2 asillustrated in Fig. 2a. The mirror symmetry ﬂz
along z-axis transforms the creation and the annihilation operators as

- =t 1 i
Mz iz = boeUns @
Mz : lpr,z g UM,‘pr,—Z'

Here Uy, is a unitary matrix representation of M, on the space of one
site. If the system exhibits the mirror symmetry along z-axis, such that

o~~~

M, HM, =H, then the following constraints hold:

ULIHO/{)‘(Z)UMZ =Hy,5(=2),
UITWI T, 201Uy, = T

—z-1,—-z"

©)

Owing to the translational invariance in x — y plane, we can apply the
Fourier transformation ¢, , = ﬁz,e*ik'r@,’z where L,xL, is the

number of sites for each layer. Subsequently, by introducing
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lle=[wk'_%,zpk'_%ﬂ,...,zpk'%_l,lpk'%], the Hamiltonian is expressed as

H= Zk@LH(k)‘TJk where H(K) is a block tridiagonal matrix with respect
to the layer index. In this framework, the mirror symmetry operator is
represneted by M,=Uy ®1,, where I, the anti-diagonal identity
matrix, whose dimension corresponds to the number of layers. It can
be straightforwardly verified that M;'H(k)M,=H(k) by utilizing
relations in Eq. (3). Since [H(k),M,]=0, M, and H(k) can be
diagonalized simultaneously. Consequently, the degenerate energy
eigenstates of H(k) for each wave vector k can be distinguished
by their eigenvalues of the the mirror operator M,, which are iy with
x=z1

To more clearly comprehend the physical origins of the
symmetry-breaking term within each mirror sector, we can construct
an eigenbasis of mirror operator from Eq. (2)

~ 1 ~+ Lo~
Proy = S5O il Uy ). @)

Considering that the mirror symmetry relates zto —zin a nonlocal
manner, the two bases are constructed by employing symmetry-
related pairs of unit cells located at z and - z. In the eigenbasis, the

Hamiltonian H can be divided into two sectors, such that 7 = Zxﬂx'

with each sector acting on states for which the operator M, has
eigenvalues of +i. The Hamiltonian for each y sector reads as

~ A0~ . . . ~0. . .

H, ="M, +V,, the time-reversal invariant part /, is identical to one-half
of H in which all the field operators {@L,@u} are replaced by the
eigenbasis {E):’Z_Xﬁ)r‘z‘x} with z > 1 to avoid the double counting. The

extra term is 17)( = - "era’:,u T_11Up, @,ILX where T_;; represents the
hopping matrix connecting the neighboring layers z=1 and z=-1
around the mirror plane. To be more precise, we employ the widely-
used Bernevig-Hughes-Zhang (BHZ) model to describe the Hamilto-
nian for topological insulators>***° and illustrate the results. See
Supplementary Note 1 for details of the model. This model exhibits
horizontal ~ mirror  symmetry  with U, = —io,r, and

T_11=t,00T, — i% 0,7,. Here, t,takes values of +1 corresponding to
two distinct orbital states and o, = +1(-1) for spin up (down) along z
direction. Subsequently, 17)( takes the form:

=~ ~F A ~
V)( ==X Z ¢r,1,)((tlo-zt0 - % OOTy)¢r,l,)(~ 5)
3

The first term is equivalent to a Zeeman field along the z direction and
the second term represents an antiferromagnetic order which is
staggered along z direction and uniform within xy-plane**?, both
breaking time-reversal symmetry explicitly. An intuitive explanation
for the emergence of the symmetry-breaking in the mirror eigenbasis
can be described as follows: The spin behaves as a pseudo-vector or
axial vector, which means that under mirror symmetry, its component
parallel to the mirror plane is inverted, while the component
perpendicular to the plane remains unchanged. From Eq. (4), two in-
plane spins with opposite orientations located at positions symmetric
with respect to a mirror plane can be arranged to maintain mirror
symmetry. However, the existence of a horizontal mirror symmetry
/\A/lz requires that the spin polarization on self-reflected surfaces be
oriented out-of-plane within each mirror sector. The symmetry broken
term 17)( makes it possiAbIe that there exists a single Dirac cone in the
first Brillouin zone in H, on a lattice (see the right panel of Fig. 1).As
shown in Fig. 2b, we plot the energy spectrum of the TI film calculated
using the tight-binding model [Eq.(1)] with a thickness of L,=80,
shown in gray solid lines. Alongside, we show the spectrum of the

Hamiltonian ﬂX in the mirror eigenbasis (red circles), which considers
a halved thickness of L,/2 = 40 and extra symmetry-breaking term [Eq.
(5)] on one surface. Remarkably, the two spectra coincide. Since the
spectra of ﬂX: . and H,__ are degenerate, we present only the results
for H, ., in Fig. 2b.

Gapless Dirac cones with parity symmetry breaking

We then develop a gapless Dirac cone model for mirror-symmetric
topological insulator thin film to elucidate the fundamental physics
underlying the half-quantum mirror Hall effect. Our focus is on the
geometry depicted in Fig. 2a, which is characterized by an open
boundary condition along the z-axis and periodic boundary conditions
in the xy-plane. The system’s Hamiltonian can be decomposed into two
separate parts: H(k) = Hy4(k) + H;(K), both exhibiting mirror symmetry.
Hy4(K) is a one-dimensional lattice model for topological insulator film
with a momentum-dependent gap Mo(k)+2t,. H (k) is block-
diagonalized within the layer space. We first address the eigenpro-
blem of Hy(k), where the eigenvalue equation is given by
Hig®)| Dy, 7 k) = (A KDy, ¢ k) With |B,, - ) being the eigenvectors
and {A,(k) the corresponding eigenvalues with (=t and
n=1,2,3,..., L, ix=% i represent the mirror eigenvalues of the
degenerate energy eigenstates of Hy4(k) for each wave vector k, i.e.
M1®p, 2y k) =iXID,, 2 k). Upon obtaining the eigenstates of Hy4(k), we
proceed to project the remaining part of the Hamiltonian H, (k) onto
this basis. In the eigenproblem, we aim to determine a solution of
the form @(z2) - €4®(0) where € is a general complex number. The
z-component of spin is conserved for Hy4(k): [H14(k), 0.1 = 0. Moreover,
since the spin z operator o, commutes with the mirror symmetry
operator M, (i.e., [0,,M,]=0), 0, and M, can be diagonalized simul-
taneously. This allows the eigenstates to be redefined as
Dprsk) = |¢f,,(,k) ® |s) where |s) is an eigenstate of g, with eigen values
s=4, such that g,|s) =s]s). The corresponding eigen equation for the
spatial components ¢, | (z) becomes

{ [Mo(K)+2¢, cos&]T, + 5% 7, sin é‘} k(@) =08, (KP} - (2). (6)

If € solves this equation, then - is also a solution. By substituting
general solutions that adhere to the boundary condition into the
eigenequations, we derive a set of equations that are self-contained
and can be solved to determine the eigenvalues {A,(k) and also the
corresponding eigenstates |¢f,,z,k). We ascertain that these eigenstates
are indeed the eigenfunctions of the mirror operator:
MO, 7 k) = — ISC|®, 7 1 ). Given that H, (k) is invariant under mirror
symmetry: [M,,H,(K)]=0, also considering that it flips the spin, the
projection onto these eigenbasis reveals that only the states with
opposite ¢ and opposite spin configuration have non-zero overlap:
(P g5kl H KP4 ) =46 6 p[Sin(ky )0y + sin(ky)o,] . There-
fore, the Hamiltonian H;(k) couples basis states with opposite spins
within the same mirror eigensector. See the Methods section and
Supplementary Note 2 for further details.

After projection, we identify a series of Dirac bands: four are
gapless, while the remaining bands are gapped and topologically tri-
vial. The topological phenomena manifest in the four gapless bands;
here, the low-energy states correspond to surface states, and the high-
energy states within these bands transition to bulk states (as shown in
Supplementary Fig. 2). In the eigenbasis of mirror symmetry, the wave
functions of the surface states in each sector ﬁx are symmetric (y=+1)
or antisymmetric (y=-1) about z, in which the sites z and -z are
connected and breaks the locality property on the lattice. By solving
the three-dimensional model for a TI film, we find it essential to
incorporate a term that breaks the symmetry to provide and accurate
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representation of the surface states®:
Hguey =, sink,0, + A, sink,0,, + xAKK)o, 7)

where the Pauli matrices ¢ act on the spaces spanned by
[‘(Dn:l,(: +,X=+ >r|¢)n:1,(:7,)(: + )] and [lmnzl,(:f,X:,M‘Dn:]l(: +_X:,)]
for the y =+ and y = - sectors respectively and A(k) = O] — mo(k)1mo(k)

with O(x) as a step function and mg(k)=mg — 4¢, (sm ke + sin? y). mo
is the bulk gap of TI. For each mirror sector x, we can deﬁne a parity

operator M, which transforms (k, ky) > (-k, ky) and is represented by
io, in the 2 x 2 subspace. In the vicinity of k=0, when mo(k) > 0, A(k) is
zero, allowing Hsyry to preserve the parity symmetry. Conversely, in
high energy states when mo(k) < 0, A(k) ~ mo(Kk) # 0, explicitly breaking
the parity symmetry. For the details of the derivation, see Supple-
mentary Information. With the inclusion of the symmetry-breaking
term, the gapless states described by the Hamiltonianin Eq. (7) diverge
significantly from the conventional Dirac surface states>*’. As shown in
Fig. 2d, we present a schematic diagram to illustrate the main
difference between the proposed gapless Dirac cone model with

broken parity symmetry (M) and the conventional Dirac surface
states: in the parity invariant regime (mgy(k) > 0), the pseudo-spin
texture is confined to the xy-plane, whereas outside this regime, the
pseudo-spin texture acquires z components that break the parity
symmetry explicitly. The time-reversal symmetry, which is antiunitary,

commutes with the mirror symmetry: [T ,ﬂz]:o. Then for an
eigenstate |¢,) of /\A/lz that satisfies ﬂz\tp}() =ix|¢,), it follows that
ﬂﬁw =?ﬁz|tpx) =— i)(?upx). This implies that after the transfor-
mation of 7, the state |(/)X> flips its eigenvalue of M, 71¢,) ~ [¢_,)

Therefore, the time-reversal symmetry T maps one mirror sector onto
the other. In Fig. 2b, the spectrum of the four-band Hamiltonian
[Eq.(7)] are plotted as blue dashed lines, demonstrating that it
accurately reproduces the spectrum not only at low energies but
also at the corners of the Brillouin zone (as shown in Supplementary
Fig. 1). In this way, a single Dirac cone may exist in the first Brillouin
zone as a consequence of the symmetry breaking to avoid the fermion
doubling problem*. This is distinct from the conventional effective
model for the surface states which is only valid for a small k*. As
explained in Supplementary Note 3, we elucidate the relationship and
distinction between our lattice-based theory and the quantum
anomaly originating from an effective k - p model. The mass term
can be interpreted as a natural regularization that emerges on a lattice
and resolves the divergence in the charge-charge and mirror-mirror
polarization tensors inherent in the effective k - p model. Additionally,
it serves as the topological origin of the half-quantum mirror Hall
effect.

We note that prior research by Creutz and Horvath*® has similarly
examined topological systems in film geometry. However, in contrast
with our research, we note significant distinctions. Reference *
explored 1+D (D=1,3)-a dimensional film without time-reversal sym-
metry and featuring chiral surface states, while our study investigates
three-dimensional topological insulator film with time-reversal sym-
metry and characterized by helical surface states. Consequently, the
models in these works fall into two distinct topological classes, leading
to fundamentally different quantum anomalies: ref. 45 addresses the
chiral anomaly, while our work is focused on the parity anomaly.
Reference ** has primarily focused on the low-energy surface states,
claiming that the degeneracy between a pair of gapless Dirac fermions
cancels the anomaly. In contrast, our study classifies Dirac cones
according to parity by utilizing mirror symmetry, revealing the per-
sistence of the parity anomaly. This method not only reveals the full
energy dispersions for each class but also highlights the critical role of

mirror symmetry in generating quantum anomaly phenomena within
the topological insulator thin film.

Quantum mirror Hall conductance
The intrinsic mirror Hall conductance can be evaluated by means of
the Kubo formula in the linear response theory*®*,

Mz 2eh Zf nkUM ,xlumk> umkluy‘unk> (8)

2
x y k,nzm (6‘" - em)

where n, m are the band indices, the velocity operator at each k is
given by v; = %M with i=x, y and jy,_=ieM,V is the mirror current
operator, |uy) is the eigenvector of H(k) with the eigen-energy as
en(k) and fle,) = O(u - €,) is the the Fermi-Dirac distribution at zero
temperature with u as the chemical potential. By using the mirror

operator’s eigenbasis, denoted by |¢, ) with M, i, )=ix|uf,), the
Kubo formula for oxyl can be recast as Oy M= & ank)(f(e’((k))ﬂx(k)

where Qf(k)=2Im( Xujgku')yu’,‘,k is the mirror-resolved Berry curva-

ture for each state. Each mirror sector 7' belongs to the class A of
topological classifications, enabling the association of an anomalous
Hall conductance o%, with it, and the mirror Hall conductance can be
expressed as o)lgf = Zxxo’fy. Since ﬂX contains a single gapless Dirac
cone in the whole Brillouin zone, the Stoke’s theorem allows the
Berry curvature integral over the occupied states to be converted
into a line integral of the Berry connection along the Fermi surface
(FS) for a partially filled band n: o¥,,= 2 [ d*KQX(K)O(u — €))
= mstdk - AL(k) where AX(K)= — i{uf, |0y |u, ) denotes the Berry
connection®. If Fermi surface consists of a single gapless Dirac cone,
the Berry phase around the Fermi surface is quantized to m. As a
result, the Hall conductance is half quantized o%, =)(§2—,, when the
chemical potential is located within the bulk gap®. The half-quantum
mirror Hall effect can also be interpreted using the gapless
Dirac cone model presented in Eq. (7). The Hall conductance of

a generic two-band Hamiltonian Hsurfx(k)_dx(k) - 0 is given
by 0y = & [ KO — |d,]) — O+ d,)ld, - (3, d, x &, d,), which
represents the coverage of the unit vector aX(k):dX(k)/\dX(kﬂ

across the Bloch sphere for the occupied states. The Hamiltonian
corresponds to vectors d, (k) = (4, sink,,A; sink, xA(k)). At k= (, ),

the unit vector aX(k) =(0,0,xsgn(A(m,m))) points to the north (south)
pole on the unit sphere for y=+1 (y=-1), assuming sgn(A(r,m))>0.
For wavevectors on the Fermi surface in the vicinity of the Dirac
points, the unit vector a)((k):(/lII sink,,A, sink,,0) resides in the
equatorial plane of the unit sphere. As depicted in Fig. 2d, this
configuration of aX(k) spans half of the unit sphere, resulting in a
winding number of x/2, which corresponds to a Hall conductance
of of,= X2h Then, the mirror Hall conductance is quantized,

on; =0k, " — 0%~ =¢.To further validate it, we calculate the mirror
Hall conductance as a function of the chemical potential u using
Eq. (8) based on the tight-binding model, shown as the black line
with squares in Fig. 2c. The green dashed line is according to the
gapless Dirac model in Eq. (7). For comparision, we also present
the the contributions from the four lowest-energy gapless bands
within the tight-binding model, indicated by the blue line marked
with triangles. They show good agreement with each other. Apart
from the four gapless bands with n =1, all other bands are gapped
and topologically trivial (when chemical potential lies within their
gaps, the mirror Hall conductivity is zero), however, they also
contribute when chemical potential shifts into the bulk states
(i.e., |u| > |mol|). The contributions from n=3, 4, ..., L, bands
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should also be summed to produce the final results indicated by
the black line with squares.

Transport signature
The half-quantum mirror Hall effect is very similar to the spin Hall effect
in the semiconductor and can be measurable by full electric means®*,
We consider a two-terminal transport measurement and a charge cur-
rent is driven between injector and collector electrodes by an electric
field. We first examine a system with no coupling between two mirror
sectors, where each sector individually satisfies the equation Zja’( E=/
with i, j=x, y. When an external electric field E, is applied in the
y-direction, electrons with opposite mirror eigenvalues acquire anom-
alous transverse velocities in opposite directions. This results in a
transverse current that causes charge to accumulate along the lateral
edges of the material, leading to the development of an internal electric
field £X in the x-direction for each mirror sector. This electric field
opposes further accumulation of charge thereby reaching an equili-
brium. At equilibrium, the net transverse current becomes zero (i.e.,
=0), which allows us to determine the equilibrium self-building elec-

. o . . . .
tric field as £} = — E, ¢ Electrons with opposite mirror eigenvalues

XX

accumulate on opposite edges of the material, leading to a spatially
varying mirror polarization density ény, (x), as illustrated in Fig. 3a.
Consequently, the self-building electric fields for each mirror sector are
oriented in opposite directions. This self-building electric field £X then
induces a Hall current in the y-direction, described by /;"y” = ZX0§XE§. To
compute the total longitudinal charge (c) current J., we sum the con-
ductive current from the surface states, /3, = Z)(Uﬁ»(yf with the inverse

Hall current, yielding /., =£,5" (- oﬁx Uiy +o}y). The charge current

b » comes from the

conducting surface states and the second term jc 'y arises from the
spatial accumulation of the mirror polarization density and is an effect
due to the existence of the mirror Hall effect. This mirror Hall-mediated
charge transport can be understood as follows: the electric field first
induces a mirror charge accumulation on the boundary via the mirror
Hall effect and then is converted into the charge current along the
electric field via the inverse mirror Hall effect™ . By making further
assumption that %, =0}, the two terminal resistances measured, as
depicted in the upper panel of Fig. 3b, can be expressed as:

contains two parts /., =/, +JmH; v the ﬁrst term

_ L 2 -1
R= 7 [1+tan (GM,)] 9)

c

where we introduce the mirror Hall angle 6,, :tan*1(0% /o.) with
o, =ZX0§(X as the total longitudinal charge conductivity and employ
the relation | tan(6), )| = lo%, /0%|. Next, we will consider the effects of
scattering between the two mirror sectors. In this situation, by solving
the combined equations of generalized Ohm'’s law and continuity
equations for currents™®, subject to appropriate boundary condi-
tions, the mirror polarization density and the charge current density
are found to be (see Methods)

M. .
_ Oxy Eyly, sinhCx/ly, ) 10
Sy, ()= D. cosh(W/2ly )’ (10)
) cosh(x/lMZ)
Jeyx)=0.Ey |1+ tan*(6y, )W/ZIMZ) 1)

for |x| < W/2 and O for outside the system. [y, is the inter-mirror
scattering length and D, is the charge diffusion constant. We assume
inter-mirror scattering time is much longer than the scattering time

within the same mirror eigenvalues such that [,, > [, where [ is the
mean-free path. To ensure the diffusive transport is 2D, the width is
also required to be much longer than a mean-free path, i.e. W > [..
Depending on the relative amplitude of /), and W, we have two
regimes: (i) the weak inter-mirror scattering regime [,, > W > [,, the

polarization density variation ény, (x) > —a,lgffyx/Dc shows a linear

behavior along the direction perpendicular to the electric field and
independent on [, and the induced charge current is uniformly
distributed in the sample which are shown by the black lines in Fig. 3c,d
respectively; (ii) the strong inter-mirror scattering regime W >1,, >/,
the boundary effect becomes dominate that mirror charge accumu-
lates at the boundaries and j‘c‘jy"' only flows near the boundaries as
shown by the red lines in Fig. 3c and d respectively. As depicted in
upper panel of Fig. 3b, the total charge current can be obtained by
integrating the current density over the width /= [ Wv{/z/z dx/.,(x) and
the voltage drops over the length L of the system is V=E,L. From Eq.
(11), the two-terminal measurement resistance R=V/l,, can be
expressed as

12

-1
L ) tanh(W /21y, )
R= Wo. 1+tan (eMZ)—W/ZIMZ

By varying the chemical potential u through a gate voltage, o. can be
monotonically tuned to the minimal value o,,,= %‘;1—2 at the Dirac
point®>**, While the gate voltage has little impact on the half-quantum
mirror Hall effect as its root lies in the quantum anomaly of gapless
Dirac bands and is contributed by the deep-lying states. As shown in
Fig. 3e, we plot R as a function of y for different [y, /W.Forly, > W,the
mirror eigenvalue can be viewed as a good quantum number, Eq. (12) is

tanh(W /21y, )
then reduced to Eq. (9) as WIMZM

from the Dirac point, R initially rises, subsequently peaks when
0.= \0,%’ |, and ultimately decreases, as shown by the darkest green line.
As the hybridization between two mirror sectors becomes stronger,
[y, reduces, leading to a decreased contribution from the mirror Hall
effect, as described by Eq. (12). When [, /W approaches zero, R
converges to the transport behavior associated with conventional
Dirac surface states in the absence of the mirror Hall effect®**, as
shown by the darkest red line. The resistivity Ro=L/Wo, can be
measured by using conventional six-probe measurement. Thus the
value of oﬁcwyl can be deducted from the measurement of R if the exact
mirror symmetry nearly holds (i.e., [y, — o0).

We next consider a multi-terminal measurement and the current /
is applied along the y-direction, flowing from from terminal 8 to
terminal 2, as depicted in the lower panel of Fig. 3b. The detailed
calculations for this setup are provided in “Methods". Here we consider
the weak inter-mirror scattering regime l,, >L,W. For practical ana-
lysis, we derive the analytical expressions in certain limiting cases: (i) In
the regime where x>/, , the nonlocal resistivity associated with the
mirror Hall effect

~1. In this case, as u moves away

1 L tan’(By)

fiie_x/fw
0. 2§, 1+tan(6y,)

Ry () = 13

with EW—IM 1+tan2(6M) (ii) Conversely, for L, W » x, we have
w(k) =~ l,\,,1 and the boundary condition along x-direction becomes

negllglble Under these conditions, Eq. (28) can be approximated by its
value at x=0,

L Fk)

Wo [1+tan’(6), )] a4

Ragas =
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Fig. 3 | Transport signatures of the half-quantum mirror Hall effect. a Schematic
of mirror Hall effect analyzed in this work. The electrons in x =+ and y = - sectors
are denoted by the red and yellow filled circles, respectively. The symbol “E" stands
for the in-plane electric field. The arrows with solid lines represent the currents
generated by the conducting surface states, while the arrows with dashed lines
indicate the mirror Hall current. 7,, denotes the scattering time between two
mirror sectors. b A sketch of the two-terminal transport setup and multi-terminal
transport setup. Wrepresents the width of the lead, L the height of the sample, and
Ax the distance between two neighboring leads. ¢ The spatial distributions of
polarization density between mirror eigenvalue sectors 6n,,_ and d the charge
current density J., in two limiting regimes. The Blue dashed line in panel

d represents the current density contributed by the conducting surface states.

e The two terminal resistances as a function of chemical potential £ for different
relative ratios [, /W . The longitudinal conductivity of Dirac surface states can be

calculated by o, = ,‘:27[1+ &+ ‘%) arctan(®)]. I"is the imaginary part of the self-energy
around the Dirac point which can be determined within self-consistent Born
approximation. f The resistance R(x) as a function of the probe position x according
to Eq. (28) (black line). The red dashed line represents the the nonlocal resistivity
obtained when the voltage measurement is taken at a location sufficiently distant
from the current injection terminal, as described by Eq. (13). The blue dashed line
corresponds to the approximation result given by Eq. (14), which applies when
voltage measurement is conducted at the current injection terminal. g R(x=0) as a
function of L/W from Eq. (13)(black solid line) and Eq. (14) (red dashed line). The
inset displays 7 versus L/W. Here we use tan 6, =/5. h The measured mirror Hall
conductivity from Eq. (17) calculated from Eq. (28) for different chemical potentials.
We have adopted W as the unit of length. For Fig. f, g, and h, we have set [, /W =4.
In Fig. f and h, a ratio of L/W=0.3 is utilized.

which is similar to the two-terminal case except for a sample-sized
dependent renormalization factor F(y)=Re} ,_, % S (Liy(e="/7) —
4L|2(e‘32y)) where Li, is the polylogarithm function of order two. We
present a plot of the resistivity as a function of the probe position x
based on the full integral in Eq. (28) in Fig. 3f. As demonstrated, the

numerical results are in good agreement with the analytical expression
given in Eq. (13) when the voltage -measuring probes are positioned
significantly far from the terminals where the current is injected. We
additionally plot the resistivity as a function of the sample aspect ratio
L/W when voltage measurement probes are located at the terminals
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where the current the current is injected, as depicted in Fig. 3g. It is
evident that when L < W, the results from the full integral are
consistent well with approximation given by Eq. (14). Notably, as L/W
approaches zero, we find that F tends towards unity, and Rg>s
simplifies to the expression in Eq. (9).

Finally, we address the question of how to extract the half-
quantum mirror Hall conductivity from electrical measurements. In
experiments, there are three unknown parameters that need to be
determined: the longitudinal conductivity o, the mirror Hall con-
ductivity a)’("'yz, and the inter-mirror scattering length [, . Therefore, at
least three measurements are necessary. Firstly, according to Eq. (13),
&v can be deduced through two nonlocal voltage measurements.
These measurements are taken between terminals 3 and 7, and
between terminals 4 and 6, which are at distances Ax and 2Ax from the
current injection terminals 2 and 8, respectively, as illustrated in the
lower panel of Fig. 3b. From these measurements, &, which is can be
extracted by using the relation §,, = Ax/ In(R;; 5 /R46 25)- Then from Eq.
(14), after conducting a two-terminal measurement, the mirror Hall
angle can be determined by the following equation:

2Ax R§7,28/(R28,28R46,28)

W In(Rs78/Raes)

The superscript “exp" indicates the experiment measurement results,
which are used to distinguish them from the theoretical predictions.
The mirror Hall conductivity and longitudinal conductivity can be
determined from the measured data using

tan(@fv’,‘f) = (15)

exXp = 1 L 1 16
Ry W1+ tanz(ele‘zp) (16)
and
tan(6.”
O'%f'exP: 1 L ( Mz) a7

Rygos W1+ tanz(Oﬁ;f) ’

By following this procedure, the desired electrical properties can be
accurately determined from the measured values. We employ Eq. (28) to
assess the validity of Eq. (17). As depicted in Fig. 3h, when the two
nonlocal measurements are taken at a sufficient distance from the cur-
rent injection terminal, the extracted mirror Hall conductivity approa-
ched quantized theoretical prediction over a wide range of energies.

Measuring lattice-symmetry-protected topological responses may
not be straightforward, but exploring other lattice-symmetry-protected
transport responses can shed light on mirror symmetry-related effects.
Take the SnTe class of topological crystalline insulators, for example,
which exhibit nonzero mirror Chern numbers, guaranteeing the exis-
tence of topological surface states. Quantum coherent magnetotran-
sport measurements have revealed multiple unique Dirac surface states
in these materials®®. Another example is the Bi4Br, compound, protected
by G, rotation symmetry, which has been classified as a higher-order
topological insulator and is expected to host 1D helical hinge states.
Recent experimental magnetoresistance measurements have shown
pronounced Aharonov-Bohm oscillations, providing evidence for the
quantum transport response of topological hinge modes®’.

Material candidates

The strong 3D TIs BiyTes; and Bi,Se; have the rhombohedral
structure®®, The bulk structure is constructed by the hexagonal
monatomic crystal planes which are stacked along the c-axis in ABC
order®. Units of Te(Se)-Bi-Te(Se)-Bi-Te(Se) form a quintuple layer (QL).
The coupling is covalent between atomic planes within a QL whereas
weak between adjacent QLs, predominantly of the van der Waals type.
The crystal structure belongs to the space group R3m (No. 166), which

has the Bi atoms situated at 6¢(0, 0, £0.4005), the type-1 Te/Se atoms
(Tel/Sel) at 6¢(0, 0, +0.2097), and type-2 Te/Se atoms (Te2/Se2) at
3a(0, 0, 0) Wyckoff positions with a=4.38 A and ¢=30.49 A. The

generators of the space group are (i) the identity E, (ii) threefold
rotation symmetry 631 along the z-axis, (iii) twofold rotation symmetry

sz along the x-axis, (iv) inversion symmetry P, and (v) a fractional
translation G The combination of the inversion and the twofold

rotation symmetry gives rise a mirror symmetry A7IX = 62,{.5. The
threefold rotation symmetry about the z-axis produces two other
mirror symmetries. Hence there are a total of three mirror planes in
Bi,Te; which are perpendicular to [110], [100] and [010] axes, respec-
tively. To calculate the electronic structure of a slab geometry along
the [100] direction with mirror symmetry as depicted in Fig. 4a, we
utilize a tight-binding model comprising eight states with the model
parameters are determined by fitting the electronic properties
obtained from first principle calculations®’. These states are denoted
as|P1*,+1), P27, +1),1P27T,), |P27,I5), and [P2, + 1). Among these
states, [P17,+ 1), P27, + 1) are responsible for the band inversion*®.
The remaining four bands exhibit substantially lower energies com-
pared to the former four bands. The inclusion of these additional four
bands only modifies the dispersion and will not influence the band
inversion. Consequently, we focus solely on the four bases [P1*,+ 1),
IP27,+ 1) in the following calculations. The form of the Hamiltonian
is highly constrained by crystal symmetries and time-reversal
symmetry 7. These symmetry operations are represented by the fol-
lowing unitary operators in the four bases we considered: 632 ;e 50z,

(AIZX . —i0,T,,P:T,and T : io,K where the Pauli matrices and t operate
on the spin and orbital subspaces, respectively. Hence the mirror

symmetry about [100] axis is represented as M, : —io,. The energy
spectrums based on this slab geometry are presented in Fig. 4b. The
color of the dots represents the mean position of the states away from
the mirror plane, where red denotes the surface states and yellow
represents the bulk states. By utilizing the mirror operator, we can
evaluate the mirror Hall conductance using Eq. (8). In Fig. 4c, we
illustrate the mirror Hall conductance as a function of the chemical
potential for several slab thickness L,. Notably, when chemical
potential resides within the bulk band gap and crosses the gapless
Dirac surface states, and the slab thickness is sufficient, the mirror Hall
conductivity is quantized to be -1. This result is consistent with the
analysis presented above.

Another way to grow a thin film with mirror symmetry is to make
use of twin boundaries in crystal’®”’>, A twin plane is planar stacking
faults in a fixed crystallographic direction (say, [uvw]) and usually has
low formation energies. Structurally, it can be described as the reversal
of atomic stacking sequence along the [uvw] direction about the twin
plane. We also use Bi,Se; as an example to illustrate this approach.
[001]-oriented slabs of the topological insulator Bi,Se; do not possess
mirror symmetry along the stacking direction. However, it is feasible to
create a crystalline structure with mirror symmetry by incorporating a
twin plane, as illustrated in Fig. 5a. The resulting mirror symmetry
operator, denoted as A7IZ, maps the crystal structure onto itself
across the twin plane. Due to the imposed symmetry constraints
(632, T and MZ), the hopping term between the nearest two layers
across the mirror plane can only take the following form
W (reoO0To + 120007, +ir,0,T, + ir0o7,)¢; +h.c. Here, all the
parameters involved are real. The band structure for this slab geo-
metry is illustrated in Fig. 5b. The color of the dots represents the
average position of the states away from the mirror plane. As indicated
by the blue dots, the interface states are gapped out due to the pre-
sence of coupling, a consequence of the absence of surface states
between two topologically nontrivial insulators. The gapless surface
states appear only on the top and bottom exposed surfaces. We have
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Fig. 4 | Results for Bi,Se; in [100] direction. a The slab structure along the [100]
direction of Bi,Ses. The gray dashed line indicates the mirror plane M,. b The band
structure of the slab geometry along the high symmetry points of projected surface
Brillouin zone: M — [ — X — M. The color of the dots represents the mean position
of the states away from the mirror plane (|2x/L,|), where the mirror plane is set at
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x=0. Red dot denotes the surface states and yellow dot represents the bulk states,
and the blue dot indicates the mirror surface states. ¢ The mirror Hall conductance
a%* as a function of the chemical potential y for several slab thickness L,. The accu-
racy of the Hall conductance is controlled by the precision of the numerical integral,
which can be improved by increasing the number of k-points over the Brillouin Zone.

also computed the mirror Hall conductance for this structure. As
depicted in Fig. 5c, the mirror Hall conductance is quantized to -1 for
various thicknesses L, when chemical potential crosses the gapless
Dirac surface states. As illustrated in Fig. 5d, we present the energy
dispersion for the gapless Dirac band. A hexagonal warping term is
permitted by the threefold rotation symmetry. Therefore, the energy
dispersion exhibits a non-circular shape, resembling a snowflake pat-
tern. In Fig. 5e, we plot the distribution of the mirror Berry curvature
for four gapless bands, denoted as Q,, (k)= ZX)(QX (k). Time-reversal
symmetry relates the Berry curvature between the two mirror sectors,
which can be expressed as 7 : ¥(k) — —Q*(—K). As a consequence,
we have QM,(k) = QM,(—k)- This leads the mirror Berry curvature
exhibiting six-fold symmetry under 8 > 6 + r/3 due to 632 symmetry.
However, the sum of the mirror Berry curvature for the four gapless
Dirac bands over the first Brillouin zone (FBZ), which is the region
enclosed by the gray dashed line, remains consistently quantized as -1,
in accordance with the aforementioned analysis. The mirror Hall
conductivity plateau can be understood as follows: In parity invariant
regime, when chemical potential u intersects only the surface states,
the line integrals of the Berry connection over the Fermi surface can be
demonstrated as follows: §dk - AX(k)=Nm where N is an integer*.
Consequently, as u varies across the surface states, the mirror Hall
conductance exhibits a plateau. The sample may also be made possibly
by folding a TI thin film mechanically, which technique was extensively
used in the field of 2D materials such as twisted graphene”. Hence the
slab with a twin plane is an ideal material candidate to realize the half-
quantum mirror Hall effect.

Discussion

If the thickness of the TI film is reduced to that the wave functions of
the top and bottom surface states have a spatial overlap, the surface
states gap out, and induces a tiny gap £, at the I point®*’*. A mirror
Chern number can be well defined for the two gaped surface bands,
Cy=0 or . The nontrivial case has the mirror Hall conductance

0,"(’;’ =2%, that is actually the quantum spin Hall effect. Even in this
gapped case, if the chemical potential u deviates from the energy
gap Eg, it is found that the mirror Hall conductance approaches to %

very quickly from O or 2, which reflects the fact that the symmetry-
breaking term near the mirror plane cooperates into the bands away
from the low-energy dispersions of the surface states.

The topological robustness of the half-quantum mirror Hall
effect in a mirror-symmetric topological insulator is safeguarded by
time-reversal and mirror symmetries. The latter is a spatial sym-
metry and can be broken by surface roughness or the charge
transfer from the substrate. Within the mirror operator’s eigenbasis,
symmetry-breaking manifests as an inter-sector coupling, char-
acterized by the inter-mirror scattering length [,, that gauges the
extent of symmetry disruption. As highlighted in the “transport
signature” section, an increase in the inter-sector symmetry-break-
ing term causes a reduction in [y, and a corresponding invisibility of
the observable transport phenomena associated with the half-
quantum mirror Hall effect. Generally, when the symmetry is broken
explicitly, the mirror Hall conductance will deviate from the quan-
tized value. As shown in Supplementary Note 4, we consider a
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Fig. 5 | Results for Bi,Se; in [001] direction with a twin boundary. a The twin
boundary structure along the [001] direction of Bi,Ses. The gray dashed line indi-
cates the mirror plane M, for this twin boundary structure. b The band structure of
the slab geometry around the T of projected surface Brillouin zone. The color of the
dots represents the mean position of the states away from the mirror plane

(|12z/L,|), where the mirror plane is set at z= 0. ¢ The mirror Hall conductance 0,%2
as a function of the chemical potential u for several slab thickness L. d The dis-
persion of gapless Dirac bands. e The distribution of the mirror Berry curvature
Qy, (k)= Z)(Xm (k) for the four gapless Dirac bands. The region enclosed by the
gray dashed line represents the first Brillouin zone.

special symmetry-breaking term that acts only on the bottom layer.
It removes the degeneracy of the surface states on the top and
bottom layer. However, as illustrated in Supplementary Fig. 3, we
observe that mirror symmetry breaking on the surface layers has a
minimal impact on the quantization of mirror Hall conductivity
(approximated as —e’/h) when the chemical potential intersects with
the surface states. This is because the mirror Hall effect primarily
originates from high-energy states located within the bulk of the
material, and the surface potential does not significantly affect these
states.

In summary, the half-quantum mirror Hall effect reveals a unique

The eigenvalue problem of the 1-D Hamiltonian with respect to
boundary conditions is

{ Hyq(K)| (k) =EK)|D(K)), 19)
Ok, +1/2)=0,

where [=L,+1 with L, total sites number along z. Hy4(k) takes
the form of a block tridiagonal matrix in terms of the layer index
with dimension as 4L, x 4L, defined as Hig= ZklllkHld(k)lle, where
lle represents the collective spinor encompassing all the layer
components. Solving the set of equations above gives eigenstates

type of mirror-symmetry-induced quantum anomaly in a time-reversal  read
invariant lattice TI film, giving rise to a topological metallic state of
R L2 0
matter with time-reversal invariance. o,(l,)= <(.0( "Z)>,(D2(IZ)— <X(_ [ )>’
"tz
Methods X(+L) 0 (20)
Derivation of Gapless Dirac Cone Model with Parity Symmetry O3(l,)= ( )'®4([z) ( o= )>.
Breaking e
We solve the Hamiltonian ="M, +HH by separatmg it into two  where
parts: the parallel part is given by H, = Zkzztpkz/l"[sm(k a)o, T, +
sin(k,b)o,, 7,]¢\ .» and the one-dimensional (1-D) Hamiltonian part H,, —isA f (L)
oG, 1,)=C JE
which is described by z tonf_) @1
_ tL’lf—([z) ’
~ ~F ~ ~f ~ X, l)=C isA ) -
Hig= Z Z <¢kzMO(k)UOTz‘pk,z T WPrzt h‘C.> - (18) isAf (L)
K z
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with C the norm, and £ refer to corresponding eigenvalue which
could be solved consistently in a closed manner with equations

- €05 §,8(§1)—c0s §,8(§5)
E=M=+2t, = eereer
oS E, = —Me, +(—1)* /M@ R M+ ) (22)
@ 22K /4 ’

where a=1, 2 and M is referred to Mo(k). For definitions of f. and n,
please refer to the Supplementary Information.

Our solution is exact with k-dependence and includes all solutions
E,(k), n=1, --- , L,, with n=1 denoting possible non-trivial zero-mode
state. Then by projecting the original Hamiltonian onto the obtained
4L, eigenstates, we get the effective Hamiltonian

Hi(K) = @{All(sm(k )0, + sin(k,b)o,)7 + E,0,T } P X,
nx

(23)

where x = t is the mirror label, and due to the explicit direct sum form,
we separate n =1 block and make equivalence with

Hgueey =h1y =A,(sin(k,@)o, + sin(k,b)a,) + xAK)G,, A(K) = E;(K),
(24)

which is Eq. (2) in the main text. Meanwhile, it could be proved (please
refer to the Supplementary Information) that in the thick limit,

A(K) =~ ©(—mq(K))mo(K). 25

Charge transport associated with the half-quantum mirror

Hall effect

In this section, we present the macroscopic theory for the transport
properties associated with the half-quantum mirror Hall effect. The
generalized Ohm’s law for currents from two Mirror eigenstates:

Jyi(r)= — 0}0,p(r) +eD}0;6n, (1)

where ¢(r) is the electric potential, i, j=Xx, y are spatial coordinates,
6n,(r) is the variation of the charge density in mirror sector x due to the
transport, UE‘ is the homogeneous conductivity tensor, and Dij is the
corresponding diffusion coefficient tensor. A repeated spatial index
obeys Einstein’s summation convention. The first and second terms on
the right-hand side are the drift current due to the electric field and the
diffusion current due to the inhomogeneity of the electron density.
The diffusion constant D}, is given by the Einstein relation e2D} = o}.$*
where $* =0y, /on, —u;l is the static stiffness and v, is the thermo
dynamics density of state or the compressibility. We have neglected
the inter-mirror interaction such that the inter-mirror elements of the
conductivity and stiffness matrices vanish. We can define the total
charge density (c) n(r) = 3 ,6n,(r) and the mirror polarization density
(M) bny, (r)=3", x6n,(r). Similarly, the total charge current density is
determined by J.;=2/,; and the total mirror current density is
Im,i=>_yX)y,; which can be obtained as

jc,i:‘Sij(_oc
Jn,i=6;Dc8;6ny, + €5~ 0,0+ eDlf0,6n, ),

0,9 +eD.0;6n, ) +eDM €;0,6ny, , 26)

where we have introduced the longitudinal charge conductivity
Zx % =6;0., the mirror Hall conductivity ZX)(UX e,joH , the long-
itudinal charge diffusion constant 3 3°, D} =6;D,, and the mirror Hall

diffusion constant 3 -, xDj DM with 6; and ¢ as the Kronecker
delta and Levi-Civita symbols. Equation (26) establish a linear rela-
tionship between the densities and currents in the presence of the
electric potential. To solve these equations, we also require the two
continuity equations :

allc,i = 0'
Oy, i=€bny [Ty,

where 1), is a phenomenological relaxation time due to the inter-
mirror scattering which equilibrates the two mirror sectors relaxing
the system to a steady state. By combining the continuity equation
with Eq. (26), we can obtain the electric field inside the system obeys
the Laplace equation V*¢ =0 and a diffusion equation for the mirror

polarization density

én z N
M: _ yx <_ o V¢+Dﬂ’V6nc> 2.
Ty e

z

D.V*6ny, =

27)

We use the local charge neutrality constraint én. = O and
VX(aﬂ’V(p):o,"jz y[6(x — W /2) — 6(x + W /2)] takes a delta-function
value at the boundary between topologically non-trivial and trivial
(vacuum) regions where E; = — 0,¢ is the electric field. The general
solution for the diffusion equation is

8nyy (r) = Ae™/'v: + Be*/'n:

with [y, =, /D 1y, the mirror diffusion length. This equation needs to
be supplemented by suitable boundary conditions. Here, we consider a
two-terminal transport measurement and a charge current is driven
between injector and collector electrodes by the electric field. In this
situation, the boundary condition is on the mirror current density
Ju,x(x=2W/2,y)=0 which implies that no mirror current can flow
outside the sample. By combining with Eq. (26), we can obtain the
boundary constraint on the mirror polarization density

<6x6an

where 6, :tan‘l(a",_,"l /o.) is the mirror Hall angle. By solving the dif-
ferential equations with the boundary conditions, we arrive the the
polarization density in Eq. (10) and the charge current density in Eq. (11)
For a multi-terminal measurement illustrated in the lower panel of
Fig. 3b, the current / is applied along the y-direction, flowing from
terminal 8 to terminal 2. We impose periodic boundary conditions in the
x-direction. Then the problem can be solved by Fourier transforming all
the physical quantities in the x-direction f(k,y)= [ *dxe ®f(x,y).
Within a conductor at electrostatic equilibrium, the electric potential ¢
satisfies the Laplace equation V’¢=0. Furthermore, in accordance
with the diffusion equation [Eq. (27)], we can assume the solutions of
the form (f)(k,y)=acosh(ky)+bsinh(ky) for the potential, and
6ﬁMz(k,y):ccosh(w(k)y)+dsinh(w(k)y) for the mirror polarization

=0
x=+W/2

tan 6, jcy>

1+tan%6,, D

density where w(k)=/k*+ 1;43. By using the boundary conditions for
the charge current density / ,(x,y=+5=0(% —|x|) and mirror
current density Jy, ,(x,y= +£)=0, we can obtain the resistance as a

function of the probe position x according to the fundamental definition
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R(x)=[p(x,5 — o(x, — H/1
dk e*x sin() / (kW /2)w(k)
Rx)= 2
= 2T (k)k coth (LK) + kztanz(GM )coth (”’”"L) 28)
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In two limiting regimes, we derive the analytical expressions for non-
local resistivity in Eq. (13) and for the resistivity as given in Eq. (14)
when current injection and voltage measurement are conducted on
the same terminals.

Tight-binding model for Bi,Se; and Bi,Te;

The tight-binding models for Bi,Se; and Bi,Te; are constructed using
Wannier functions of the conduction and valence bands, primarily
described by a set of few effective states |A"j,). Here, T is the state
parity, j, is the z-axis projection of the total angular momentum, and A
labels the orbital contributions from Bi and Se(Te) atoms. Based on
first principle studies, the states around the Fermi surface are
IP1Y, £1), |P2+,_—) IP27,T,), |P27,T5), and |P27,+1). Among these
states, |[P1",+1), |P27,+1) are responsible for the band inversion*>*.
Therefore, in our calculations, we only focus on these four bases, as the
bulk and surface bands are already capable of accurately reproducing
the essential features predicted by first-principles studies®’. Additional

bases such as |P2’,f4>,|P2’,F5> IP2-, +1) can be included to improve
the fit. The form of the Hamiltonian is highly contrained by crystal
symmetries, including threefold rotation symmetry 632 along the z
axis, twofold rotation symmetry 62,( along the x-axis, inversion sym-

metry P, and time-reversal symmetry 7. Symmetry considerations
allow us to reduce the number of the model parameters to 10 inde-
pendent ones. These parameters can be determined by least-square
fitting the bulk band structure obtained from the DFT calculations. The
Hamiltonian H,, consists of an interlayer and intralayer part:
Hio = Hinra + Hiner™, where

€ te €
Hintra=z{¢z( 12 3)O'OTO"' 12
r
p>

=123

00T, )wr

43 1 _ 3 " i
a a a i N
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1 _ 33

ey bt
|n(er Z Z |: r+b< [ 2

Here r labels the site. The vectors ,=(PL’,+1),P27,+1),
P, -1 1P27, — %))T correspond to the two spins and two orbits. The
notation + a, represents the 6 intralayer nearest neighbor vectors of
each triangular lattice, namely, a,=(a,0,0),a,=(—a/2,+/3a/2,0),
a;=(—a/2, — +/3a/2,0). Similarly, + b, denotes the 6 interlayer near-
est neighbors vectors, b, =(0,+/3a/3,c/3),b,=(—a/2, — v/3a/6,c/3),
b;=(a/2, — v/3a/6,c/3) with a=4.14 A and ¢=28.70 A for Bi,Ses. In
the Hamiltonian, €; and €3 represent the on-site potentials for two
orbits; ¢! and ¢33 are the spin-independent intraorbit and intralayer
hopping terms. ¢}}(¢;*) and ¢;? are the spin-independent intraorbit and
inter orbit interlayer hopping terms, respectively. ¢ and ¢}* are spin-
dependent intra- and interlayer hopping respectively. t13 is responsible
for the hexagonal warping effects of Dirac surface states. For Bi,Ses,
the obtained parameters are €,=1.602, e3=-1374, tl'= —0.240,
3=0211, —0.067, t2=004, t3=0210, t¥=-017,
t3=0.045, and ¢} = — 0.19, all given in the units of eV, adopted from
ref. 69.

1 RV .
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Data availability
All data generated or analyzed during this study are included in this
published article (and its Supplementary Information files).
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