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We present a formalism to study molecular polaritons based on the bosoni-
zation of molecular vibronic states. This formalism accommodates an arbitrary
number of molecules N, excitations and internal vibronic structures, making it
ideal for investigating molecular polariton processes accounting for finite N
effects. We employ this formalism to rigorously derive radiative pumping and
vibrational relaxation rates. We show that radiative pumping is the emission
from incoherent excitons and divide its rate into transmitted and re-absorbed
components. On the other hand, the vibrational relaxation rate in the weak
linear vibronic coupling regime is composed of a O(1/N) contribution already
accounted for by radiative pumping, and a O(1/N?) contribution from a
second-order process in the single-molecule light-matter coupling that we call
polariton-assisted Raman scattering. This scattering is enhanced when the
difference between fluorescence and lower polariton frequencies matches a

Raman-active excitation.

Molecular exciton-polaritons are hybrid light-matter quasiparticles
that emerge when the interaction strength between electronic matter
excitations and confined electromagnetic fields is large enough to
make Rabi oscillations faster than the molecular and cavity losses. A
large variety of polaritonic architectures have been developed to reach
this strong coupling regime over the last three decades, and several
modifications of optical and molecular behavior have been
reported' . While single molecules can strongly couple to confined
fields of plasmonic nanocavities'* ¢, a more common scenario requires
an ensemble of matter excitations collectively coupled to optical
modes in microcavities, leading to the emergence of polariton states
and a dense manifold of so-called dark states'™. Organic exciton-
polaritons are particularly interesting systems since strong coupling
between electronic and vibrational degrees of freedom (DoF) gives rise
to intricate relaxation processes that allow for population transfer
between dark and polariton states, a feature which plays a central role
in polariton-assisted remote energy transfer”°, polariton
transport? %%, and polariton condensation®*’,

Seminal works contributed to the phenomenological under-
standing of relaxation processes by establishing semiclassical relaxa-
tion rates valid when molecules can be treated as two-level systems

weakly coupled to a vibrational bath®***°. Based on these works, two
different mechanisms have been proposed: radiative pumping, con-
sisting of emission from incoherent excitations directly into a polar-
iton mode, and vibrational relaxation, where the transfer into the
polariton mode is accompanied by the release of a high-frequency
phonon. Despite the formal derivation of vibrational relaxation from a
weak vibronic coupling model*® and the development of theories that
numerically reproduce radiative pumping*, a rigorous derivation of
vibrational relaxation and an analytical derivation of radiative pump-
ing for molecules with complex vibrational structures within a unified
framework are missing until now?’.

First-principle Hamiltonians that go beyond the Holstein-
Tavis—-Cummings (HTC) model have been put forward with the aim of
understanding polariton-modified chemical reactivity*>*’, and recent
theoretical works suggest that relaxation from polaritons to dark
states in the N > oo limit can be understood simply as an optical fil-
tering effect: polaritons act as windows through which vibronic states
can be optically excited***. This is consistent with several
theoretical***® and experimental**>? works. This striking finding has
made understanding molecular polariton dynamics in the finite N limit
more crucial than ever for achieving nontrivial polaritonic effects in
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the collective strong coupling regime, particularly the relaxation from
dark states back to polariton states.

In this work, we re-derive an exact bosonic picture of organic
molecular polaritons from first principles to study molecular
dynamics under collective light-matter coupling for arbitrary num-
ber of molecules N, excitations N,,., and internal vibrational struc-
ture of the molecules™*°, This mapping is analogous to the
Schwinger boson representation of spins®, and is ideal for numerical
simulations using Meyer-Miller mappings®*®, quantum cumulant
expansions®, quantum computing with bosonic devices”, and the
multi-configurational  time-dependent Hartree for bosons
(MCTDHB)®**°, Next, we focus on the large (yet finite) N case and the
first excitation manifold to rigorously derive radiative pumping and
vibrational relaxation rates. We achieve this by partitioning the
bosonic Hamiltonian into fast and slow components, treating the
slow components perturbatively. Next, we unambiguously establish
the fundamental differences between these two polariton relaxation
mechanisms. Radiative pumping is the emission from incoherent
excitons that populate the polaritons, which can either leak out of the
cavity or be reabsorbed by the material. The latter, which we call
polariton-assisted photon recycling, is a strong coupling phenom-
enon responsible for long-range energy transfer and may play an
important role in polariton transport and polariton condensation.
We also provide simple analytical formulas for radiative pumping and
polariton-assisted photon recycling in terms of linear optical prop-
erties, which can be easily used by experimentalists without the need
of quantum chemistry calculations. On the other hand, vibrational
relaxation includes radiative pumping and higher-order processes in
the single-molecule coupling g. We characterize one of such pro-
cesses and call it polariton-assisted Raman scattering, which we
believe corresponds to vibrationally assisted scattering (VAS)”°. We
lay down approximations to calculate polariton-assisted Raman
scattering rates, which we apply on a simple model. In Fig. 1, we
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Fig. 1| Schematic representation of the polariton relaxation mechanisms
categorized in this work. a Radiative pumping: a first-order process in the single-
molecule light-matter coupling. An emitted photon from an incoherent exciton
can either leak out of the cavity or be reabsorbed by the molecules, enabling
polariton-assisted photon recycling. b Polariton-assisted Raman scattering: a

summarize the molecular polariton photophysics discussed in this
manuscript.

Results

Molecular Polariton Hamiltonian

Consider a system of N noninteracting molecules collectively coupled
to a single-cavity mode. The Tavis—-Cummings Hamiltonian, extended
to include internal vibrational degrees of freedom missing from ori-
ginal models, can be written as (hereafter 71=1)

N R .
A= (Hn+H)”) * Heas W

]

where

o= (T V@0 @i+ (Te V@) epcel,
(0]

e, H=g(le)gia+ g ela),

are the Hamiltonians for the ith molecule, the cavity mode, and the
interaction between them, respectively. Here, T is the kinetic energy
operator, |g;) and |e;) are the molecular ground and excited electronic
states, Vg.(q;) are the ground and excited Potential Energy Surfaces
(PES), a is the photon annihilation operator, and g; is the vector of all
vibrational degrees of freedom of molecule i. Here we consider only
two electronic states per molecule and use the rotating wave, the
Born-Oppenheimer, and the Condon approximations for
convenience.

Bosonic mapping

In our previous work we have derived Collective Dynamics Using
Truncated-Equations (CUT-E), a formalism that, by exploiting the
permutational symmetries of the exact time-dependent many-body

photon leakage

polariton-assisted
photon recycling
(re-absorption)

| photon leakage

second-order process in the single-molecule light-matter coupling. It involves the
virtual emission of a photon from an incoherent exciton, followed by Raman
scattering by a second molecule. The resulting red-shifted photon then leaks out of
the cavity. Vibrational relaxation encompasses radiative pumping, polariton-
assisted Raman scattering, and higher-order processes.
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(many-molecule and cavity) wavefunction, yields a hierarchy of time-
scales that renders the simulation efficient for large N”'. Here, we
recognize that this formalism can be easily derived my moving to a
picture where molecules are treated as bosonic particles with internal
structure. The bosonic mapping of identical-noninteracting particles is
well-known®®*, and it has been applied to ensembles of d-level sys-
tems strongly interacting with light>*° (also see ref. 72 for a fermionic
mapping). The mapping assumes that we start from a permutationally
symmetric wavefunction at an initial time. Since the Hamiltonian in Eq.
(1) is permutationally symmetric, this symmetry is preserved for all
times, thus allowing us to focus only on the bosonic (permutationally
symmetric) subspace. We carry out this mapping by transforming the
molecular operators O = E?’ 0; according to the standard recipe,

LJ

where 6 is a single-molecule operator, and B; are bosonic operators
that annihilate a molecule (not an exciton) in a vibronic state |i). For
convenience, we use the vibrational eigenstates of the ground
electronic state, |¢%®’), as a basis for the excited electronic state. This
yields (see Supplementary Section 1 for a step-by-step derivation of the
bosonic Hamiltonian)

N A
)lvegl(pj('g)>BiBj

\

“)

where a, b;, and B; annihilate a photon, a molecule in the vibronic state
g, ), and a molecule in the vibronic state |e, @), respectively.
Moreover, V=V, —V, is the total vibronic coupling operator
responsible for the molecular dynamics of electronically excited
molecules, w, ;= (@® T +V,|¢¥), and m is the size of the vibrational
basis. The corresponding many-body basis states,
|nyny - Ny, My - -y, Npp), are eigenstates of the noninteracting
Hamiltonian (i.e., when Vegij = 0 and g = 0), with 337" n;=N, and
>i'n;=N,, and with Ny and N, being the number of ground and
excited molecules, respectively.

In this framework, absorption is seen as the destruction of a
photon and a molecule in the initial vibronic state, to create a
molecule in an excited vibronic state; each vibronic state corre-
sponds to a harmonic oscillator carrying a number of excitations
equal to the number of molecules in such state (see Fig. 2). This
bosonization is exact for any values of N and N, and can be
easily applied beyond the approximations to the molecular
Hamiltonian mentioned above. Finally, it is easy to check that the
number of excitations and the number of molecules are

\ /le)) /e le)
(1) g lg)
\./ 4

Fig. 2 | Bosonic mapping of molecular polaritons. A permutationally symmetric
wavefunction of the entire molecular ensemble and cavity remains in the permu-
tationally symmetric subspace throughout its evolution generated by H. Hence, a
dramatic simplification of the simulation can be afforded by working in the bosonic
subspace. In this bosonic representation, the vibronic states |g, (pﬂg’> and |e, (o}g’>

a

bosonic
mapping

conserved, since [N, H]=[N,H]=0, for

and N=S""b;b;+ " B, B;.

We now partition the bosonic Hamiltonian as H=FHy +H, +H,,,
where A, contains all weak contributions to the vibronic coupling
(e.g., spin-orbit couplings), while A, contains all single-molecule
light-matter coupling terms -~g. This partitioning allows us to define
vibrational relaxation and radiative pumping rates using first-order
perturbation theory on A, and H,,, respectively (see “Methods”).

Radiative pumping rate A
We can write the eigenstates of H,, + H, in the first excitation manifold
as (see Supplementary Section 3)

(Ho+H,o)IE, () = 0g, ) 1€, (7))

1€, () =afy) Inyny -1, 00+ 0,1)

! Q)
Y B = Dy, 1, 0)
7

where |€) are polaritons and dark vibronic states, {n} are the number of
molecules on each vibrational state of the electronic ground-state, a%
are photonic Hopfield coefficients, and b(f’ are the matter Hopﬁeld
coefficients. For simplification, we will use Philpott’s notation to
represent the bosonic basis states from now on (see “Methods”)”. We
can define an initial dark state that corresponds to one excited mole-
cule in a fully Stokes-shifted configuration with negligible overlap with
the FC state (the lowest vibrational state of the molecular excited PES,
see Fig. 3),

m

= chle). (6)

>1

(Ho+H,)Iss) ~ wglss), |ss)

This dark state is an incoherent exciton that can couple to the cavity
mode via single-molecule light-matter coupling H,, (despite the
oxymoron of an emissive dark state, we will continue using this
terminology since it is widespread in the molecular polaritonics
literature), and therefore differs from the dark states of the TC model
whose couplings to the cavity mode vanish exactly’*”” (see Supple-
mentary Section 4 for a detailed comparison).

The FGR rate from |ss) to all possible final states [€, {n;}) yields (see
Supplementary Section 5 for details)

Ye/T
5 ’
- wg,j)) +V§

rp - an Z Z ‘a(f)l ‘Cexc

J>1 ( & (wss

)
where we renamed a(y)_ 1 = = a,", set wg, = 0, and approximated
Wg,(N-1)..1,.. ~ Wg+ Wy, with (A){ = (A)g(N -1-..0... being the polariton fre-
quency and wg,; being the frequency of the phonon created during the
emission. In the derivation, we have assumed N > 1 and summed over

. vibronic
: coupling ]

Veg.ij
BY <Y

|

b;, B; — vibronic modes

are mapped to the harmonic oscillators 5,- and B; carrying a number of excitations
equal to the number of molecules in such states. Similarly, the vibronic coupling
Vg i = (@F) Veg|¢f’) between excited vibronic states now couples
vibronic modes.
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Fig. 3 | Radiative pumping and polariton-assisted photon recycling mechan-
isms. a Radiative pumping: emission from a Stokes-shifted molecule |ss) through a
polariton state |€) (typically the LP). b Polariton-assisted photon recycling: light
emitted from dark states is reabsorbed before it leaks out of the cavity via collective

[ss)
We = Wss — Wy,i
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photon recycling gv'N I RVAVAV =
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g ®
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strong light-matter coupling (g+/N>k). This excitation creates a new Stokes-shifted
molecule |ss’) that can subsequently re-emit. This occurs if the bare emission and
absorption spectra of the material overlap.

all final eigenstates of H, + H,,., which have a finite resolution ye due to
finite cavity lifetime x [molecular dissipation is not needed because
every molecular interaction is in principle accounted for by Eq. (1)].
Finally, the coefficients |c¥).|? are FC factors associated with the bare
molecular emission profile’

m
— 12
o)=Y D) P6(w — (0 — wy, ),
71

®

which assumes that the same Stokes-shifted state is reached inside and
outside the cavity”*”".

From this analysis, it is clear that the radiative pumping rate in Eq.
(7) is proportional to the fluorescence of a bare molecule at fre-
quencies wg — wg, into all final states |€), weighted by their Hopfield
coefficient. This is consistent with phenomenological and experi-
mental works"2%3%7579,

Radiative pumping as an overlap between spectroscopic
observables

A more useful and insightful expression for I';,, can be obtained by
writing Eq. (7) in terms of the polaritonic linear spectroscopic obser-
vables in refs. 46,48,80 (see Supplementary Section 3.1):

= / dol (@)= — 28 / dwaem(w)lm[DR(w)}
9
b) 2

-2 [ doo@ia@)+27 @),

where D®(w), A(w), and T(w) are the photon-photon correlation
function, the polariton absorption spectrum, and the polariton trans-
mission spectrum, in the N > oo limit, respectively*®**%°, Notice that
evaluating Eq. (9) does not require expensive quantum dynamics
simulations or quantum chemistry calculations, as all the information
about the excited state molecular dynamics is encoded in the polariton
linear response formulas, which are routinely measured. More rigor-
ously, D®(w), A(w), and T(w) are the linear optical quantities where one
of the molecules is vibrationally excited while the remaining N —1are in
the global ground-state (molecules emit into polaritons with a slightly
reduced Rabi splitting g+/N — 1, an effect negligible in the large N
limit). The prefactor g2/k o« Q/V, encodes cavity-enhancement of the
molecular emission, with O being the cavity-quality factor and V. being
the cavity mode volume. Since Im[D?(w)] measures, the dissipation
rate of the emitted photon into the molecular and electromagnetic
baths, this linear optics description provides the rate of radiative decay
of |ss) as the sum of transmitted and reabsorbed components. In other

words, it accounts for the rate from [ss) to polariton states and also the
subsequent rates from polaritons back to dark states (< A(w)) or out of
the cavity (o« T(w)) (see Fig. 3).

A simple extension of Eq. (9) to the multimode scenario can be
justified owing to a crucial observation. As Engelhardt and Cao recently
showed, in the absence of vibronic coupling, coupling between dif-
ferent cavity k; modes vanishes in the limit where N > co®". If we assume
this to hold in the presence of homogeneous broadening, this implies
that k; is a good quantum number for the polaritonic eigenstates of
Hy + H,,., whichis the total Hamiltonian in the N - oo limit*. This allows
us to define linear optical properties Dj(’i’(w), Ay (@), and T,(H(w). For
finite N, the single-molecule coupling H,,, that gives rise to radiative
pumping couples different cavity modes. Therefore, we can estimate
the radiative pumping rate in the multimode case to take the form

2
= 2%;/ 000 (@) Ay, (@) 2T, (@), (10)
It

where we have ignored any k-dependence of g and «. This expression
is consistent with the fact that radiative pumping is simply fluores-
cence from incoherent excitons, and can pump any polariton mode.
However, this argument neglects Frohlich interactions that could
result from collective phonons. This limitation arises from the starting
point of our model whereby no intermolecular couplings are present
in the absence of the photon mode; these interactions might be more
relevant in structured solids®%.

Polariton-assisted photon recycling

Using Eq. (34) from ref. 48 relating the linear spectroscopy of polar-
itons to the molecular susceptibilities, we can obtain an expression for
the ratio of the light emitted by dark states that is reabsorbed and
transmitted*’,

A(w) _ )
@) QIm[xP(w)],

1)
where x¥(w) is the bare absorption spectrum of the ensemble (o< Ng?).
This demonstrates that the light emitted by incoherent excitons, into
the polariton states, can be reabsorbed by other molecules inside the
cavity, a phenomenon which is enhanced by the collective coupling
and the cavity-quality factor (see Fig. 3b). This process has recently
been characterized as polariton-assisted photon recycling®, and has
also been discussed in several previous works” %% [t can signifi-
cantly impact the photoluminescence of polaritonic systems due to re-
emission of the absorbed light.
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Fig. 4 | Radiative pumping for different values of Stokes shift (= s,). a, b Polar-
iton bands from the polariton absorption and transmission spectra A(w) + 2T(w),
bare molecular absorption profile o,,s(w), and bare molecular emission profile
Oem(w), for /5, =3.5 (a) and /5, =5.0 (b). ¢ The frequency-resolved radiative

Energy (au)

Energy (au)

pumping I',,(w) is proportional to the overlap between the polariton bands and the
bare molecular emission. The total radiative pumping rate I', is the integral
of I'p(w).

Using Egs. (9) and (11), the polariton-assisted photon recycling (or
energy transfer) rate I, is given by

2
T o= 4ng / dwo (@) T(W)Im [xD(w)]. 12)

Although we derived this rate in the first excitation manifold, we
expect it to be enhanced via bosonic stimulation if many polaritons are
present in the mode that mediates the energy transfer process. Despite
this effect being analogous to stimulated emission outside of the
cavity, there is a unique opportunity in the strong coupling regime,
which is to use it to enhance long-range energy transfer to other
molecules of the ensemble. Finally, the competition between
polariton-assisted photon recycling and Forster resonance energy
transfer (FRET, here neglected)”, and its dependence with the number
of polaritons, is an interesting focus of study for future works.

In Fig. 4, we perform numerical simulations of radiative pumping
rates for a chromophore described by a two-mode linear vibronic
coupling Hamiltonian (see “Methods”). We show how radiative
pumping increases when Stokes shift causes a significant overlap
between the bare molecular emission and the lower polariton band.
Due to the large Stokes shift, the lower polariton branch does not
significantly overlap with the bare molecular absorption. As we
explained above, this implies that most of the light emitted from dark
states is transmitted out of the cavity.

Vibrational relaxation in the weak vibronic coupling limit
We obtain the vibrational relaxation rate by considering A, as a per-
turbation of magmtude W « g that causes transitions between eigen-
states of A, + H_,,. This treatment includes all-order processes in H.,,.
This is a natural description when collective light-matter coupling is
reached with a few tens of molecules or less, or when the molecular
process of interest is much slower than radiative decay (e.g., reverse
intersystem crossing in organic molecules®*®). We show that this
strategy generalizes the vibrational relaxation rate in the linear vibro-
nic coupling limit originally studied by Litinskaya et al.”, and allows a
direct comparison between vibrational relaxation and radiative
pumping rates.

The Hamiltonian A, +H,, can be diagonalized exactly to obtain
polaritons and dark states (see Supplementary Section 5). We calculate
the FGR rate from a dark initial eigenstate with a single phonon in the

vibrational state k
N-1 1
0=V tie - [Bigien.

Notice that this dark state differs from the incoherent excitons con-
sidered by Litinskaya and coworkers (see Eq. (6))’°, mainly in the 1/+/N

13)

correction that arises due to the single-molecule coupling g. We will
show that this 1/+~/N correction is crucial since it gives rise to a
nontrivial Raman scattering process® that contributes to the vibra-
tional relaxation rate, and is not taken into account in previous
works”*’,

Assuming no detuning between cavity and exciton frequencies,
the vibrational relaxation rate yields

Ve, /T
e (5) £ e L
E. <D = «
Lo =2 ) 2 Ve (01— Ogc+8VN) + 1, 14)
Ve, /T
+2”< >Z‘ egtl‘2 :
& (g1 = 0g 128V +12,

Here, we have ignored terms that correspond to couplings from
Stokes-shifted configurations directly into the FC region (excited
state vibrational recurrences, which are unlikely after Stokes shift
has ensued given that they involve the recoherence of a large
number of vibrational modes back into the FC region), and processes
in which a phonon is produced in the same vibrational mode k as the
initial dark state. This is a good approximation in the vibrational bath
limit (see Supplementary Section 5). Equation (14) reduces to the
well-known vibrational relaxation rate by Litinskaya®™’>* upon
consideration of four additional assumptions. Two of them are: (a)
removal of the second term (not really justified) and (b) in the linear
vibronic coupling limit. This can be easily seen by noticing that the
sum over vibronic states i > 1 can be changed for a sum over
vibrational modes, given that each mode of the vibrational bath will
contribute with a single state:

N-1 Ve, /T
e, p ~ 2n< ) W28
7

(@, :+gVNY +y 2

N2 15)

The other two additional assumptions are: (c) (N —1)/N* =1/N when N >
1, (d) there are many photon modes in the cavity (given the single-
mode assumption in our derivation, we do not attempt further
comparison). Regardless, the main physics we are interested in is the
second term in Eq. (14) which has been missing in the literature
throughout.

Vibrational relaxation vs radiative pumping

We now interpret the mechanisms involved in the vibrational relaxa-
tion rate. We do so by looking at the initial and final states in the FGR
rate that generate each of the two terms in Eq. (14) (see Supplementary
Section 6 for a more detailed analysis). We find that the first term
(o %) is a first-order process in g, and can be interpreted as single

phonon emission from an incoherent exciton followed by emission,
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i.e., the tails of the emission spectra: |e) L4 le;) £ |g;1). Notice that this
mechanism is already included in the radiative pumping rate (see
Fig. 3). On the other hand, the second term of Eq. (14) (cx #) is a

second-order process in g that consists of the virtual emission from an
incoherent exciton, followed by polariton-assisted Raman scattering
into a lower energy polariton (see Fig. 5): |e;) £ 1gx1) gJ—N:jl g€ e
18xe:) £ Ig«g;1); the frequency of the actual photon emission is equal
to the emission frequency of the first molecule minus the energy of the
phonons created in the second molecule. Notice that this is just the
coherent version of polariton-assisted photon recycling in Fig. 3b. A
more interesting scenario arises when strong vibronic coupling is
present, which can play the role of the weak vibronic coupling Win the
above mechanism. This can enhance Raman scattering and allow
vibrational relaxation to include third and higher-order processes in g
(see Supplementary Section 7, and Supplementary Fig. 1). However,
based on the analysis detailed in Supplementary Section 7 and our
previous work”, each of these scattering processes would be penalized
by a 1/N factor in the rate, rendering those processes relevant only for
small N, long-time dynamics, or large number of excitations.

Based on the analysis above, we can characterize each
mechanism that contributes to the vibrational relaxation rate by
taking the single-molecule coupling g as the perturbation, granted
that all orders of perturbation theory are considered (fluorescence,
Raman, hyper-Raman, etc.*®). Since this approach leads to a much
more intuitive understanding of the mechanisms involve in the

24
Wss — Wy, E Wgr = Was — Wy — Wy j
9 gV N E
virtual photon 9 E photon leaks out
<
g
® &
9
lg, &:”') lg, g<g>>
lg, ) lg, 01"}
molecule 1 molecule 2

Fig. 5 | Polariton-assisted Raman scattering mechanism. Second-order process
in the single-molecule light-matter coupling g that results in the release of a
photon, and vibrational excitations w, and 0, in two different molecules (even
when they are far apart). It is fundamemally dlfferent to radiative pumping and can
be regarded as a coherent version of the polariton-assisted photon recycling
mechanism in Fig. 3b.

relaxation between dark and polaritons states, we advise the com-
munity to stick to the radiative pumping framework. In the next
section, we derive the rate for the polariton-assisted Raman scat-
tering mechanism of Fig. 5, in the strong vibronic coupling regime,
using the aforementioned approach.

Polariton-assisted Raman scattering

We calculate the polariton-assisted Raman scattering rate using
second-order perturbation theory on the single-molecule
light-matter coupling I:IS,,,. As for radiative pumping, the
Stokes-shifted state |ss) is chosen as the initial dark state. This
calculation involves summing over all final states that have two
additional ground-state molecules with phonons (the first mole-
cule acquires phonons via virtual emission, and the second
molecule acquires phonons via Raman scattering),

Ve /T

2
W () —@ +)?
( e ”) ¢

(€AY H oI, 1)E, (7} Flgm I5S)
a)f,(,,j)—mss +iye .

rscatt 2m Z |AE (n)<—ss|
&)

2

fr(nj)

16)

AE’, (nj’.)<—ss =

The scattering rate is fairly easy to calculate in the large N (yet finite)
limit, even in the presence of strong vibronic coupling (see details
in Supplementary Section 8). In Fig. 6, we compute T4 for the
model system introduced in Eq. (19) for different values of
Stokes shift.

Besides the phonons released during the virtual emission w,;
from the incoherent dark state |ss), the scattering mechanism also
creates phonons via Raman scattering on a second molecule w, ;. As a
consequence, the scattering relaxation rate does not rely on the
overlap between the bare emission and the lower polariton band.
Instead, it requires that the difference between the emission and the
lower polariton |€') is compensated by the vibrational excitation
created in the Raman process, i.e., 0y =g — 0, — w, (note that i
and j are vibrational states that can represent smgle or multiple
phonons). We illustrate this phenomenon by shifting the
lower polariton by w,; in Fig. 6b (blue-dashed band), although all
vibrational states coupled to the FC region (including those with
more than one phonon) contribute to the rate. Importantly, w,, also
produces vibronic progressions in the bare molecular emission
spectrum. This means that resonant conditions for radiative pump-
ing and Raman scattering always coexist, making it challenging to
identify which relaxation mechanism is in play. This explains why
Tichauer and coworkers found that vibrational relaxation and
radiative pumping are driven by similar vibrational modes®.

a b c
200 200 x107!
14¢

2 V52 =25 2 V52 = 4.0 ) *
£ P 9f
g5 150 [P band Tem(W)  Oaps(w) ] 150 LP band 10+
s 2 =
- — <
E 100} Z 100} ~ 8
z £ E
z z (w) Uuhs‘(w) LT L
g 50 £ 50 4
5 E 20 .
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Energy (au) Energy (au) V52

Fig. 6 | Polariton Raman scattering rate for different values of Stokes shift
(=< s,). a, b Polariton bands from the polariton transmission spectra T(w), bare
molecular absorption profile g,,(w), and bare molecular emission profile o, (w),
for /s;=2.5 (a) and /5, =4.0 (b). ¢ Decay rate from dark to lower polariton via
Raman scattering I'ycq,.. The rate increases when the energy difference between the

emission and the lower polariton corresponds to the vibrational excitation created
inthe Raman process, e.g., w,;. Yet, ['scq. is quite low since the broadening y is quite
large, there are no polaritons to resonantly scatter from due to the single-mode
nature of the model, and we do not include non-Condon effects.
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Finally, we believe polariton-assisted Raman scattering corre-
sponds to VAS"**°°2 Although our calculations in Fig. 6¢ show that
Tscare is quite weak due to its 1/NV? dependence, the low values we obtain
are a consequence of considering only off-resonant Raman scattering
(see Fig. 6a), ignoring non-Condon effects, and more importantly,
considering a single-cavity mode. We expect 'y, to increase for
multimode cavities since dark state (virtual) emission can be reso-
nantly and off-resonantly scattered from the entire lower polariton
branch (the sum over all intermediate states |, {n;}) and final states
1€, {n3}) in Eq. (16) must also include a sum over all &, and k"‘ modes,
respectively). Moreover, ', can be enhanced by increasing the field
confinement (reducing N), although it is not clear if this mechanism is
more convenient to measure Raman signals than conventional cavity-
enhanced Raman spectroscopy’. Yet, resonant scattering from a high-
frequency polariton mode at finite k; can assist in the energy transfer
into a lower frequency polariton at lower values of k; for which
radiative pumping is inefficient due to little overlap with the bare
emission spectrum (see Fig. 1). In conclusion, there is no reason to
believe that VAS cannot be a more efficient energy transfer mechanism
than radiative pumping to pump low-frequency polaritons, despite its
1/N? dependence. However, whether this is the case for the parameter
regimes in experiments requires further analysis that will be the focus
of future works.

Discussion

In summary, we have used an exact bosonic mapping of the gen-
eralized Holstein-Tavis-Cummings Hamiltonian based on its pro-
jection to a subspace of permutationally symmetric vibronic states.
The resulting bosonic Hamiltonian describes molecular polaritons
for arbitrary internal vibrational structure, number of molecules, and
number of excitations>* %, Here, we show that this formalism is ideal
to study molecular polaritons beyond the N > oo limit numerically
and analytically. In particular, we use it to study vibrational relaxa-
tion and radiative pumping mechanisms. We find that the relaxation
mechanism in play is determined by the competition between single-
molecule light-matter coupling and weak vibronic couplings, and
characterize each mechanism based on their underlying photo-
physical processes.

We show that radiative pumping is the emission from Stokes-
shifted molecules into the polaritons, and can be divided into trans-
mitted and reabsorbed components. The latter leads to a polariton-
assisted photon recycling mechanism that allows for long-range
energy transfer. On the other hand, we show that vibrational relaxa-
tion includes radiative pumping as well as higher-order processes in
the single-molecule light-matter coupling g; up to second-order pro-
cesses in the weak linear vibronic coupling regime. We find that each
order in g is penalized by a 1/N factor in the rate, suggesting that the
main contribution to the vibrational relaxation rate comes from
radiative pumping. Finally, we classify the second-order processes ing
as polariton-assisted Raman scattering, which occurs when the fre-
quency difference between the bare emission and the polariton state
coincides with the vibrational excitation created in the Raman process.

Our work constitutes a rigorous derivation and comparison
between these polariton relaxation rates, offering a path forward to
study molecular polaritons beyond the N > oo limit. Finally, since the
bosonic formalism already allows arbitrary number of excitations, we
believe it is ideal to study processes such as exciton-polariton

Hamiltonian (H,,,):

H=H0+I:Iuc+lzlsm

a7

This partitioning is based on an important observation: at zero-tem-
perature, all ground-state molecules are in the 51 mode, and
light-matter coupling is collectively enhanced at the FC configuration
via bosonic stimulation. Therefore, the term g(BIEI& + BIIAJI&") must be
included in H,, while single-molecule light-matter coupling terms
((I:Ism) ~ g) can be considered perturbatively (see Supplementary
Section 2 for details). On the other hand, the separation of the vibronic
coupling terms into strong and weak, given by n’, is to some degree
arbitrary, and resembles the separation of a total Hamiltonian into a
system and a bath in open quantum systems. In general, vibronic
coupling terms that can lead to vibronic features in the linear response
must be included in A, while weak vibronic couplings away from the
FC region, that are small enough to afford a perturbative treatment,
should be included in H,,. Moreover, the definition of 4, should be
made such that it allows for the definition of physical meaningful
relaxation rates. For example, in the problem of triplet harvesting in
the collective strong coupling regime®, defining the weak vibronic
coupling Hamiltonian A, as the spin-orbit coupling (singlets are in
the interval i =1 — m’ while triplets are in the interval i=m’ — m) allows
for the definition of RISC rates from dark to polaritons states. In
quantum optics models where the absorption spectrum showcases
only two clear polariton peaks”, considering all vibronic couplings as
weak (m’'=1) leads to the definition of vibrational relaxation rates
between polaritons and dark states®”>*°*, More formally, the
partitioning can be carried out using effective-mode theory®?’, chain
mappings’?®, variational polaron transformation®, among other
techniques'®®.

We assume that the cavity leakage is much faster than each of the
aforementioned relaxation rates. Next, we will use the partitioning of
the Hamiltonian to show that the competition between A, and H_,
gives rise to two regimes described by vibrational relaxation ((H,.)<g)
and radiative pumping ((H,.)>>g). We interpret each of these relaxation
mechanisms into well-known photophysical processes using pertur-
bation theory. Before doing so, we restrict ourselves to the first exci-
tation manifold (the system only has one electronically excited
molecule or one photon, but arbitrary number of molecules with
phonons). This is an approximation for the linear regime on the
interaction between the cavity and the external laser'”. We also sim-
plify the notation of the many-body states so that they showcase only
essential information. This is done by using the multi-particle states
introduced by Philpott”, which has been applied to the polariton
system by Herrera and Spano*, and in our CUT-E formalism™:

. |1)=|NOO---0,00---0,1)

condensation.
leg)=I(N—=1)00---0, ---1, .- ,0)

Methods g ) =I(N-1---1;---,00---0,1) a8)
Partitioning the molecular polariton Hamiltonian lgce)=IN=2)-- -1+, - 1o, 0)
We start by partitioning the total bosqnic Hamiltonian of Eq. (4) in lggy)=IIN=2)---1;---1,---,00---0,1)
term§ of.a zerqth-order Haml!tonlan (Hy), a w.eak vibronic coupl!ng g&ver)=IN=2)--1 -1y, -1 ---0,0).
Hamiltonian (H,.), and a single-molecule light-matter coupling
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This approach shares deep connections with previous works by
Herrera and Spano'®>'°®. Their work considers only one-particle
(1) and |e;)) and two-particle (|g;1) and |gey)) states, that are
either permutationally or non-permutationally symmetric. Our
formalism extends this picture by going beyond two-particle
states. Although the one- and two-particle states are enough to
account for the mechanism of radiative pumping in different
regimes of vibronic coupling and collective light-matter coupling
strengths'®, accounting for three-particle states and beyond is
required in the characterization of polariton photoluminescence.
For example, here we show that inclusion of three-particle states
(Igkgv 1) and |g g€y ) allows for the characterization of a new
mechanism we call polariton-assisted Raman scattering, which we
believe corresponds to the VAS mechanism experimentally
observed by Coles et al.’. Although we leave out non-
permutationally symmetric states in this work, we argue that
they cannot be populated if the initial state is permutationally
symmetric.

Numerical simulations
We consider a chromophore described by a two-mode linear vibronic

coupling Hamiltonian'",

2 L 2 .
A, = E wn,iﬁjﬁi_'— [0)0+ E @, /S (ﬁi +ﬁi):| le)(el, 19)
i=1 =1

where ﬁ,- annihilates a phonon in the vibrational mode ith, with fre-
quency w, ; and vibronic coupling determined by the Huang-Rhys (HR)
factor s;. We choose the molecule to have strong vibronic coupling to a
high and a low-frequency modes (see Supplementary Fig. 2 for PESs).

For radiative pumping, the parameters chosen were
wy;1 = 12.5w,, = 0.01 a.u. In Fig. 4, we calculate the radiative pumping
rate for /5;=1, w. = Wo + W15 + WS, (cavity resonant with the
molecular vertical transition), g+/N=0.04 a.u., N=10° molecules,
Ye=y=0.0015 a.u., and different values of ,/s;.

For polariton-assisted Raman scattering, we chose parameters
wy1=10w,,=0.01 a.u., /57=0.3, 0. = Wo + Wy 151 + @y 252, 8+/N=0.035
a.u., N=10° molecules, ys =y =0.0015 a.u., and different values of /5.

Notice that the computational cost of our calculations does not
scale with the number of molecules.

Data availability

Data sharing is not applicable to this article as no datasets were gen-
erated or analyzed during the current study. The plots in Figs. 3 and 6
result from the numerical evaluation of Egs. (9) and (16), respectively.

Code availability
The computational code used to generate the plots in the present
article is available by email upon request to the authors.
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