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Embracing nonlinearity and geometry: a
dimensional analysis guided design of shock
absorbing materials

Abhishek Gupta, Komal Chawla , Bhanugoban Maheswaran,
Daniyar Syrlybayev & Ramathasan Thevamaran

Design of shock absorbers requires a delicate balance between mechanical
properties and geometric design, allowing them tobe compressible yet strong
enough to withstand crushing loads. Here, we present a unified framework for
designing compact and lightweight shock absorbers by employing a stream-
lined kinematic model and dimensional analysis. We derive geometric con-
straints on the thickness and cross-sectional area of a protective foam with a
given stress-strain response to ensure that acceleration and compressive strain
remain within critical limits. Additionally, we identify the optimal mechanical
properties that yield the most compact and lightweight protective foam pads
for absorbing impact energy. Contrary to commonbelief, we demonstrate that
foams with a nonlinear stress-strain response can effectively achieve thin and
lightweight protective pads, particularly when a large cross-sectional area is
required. Guided by this design framework, we introduce optimal architected
designs of vertically aligned carbon nanotube (VACNT) foams—a low-density
hierarchical material system.

Energy-absorbing materials permeate our lives, from soft polymeric
foams used in helmet liners1,2, packaging3, and seat cushions, to
crushable metallic foams employed in ballistic impact attenuators4,5,
automotive buffers, and planetary landers6. Those protective foams
must absorb the kinetic energy from impacts and undesirable vibra-
tions while limiting the forces and accelerations imparted on the
protected objects3,7. Compared to stochastic foams, architected foams
demonstrate superior modulus, strength, and energy absorption at
comparable or lower densities8. This indicates better specific (density-
normalized) properties, achieved through architectural design of the
lattice unit cells9–12. The pursuit of achieving specific mechanical
properties near the theoretical limits has resulted in several
advancements9,13, including ultra-stiff micro-lattices14,15, nanolattices
with high mechanical strength9,16, high energy-absorption of super-
sonic projectiles17,18, and fracture resilience in hierarchical19,20 and
woven architectures21. While the field of architected materials is
thriving with advancements on improving specific mechanical prop-
erties, the role of the sample geometry of the energy absorbing

material and its interplay with the mechanical properties towards
meeting critical performance criteria has been overlooked. For
example, it is well understood that helmet liners designed to prevent
traumatic brain injury during extreme sports or combat require not
only high specific energy absorption capacity but also the ability to
limit peak accelerations below a critical value2,22.

This interplay between the intrinsic properties of the foam and
the protective layer’s geometry is governed by three important
mechanical properties of foams: relative density (�ρ), the scaling of
relativemodulus with relative density ð�E / �ραÞ, and the characteristic
shape of the stress-strain response. The relative density, which is the
ratio of the foam’s bulk density (ρ) to the density of its solid coun-
terpart (ρs), controls the compressibility of the foam. A porous foam
with a low relative density can be compressed to larger strains before
reaching the densification regime beyond which the stress rapidly
increases, diminishing the foam’s effectiveness. The relativemodulus
ð�EÞ of all cellular materials has been observed to scale with relative
density ð�E / �ραÞ. The scaling exponent (α) is determined by the
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morphology and the deformation mechanism and typically falls
within the range 1 < α < 315,23,24. A linear scaling exponent (α = 1) is
generally desirable because it allows achieving higher modulus and
greater specific energy absorption without significantly increasing
the foam’s density10,15. The protective performance of the foams also
depends on the characteristic shape of the stress-strain response
(Fig. 1d). Foams with a plateau-like sublinear stress-strain response
are typically considered desirable, allowing absorption of a given
amount of energy at a lower stress level. A desirable protective foam,
hence, should exhibit high porosity, a near-linear scaling of modulus
with density, and a plateau-like sublinear stress-strain curve.

Traditionally, foams exhibiting properties similar to those men-
tioned above are considered suitable for nearly all protective appli-
cations. Contrary to this belief, we report that foams with steeper
scaling (α > 1) and nonlinear stress-strain behavior can be beneficial in
achieving compact and lightweight energy-absorbing pads. Using a
streamlined kinematic model and dimensional analysis, we derive
guidelines for geometric design and discover optimal mechanical
properties resulting in the thinnest and lightest energy-absorbing
foam pads. Guided by these derived criteria, we design, synthesize,
characterize, and demonstrate optimal performance in hierarchically
architected vertically aligned carbon nanotube (VACNT) foams. Free-
standing VACNT foams, synthesized via the floating-catalyst thermal
chemical vapor deposition (tCVD) process, are renowned for being
simultaneously stiff and lightweight, as well as for exhibiting remark-
ably high specific energy absorption25,26, which rivals that of crash-
worthy metallic foams and architected foams23. These properties are
attributed to theirmulti-scale hierarchical structure with the nanoscale
interactive fibrous morphology. Unlike metallic foams and architected
foams, which often fail in a brittle manner and lack strain recovery,
VACNT foams can recover nearly completely from compressive strains
as large as 90%25. Furthermore, they exhibit high thermal
conductivity27 and maintain consistent mechanical properties across a
wide range of strain rates and temperatures28,29, making them suitable
for protective applications in extreme environments.

Using photolithography, we introduced an additional level of
structural hierarchy in VACNT foams by creating mesoscale
patterns23,30,31. Incorporating various geometries ofmesoscale patterns
opens a broad range of tunability in relative density, constitutive
response, and density-dependent scaling of mechanical properties.
Our hierarchical architecture design of VACNT foams yields optimal
padgeometries subjected to imposed constraints onpeakacceleration
and maximum compressive strain. We demonstrate that while a
VACNT foam with a concentric cylinder architecture results in pro-
tective pads that limit maximum exerted force by exhibiting a plateau
in the stress-strain response, its geometric design space is limited. In
contrast, a bio-inspired higher-order fractal architecture and a sparsely
packed cylindrical architecture, both exhibiting nonlinear stress-strain
responses, enable the design of thin and lightweight protective pads
across a much wider range of pad geometries. Our design framework
and its effective demonstration on the hierarchically architected
VACNT foams provide a comprehensive approach to designing archi-
tected materials for superior performance. Our study provides gui-
dance on achieving enhanced protective performance with imposed
constraints on geometry and physical properties within the vast
material design space that is typically tackledwithmachine learning32,33

and statistical design of experiments31.

Results
The foundation of the design framework
Energy-absorbing pads can take various geometries depending on the
application, such as a flat comfort pad in helmet liners (Fig. 1a) or a
long cylindrical cartridge in planetary landers (Fig. 1b). In all cases,
during an impact, the foam is compressed in the direction of impact,
absorbing kinetic energy while minimizing the imparted load and
recoil. The impact scenarios depicted in Fig. 1a, b can be described by
the simplified equation ofmotion corresponding to an impactingmass
m compressing the protective foam with an initial impact velocity (vi)
resulting in swift acceleration (retardation) to rest (Fig. 1c). Assuming
that the foam is getting compressed uniformly within an area A and
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Fig. 1 | Capturing various impact scenarios with a streamlined
kinematic model. a An illustration of a collision in sports, where sudden accel-
eration can cause Traumatic Brain Injury (TBI). Inset: an energy absorbing pad in a
helmet absorbing kinetic energy. b An illustration of a spacecraft lander with struts
consisting of aluminum honeycomb foam cartridges absorbing residual kinetic
energy at touchdown. cA streamlined kinematicmodel showing amass traveling at
a velocity vi coming to rest bybeing decelerated (a(t)) by a foampadof stress-strain

response σ(ϵ), cross-sectional area A, and thickness h. d, e Various types of stress-
strain curves seen in cellular materials and their effect on the impact acceleration
(a(t)) vs. time (t) curves. f, gAdesignmap for the thickness and cross-sectional area
of foam. Any combination of thickness and area within the green region keeps the
peak acceleration and peak strain below the desired limits, whereas the blue region
does not. Illustrations (a,b, c) are created using SolidWorks PhotoView 360. Source
data are provided as a Source Data file.
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thickness (or height) h, the force acting on the mass during accelera-
tion will be equal to the magnitude of force developed in the foam, as
follows:

m
d2x
dt2

=mg � σLA, ð1Þ

with the initial conditions:

xjt =0 =0,
dx
dt

����
t =0

= vi ð2Þ

where x is the compressive displacement in the foam, t represents
time, g is the acceleration due to gravity, and σL is the stress response
of the foam, with the subscript L indicating that the foam is being
loaded (compressed) by the impact. We describe the constitutive
stress-strain response of the foam by an empirical power law
equation34 as follows

σL = ELϵ
λL ð3Þ

where EL is elasticmodulus, and the exponent (λL) governs the shapeof
the constitutive stress-strain response. By varying λL, various stress-
strain curves, such as those exhibiting sublinear (λL < 1), linear (λL ≈ 1),
and nonlinear (λL > 1) behaviors, can be modeled for parametric
analysis. Integrating Eq. (3) up to a compressive strain ϵmax, we obtain
the expression for energy absorption per unit volume (WL) as follows,

WL = EL
ϵλL + 1max

λL + 1
ð4Þ

In the above expression,WL is inversely proportional to λL + 1. This
indicates that, for the power-law model, energy absorption sig-
nificantly decreases as the stress-strain curve becomesmore nonlinear
(see Fig. S1 in SI). To counteract the effect of λL, we scale the power law
by introducing a multiplicative term, ðλL + 1Þβ, to Eq. (3).

σL = ELðλL + 1ÞβϵλL , WL = EL λL + 1
� �β ϵλL + 1max

λL + 1
ð5Þ

where the exponent β ≥ 1 determines the relative difference in
modulus among a set of foams with various λL values. The scaled
power law (Fig. S1 in SI) more accurately reflects the energy

absorption behavior observed in VACNT foams23 and other foam
materials35. When comparing foams with the same �ρ and α, the λL
value primarily governs the shape of the stress-strain response, while
its effect on energy absorption is minimal. As shown in Fig. 2a, the
power law equation captures the experimentally measured stress-
strain response up to the onset of densification (indicated by red
dots)—all measured at the same 0.01 s−1 strain rate—fairly well for
different open-cell elastomeric foams. These power-law fits yield the
effective modulus ðELðλL + 1ÞβÞ of the foam and a dimensionless
exponent (λL) that describes the shape of the stress-strain curve. The
strain at the onset of densification, also called critical strain (ϵc), is
where the energy absorption efficiency of the foam reaches the
maximum, beyond which it declines rapidly36. The critical strain (ϵc)
is slightly smaller than the actual densification strain (ϵd), where the
stress-strain curve becomes almost vertical7. While a foam does keep
absorbing more energy for ϵc < ϵ < ϵd, the transmitted force rises
sharply, making the foam ineffective. Hence, a foam’s performance is
characterized based on the amount of energy it can absorb before
the onset of densification (ϵ < ϵc). We measured the critical strain of
different polymeric foams using the energy absorption efficiency
method36 and observed a linear relationship ðϵc =0:66� 2�ρÞ between
the critical strain and the relative density of the foam (Fig. 2b).
Noteworthy is that this linear fit extrapolates to �ρ ! 0:33 for ϵc→0,
which matches the relative density of foams reported in literature
which do not have a plateau region and exhibit densification
immediately after the linear elastic regime7. In addition to the critical
strain, the modulus of the foam also depends on the relative density,
as mentioned in the introduction:

EL

Es
= c1

ρ
ρs

� �α

ð6Þ

Here, Es and ρs represent themodulus anddensity, respectively, of
the solid material utilized in foam fabrication, α denotes a scaling
exponent that is a function of the foam’smorphology anddeformation
mechanism, and c1 is a constant of proportionality37. Utilizing Eq. (5),
the stress-strain relationship for the foam is expressed as,

σL = c1ðλL + 1ÞβEs �ρð Þα x=h
� �λL , ð7Þ

where x/h represents the compressive strain (ϵ = x/h). Similarly, the
equation for the energy absorption up to the critical strain (ϵc) is
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Fig. 2 | Power-law fit, critical strain, and energy absorption in polymeric foams.
a Quasistatic stress-strain curves, measured experimentally at a strain rate of
0.01 s−1, for various open-cell polymeric foams, fitted with the power-lawmodel up
to the critical strain (indicated by red dots). b Critical strain (ϵc) (or onset-to-
densification strain) of different polymeric foams plotted as a function of their

relative densities ð�ρÞ. Average is taken of five different samples for better accuracy
of fit. The error bars represent ± one standard-deviation. c Energy absorbed per
unit volume (WL) of different foams, measured up to the critical strain, plotted
against the strain rate ð _ϵÞ. Source data are provided as a Source Data file.
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expressed as follows,

WL = c1Es �ρα
� �

λL + 1
� �β ϵλL + 1c

λL + 1
ð8Þ

The stress response in equation (7) is independent of the strain
rate, while themost polymeric and elastomeric foams are strain rate
sensitive. This rate dependency is generally incorporated into
constitutive models by multiplying the elastic term by a viscous
damping term38. However, we observe that the specific energy
absorbed—the area under the stress-strain curve up to the critical
strain—as a function of the strain rate we measured experimentally
on various open-cell elastomeric foams show only a mild strain rate
effect with it initially increasing and then becoming almost con-
stant (Fig. 2c).

In Fig. 3d, we compare the stress-strain response of open-cell
polyurethane foam for a quasistatic strain rate of 0.1 s−1 and dynamic
strain rates of 2000 s−1 and 2800 s−1. From0.1 s−1 to 2000 s−1, the overall
plateau stress level increases by 1.6× .However, for a further increase in
strain rate, the response shows negligible change, reaching a steady-
state response with minimal additional rate effects39,40. Given the mild
dependence of the stress-strain response on the strain rate, the rate-
independent power-law (Eq. 7) can still be used to model the stress-
strain response that is stable within a working range of strain rate for
an application. Moreover, our VACNT foams exhibit rate-independent
behavior from quasistatic to very large strain rates28,29. Therefore,
adding a rate-dependent term in Eq. (7) is not worth considering at the

cost of simplicity. To make our modeling scale-free, we establish the
following dimensionless variables:

�x = x ×
ac

v2i
, �t = t ×

ac

vi
, �h=h×

2ac

v2i
, �A=A×

Es

mac
ð9Þ

Here, ac represents the maximum acceleration limit that the
protected object should not exceed. This limit depends on the object’s
structural resilience or physiological tolerance, for example, the
allowable peak acceleration in the case of traumatic brain injury
prevention41. By substituting the dimensionless variables (Equation
(9)) and stress-strain relation (Equation (7)) into equation (1) and
equation (2), we arrive at the following dimensionless governing
equation and dimensionless initial conditions:

d2�x

d�t2
� g

ac
= � c1�AðλL + 1Þβ �ρð Þα 2�x=�h

� �λL ð10Þ

�xjt =0 =0,
d�x
d�t

����
t =0

= 1 ð11Þ

Usually ac ≫ g, so the term (g/ac) can be ignored42. When the
impacting mass accelerates to rest from initial velocity vi as the
foam absorbs all its kinetic energy, the maximum compression ð�xmaxÞ
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experienced by the foam can be calculated as follows (see SI for
details):

2
�xmax
�h

� �λL + 1

=
λL + 1

c1�A
�hðλL + 1Þβð�ρÞα

ð12Þ

The magnitude of acceleration will also reach its peak when the
compressive strain in the foam reaches its maximum. From Eq. (10),
the expression for maximum acceleration can be obtained as,

d2�x

d�t2

�����
�����
max

= c1�AðλL + 1Þβ �ρð Þα 2
�h
�xmax

� �λL

ð13Þ

By substituting �xmax from Eq. (12), we obtain the following
expression for the magnitude of peak acceleration:

d2�x

d�t2

�����
�����
max

= c1�AðλL + 1Þβ �ρð Þα
� �1=ðλL + 1Þ

×
λL + 1
�h

� �λL=λL + 1

ð14Þ

Our objective is to minimize both the mass and the thickness of
the foam required to absorb the kinetic energy of the impact while
ensuring that themagnitude of themaximumacceleration (amax) stays
below the desired limit (ac) and the maximum compressive strain
(ϵmax) remains below the critical strain (ϵc).

ϵmax =
xmax

h
≤ ϵc ! �xmax

�h
≤
ϵc
2

ð15Þ

amax =
d2x
dt2

�����
�����
max

≤ac ! d2�x

d�t2

�����
�����
max

≤ 1 ð16Þ

By substituting Eqs. (12 and 14) into Eqs. (15 and 16), respectively,
we obtain the following constraints on �h for a given value of dimen-
sionless foam area �A and parameters that describe the foam’s
mechanical properties ðc1, λL,α, �ρ, ϵc,βÞ

�h ≥
ðλL + 1Þ1�β

c1�Að�ρÞαðϵcÞλL + 1
ðϵmax ≤ ϵcÞ ð17Þ

�h ≥ ðλL + 1Þ
1 + β

λL

� �
ðc1�AÞ

1=λL ð�ρÞα=λL ðamax ≤acÞ ð18Þ

Equations (17 and 18) establish individual conditions on �h to
satisfy the criteria for maximum strain and acceleration, respectively.
However, both equations are also functions of �A. Therefore, to derive a
conditionon �h thatdepends solely onmaterial properties,we solve the
two inequalities to obtain the individual constraints on both �h and �A as
follows (refer to SI for detailed derivation):

�h≥ �hcr ,
�hcr =

λL + 1
ϵc

ð19Þ

�h
�hcr

 !λL

× �Acr ≥ �A≥
�hcr
�h

 !
× �Acr , �Acr =

1

c1ðλL + 1ÞβϵcλL �ρα
ð20Þ

The above inequalities suggest that, to maintain the peak accel-
eration andmaximumcompression strainwithin the desired limits (Eq.
15), the foam’s thicknessmust begreater than a critical value �hcr , which
depends on the material properties, regardless of �A. Conversely, the
cross-sectional area can vary within a range determined by the ratio
�h=�hcr and a critical area �Acr . For the limiting case of �h = �hcr , �A must
exactly be equal to �Acr . The flexibility in selecting �A and �h provides

design freedom for addressing different challenging applications with
geometric constraints on shock absorbers. In Fig. 3(a), we illustrate
suchcombinations in a shaded regionboundedby theupper and lower
limits of �A for an example �Acr and

�hcr calculated from a certain set of
material parameters (α = 1, λL =0.2, β = 1, �ρ=0:1, c1 = 1, ϵc =0:66� 2�ρ).
All combinations of �A and �h that fall within the green-shaded region
will ensure that the peak acceleration and peak compressive strain
remain below the desired limits while the entire kinetic energy due to
impact is absorbed by the foam. To validate this, we select four dif-
ferent combinations of �A and �h, asmarked in Fig. 3a, forwhichwe solve
the time-domain differential equation (Eq. 10). In Fig. 3b, c, we plot
strain and dimensionless acceleration, respectively, as functions of
dimensionless time. At the critical point ð�A= �Acr ,

�h = �hcrÞ, the peak
acceleration and the maximum strain exactly match the set upper
limits ac and ϵc. For points (2) and (4), one of the conditions is not
satisfied, whereas for point (3), which lies in the shaded region, both
conditions are satisfied. We further validated our geometric design
criteria by conducting impact simulations on ametallic 3D-architected
foam using Abaqus CAE. Simulations were performed for various pad
geometries to compare peak acceleration and peak compressive strain
(see Fig. S2 in SI). Our results confirmed that for pad geometries with
dimensions lying within the shaded region of the geometric design
space, both peak acceleration and peak compressive strain remained
within the specified limits.

Considering that the geometric design space shown in Fig. 3(a)
is plotted for dimensionless variables �h and �A, changes in the para-
meters used to nondimensionalize these variables (vi, ac, m) will
result in the geometric design space being shifted and scaled along
the x and y axes. Similarly, the material’s strain rate dependence can
also alter the geometric design space. For example, when fitting Eq.
(7) to the stress-strain response of polyurethane foam (Fig. 3d), we
observed that as the strain rate increases, the modulus increases (EL)
while keeping λL and ϵc nearly constant. Consequently, the increase
in strain rate only proportionally reduces �Acr , while �hcr remains
constant (Eqs. 19 and 20). This results in the geometric design space
shifting leftward, affecting the minimum allowable �h for a given �A, as
shown with two dotted lines in Fig. 3e. For a foam material with
modulus characterized as a function of strain rate, all the geometric
design space for various strain rate scenarios can be obtained (also
see Fig. S9 in SI).

Thickness and mass minimization
As shown in the previous section, for a given set ofmaterial parameters
ðα, λL,β, �ρ, c1Þ, the thickness of the foam ð�hÞ must be greater than the
critical thickness ð�hcrÞ, while the cross-sectional area ð�AÞ can fall within
a broad range defined by a lower and anupper limit (Eq. 20) in order to
limit peak acceleration and maximum compressive strain while
entirely absorbing the kinetic energy of impact. These bounds on
cross-sectional area dependon the ratio �h=�hcr , such that the higher the
ratio, the broader the range. Thus, any desired cross-sectional area ð�AÞ
within the permissible range canbe achieved by proportionally scaling
the thickness. We can use this property to identify an optimal set of
material parameters that will minimize the thickness of a protective
foamgiven a specific cross-sectional area, for absorbing a given kinetic
energy of impact.

To this end, we consider a foam with density ρ and modulus EL
made of a solid material with density ρs and modulus Es. As the
relative modulus scales with relative density (Fig. 4a), we explore
three different scaling exponents (α) that are commonly found in
cellular materials literature: a linear scaling (α = 1) that is typically
associated with a stretch-dominated deformationmechanism of the
foam’s micro-structure24, a quadratic scaling (α = 2) observed in
bending-dominated deformation mechanisms14, and cubic scaling
(α = 3) which has been observed in foams with stochastic micro-
structure43. Values of α greater than 3 are exceedingly rare44. While
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certain efficient architectures demonstrate α ≈ 110,45, values of α less
than 1 have not been reported. It is worth noting that many stretch-
dominated lattices as well as some open-cell polymeric foams
(Fig. 3d), exhibit a yield transition after the initial elastic regime,
characterized by a peak stress and subsequent softening before
reaching a plateau of nearly constant stress. While our empirical
two-parameter monotonic power-law function may not fully cap-
ture this behavior, it still approximates the overall sublinear trend
and provides a reasonable prediction of energy absorption and
acceleration (see Fig. S3 in SI). These limitations can be addressed
by employing more detailed material models, which are beyond the
scope of this work. Additionally, some lattices show linear scaling
with either no peak stress or negligible peak stress10,15,23, thus our

choice to begin the range of α from α = 1 is motivated by the com-
monly observed scaling behavior in cellular materials.

We assume that the relative density varies between �ρ=0:01 and
�ρ=0:1, which is typical for open-cell foams7. Also this is approximately
the range of �ρ forwhichwemeasured the critical strain ðϵc =0:66� 2�ρÞ
of various open-cell polymeric foams (Fig. 2b). The measured critical
strain (ϵc) follows a linear relationshipwith relative density, as shown in
Fig. 2b. Additionally, we assume that λL ranges from λL =0.1 (indicative
of a highly sublinear stress-strain response resembling a Heaviside
function) to λL = 3 (indicative of a highly nonlinear stress-strain
response) (Fig. 1d).

The workflow to achieve minimum thickness for a given cross-
sectional area is illustrated in Fig. 4b using an example of a head-

Fig. 4 | Minimizing the thickness and mass of an energy-absorbing pad for a
given set ofmaterial property parameters. a Scaling of the relativemodulus with
the relative density.bDetermining theminimumpossible thickness for a protective
foam pad of a known area �A from a given set of foam material parameters; inset
showsa surrogatehead-helmet systemundergoing impact. cMinimumthickness as
a function of area for material parameters 0:01< �ρ<0:1, 0.1 < λL < 3, and 1 < α < 3.

d, e Values of λL and �ρ corresponding to the minimum thickness. fMinimummass
per unit area as a function of area formaterial parameters 0:01< �ρ<0:1, 0.1 < λL < 3,
and 1 < α < 3. g, h Values of λL and �ρ corresponding to the minimum mass per unit
area. Illustrations in (a, b) are created using SolidWorks PhotoView 360. Source
data are provided as a Source Data file.

Article https://doi.org/10.1038/s41467-025-60300-8

Nature Communications |         (2025) 16:7148 6

www.nature.com/naturecommunications


helmet system undergoing a blunt impact, similar to that of a drop
tower test for evaluating helmet performance. Here,m represents the
effective mass of the head-helmet system, while vi denotes the impact
velocity. While the foam liner—often in combination with an additional
soft layer for comfort—inside the helmet undergoes much more
complex deformation46, the direct impact shown in Fig. 4b leads to
axial compression of the foam liner that absorbs kinetic energy. An
oblique impact can induce shear deformations and rotational accel-
eration, which have recently been identified as a key contributor to TBI
alongside linear acceleration41,46. However, the design framework
presented here is limited to mitigating translational acceleration, with
potential extensions to address rotational effects in the future. For the
cross-sectional area A of the pad that experiences direct impact, the
corresponding dimensionless area can be calculated using Eq. (9). The
Fig. 4b illustrates the process of obtaining the minimum thickness
ð�hminÞ for a given �A (�A= 11 in this example), indicated by a black dotted
vertical line. Here, we consider three different �hcr values and their
corresponding �Acr values (represented as colored dots in Fig. 4(b)),
which were obtained for �ρ, λL, and α within the parameter space we
considered (0:01< �ρ<0:1, 0.1 < λL < 3, α = 1, 2, 3). For each dot, when �h
is scaled, the lower and upper limits of permissible �A are depicted by
dashed and solid lines, respectively. The solid lines extend to our tar-
get �A= 11, intersecting the vertical dotted line at different locations.
Among the three dots, the orange dot corresponding to �ρ =0:1 and
λL = 0.5 results in the minimum thickness ð�hminÞ. This dimensionless
minimum thickness can be converted to dimensional minimum
thickness (hmin) using the known parameters vi and ac to fabricate a
compact foam pad (Eq. 9). Let’s denote the �ρ and λL corresponding to
the minimum thickness as �ρhmin and λL,hmin, respectively. The chosen
energy absorbing foammust have a relative density equal to �ρhmin and
a stress-strain response with λL = λL,hmin to achieve the minimum
thickness.

Similarly, all possible pairs of �hcr and �Acr within the range of
material parameters (0:01< �ρ<0:1, 0.1 < λL < 3, α = 1, 2, 3) can be
compared for a given �A to determine the absolute minimum thick-
ness. In Fig. 4c, we plot the absoluteminimum thickness as a function
of �A obtained for material parameters �ρ, λL, and α, varying within the
range we assumed, while β = 1 is fixed. As �A increases, �hmin counters �A
and decreases initially to maintain the volume of the foam nearly
constant for energy absorption, reaching a minimum, and then
sharply rises to prevent the effective stiffness (ELA/h) of the foampad
frombecoming too large. The descending portion is governed by the
constraint on �h set in equation (17), whereas the ascending portion is
governed by Eq. (18) (see Fig. S4c in SI). Notably, the condition �h≥ �hcr

is satisfied in both the ascending and descending portions. In the
middle section, theminimum thickness becomes equal to the critical
thickness, i.e., �hmin =

�hcr . While the equation for �hcr is independent of
�A, λL,hmin and �ρhmin vary as functions of �A, resulting in a curvedmiddle
section in Fig. 4c. For smaller cross-sectional areas ð�A< 100Þ, linear
scaling (α = 1) results in the smallest thickness, whereas for �A> 104,
cubic scaling is better. This suggests that linear scaling results in a
compact-sized foam pad for applications with space limitations in
terms of area, such as a foam cartridge in landing struts (Fig. 1b). On
the other hand, cubic scaling performs better whenmore area has to
be covered with foam, such as helmet liners and packaging
applications.

Figure 4d, e shows optimized parameters corresponding to the
minimum thickness �hmin. A small value of λL initially leads to a lower
value of �hcr (Eq. 19). Therefore, it’s not surprising that for a smaller
cross-sectional area, the thickness is minimized for λL,hmin =0.1. In
contrast, for higher �A, the minimum thickness occurs for λL,hmin = 3.
Notice the power exponent λL in the upper limit of �A in equation (20),
which allows for attaining significantly higher �A without scaling �h by a
large amount. This demonstrates the utility of foams with a nonlinear
stress-strain curve (λL > 1), which contradicts the conventionally held

belief that foams should always exhibit a sublinear response with a
plateau of nearly constant stress.

To elucidate this phenomenon, we compare the geometric design
space of an ideal shock absorber—a foam with a stress-strain response
that resembles a Heaviside step function (λL,IA =0) to a nonlinear
absorber (λL,NA = 1.5) (Fig. 5). Generally, it is argued that the presenceof
a plateau makes a foam superior in shock absorption because it limits
the amount of transmitted force for large compressive strains. How-
ever, such a feature constrains the design space for pad’s geometry.
Figure 5a shows the stress-strain responses of an ideal absorber with a
sharp rise in stress followed by a plateau of constant stress and a
nonlinear absorber that exhibits a slow rise in stress eventually cross-
ing the ideal absorber’s stress-strain curve at ϵcp. Figure 5b compares
the geometric design space of the ideal absorber with that of the
nonlinear absorber. While the ideal absorber provides thinner shock-
absorbing pads for smaller cross-sectional areas (A <Acr,IA), its design
space abruptly terminates (A =Acr,IA) for larger areas (A >Acr,IA). In
contrast, the nonlinear absorber allows the creation of thin and light-
weight energy-absorbing pads over a broader range of cross-sectional
areas (A >Acr,IA).

Although the plateau in the ideal absorber limits the maximum
possible stress, the initial sharp rise prevents the stress from
remaining low, even at small strains. To illustrate this, we selected
three combinations of A and h in Fig. 5b, representing three distinct
pad geometries. Figure 5c, d, e shows the acceleration as a function
of strain for these geometries. The shaded regions beneath the
curves indicate the extent of foam compression, for the given kinetic
energy of impact. For pad geometry (1), the maximum compression
strain and peak acceleration remain well below the critical limits for
both the ideal and nonlinear absorbers. For pad geometry (2),
because the thickness lies outside the geometric design space of the
nonlinear absorber, the acceleration exceeds the critical limit. In
contrast, the ideal absorber maintains a lower acceleration due to its
plateau. For pad geometry (3), where A > Acr,IA, the ideal absorber
becomes excessively stiff, causing the acceleration to exceed the
upper limit. However, the nonlinear absorber, with its initial gradual
increase in stress, absorbs the same amount of energy while keeping
the acceleration below the upper limit. Due to this, it offers greater
versatility in geometric design, enabling the thickness to be adjusted
so that the maximum strain remains below ϵcp (Fig. 5a). It is note-
worthy that the ideal absorber, while exhibiting higher specific
energy absorption for strains below ϵcp, it becomes too stiff to be
used for A > Acr,IA. The importance of this fundamental under-
standing is best exemplified by recent work on graded architected
foams47 and the development of bi-layer (soft + hard) combat helmet
liners48, which aim to achieve a gradual initial rise in stress similar to
our nonlinear absorber.

In Fig. 4e, the relative density corresponding to �hmin ð�ρhminÞ on
the other hand follows an opposite trend to λL,hmin. A higher
relative density for a small �A provides stiffness to the foam pad,
whereas a low relative density, which results in a large critical
strain ðϵc =0:66 � 2�ρÞ, limits �hcr (Eq. 19) for large �A. It is worth
mentioning that �hmin and �A are dimensionless; therefore, their
magnitudes in Fig. 4c are not to scale. Their magnitudes are
meaningful only when converted back to their dimensional form
using Eq. (9). Moreover, since we made our equations scale-free
by rendering them dimensionless beforehand, any variation in the
external factors such as vi, m, and ac will only scale up or scale
down �A and �h in Fig. 4c without changing the trend of the curves.
For example, setting a lower value of ac, which is akin to
increasing the factor of safety, will make �A larger for a constant A
(Eq. (9)), affecting only the selected �hmin (Fig. 4c) along with the
associated λL,hmin and �ρhmin.

Minimizing thickness and making a foam pad compact in size
doesn’t always guarantee minimum possible mass. The mass depends
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on both the volume and the relative density. The dimensionless mass
can be calculated using the following equation

�M = �ρ�A�h ð21Þ

The above mass can be minimized and the resultant optimal
material parameters can beobtainedby using the similarmethodology
we implemented earlier for �hmin (Fig. 4b). Since mass scales with area,
we have plotted the minimum mass per unit area ð �Mmin=

�AÞ in Fig. 4f.
The trend is similar to �hmin: linear scaling (α = 1) performs better for a
small cross-section area, whereas cubic scaling is better when over-
laying a larger area with foam. In Fig. 4g, h, we plot the optimized
parameters λL,Mmin and �ρMmin corresponding to minimum mass. For
α = 2 and α = 3, both λL,Mmin and �ρMmin exactly match λL,hmin and �ρhmin

respectively which suggest that both mass and thickness are simulta-
neously minimized. However, for α = 1, while λL still matches, the
relative densities are different. �ρMmin remains constant at 0.01, which is
the smallest relative density we considered. This occurs because for
α = 1, the �ρα�1 term vanishes from the critical mass, which is defined as
follows:

�Mcr = �ρ�Acr
�hcr =

1

c1ðλL + 1Þβ�1ϵcλL + 1�ρ
α�1 ð22Þ

While ϵc is a function of relative density, it ismaximum for �ρ=0:01
(Fig. 2b), thus minimizes �Mcr .

To summarize, a nonlinear scaling of relative modulus with rela-
tive density allows for the simultaneousminimization of both themass
and thickness of the foam. In contrast, for linear scaling (α = 1), mini-
mizing one disregards the other, not allowing both objectives to be
simultaneously achieved. We can witness this by comparing the

absolute minimum thickness ð�hminÞ with the thickness corresponding
to the minimum mass, expressed as follows:

�hmin vs. �h=
�Mmin

�A× �ρMmin

ð23Þ

Figure 6a illustrates that for α = 1, minimizing the mass has unin-
tentionally resulted in a much higher thickness. For example, at �A= 10
(black dotted line), the absoluteminimum thickness is �hmin � 2:38 (on
blue solid curve), while the thickness corresponding to when mass is
minimized (ignoring thickness) is

�Mmin
�A× �ρMmin

� 16:35 (orange dashed
curve). Similarly, minimizing the thickness leads to a slightly higher
mass, as shown in Fig. 6b. For α ≥ 1.5, both mass and thickness are
simultaneously minimized (Fig. 6c, d).

Architected VACNT Foams
The underlying assumption behind the minimization problem we
pursued in the previous sectionwas that thematerial parameters, such
as �ρ, λL, and α, are independent of each other. In reality, they exhibit
some inter-dependency, and not all possible combinations can occur,
especially in stochastic polymeric and metallic foams. For example, a
nonlinear stress-strain response (where λL > 1) is usually observed in
foamswith large relative densities. In contrast, architected foamsoffer
versatility in the design space and allow independent tunability of
different mechanical properties. The vertically aligned carbon nano-
tube (VACNT) foams with mesoscale architecture are particularly
interesting because of their hierarchical structure that can be tailored
to achieve broad range of properties. The non-architected VACNT
foams themselves exhibit exceptionalmodulus and energy absorption
comparable to metallic foams, while their densities, compressibility,
and strain-recovery are similar to polymeric foams25. Moreover, unlike
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polymeric foams, which exhibit viscoelastic behavior and slowly
recover fromstrain after compression, VACNT foamsexhibit fast strain
recovery, making themuseful for countering repetitive impacts. These
exceptional properties arise froma hierarchical structurewith features
across various length scales. Multi-walled CNTs (MWCNTs) at the
nanoscale (Fig. 7d), a random forest of entangled CNTs at the micro-
scale (Fig. 7c), and a structure of nominally vertically aligned CNTs at
the mesoscale (Fig. 7b) all culminate in a monolithic, seemingly solid
foam at the macroscale (Fig. 7a). We introduced an additional level of
structural hierarchy at the mesoscale by synthesizing VACNTs on a
photo-lithographically prepatterned silicon wafer substrate. We
selectively deposit chromium in areas where we do not want CNTs to
grow (the inverse of architecture), allowing growth only in the region
defined by the architecture23. Figure 7 illustrates SEM images of three
different mesoscale architectures: a hexagonally packed cylindrical
architecture (Fig. 7e), a concentric cylinder architecture (Fig. 7f), and a
self-similar fractal architecture (Fig. 7g).

In our previous works on cylindrical and concentric-cylinder
architected VACNT foams, we reported tunability in density-
dependent scaling, specific modulus, and relative density as functions
of various architectural parameters23,31. Furthermore, by increasing the
gap between cylinders and thereby reducing lateral interactions
between them, we demonstrated a transformation in the shape of the
constitutive stress-strain curve from nonlinear to sublinear (see Fig. 7h).
Here, we introduce a self-similar fractal architecture that enhances
interconnectivity between mesoscale cylinders at much lower relative
densities, enabling higher specific energy absorption. We investigate
fractal-architected samples and compare their properties with our pre-
vious cylindrical and concentric VACNT samples to identify optimal
architectures for compact and lightweight shock absorbers.

Figure 7h shows representative experimentally measured quasi-
static (strain rate of 0.01 s−1) stress-strain responses of non-architected
VACNT foamaswell as architected foams, including the corresponding
power law models (dashed curves). As shown, architected VACNT
foams enhances the range of values of λL, which was limited to nearly
linear λL ≈ 1 for non-architected foams, to sublinear (λL < 1) and non-
linear (λL > 1). The shape of the stress-strain curve or the value of λL
depends on the specific architectural parameters that elicit specific

deformation mechanism of cylinders within the architecture. For
example, in concentric cylinder architecture (Fig. 7f), a column buck-
ling of cylinders with larger gap between the concentric cylinders
results in a sublinear stress-strain curve, whereas a progressive
shell buckling of cylinders with smaller gap results in a nonlinear
stiffening stress-strain response23. Moreover, the stress-strain respon-
ses of both architected and non-architected VACNT foams are strain
rate independent (Fig. 7i) up to very large strain rates28,29,49. In Fig. 7,
the stress-strain responses of a cylindrically architected VACNT
foam we tested at quasistatic and dynamic strain rates reveal almost
no effect of strain rate. This strain rate independence and the richness
of material parameter space make VACNT foams an ideal material
system for us to demonstrate the effectiveness of our model in real
materials.

We synthesized multiple samples in each architecture category by
varying the dimensions of architectural features. For example, by
varying the inner diameter (Din), wall-thickness (tw), and gap (g)
between the cylinders in cylindrically architected foams,we synthesized
60different types of samples31. In concentric architecture, we varied the
inner gap and the number of rings of concentric cylinders, resulting in a
total of 18 samples23. For fractal architecture,we synthesized three types
of samples with different orders of self-similarity (see Fig. S5, S6 in SI).
Moreover, we repeated the synthesis of each kind of sample three times
and averaged themechanical properties to account for any variability in
the samples of a given architecture.

We calculated the relative density ð�ρÞ by dividing the bulk
density (ρ) of VACNT foams by the density of highly packed CNTs
(ρs ~ 2.26 g/cm3)50. In Fig. 7j, we plotted the relative densities of all
VACNT foams as a function of the fill-factor (Vf) of the architectures
(see SI for derived expressions of Vf for different architectures). It is
evident that the relative density is adjustable as a function of fill-
factor and exhibits a wide range across samples, from �ρ=0:01 to
�ρ=0:1. As the fill-factor approaches 1, the relative density of archi-
tected VACNT foams asymptotically approaches the relative density
of non-architected VACNT foams. Similar to polymeric foams in
Fig. 2b, we measured the critical strain ϵc of both non-architected
and architected VACNT foams using the energy absorption effi-
ciencymethod36. For both types of foams, the critical strain ϵc varies
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Fig. 6 | Effect of the scaling exponent (α) on thickness and mass minimization.
a Comparison of the absolute minimum thickness with the thickness associated
with theminimummass for α = 1. bComparison of the absoluteminimummass per
unit area with the mass per unit area associated with the minimum thickness for

α = 1. c Comparison of the absolute minimum thickness with the thickness asso-
ciated with the minimummass for α = 1.5. d Comparison of the absolute minimum
mass per unit area with the mass per unit area associated with the minimum
thickness for α = 1.5. Source data are provided as a Source Data file.
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linearly as a function of �ρ with a slope of ~2, which is typically
observed in crushable metallic foams7.

We observe a wide range of density-dependent scaling of elastic
modulus among different architectures. In Fig. 8a, b, c, d, we plot
average relative modulus ð�Eavg Þ of VACNT foams as a function of
relative density, where �Eavg is a dimensionless modulus calculated
from the experimentally measured stress-strain response of VACNT
foams. �Eavg is ameasure of the elastic energy stored in the foamduring
compression. Unlike EL, �Eavg is normalized by λL + 1, thus it scalesmore
consistently with relative density (see SI for details). As a function of
loading modulus EL and λL obtained from power-law fits, the expres-
sion of �Eavg is given as follows

�Eavg =
EL

Es
× ðλL + 1Þβ�1ϵλL�1

p × ð2� δÞ ð24Þ

where Es is the elastic modulus of highly densely packed CNTs
(Es ~ 15 GPa)51, ϵp is the peak compression strain applied while mea-
suring the stress-strain response, andδ is thedamping capacity—a ratio
of hysteretic energy dissipated in the loading-unloading cycle divided
by the area under the loading curve23. For non-architected and fractal-
architected, the scaling is nonlinearwith scaling exponent α = 2.34 and
α = 1.94, respectively. However, for cylindrically-architected and
concentric cylinder architectures, the scaling is tunable as a function
of the external gapbetween the cylinders and the internal gapbetween
the concentric cylinders, respectively (see Fig. S5, S6 in SI).

Using the measured material parameters ð�ρ, λL, ELÞ we calculated
dimensionless critical thickness and critical area, which are plotted in
Fig. 8e. To identify the VACNT foam samples that will result in mini-
mum thickness, we implemented the framework that we demon-
strated earlier in Fig. 4(b). In the thickness minimization process,
startingwith 85 samples, wewere able to condense down to 12 samples
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that will result in minimum thickness for a given area ð�AÞ lying in the
range shown in Fig. 8f. Similarly, we identified VACNT foam samples
that will result in minimummass for a given �A. For minimummass, we
were able to condense down to 7 samples, which all turned out to be
architected VACNT foams, because of the comparatively large relative
densities associated with non-architected VACNT foams. In Fig. 8(h),
we compare λL corresponding to minimum thickness (λL,hmin) with
minimummass (λL,Mmin). The data points corresponding to λL,Mmin are
plotted with black outline to distinguish from λL,hmin. The data points
seem to form distinctive bands with λL,hmin forming a band of lower
overall values compared to λL,Mmin. In contrast, for relative density,
�ρMmin values form a band of lower overall values compared to �ρhmin

(Fig. 8i). In summary, a higher �ρ and a sublinear λL are favourable to
achieveminimum thickness, whereas a smaller �ρ and a nonlinear λL are
needed to achieve minimum mass.

As a function of �A, both λL,hmin and �ρhmin exhibit a decreasing
trend, which differs from the behavior observed in Fig. 4. Previously,
we assumed thatmaterial parameters were independent,meaning that

for each value of �ρwithin the range0:01 < �ρ<0:1, any value of λLwithin
0.1 < λL < 3 could be pairedwith it. In VACNT foams, however, there is a
weak dependence between λL and �ρ, where λL scales weakly with �ρ
(Fig. 9a). For samples with higher �ρ, �Acr is smaller because �Acr / 1=�ρα ,
but �hcr is larger since

�hcr / λL + 1, leading to a decreasing trend in �hcr

with increasing �Acr (Fig. 8e). This trend is also reflected in the plot of
λL,hmin. Notably, the decreasing trend persists only within the �A range
shown in Fig. 8h, which corresponds to the �Acr values in Fig. 8e. For
higher �A values ð�A> 105Þ, λL,hmin increases and then stabilizes (Fig. 9b),
while �ρhmin decreases before becoming constant (Fig. 9c), similar to
Fig. 4d, e. Therefore, ourfinding that foamswith nonlinear stress-strain
responses perform better at higher �A values holds true for VACNT
foams as well (see Fig. S11 in SI). λL and �ρ corresponding to minimum
mass, i.e., λL,Mmin, and �ρMmin also follow similar trends for extended
ranges of �A (see Fig. S10 in SI).

In Fig. 10, we present a plot showing volumetric energy
absorption (WL) versus density, where we have isolated the best-
performing VACNT samples from a total of 85 samples. The samples
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Fig. 8 | Identifying optimal architectures among various VACNT foam samples
for thin and lightweight energy absorber design. Scaling of normalized average
modulus with relative density of non-architected (a), cylindrical (b), concentric (c),
and fractal architectures (d).eCritical thickness vs. critical area of all VACNT foams.

Minimum thickness (f) and minimum mass per unit area (g) as a function of
dimensionless area. (h) λL,hmin compared to λL,Mmin shown in two separate shaded
regions. i �ρhmin compared to �ρMmin shown in two separate shaded regions. Source
data are provided as a Source Data file.
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that minimize thickness (�hmin) are represented by colored markers,
while data points for samples that minimize mass ( �Mmin) are
depicted with the same markers but with black borders. All other
samples are shown using solid black dots. Energy absorption scales
with density, and since λL exhibits a weak correlationwith �ρ (Fig. 9a),
nonlinear foams demonstrate slightly higher energy absorption for
a given �ρ. However, these results involve VACNT samples with
varying scaling factors α. The precise relationship between energy
absorption and λL for constant α and �ρ cannot be determined due to
finite number of VACNT samples and interdependence of α, λL, and
�ρ (Fig. 8a–d).

The samples corresponding to �Mmin and �hmin form two distinct
bands in the top region of the scatter plot, demonstrating maximum
energy absorption for a givendensity. This phenomenon canbe clearly
understood by examining the equation for energy absorption per unit
volume. Using Eqs. (19 and 20), we can restructure the equation for
energy absorption Eq. (8) as follows

WL

Es
=

1
�hcr

×
1
�Acr

! �hcr
�Acr =

Es

WL
ð25Þ

where �hcr
�Acr is the critical volume. The expression above indicates that

foamswith higherWLwill result in lower critical volume therefor lower
thickness for a given area, as observed in Fig. 10. On multiplying both

sides of the Eq. (25) with �ρ, we get

�ρ�hcr
�Acr =

Es

WL
× �ρ ! �Mcr =

Es

WL
× �ρ ð26Þ

where �Mcr represents the critical mass, whichminimizes for higherWL

and lower relative density, as observed in Fig. 10. This analysis
demonstrates that, in addition to the material’s property parameters
ðλL, �ρ,αÞ, exhibiting a high energy absorption per unit volume is also
crucial in designing thin and lightweight shock absorbers.

The architectures corresponding to the majority of samples lying
in these bands are illustrated along with their geometric design para-
meters. For �Mmin, the samples include higher-order fractal (2nd and
3rd order) and sparsely packed cylindrically architected samples (with
g > 100μm) due to their low densities and high energy absorption
capabilities. On the other hand, samples associated with �hmin include
tightly packed cylindrical architected and non-architected samples
due to their highest energy absorption. Additionally, sparsely
(gcc> 20μm) packed concentric cylindrically architected foams are
present due to their sublinear stress-strain response (Fig. 8h) and
consequently lower critical thickness (�hcr) (see Eq. 19). While a lot of
samples, other than the optimal ones, lying in the �hmin band exhibit
considerably high energy absorption at a given density, their λL values
are too large to minimize thickness.
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Fig. 10 | Scaling of energy absorption with density, highlighting optimal
VACNT architectures. Volumetric energy absorption as a function of density for all
the VACNT foam samples. Thedata points for samples thatminimizesmass are shown

with black outline. The illustration of the architectures of different VACNT samples
that outperform others is also shown. Architected VACNT illustrations are created
using SolidWorks PhotoView 360. Source data are provided as a Source Data file.
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Fig. 9 | Optimal λL,hmin and
--
ρhmin as a function of an extended range of cross-sectional areas. a λL vs. �ρ for VACNT foams.b λL corresponding tominimum thickness as a

function of area for VACNT foams. c �ρ corresponding to minimum thickness as a function of area for VACNT foams. Source data are provided as a Source Data file.
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In our theoretical calculations, we achieved simultaneously mini-
mized thickness and mass for a large range of λL and �ρ varying inde-
pendently. We showed that for α ≥ 1.5, thickness and mass minimize
simultaneously. For VACNT foams, we witnessed similar behavior
when both thickness andmass wereminimized across a set of samples
following a particular fixed scaling, α (see Fig. S12 in SI), like we did in
theoretical analysis. However, when considering all VACNT foams
collectively, gaps in the material parameter space lead to variations:
some foams minimize thickness, while others minimize mass. For
example, the linear density-dependent scaling observed in concentric
VACNT foams for gcc = 50μm (Fig. 8c) occurs over a narrow range of
low relative densities (0:012 < �ρ<0:037), whereas cubic scaling for
gcc= 5μm is seen at higher relative densities (0:044< �ρ<0:064). As a
result, lower α and higher �ρ become conflicting, deviating from the
parameter independence assumed in our theoretical results. A similar
pattern is evident in cylindrically architected VACNT foams (Fig. 8b).
Moreover, there is a slight interdependence between λL and �ρ (Fig. 9a)
as well, whereas we also assumed them to be independent in theore-
tical analysis.Nevertheless, this studydemonstrates that, despite some
gaps in the parameter space, VACNT foams offer a rich material
property landscape with a wide range of parameters suitable for
designing efficient shock absorbers. We envision that using novel
hierarchical graph network-based machine-learning methods to
design architectures can potentially result in a broadened parameter
space, allowing for independent tunability of λL, α, and �ρ. Such inde-
pendent tunability can possibly lead to simultaneous thickness and
mass minimization in various types of architectures.

In conclusion, our study highlights the pivotal role of a foam
pad’s geometry in addition to the constitutive behavior of the
material in determining the mechanical performance of the protec-
tive layer. By employing a simplified kinematic model and dimen-
sional analysis, we established constraints on the cross-sectional area
and thickness of foampadswith knownmechanical properties. These
constraints ensure that both themaximumcompressive strain within
the foam and the maximum acceleration experienced by the pro-
tected object remain below desired limits. Using these constraints as
a design framework, we identified the mechanical properties neces-
sary for achieving the thinnest, lightest, or a combination of both in
foam pads for a given cross-sectional area. Contrary to prevailing
beliefs that a plateau in a stress-strain response is essential for all
shock-absorbing applications, our findings suggest that foams with
nonlinear responses, with gradually increasing stress vs strain, can
enable the design of both thin and lightweight foam pads in various
extreme protective applications. More specifically, we found that
foams with a nonlinear stress-strain response can outperform foams
exhibiting a plateau-type stress-strain response when protective
foam pads of large area coverage is required, such as in helmet liners
and packaging applications. Additionally, we also discovered that
foammaterials with nonlinear density-dependent scaling ofmodulus
can lead to simultaneously lightweight and thin protective energy
absorbers. Using our non-dimensional design framework, we
demonstrate optimal designs in hierarchically architected VACNT
foams with cylindrical, concentric cylindrical, and fractal archi-
tectures. Our generalized design framework can be applied to any
architected and stochastic foams with known mechanical properties
to design compact and lightweight energy-absorbing pads for
diverse protective applications by identifying the best-performing
architectures from a multitude of options.

Methods
Synthesis of architected VACNT foams
To synthesize architected VACNT foams, we utilize silicon wafer sub-
strates with predefined microscale patterns created using photo-
lithography. First, we spin-coat a 10μm thick layer of photoresist
(MICROPOSIT S1813) on a 100mm diameter p-type silicon wafer (100

crystal orientation and 500 μm thickness) at 3000 rpm for 30 s and
prebake it on a hot plate at 383K for 45 s to remove any solvents. After
spin-coating, we partially dice the wafer up to 30% of its thickness into
5 × 5mm squares and expose it to ultraviolet light through a chrome/
soda-lime photomask with predefined micropatterns (manufactured
by Photo Sciences, Valencia, CA, USA). After exposure to 405 nm UV
light at 80mJ/cm2 for 8 s, we remove the unexposed photoresist in an
MF321 developer bath for 30 s and then coat the wafer with a 20 nm
thin film of chromium at 0.05 nm/s using a metal evaporator. To
remove the remaining photoresist (UV exposed), we place the wafer in
an acetonebath for 30 s, thereby leavingonly chromiumon the surface
with the predefined architecture.

Mechanical characterization
To measure the quasistatic stress-strain responses of VACNT foams
and polymeric foams reported in this article, we performed ramp
compression experiments using a commercial load frame, the Instron
Electropulse E3000, equipped with a 5 kN load cell. We compressed
the samples at constant strain rate in a ramp waveform up to a strain
exceeding the onset of densification strain to measure the critical
strain and then unloaded at the same strain rate. To measure energy
absorption and critical strain as functions of strain rate in polymeric
foams, we varied the strain rates from 0.001 s−1 to 0.1 s−1. To char-
acterize the mass density, we measured the sample’s mass with a
microbalance, measured its thickness with a micrometer gauge, and
calculated its volume using the sample’s area (5 × 5mm2) and
thickness.

To measure the high-strain-rate response of both VACNT and
polymeric foam materials, we built a tabletop Kolsky bar apparatus
equipped with 3/8 inch (9.52mm) diameter high-strength 2024 alu-
minum alloy bars. The incident bar and transmitter bar measured
700mm and 550mm in length, respectively. We used striker bars
made of the same material with a 1/2 inch (12.7mm) diameter and
lengths varying from 80mm to 120mm. We mounted resistive strain
gauges from Micro-Measurements (CEA-13-250UN-350) on the inci-
dent bar, 350mm away from the sample-bar interface. To detect the
weak transmitted signal, we mounted semiconductor strain gauges
with a high signal-to-noise ratio from KYOWA (KSPB-1-350-E4) on the
transmitter bar, 265mm away from the sample-bar interface. An air
compressor-powered gas gun launched the striker at adjustable velo-
cities, achieving strain rates between 2000 s−1 and 7000 s−1.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
The raw data generated in this study52 have been deposited in a public
repository on GitHub (https://doi.org/10.5281/zenodo.15110582).
Source data are provided with this paper.

Code availability
Our MATLAB script for designing thin and lightweight shock absorber
from a given set of available foam materials and known system para-
meters is available on GitHub (https://doi.org/10.5281/zenodo.
15110582).
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