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Effective axion fields emerge in condensed matter and photonic systems with
broken parity and time-reversal symmetries resulting in nonreciprocal optical
phenomena. Here, we predict a distinct type of electromagnetic response
which has the same symmetry properties as an axion one, manifests itself only
at the boundaries of the material and features the same coupling to incident
plane waves. However, the response to the external sources introduced inside
is profoundly different, allowing one to distinguish the predicted dual axion
field experimentally. We prove that the behavior of such materials is captured
by electrodynamics with magnetic charge, put forward a specific metamaterial
realizing this physics and suggest possible experiments to observe it. We
anticipate that this response is general and occurs in a variety of photonic and

condensed matter structures.

Effective description of condensed matter and photonic structures
allows one to reduce their complex behavior to relatively simple the-
oretical models ignoring redundant degrees of freedom and introdu-
cing several key parameters. This approach features profound
analogies with quantum field theory. For instance, the physics of
relativistic Dirac fermions is reproduced in graphene, condensed
matter and photonic systems described by the Dirac effective
Hamiltonian'~. Quantum Hall effect can be concisely described using
the effective Chern-Simons Lagrangian*’, and the physics of topolo-
gical insulators including quadrupole insulators is captured by the
field-theoretical language®”.

Given their versatility, condensed matter and photonic structures
can be a source of various effective theories, sometimes even without a
known counterpart within the Standard Model. In this spirit, hypo-
thetical axions®’ that evaded their experimental observation so far, can
be realized as collective excitations in a class of condensed matter'*™*
and photonic systems™™,

The presence of effective axion fields modifies the equations of
electromagnetism which can be presented in the form'>>%
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rot(—xE+H)=— = (D+xB)+-—J,
div(D+y B)=4mp,
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Here, p and j are the external charge and current densities, D = ¢E,
B =pu H, while € and u are permittivity and permeability of the medium,
respectively.

The difference from the conventional electrodynamics appears in
the first pair of Maxwell’s equations Egs. (1) and is rooted in the non-
zero x which is called effective axion field in condensed matter litera-
ture or Tellegen coefficient in photonics. This term breaks the
inversion P and time-reversal 7 symmetries of the system while
keeping P7 symmetry preserved.

Interestingly, if x is time-independent (dx/0t=0) and spatially
homogeneous, which is the case for many condensed matter and
photonic systems, it does not affect the bulk properties of the medium
and arises only at the boundaries. This could be immediately seen from
Egs. (1) by recasting them in the form

10D 4m
=-_—+ + —
rotH cor Vx XE ¢ J

divD= — Vy-B+4mp.

©)

Hence, x is a bulk property of the medium, which manifests itself
only at the boundary. Partly due to this subtlety, the very exis-
tence of Tellegen media was actively disputed in photonics
literature”**. By now, the existence of x response is well estab-
lished in multiple systems including antiferromagnetic structures,
magneto-electrics, multiferroics and three-dimensional topologi-
cal insulators'>". In the latter case, the axion field plays the role of
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a topological invariant and is quantized in units of the fine-
structure constant a®* as confirmed experimentally”.

In turn, nonzero axion response leads to several distinctive phy-
sical effects. This includes polarization rotation of light reflected from
the axion medium", emergence of image magnetic charges induced by
the point electric charge above the surface of a topological
insulator’*”, while the field of a point electric dipole surrounded by
the axion medium acquires a nonzero magnetic dipole component -
the phenomenon known as Witten effect’®°. Recently, it was sug-
gested that the axion response can be strongly enhanced in artificial
photonic media - metamaterials™® which has been confirmed by the
recent experiments®®?" and opened exciting opportunities to
experimentally probe various effects of axion electrodynamics.

In condensed matter physics, the axion response is derived
through the quantum-mechanical calculation typically utilizing the
notion of Berry connection” which yields quantized and frequency-
independent . However, recent studies®>** suggest that this picture is
simplified and additional effects arise.

In this Article, we approach this field from a different direction
and predict the existence of a novel type of electromagnetic response
further termed dual axion field, y. Similarly to the conventional axion,
x manifests itself only at the boundaries and shares with x the same
parity with respect to the spatial inversion P and time reversal 7. At the
same time, the effective theory with x leads to the electrodynamics
with effective magnetic charge, resulting in the distinct and practically
uncharted physics providing a new twist in the effective description of
the structured media.

Results

Heuristics of dual axion response

While the theory of axion response in condensed matter systems is
well established®*™*%, its origin in classical photonic structures
remained much less studied. Electromagnetic community focused on
realizing Tellegen particles'®'®**, while the emergence of the collective
Tellegen response was poorly understood.
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Fig. 1| Schematic of the two structures with broken P and 7~ symmetries but
invariant under P7 . a Design of the metamaterial with effective axion response x,
ref. 15. Gyrotropic permittivity Eq. (4) is typically associated with the orbital motion,

Duality

A useful toy model has recently been provided by ref. 15 which
suggested a simple photonic structure based on the stack of layers
with gyrotropic permittivity
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where out-of-plane magnetization of the layers g(z) is modulated
periodically with the zero average [Fig. 1a]. The treatment of this
system solely based on Maxwell's equations leads to the axion
electrodynamics Egs. (1), (2) for the averaged fields, where the strength
of the effective axion response

1
L / gsa)sds 5)
0

is proportional to the period-to-wavelength ratio a/A1 and depends
on the distribution of magnetization g(z) within the unit cell.
Interestingly, x also depends on the chosen termination of the
structure, contrasting with the behavior of the conventional bulk
material parameters®.

Drawing the intuition from this model system, we introduce
a similar structure composed of the layers with gyrotropic perme-
ability it

b if@ O
a=| -if@» n 0], (6)
0 0 u

and a similar periodic distribution of magnetization f(z) [Fig. 1b].
Clearly, such system shares with axion metamaterial the same
symmetries with respect to spatial inversion P and time reversal
7. Moreover, given the microscopic (non-averaged) fields e, d, b
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see inset. b Metamaterial featuring dual axion response x. Gyrotropic permeability
Eq. (6) is typically due to the spin contribution, see inset.
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and h in an axion metamaterial, one can immediately find the
respective fields in our structure performing the dual symmetry
transformation:

e—>hd-bé—p

7
h— —eb— —-d - ¢ 7

As a consequence, the effective descriptions of those structures in
terms of the averaged fields should also be related to each other via the
same duality transformation, Eq. (7). This yields the set of electro-
dynamics equations

10D 4m
=+ " idi = 8
rotH car e j,divD=4mp, (8
rot(E+xy H)= —12(3— Y D)
XH= = ot X2, 9)
div(B — yD)=0,
where D = ¢E, B=pH and dual axion field reads
2 1
= —% / f(saysds, (10)
0]

while the distribution of external sources p and j is defined by the
experimental conditions. For consistency, we provide an independent
and complete derivation of Eqs. (8)-(10) in the Supplementary
Notes 1 and 2.

Crucially, the corrections appear now in the second pair of Max-
well’s equations Egs. (9) which are normally used to define the
potentials. This distinguishes our model from the effective theories
studied previously and opens further opportunities. For instance, xy
and y responses may coexist in metamaterials combining both gyro-
tropic permittivity and permeability modulated in space, see Supple-
mentary Note 3.

In analogy to the axion field, y reduces to the boundary term
provided dy/dt = 0. Below, we explore the consequences of electro-
dynamics Egs. (8), (9) and suggest experimentally observable distinc-
tions of the axion field x from its dual, y. In addition, we provide a
Lagrangian formulation of this theory (Supplementary Note 4) using a
two-potential framework.

Effective magnetic charges and optical properties
Evidently, Egs. (8)-(9) describe the effective theory with magnetic
charge®® when Maxwell’s equations take the form

10D 4nm
= + idi = 11
rotH i TR j,divD=4mp, 1)
rotE——}a—B—ﬂT' divB=4m, (12)
“Tca ¢ =HPm

where p,, and j,, describe the density of magnetic charges and cur-
rents. In our case, those quantities are

1 -
=_— di 13
Pn= 7o div(y D), (13)
1 0 . c -
i =__- - . 14
im an 5t xD)+ e rot(y H), (14)

satisfying the usual continuity equation dp,,/0t +divj,, = 0.

The total magnetic charge of a finite volume of the medium with x
response can be readily computed as

gz/pmdv:%f;(n.ndf:o (15)

as x vanishes outside of the medium. Therefore, the introduced
effective description does not yield any uncompensated magnetic
charges.

Next we examine the phenomena at the boundary of a homo-
geneous Y medium. To that end, we integrate Egs. (8), (9) over a pill-
box. Assuming no external surface charges or currents, we obtain the
set of boundary conditions

Hlt = HZt' Dln = DZru (16)
Eje + X1 Hy =By + X, Hyp, 17
By — X1 D1 =Ban — X2 Dy (18)

The tangential components of E and normal component of B now
experience the discontinuity, which is not typical for the conventional
media, but becomes possible here since we consider the aver-
aged fields.

To illustrate the physics behind the boundary conditions Egs.
(16)-(18), we examine a homogeneous slab of y medium with the
thickness L in vacuum calculating reflection and transmission coeffi-
cients for the linearly polarized plane wave at normal incidence as

ion metamaterial
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Fig. 2 | Probing the response of the dual axion medium to the incident

plane waves. a Transmitted and reflected waves in a dual axion slab excited by the
incident x-polarized plane wave. The polarization of reflected wave is rotated due
to the Kerr effect, Eq. (19). b Cross-polarized reflection coefficient for the meta-
material slab consisting of N=50 periods calculated via transfer matrix method
(red) and effective medium approach (blue) versus = a/A. Parameters of the
gyrotropic layers in the transfer matrix simulation are £ =1.05, u=1.05, fo = 0.015.
For effective medium description, we choose &efr=1.05, terr =1 + ’1'% fo e,

Xett = 5fo € and kL =21 /EgliezNa/A.
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shown in Fig. 2a. In close analogy to the conventional axion media, the
polarization plane of reflected light is rotated as captured by the cross-
polarized reflection coefficient R,,, while cross-polarized transmission
T,y vanishes (see Supplementary Note 5):

Ry = — Ry = — 2 sin(kL)/A, 19)
Ty=T)x=0, (20)

where k is the propagation constant inside the slab,
A=2iZ coskL+ (1+z2 +5(2) sin kL 1)

and Z = /u/e is the impedance. To check the accuracy of the above
predictions of x electrodynamics, we simulate the metamaterial com-
posed of pairs of oppositely magnetized gyrotropic layers with the
period a using the rigorous transfer matrix method. In Fig. 2b we
compare the two approaches by fixing the thickness of a metamaterial
slab and varying the wavelength of the incident light such that a/A ratio
spans the range from O to 0.3. We observe that the effective descrip-
tion of metamaterial in terms of y is consistent provided the period of
the structure a is at least an order of magnitude smaller than the
wavelength of light A: £ = a/A < 0.15. The same applies to all remaining
co- and cross-polarized reflection and transmission coefficients as
further analyzed in Supplementary Note 6 and Supplementary Fig. 2.

Similarity and distinction of x and x responses

Vanishing cross-polarized transmission and nonzero cross-polarized
reflection is typically considered as a smoking gun for the effective axion
response’®'®*, which can be distinguished in this way from the magneto-
optical phenomena (gyrotropy) or electromagnetic chirality. The results
above suggest that y response behaves exactly in the same way.

gyroelectric (x)

Quite remarkably, the parallel between y and y responses extends
much further. As we prove in the Supplementary Note 7, if the elec-
tromagnetic fields are measured outside of the metamaterial, and the
sources are positioned outside as well, the behavior of y medium with
permittivity € and permeability y is indistinguishable from the axion
medium with the following effective material parameters:

g

Eeff = ﬂ~2, (22)
HtEX

Heft :I'l+5)~(2' (23)
e

Xer= ——2A . 24)
p+ex

As elaborated in the Supplementary Note 7, the mapping Eqs. (22)-(24)
builds on the possibility to redefine the averaged fields E and B inside
the metamaterial without any modification of the fields outside.

Based on this mapping, we conclude that x and y responses can-
not be distinguished in any sort of the scattering experiment typically
used to capture the effective axion response.

However, despite the remarkable parallel between x and y fields,
they are manifested differently when the external sources are intro-
duced into the medium. Experimentally relevant examples of such
situations in condensed matter include bremsstrahlung, Cherenkov
and transition radiation or ionization losses of charged particles
moving through the material. In photonics context, one could intro-
duce an antenna directly inside the metamaterial. Here, for conceptual
clarity, we focus on the situation when the metamaterial sphere is
excited by the external electric dipole antenna as depicted in Fig. 3a, d.

Theoretical analysis of this problem suggests that the field outside
of the sphere is a superposition of electric and magnetic dipole fields
(see Supplementary Note 8 and Supplementary Fig. 4). Such mixing of
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Fig. 3 | Distinguishing axion y and dual axion x responses of the medium via
the coupling to the external sources in a spherical geometry. a Point electric
dipole inside an air cavity within a spherical metamaterial consisting of radially
magnetized layers with alternating magnetization direction. The layers possess
either gyrotropic permittivity, i.e., D=¢E+ig.E x ¥ (y case) or gyrotropic perme-
ability, i.e., B=puH+ig HxF (x case). The thickness of each layer is t =2 mm, the
cavity radius is 3¢, the material parameters €=35, g. =4, u=1, g, = — 0.8 ensure the

Frequency (GHz)

mapping (25). d A linear antenna of length 4t inside the metamaterial. The core
layer has zero magnetization. b, c, e, f Effective electric and magnetic dipole
moments of the system retrieved from the far field calculated for geometries (a, d),
respectively. The results are normalized to the dipole moment of antenna in the
absence of metamaterial. Solid red and dashed blue curves correspond to x and
responses, respectively.
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electric and magnetic multipoles occurs due to the simultaneous
breaking of P and 7 symmetries by the medium and hence should take
place both for y and y metamaterials. However, the quantitative details
for y and y media are different (see Supplementary Note 9).

First, we simulate the excitation of a metamaterial sphere with a
spherical void, Fig. 3a. If the sphere is composed of layers with gyro-
tropic permittivity, specifically, D=¢E+ig Exr, it features the con-
ventional axion response . The retrieved dipole moments for the
different excitation frequencies are shown by the red lines in Fig. 3b, c.
On the other hand, if the layers possess gyrotropic permeability, i.e.,
B=pH+tig, HxFt, the metamaterial sphere exhibits x response. The
calculated effective dipole moments in such case are shown by the
dashed blue lines in Fig. 3b, c. To compare the two scenarios, we
choose the same permittivity € and permeability p for both simula-
tions, while electric and magnetic gyrotropy are linked to each other as

u

Em*= _Eger (25)

which guarantees that the effective responses y and y satisfy the
mapping Eqs. (22)-(24) up to the second-order corrections in y or .

Comparing the retrieved dipole moments [Fig. 3b, c], we observe
that the results for x and y scenarios coincide. Since the dipole is
located in an air void outside of the metamaterial, this fully agrees with
our theoretical analysis and provides a numerical confirmation of the
mapping Eqs. (22)-(24), while small discrepancy between the two
scenarios in the high-frequency region should be attributed to the
limitations of the effective medium description.

Second, we analyze more interesting scenario when the external
sources are introduced directly inside the metamaterial, Fig. 3d. In
such case, the distinction between y and y spheres arises already in
electrostatic limit (see Supplementary Note 8). Specifically, x and y
spheres excited by the point electric dipole do develop the effective
dipole moments

~ ~_ O
dX~£+2do,mX~ e+2) +2)do, (26)
~ 3 ~ 6X
d~~£+2d0,m5(~—(£+2) +2)d0, (27)

where the terms proportional to x? or ¥* are omitted for clarity. Thus,
the effective electric dipole moments coincide, while the induced
magnetic dipoles differ and are not connected to each other by the
mapping Eqgs. (22)-(24).

To confirm that intuition, we simulate the excitation of y and y
metamaterials in the same frequency range f=(1--8) GHz in the
absence of voids. In this case, y and y span the ranges (0.08--0.67) and
(0.02--0.13), respectively. This time an electric dipole antenna has a
finite size [Fig. 3d] such that spatial dispersion effects are suppressed
and effective medium treatment remains adequate.

In agreement with our analytical solution (see Supplementary
Note 9 and Supplementary Fig. 5), the induced electric dipole
moments of both spheres coincide which confirms that the effective
medium treatment is valid in this geometry as well [Fig. 3e]. However,
the induced magnetic dipole moments of xy and y spheres are pro-
foundly distinct featuring completely different frequency dependence
[Fig. 3f] which thus distinguishes y and x physics.

The origin of such distinction can be traced back to the mapping
Egs. (22)-(24): x medium with the external electric sources maps onto
the usual axion medium y excited by the combination of electric and
magnetic sources (see Supplementary Note 9). Notably, such distinc-
tion exists even in the presence of moderate losses, even though the
resonant peaks become less visible (see Supplementary Note 10 and
Supplementary Fig. 6).

An interesting further question is the transition between the
situations depicted in Fig. 3a, d. To probe that, we fix the size of the
cavity in the metamaterial simulating its excitation by the antennas of
the different size (see Supplementary Note 10 and Supplementary
Fig. 7). In short, if the antenna size is smaller than the size of the cavity,
the results for x and y media closely match highlighting the validity of
the mapping Eqs. (22)-(24). However, once the antenna size exceeds
the diameter of the cavity and antenna penetrates in the bulk of the
metamaterial, the distinctions start to show up (see Supplementary
Fig. 7). These results once again highlight a subtle nature of the dif-
ference between axion and dual axion media.

Importantly, the existence of the dual axion field results not only in
the quantitative corrections to the axion electrodynamics, but also in
the qualitatively new phenomena. To illustrate that, we consider a
spherical meta-structure featuring the combination of axion and dual
axion responses such that y=ex/u. This ratio between the two
nonreciprocal responses ensures that the arbitrary excitation of such a
setup by the incident wave does not reveal any kind of non-reciprocity.
The meta-structure scatters as a usual dielectric particle with well-
defined permittivity and permeability (see Supplementary Note 11).

However, if the setup is excited by the point electric dipole placed
inside it, the radiated far field contains both electric and magnetic
dipole contributions. Hence, this system features an intrinsic non-
reciprocity which can not be retrieved in any scattering experiment, but
manifests itself when excited by the introduced external sources.

Suggested experiments

While the spherical setup Fig. 3a, d provides a transparent physical
picture, the actual axion or dual axion materials in condensed matter
and photonics have a planar geometry [Fig. 4a, d]. Below, we suggest
the potential experimental scheme allowing to distinguish and mea-
sure x and y for non-reciprocal magneto-electric metamaterials'®'®, As
a specific example, we consider a stack of 18 gyrotropic layers. Each
unit cell consists of a pair of oppositely magnetized layers, each with
the thickness =2 mm, i.e., 9 unit cells in total [Fig. 4a].

First, we examine the reflection and transmission of a plane wave
incident at the metamaterial slab with either y or x response [Fig. 4a].
Since the parameters of the two structures are related via the mapping,
Eqs. (22)-(24), the results for reflection and transmission coincide in
the entire studied frequency range including both co- and cross-
polarized scattering [Fig. 4b, c].

To distinguish between the two responses, we consider the exci-
tation of the same metamaterials by the external source introduced in
the middle of the slab. In our simulations [Fig. 4d], this is an infinite wire
parallel to the layers and carrying an alternating current. To minimize
the role of the side surfaces, we apply the periodic boundary conditions
in the transverse direction, which physically corresponds to the excita-
tion of an infinite metamaterial by the periodic array of in-phase wires.
Next we evaluate the radiated electric field outside of the structure
extracting the components of the field parallel and orthogonal to the
wire axis, further denoted as co- and cross-polarized components, at the
distance 1.25 A from the upper boundary of the structure. These fields
are further normalized to the characteristic field polow/4 produced by
the single wire with AC current in vacuum at the distance r=0.08721
from the center of the wire. We observe that the co-polarized fields for y
and y scenarios match quite closely [Fig. 4e], while the cross-polarized
components are markedly different [Fig. 4f] capturing the distinct
physics of axion and dual axion media. We expect that such a distinction
can be observed in the recently realized microwave Tellegen
metamaterials’ which feature strong axion-type response.

Qualitatively similar results are obtained when the multilayered
structure is excited by the point electric dipole parallel to the layers
(see Supplementary Fig. 8). Thus, the difference between x and x
responses is quite robust and can be probed experimentally exciting
the structure by the different types of sources.
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Fig. 4 | Exploring the distinction between axion and dual axion response in a
planar geometry. a Scheme of a plane wave excitation of a multilayered slab.

Different colors encode different magnetization of the layers. Overall there are 18
layers, i.e., 9 unit cells. The period of the lattice @ =4 mm, parameters of the axion
metamaterial are £=5, u=1, g. =4, so x = (1/2)g.(a/A). Parameters of the dual axion
medium are found from the mapping (22)-(24), g,, =(2/m)x(1/a). b, ¢ The reflec-
tance and transmittance spectra, |R|?> and |71~ Solid and dashed lines correspond to

Frequency (GHz)

the axion and dual axion case, respectively. Red and green lines correspond to the
co-polarized scattering, blue and orange lines depict the cross-polarized scattering.
d Scheme of the excitation by the line current parallel to the layers. The parameters
are the same as in panel (a). In the transverse direction, the structure is periodic
with the period 5a =20 mm. e, f Far fields above the multilayered slab normalized
to the characteristic field polow/4 produced by the single wire.

Discussion

These results bring us to the conclusion that there exists a distinct type
of P- and 7-odd electromagnetic response which, to the best of our
knowledge, has not been identified previously. Similarly to the effec-
tive axion field, it is not manifested in the bulk of a stationary medium,
but has profound boundary signatures captured by the effective the-
ory Egs. (8), (9) with the boundary conditions Egs. (16)-(18). The pre-
dicted response  is a distinct physical entity as it can be distinguished
from the conventional axion field in experiments.

Here, we have put forward a single example of metamaterial
realizing this physics on a photonic platform. Using the same line of
thought, it is also possible to design metamaterials featuring y and y
responses simultaneously (see Supplementary Note 3). We anticipate
that the predicted response is general and arises in many condensed
matter systems, where it could have been misidentified as an effective
axion field. Nonzero y and Y may coexist or continuously transform
one into another with the change of the field frequency, lattice geo-
metry or other parameters.

Based on our analysis, we hypothesize that y and y fields are
related to the orbital and spin contributions to the magnetization.
However, quantum-mechanical theory of x response in condensed
matter remains an interesting open problem. Another open question is
the possibility of y field quantized by the symmetries of the structure.

Methods

Effective medium description of dual axion response

We performed numerical validation of the effective medium descrip-
tion by comparing the transmission and reflection coefficients calcu-
lated via the transfer matrix method with those obtained from the
effective theoretical model. This analysis was conducted for both
axion and dual axion metamaterials. The agreement between the two

approaches verifies the accuracy of the effective medium description
in the subwavelength regime.

Simulations

Full-wave numerical simulations were conducted using COMSOL
Multiphysics to generate the results shown in Figs. 3 and 4 in the main
text, as well as Supplementary Figs. 6-8. Periodic boundary conditions
were applied in the transverse directions to minimize finite-size effects
for the simulated metamaterial slabs. This approach was used to model
both the 2D and 3D experimental configurations for distinguishing x
and y responses.

Data availability
The data that support the findings of this study are available from the
corresponding author upon request.
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