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Does provable absence of barren plateaus
imply classical simulability?

M. Cerezo 1,2 , Martin Larocca 3,4, Diego García-Martín 1, N. L. Diaz1,5,
Paolo Braccia 3, Enrico Fontana6, Manuel S. Rudolph 7, Pablo Bermejo1,8,
Aroosa Ijaz3,9,10, Supanut Thanasilp 7,11, Eric R. Anschuetz 12,13 & Zoë Holmes7

A large amount of effort has recently been put into understanding the barren
plateau phenomenon. In this perspective article, we face the increasingly loud
elephant in the room and ask a question that has been hinted at by many but
not explicitly addressed: Can the structure that allows one to avoid barren
plateaus also be leveraged to efficiently simulate the loss classically?We collect
evidence-on a case-by-case basis-that many commonly used models whose
loss landscapes avoid barren plateaus can also admit classical simulation,
provided that one can collect some classical data from quantum devices
during an initial data acquisition phase. This follows from the observation that
barren plateaus result from a curse of dimensionality, and that current
approaches for solving them end up encoding the problem into some small,
classically simulable, subspaces. Thus, while stressing that quantum compu-
ters can be essential for collecting data, our analysis sheds doubt on the
information processing capabilities of many parametrized quantum circuits
with provably barren plateau-free landscapes. We end by discussing the
(many) caveats in our arguments including the limitations of average case
arguments, the role of smart initializations, models that fall outside our
assumptions, the potential for provably superpolynomial advantages and the
possibility that, once larger devices become available, parametrized quantum
circuits could heuristically outperform our analytic expectations.

In recent years, the initial excitement attracted by variational quan-
tum algorithms1–3 and quantum machine learning4–9 has been tem-
pered by the barren plateau phenomenon10–59. Namely, there is a
growing awareness that a large class of quantum learning archi-
tectures exhibit loss function landscapes that concentrate expo-
nentially in system size towards their mean value. On such
landscapes, exponential resources are required for training,

prohibiting the successful scaling of variational quantum algorithms.
Hence, identifying architectures and training strategies that provably
do not lead to barren plateaus has become a highly active area of
research. Examples of such strategies include shallow circuits with
localmeasurements15,24–28, dynamics with small Lie algebras22,50–54,58,60,
identity initializations39,55,61, embedding symmetries into the circuit’s
architecture62–69, adding non-unital noise or intermediate
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measurements56,70–73, and certain classes of quantum generative
models29,32,33.

However, these strategies all, in some sense, make use of some
simple underlying structure of the problem. This provokes the ques-
tion: Could the very same structure that allows one to provably avoid
barren plateaus be leveraged to efficiently simulate the loss function
classically? Here we argue that the answer to this question is “Yes and
No”. Specifically, we argue and present strong evidence that a wide
class of loss landscapes which provably do not exhibit barren plateaus
can be simulated using either a classical algorithm or what we call a
“quantum-enhanced” classical algorithm that runs in polynomial time.
In the latter case, this simulation still necessitates the useof a quantum
computer during an initial data acquisition phase74–77, but it does not
require hybrid quantum-classical optimization loops. These argu-
ments can be understood as a soft form of dequantization of the
information processing capabilities of many variational quantum cir-
cuits in barren plateau-free landscapes.

Core to our argument is the observation that any loss based on
evolving an initial state ρ through a parameterized quantum circuit
U(θ) and then estimating the expectation value of an non-trivial
observable O can be written as an inner product between the Heisen-
berg evolved observableU(θ)†OU(θ) and the state ρ. Given that both of
these objects live in the exponentially large vector space of operators,
one can generally expect this overlap to be –on average over
θ– exponentially small. This is the essence of the barren plateaus
phenomenon—the curse of dimensionality. If, however, the evolved
observable is confined to a polynomially large subspace, then the loss
becomes the inner product between two objects in this reduced space
and can therefore avoid barren plateaus. But, in this case one can also
simulate the loss by representing the initial state, circuit, and mea-
surement operator as polynomially large objects contained in, and
acting on, the small subspace.

Our general argument is supported by an analysis of widely used
schemes through which we show that all considered methods for
avoiding barrenplateaus canbeefficiently classically simulated, aswell
as by recent works which explicitly perform the classical
simulations70,78–84. Fundamentally, it is the very proof of absence of
barren plateaus that allows us to identify the polynomially-sized sub-
spaces in which the relevant part of the computation lives. Using this
information, we can then determine the set of expectation values one
needs to estimate (either classically or quantumly) to enable classical
simulations. In the latter case the quantum computer is still essential,
but is accessed non-adaptively to generate a classical surrogate rather
than via a hybrid optimization loop.

Given the potential for misunderstanding, let us first state a few
caveats to our claims. Firstly, our argument applies to widely used
models and algorithms that employ a loss function formulated as the
expectation of an observable for a state evolved under a parametrized
quantum circuit, as well as variants using measurements of this form
followed by classical post-processing. This encompasses the majority
of popular quantum architectures includingmost standard variational
quantum algorithms, many quantum machine learning models and
certain families of quantum generative schemes. However, it does not
cover all possible quantum learning protocols.

Secondly, while for all our case studies it is possible to identify the
ingredients necessary for simulation, we do not prove that this will
always be possible. Thus, in principle, there could bemodels for which
the landscape is freeofbarrenplateaus, and yetwedonotknowhow to
simulate it. This could arise for sub-regions of a landscapewhich could
be explored via smart initialization strategies,when the small subspace
is otherwise unknown, or even when the problem lives in the full
exponential space but is highly structured. Indeed, we provide an
explicit (but highly contrived) construction for the latter and raise the
possibility that more such cases might be found heuristically once
larger quantum devices become available.

Finally, having identified these caveats, we present new oppor-
tunities and research directions that follow from our results. In parti-
cular, we discuss the potential offered by warm starts and the fact that
even if polynomial-time classical simulation is available, the compu-
tational cost might still be too large, thus enabling potential poly-
nomial advantages when running the variational quantum computing
scheme on a quantum computer. More exotically, we suggest that by
exploiting the structure of conventional fault-tolerant quantum algo-
rithms, it might yet be possible to construct highly structured varia-
tional architectures for which superpolynomial quantum advantages
can be realized.

Definitions for barren plateaus and simulability
Variational quantum computing algorithms encode a problem of
interest into an optimization task. The standard approach is to train a
parametrized quantum circuit to minimize a loss function that quan-
tifies the quality of the solution1–7. These algorithms are hybrid com-
putational models in the sense that they use quantum hardware to
obtain an estimate of the loss and then leverage the power of classical
optimizers to determine parameter updates for the next set of
experiments.

In what follows, we will assume that the loss function takes the
form

‘θðρ,OÞ=Tr ½UðθÞρUyðθÞO� : ð1Þ

Here, ρ 2 B is an n-qubit input state belonging to the set of bounded
operators B acting on a 2n-dimensional Hilbert spaceH,O 2 B is some
non-trivial Hermitianoperator (with ∥O∥∞⩽ 1),U(θ) is theparametrized
quantum circuit, and θ is a set of trainable parameters. Losses of this
form can be used to tackle a wide range of problems through different
choices of ρ, O and U(θ). We note that while algorithms can employ
more general loss functions that require computing multiple such
quantities (e.g., by sending different states through the circuit, or by
estimating the expectation value of several operators), wewill focus on
the fundamental case where the loss is given by Eq. (1), as the lessons
derived here can be extrapolated to other scenarios.

To better understand and classify the problems we are focusing
on, we find it convenient to define problems specified by classes C = fIg
of problem instances. A problem instance I is determined by an
efficiently-sampleable parameter distribution P, and some efficient
classical description of ρ, U(θ), and O that can be used to estimate
ℓθ(ρ, O) on a quantum computer in polynomial time. These could be a
quantum circuit that prepares ρ from some fiducial state, a dictionary
of the gate types and placements inU(θ), and the Pauli decomposition
of O. We assume that these descriptions can be encoded in a string of
size in Oðpoly ðnÞÞ.

For concreteness, let us consider an example of a problem class.
Let CshallowHEA be the class of all instances where the circuit is a one-
dimensional hardware efficient ansatz24,85 composed of L 2 OðlogðnÞÞ
layers of two-qubit gates acting on neighboring qubits in a brick-
layered structure. Moreover, we take ρ to be an n-qubit state prepar-
able by a circuit with Oðpoly ðnÞÞ gates when acting on the all-zero
state, andO some Pauli operator that is diagonal in the computational
basis (e.g., O = Z ⊗n or O = Zμ for some μ ∈ {1, …, n}). Here, we further
assume that all the gates in the circuit are parametrized, and every
parameter is sampled uniformly at random.

Over the past few years, there has been a tremendous amount of
work put forward to understand if the loss functions in a given pro-
blem class based on variational circuits are trainable (and we refer the
reader to ref. 86 for a subtle discussion of what trainable, or even
variational, even means). Several sources of untrainability have been
detected7 such as the presence of sub-optimal local minima22,87–90 and
expressivity limitations91. However, the vast majority of trainability
analysis has been concentrated around the barren plateau
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phenomenon11–59 (see ref. 11 for a review on barren plateaus). When a
problem exhibits a barren plateau, its loss function becomes—on
average—exponentially concentratedwith the system size10,24. We say a
class C of problems is provably barren plateau-free, i.e., C 2 BP, if one
can show that

Varθ�P ½‘θðρ,OÞ� 2 Ω
1

polyðnÞ

� �
, ð2Þ

for all loss functions ℓθ(ρ, O) in the class C of parameterized quantum
circuits. Note that one can define a more general class of barren
plateau-free problems where an explicit proof of absence of barren
plateaus is not needed, but for now we will consider this
restricted class.

Proving that certain types of problems are in BP has recently
become an active area of research. While such studies are extremely
important, it is worth noting that just because the loss functions for a
given problem are barren plateau-free does not mean that they are
practically useful or that they can achieve a quantum advantage. For
instance, one should wonder if the quantum computer is being
employed in a meaningful way. That is, one would ideally like to show
that beyond absence of barren plateaus, there exists no classical
algorithm that can also efficiently compute the loss.

To better tackle this question, we then first need to define what it
means to compute a loss function, and also what we understand by
classical simulability. In particular, since the notion of barren plateaus
is an average statement over the landscape, in this context the natural
notions for computing and simulating the loss will also be average
ones.However, stronger notions of simulability, suchas onewhereone
guarantees that the loss can be computed for all points on the land-
scape, will also be discussed below.

First, let us define the task of computing a loss function, such
as that in Eq. (1), for a given problem. We will say that an
algorithm can compute the loss functions in an instance I if, with
high probability θ � P, it can implement a function ~‘θðρ,OÞ approx-
imating the loss up to error ϵ, i.e.,

~‘θðρ,OÞ � ‘θðρ,OÞ
� �2⩽ ϵ : ð3Þ

An algorithm can compute the loss functions in the problem C if it can
compute them for all instances I in C. One could also define problems
in terms of being able to compute the loss function ℓθ(ρ, O) and its
gradients ∇ ℓθ(ρ, O). Being able to access the derivative information
can be useful during the parameter training process. While in some
cases computing the loss allows us to access derivatives (e.g., via
parameter-shift rule92,93), we will restrict ourselves to only estimating
the loss function.

As previously mentioned, the above definition guarantees that we
can compute the loss function with high probability when the para-
meters are sampled according to P. While simulating–with high
probability–random point in the landscape is typically easy (see for
instance79) it may not be particularly useful as it does not necessarily
allow us to train the circuit. Onemight also be interested in computing
the loss given any parameter settings. Thus, we will also consider a
stronger version where an algorithm can compute the loss function in

an instance I if for all θ, it can implement a function ~‘θðρ,OÞ approx-
imating the loss up to error ϵ. Of course, more pragmatic definitions
exist where we do not care about approximating the loss function in
average, or across all points, but where we instead focus on actually
solving the optimization task at hand. As such, onemay wish to obtain

a ~‘θðρ,OÞ such that the solution to the optimization problem

argmin
θ

~‘θðρ,OÞ is as good (according to somemetric) as that obtained

by solving argmin
θ

‘θðρ,OÞ. We will not focus on this case here but we

note that its exploration is an open area of research78,94.

Now that we have defined what it means to compute (with high
probability or with certainty over θ) a loss, we can present different
notions of what it means to simulate it. We begin with the most basic
and intuitive definition for classical simulability, which we simply dub
Classical Simulation (CSIM). A problem C is in CSIM if a polynomial-
time classical algorithm can compute every instance in C. As schema-
tically shown in Fig. 1, CSIM is performed entirely on a classical device
with no need nor access to a quantum computer.

We also consider classical simulation algorithms enhanced by
polynomial-size data obtained from quantum experiments, which we
denote as Quantum Enhanced Classical Simulation (QESIM), which
morally means that the quantum landscape can be classically surro-
gated. In this case, one is given aproblem instanceand is allowed touse
a quantum computer for an initial data acquisition phase, which takes
no more than polynomial time (and uses no more than polynomial-
memory). During this phase, one can prepare copies of the initial
quantum state, apply some operations, and independently measure
them via some efficient tomographic or classical shadow
techniques75,95,96. Such a procedure can be used to obtain an efficiently
storable classical representation (i.e., storable in string of size in
Oðpoly ðnÞÞ) of the state, unitary or measurement operator. Once this
initial phase is over, one cannot access the quantum device anymore,
and the computation of ℓθ(ρ, O) has to be done purely classically. A
problem C is in QESIM if a polynomial-time classical algorithm, which
can utilize data obtained from quantum devices in an initial data
acquisition phase, can compute every instance in C. Here we note that
the problem of estimating a loss with data from a quantum computer
canbe cast into a decision problem. In this case, CSIM canbe related to
BPP, QESIM is closely connected to BPP/Samp74 and evenmore closely
connected to BPP/qgenpoly97, and QSIM is related to BQP. Speaking
more informally, algorithms in QESIM are also often described as
classical surrogate methods.

We stress that all problems in CSIM and QESIM do not require
running a parametrized quantum circuit on the quantum computer.
Quantum resources are either entirely unnecessary (CSIM), or used
only in some initial data acquisition phase (QESIM).

This leads us to define Quantum Simulation (QSIM). A problem
class C is in QSIM if a polynomial-time quantum algorithm can com-
pute all instances in C. As depicted in Fig. 1, models in QSIM allow for
feedback between the classical and quantum computer. Moreover, the
models in QSIM will usually require implementing the parametrized
quantum circuit on quantum hardware.

This is a convenient point tomake a few important remarks. First,
as shown in Fig. 2, we note that, by definition, the following inclusions
hold:

CSIM � QESIM � QSIM : ð4Þ

For instance, CSIM � QESIM because if the loss is fully classically
simulable then it can be estimated by simply skipping the quantum
computer. The rest of the inclusions follow similarly. Clearly, QSIM is
not the largest possible set, and any loss that requires exponential time
to estimate, even with a quantum computer, is beyond QSIM.

A quantum advantage is possible for problemswhere the loss can
be simulated only if we have access to a quantum computer, i.e., for
any problem in QSIM \ CSIM . In fact, any problemwhere the loss is in
QESIM but not CSIM is already capable of a quantum advantage as it
requires a quantum device. The problems that fall in QESIM \ CSIM
may well be the most suited for implementation on a near-term
quantum computer as the data acquisition phase could be less noisy
than fully implementing the parametrized quantum circuit74,97–101.
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With the definitions above, we are ready to ask the main question
that motivates this work: Are all provably barren plateau-free loss func-
tions also classically simulable (given polynomial-size data)? That is, if:

BP�? CSIM or BP�? QESIM : ð5Þ

What leads to absence of barren plateaus?
To understand whether barren plateau-free losses are simulable, one
must first understand the conditions leading to non-exponential con-
centration. While the study of barren plateaus was initially limited to
case-by-case analyses, recent results have transformed our under-
standing of this phenomenon52–54. As such, what previously seemed

like a fragmented patchwork of special cases has started to coalesce
into a cohesive unified theory of barren plateaus. In what follows, we
will attempt to give an intuition for the sources of barren plateaus, and
concomitantly how to avoid them.

Tobegin, let us note the simple, yet extremely important, fact that
the loss function can be re-written as

‘θðρ,OÞ= ρðθÞ,O� �
= ρ,OðθÞ� �

, ð6Þ

wherewehavedefinedρ(θ) =U(θ)ρU†(θ),O(θ) =U†(θ)OU(θ), andwhere
A,Bh i=Tr½AyB� denotes the Hilbert–Schmidt inner product102. At a first
glance, Eq. (6) indicates that the loss is expressed as the inner product
—a similaritymeasure—between two (exponentially large) operators of
B. This fact should already raise some red flags as one can expect that,
under quite general assumptions, the inner product between two
exponentially large objects will be (on average) exponentially small
and concentrated. For instance, we refer the reader to11,53 for a for-
malization of such argument. As such, problems with loss functions
such as those in Eq. (6) can generically be expected to have barren
plateaus.

If, however, the unitary U(θ) possesses additional structure, such
as respecting some symmetry, then the loss can inherit this structure
and potentially avoid the aforementioned issues. In particular, let us
consider the adjoint action of U(θ) over the operator space B, and let
us analyze if it leads to either subspaces, or, effective subspaces. That
is, given someθ and operator P in an appropriate orthogonal basis ofB
(such as a Pauli operator), we want to know:Where can U(θ)PU†(θ) go?
Note that one can, and should, also ask the question: Where can U†(θ)
PU(θ) go? But for simplicity of notation we will consider the first
question.

Mathematically, this question can be answered by computing the
inner products UðθÞPUyðθÞ, Pj

D E
for the rest of the basis elements Pj.

For instance, if the inner product is non-zero for all Pj, then we know
that the unitary can transform P into an operator that can spread out
and reach operators across all of B. On the other hand, it could happen
that the adjoint action of the unitary can only reach certain operators
in B. For instance, as shown in Fig. 3a, the adjoint action of U(θ) can
lead to well-defined subspaces in B such that hUðθÞPUyðθÞ,Pji is only

Fig. 1 | Schematic description of the simulation classes. a Problems in CSIM are
those for which there exists a fully classical algorithm that takes as input the pro-
blemdescription and estimates the loss function in polynomial timewith a classical
computer. Here, access to a quantum computer is not needed. b Problems in
QESIM are those where one is allowed access to a quantum computer for an initial
data acquisition phase that takes no more than polynomial time. At the end of this
phase, access to the quantum computer is no longer allowed. A classical algorithm

then takes the problem’s description, and the data obtained from the quantum
device, to estimate the loss function in polynomial time.Note thatone can compute
problems in QESIM without needing to run a parametrized quantum circuit on the
quantum hardware. c Problems in QSIM are those where one allows `on demand'
access to a quantum computer. Here, one usually implements the parametrized
quantum circuit on the device.

Fig. 2 | Class inclusions.We show the inclusions between the classes CSIM, QESIM
and QSIM. The region outside of CSIM (highlighted with stripes) corresponds to
problems where a quantum advantage could potentially be achieved.
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non-zero for operators in someBP � B. This case can arise for instance
in circuitswith small Lie algebraicmodules22,52–54,60,67,103,104 or in shallow-
depth hardware efficient ansätze24–27.

A second case of interest arises when we have that
hUðθÞPUyðθÞ,Pji is non-zero for a wide range of operators, but is large
only for operators in a given subspace BP . This case is depicted sche-
matically in Fig. 3(b) and we will say that given P, the adjoint action of
U(θ) leads to ‘effective’ subspaces, rather than proper ones. We note
that effective subspaces can either arise for all θ or with high prob-
ability for θ � P. In the latter case, for most θ values for the
hUðθÞPUyðθÞ,Pji are large only within a small subspace, but for some
low probability θ values, large overlaps outside this subspace could be
observed. Effective subspaces appear, with high probability for θ � P,
for quantum convolutional neural networks15,105, in circuits with small
angle initialization39,55,61, or even due to the effects of noise70.

To study whether or not a given problem lives within a subspace,
it is convenient to express O in an orthogonal basis of B as

O=
X
λ

cλPλ : ð7Þ

Then, denote as Bλ � BPλ
the subspace associated to each Pλ that is

induced by the adjoint action ofU(θ). Given a state ρ 2 B, we define its
projection onto Bλ as ρλ =

P
Pj2Bλ

ajPj with aj = hρ, Pji=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hPj,Pji

q
. In this

notation, the loss function becomes:

‘θðρ,OÞ=
X
λ

cλ ρ,PλðθÞ
� �

=
X
λ

cλ ρλ,PλðθÞ
� �

, ð8Þ

which reveals that ℓθ(ρ, O) is the sum of the inner products in each
subspace. Note that in the previous equation we expanded the mea-
surement operator and expressed the loss in terms of the subspaces
obtained by Heisenberg evolving each basis element. However, one
could also expand ρ and study the loss in terms of the subspaces that
concomitantly arise.

If any of the subspaces appearing in Eq. (8) is only polynomially
large, then we can see that some component of the loss arises from

comparing objects (via their Hilbert-Schmidt inner product) in non-
exponentially large spaces. In what follows, we will use CpolySub to
denote the class of problemswhere the action ofU(θ) on some termof
themeasurement operator is (either with high probability for θ � P or
for all θ) contained in an identifiable polynomially scaling (proper or
effective) subspace, i.e., such that dim ðBλÞ 2 Oðpoly ðnÞÞ, and where a
basis for Bλ can be classically obtained.

To make these ideas clearer, let us go back to the class of pro-
blemswith shallowhardware efficient ansätze CshallowHEA. Consider first
the case where the measurement operator is global, meaning that it
acts on all qubits, such asO = Z ⊗n. As schematically shown in Fig. 4a, by
applying the circuit to this operator one can obtain exponentially
many other Pauli operators acting non-trivially on all qubits, meaning
that the associated subspace is exponentially large. On the other hand,
as seen in Fig. 4b, if themeasurement is a local operator such asO = Zμ,
then due to the bounded light cone structure of the circuit, it can only
be mapped to Paulis acting on at most 2L 2 OðlogðnÞÞ neighboring
qubits. Since there are Oðpoly ðnÞÞ such operators, the resulting sub-
space is a proper polynomial-sized subspace for any θ. Hence, if O
contains any local term, we will have that CshallowHEA � CpolySub.

As mentioned above, showing that certain problem classes are in
CpolySub indicates that some part of the loss arises from comparing
objects in polynomially large spaces. While this appears to be a
necessary step towards non-concentrated loss functions, it is also
clearly not a sufficient one. In particular, consider a subspace Bλ (for
some Pλ in Eq. (7)) such that dimðBλÞ 2 Oðpoly ðnÞÞ, but ρ or O have
almost no component when projected down into Bλ. For instance, if
j ρλ,ρλ

� �j or jc2λ Pλ, Pλ

� �j are inOð1= expðnÞÞ, then wewill clearly have an
issue since the signal in the loss coming from the polynomially-sized
subspace can therefore still be exponentially weak. If the previous
occurs for all small subspaces, then the loss will be obtained by com-
paring objects in exponentially large spaces, which we already know
can lead to concentration issues.

To showcase the importance of having measurement operators
and initial states which are “well-aligned” with the polynomial sub-
space, let us consider again the class of problems with shallow hard-
ware efficient ansätze. We already saw that if O is local (or contains

Fig. 3 | Adjoint action subspaces. a Given an operator Pλ and some parameters θ,
we say Bλ � B is a proper subspace if hUðθÞPλU

yðθÞ, Pji
2
is non-zero only for

operators Pj in Bλ. b We will instead say that Bλ is an effective subspace if
hUðθÞPλU

yðθÞ, Pji
2
is non-zero formanyoperatorsoutside ofBλ, but is only large for

operators in Bλ. Proper and effective subspaces can arise either for all θ, or with
high probability when sampling θ from P.

Fig. 4 | Subspaces for shallow hardware efficient ansätze.We consider classes of
problems where the unitaryU(θ) is an L-layered hardware efficient ansatz with two-
qubit gates acting on alternating pairs of neighboring qubits in a brick-like fashion.
We further assume that L 2 OðlogðnÞÞ. a For a global operator such as O = Z ⊗n, the
subspace obtained by adjoint action of U(θ) is exponentially large ∀ L. b Given a
local operator, such as O = Zμ, one can see that for all θ the ensuing subspace is
proper and only contains Pauli operators acting on at most OðlogðnÞÞ neighboring
qubits. Hence, this subspace is only polynomially large. Colored regions depict the
backwards light cone of the measurement operator when Heisenberg evolved42.
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relevant local terms), then CshallowHEA � CpolySub. Thus, to knowwhether
the loss will concentrate, we need to study the Hilbert-Schmidt norm
of the projected ρ into the subsets of 2L 2 OðlogðnÞÞ adjacent qubits in
the backwards light cone of the local measurement. For instance, it is
not hard to check that if ρ is pure and follows a volume law of
entanglement24,42, then j ρλ,ρλ

� �j will be exponentially close to zero,
and the losswill be exponentially concentrated. On the other hand, if ρ
is pure and satisfies an area law of entanglement42,106, then the previous
inner product will be, at most, polynomially vanishing. Putting these
realizations together we see that

CshallowHEA � BP , if ρ follows area lawandO is local:

Note that these results actually correspond to a reinterpretation of
Theorems 1 and 2 in ref. 24, where it was shown that shallow-depth
hardware efficient ansätze lead to barren plateaus for global measure-
ments, but arebarrenplateau-free if themeasurement operator is local
and the initial state follows an area law of entanglement.

The previous example of CshallowHEA illustrates an important point.
We startedwith aproblemclass, identified themeasurement operators
which, when evolved under the adjoint ofU(θ), remain in polynomially
small subspaces, and then used this to determine the states for which
the problem does not exhibit a barren plateau. This argument then
leads to the question:Howgeneral is the connection between absence of
barren plateaus and polynomially small subspaces arising from the
unitary’s adjoint actions?Toaddress this, wehaveperformed adetailed
analysis ofwidelyusedbarrenplateau-freemodels and found that in all
cases, it is precisely the existence of such subspaces which allows us to
avoid exponential concentration. As such, we believe that the follow-
ing claim is true for all widely used architectures and techniques:

Claim 1. [Standard provably barren plateau-free architectures live in
classically identifiable polynomial subspaces.] For all standard problem
classes C such that C � BP, we have that

C � CpolySub : ð9Þ

That is, take a problem class which provably avoids barren plateaus.
Then, if one studies the parametrized unitary’s adjoint action on the
measurement operation and initial state, one will find that it generates
operators that live either exactly, or approximately, in a polynomially
sized subspace in operator space. Moreover, such subspaces can be
identified classically.

By ‘standard problems’ we here refer to the conventional varia-
tional quantum architectures which have been proven to be in BP. In
Table 1 we present a non-exhaustive list of such architectures. Therein,
we report the relevant polynomial subspace, indicating whether it is
proper or effective, as well as the conditions on the measurement
operator and initial state necessary for absence of barren plateaus. We
emphasize that in many cases, it was the proof of absence of barren
plateau itself which allowed us to determine the reported information.
The majority of strategies studied, including shallow hardware effi-
cient ansatz and highly symmetrizedmodels, lead to proper subspaces
for all θ. The most important examples of models where one lives in
effective subspaces (with high probability θ � P) are quantum con-
volutional neural networks and small angle initialization strategies.

Connection between absence of barren plateaus
and simulability
In the previous section we claimed that barren plateaus arise as a curse
of dimensionality for loss functions that compare objects in expo-
nentially large spaces. We then argued that our attempts to fix this
issue have ultimately led us to encode the problem in some poly-
nomially small subspace, which we can classically identify. Here we

show that the existence of such a subspace can be exploited to clas-
sically simulate the loss.

To illustrate our arguments, let us again start by considering a
shallow hardware efficient ansatz class where O = Zμ. Since the mea-
surement is local the adjoint action of U(θ) leads to a proper subspace
∀ θ of Pauli operators acting on at most 2L 2 OðlogðnÞÞ-neighboring
qubits. From Fig. 4(b), we can then see that if we ‘drop’ all the gates
fromU(θ) that are outside of themeasurement’s backwards light cone,
the loss function remains unchanged. By denoting as Uλ(θ) the
reduction ofU(θ) that acts only on the 2L qubits in the backwards light
cone, we find that

‘θðρ,ZμÞ= ρ,UyðθÞZμUðθÞ
D E

= ρλ,U
y
λðθÞZμUλðθÞ

D E
:

In the last equality, one computes the inner product between objects
living, and acting on, the polynomially-sized subspace.

Indeed, we have taken an important step in the right direction as
classically computing the loss now requires working with non-
exponential operators. Still, we need to determine what ρλ is. If ρ is
some product state, then one can classically find its projection onto
the subspace by computing (e.g., via pen and paper) the expectation
value for all operators Pj 2 Bλ. However, if ρ is some state obtained at
the output of a given circuit, then there is no generic strategy which
allows us to obtain these expectation values classically (even if we are
promised that ρ is an area law state96). On the other hand, given access
to a quantum computer, one can efficiently estimate ρλ during the
initial data acquisition phase. In particular, here one simply prepares
the quantum state, and measures the expectation value for all (poly-
nomially many) operators in a basis of Bλ. One could also simply per-
form standard classical shadow tomography75,95, and this information
will suffice.

Hence, for local observables and area law initial states, we have
that

CshallowHEA � CSIM , or CshallowHEA � QESIM ,

and it is clear that the loss can be estimated without ever needing to
use a quantum computer to run the parametrized quantum circuit.
Hence, no problem based on shallow hardware efficient ansätze with a
local measurement can be outside of QESIM. We note that this result
was originally reported in ref. 30.It is worth additionally highlighting
that, given the simplicity of the requisite measurement procedures
here, one could lift the restriction that ρ is preparable by a poly depth
quantum circuit and also consider quantum states that result from
quantumexperiments running in polynomial time, e.g., from analog or
non-unitary processes. This makes the quantum-enhanced classical
simulation method more flexible than directly implementing the
parameterized quantum circuit on hardware107.

Here we argue that the process described above for simulating
shallow HEA circuits can be applied to any problem in CpolySub. In all
cases, the simulation follows the following three steps:
1. Identify the subspaces Bλ of polynomial dimension.
2. Characterize the adjoint action of U(θ) on the basis element Pλ in

the decomposition of O (or ρ) that lead to the Bλ.
3. Compute or measure the component of ρ (or O) that is in the

relevant polynomial Bλ subspaces.

Identifying thepolynomial subspaceBλ is themost important step
and usually requires understanding the internal properties ofU(θ) and
how these translate into the circuit’s adjoint action. For instance, in the
shallow hardware efficient ansatz example, we needed to realize that
the relevant subspace is composed only of operators acting on the
qubits in the backwards light cone. More generally, given a problem in
BP, one can obtainBλ by carefully analyzing the proof techniques used
to show non-exponential concentration and reverse engineering what
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the exploited structure is. In particular, all proofs for the absence of
barren plateaus come with fine print, in the sense that they only hold
for specific choices ofρ andO. Thus,mostof theworkhas already been
performed in proving absence of barren plateaus and one can take the
initial states and measurement operators for which the proof holds
and use these to infer Bλ.

Once we have identified Bλ, we can proceed to study the adjoint
action of U(θ) over the relevant Pλ operator. The key insight here is to
note that U(θ)PλU†(θ) can only map to operators in Bλ, and hence, can
be somehow represented by its effective action on this subspace. The
specific construction of this effective action is case dependent, but as
detailed in the Supplemental Information (which contains additional
details and proofs, which contains refs. 108–147.), wehave been able to
derive it for all considered barren plateau-free problems. In some
cases, such as the aforementioned hardware efficient ansatz, one can
trivially reduce U(θ) to a smaller dimensional unitary acting on 2L
qubits by simplydiscarding all of the gates that arenot in the light cone
of the measurement (see Fig. 4(b)). In some other cases, one needs to
employ classical simulation algorithms based on tensor networks,
operator truncation, or Lie algebraic techniques104,148–150. We refer the
reader to the Supplemental Information for additional details. It is
worth noting that constructing the adjoint action of U(θ) on Bλ has a
computational cost associated with it, which one needs to take into
consideration to estimate the simulation cost. Importantly, while we
have found algorithms whose cost is polynomial in the number of
qubits, it can nevertheless have poor scaling.

The final task is to obtain the component of ρ and O in Bλ, which
we respectively denote as ρλ and Oλ. While it is possible to find the
polynomially large subspaces and the effective adjoint of U(θ) fully
classically, thiswill notbe generically true for determiningOλ andρλ (as
we saw, for example, for the shallow HEA). While Oλ is not much of a
concern—since the classical description ofO could already contain this
information—let us focus on obtaining ρλ. Recalling that, given an
orthogonal basis fPjgj, one can write ρλ =

P
Pj2Bλ

hρ, PjiPj=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hPj ,Pji

q
,

then we see that one needs to compute the expectation values hPj ,ρi.
While for simple states such as the all-zero state this task can be per-
formed fully classically, for general input states ρ this might not be
the case.

With the previous arguments, we state the following claim.

Claim 2. [Problems in known polynomial subspaces are classically
simulable (potentially requiring data from a quantum computer).]

Consider a problem class such that C � CpolySub. Then either

ði:Þ C � CSIM

if Oλ, ρλ can be obtained classically, or

ðii:Þ C � QESIM

if Oλ, ρλ need to be estimated on a quantum computer.
In particular, this opens the door towards the simulation of barren

plateau-free loss functions C � BP living in a known polynomial sub-
space (as described in Claim 1) using a classical algorithm without the
need to implement a parametrized quantum circuit on a quantum
computer.

Again, for all barren plateau-free problems considered here, we
have determined the relevant subspace, found efficient procedures to
estimate the projections of the initial state andmeasurement operator,
as well as for the action of the unitary. A summary of the resulting
simulation algorithm and measurement protocols are reported in
Table 2 and expanded upon in the Supplemental Information.

As mentioned above, and as indicated in Table 2, for problems
that live in proper polynomial subspaces (which constitute the vast
majority of barren plateau-free schemes considered in the literature),
one can simulate the loss in the strong sense,meaning that there exists
a classical algorithm that approximates the loss for anyθ. In the case of
problems that live in effective subspaces, the classical simulability is
available with high probability over θ � P. In particular, here we can
simulate the parts of the loss that do not have barren plateaus. In the
next section we will discuss the caveats resulting from this slightly
weaker claim, but also opportunities to mitigate its disadvantages.

To wrap up, we highlight that combining Claim 1 and Claim 2 with
our case-by-case analysis we can arrive at the conclusion: For the
families of problems and architectures with provable absence of barren
plateaus we analyzed, it does not seem that the parametrized quantum
circuit need to be implemented on a quantum computer in order to
estimate the loss in polynomial time. Note that our results do not imply
a dequantization of variational quantum computing as a whole, since a
quantum device might still be needed for the initial data acquisition
phase. Viewed this way, our results can be viewed positively as high-
lighting the potential of a different learning paradigm where the
quantum computer is used non-adaptively to create a classical

Table 1 | Problem classes in BP and also in CpolySub

Problem instance C based on Refs. Operators in the polynomial-sized Bλ O and ρ leading to C � BP

Shallow hardware efficient ansatz 24–27,29–31 OðlogðnÞÞ neighboring qubits (P) Local O, area law ρ

Generic shallow locally circuits 177,178a Oð1Þ-weight qubits (E) Local O, area law ρ

Quantum convolutional neural network 15 Oð1Þ-weight qubits (E) Local O, area law ρ

U(1)-equivariant 22,50,51 Proj. with Oð1Þ Hamming weight (P) Equivariant O, ρ 2 Bλ

Sn-equivariant 67 Permutation equivariant (P) O 2 Bλ, Tr½ρ2
λ � 2 Ωð1=poly ðnÞÞ

Matchgate circuit 54 Product of Oð1Þ Majoranas (P) O 2 Bλ, Tr½ρ2
λ � 2 Ωð1=poly ðnÞÞ

Small angle initialization 39,55,61 Oðpoly ðnÞÞ Pauli Operators (E) Local O, area law ρ

Small Lie algebra g 52,58,65 Operators in g (P) O 2 ig, Tr½ρ2
g � 2 Ωð1=poly ðnÞÞ

Non-unital noisy-circuits 70 OðlogðnÞÞ qubits (E) Local O, any ρ

Dynamic circuits 73 Oð1Þ-weight qubits (E) Local O, any ρ

Quantum generative modelingb 29,32 Tensor networks (e.g., MPS) (P) O, ρ computational basis proj.

In this table, we present the problemsconsidered in our analysis. In all cases, we also provide the referenceswhere absence of barren plateauswas proven, aswell as the relevant polynomially large

subspace Bλ (indicating whether it is proper (P) or effective (E)), and the states andmeasurement operators for which C is in BP. We refer the reader to Table 2 and the Supplemental Information for
additional details on how the classical simulation is performed. Here ‘proj.’ is used as a short-hand for projector, while MPS stands for matrix product states179.
aSee also the Supplemental Information for a detail proof of this claim.
bHere we refer to quantum circuit Born machines with the maximum mean discrepancy loss32 and quantum generative adversarial networks with certain families of discriminators29 (both using
shallow hardware efficient circuits).
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surrogate of the loss landscape. Still, in a way, Claims 1 and 2 do, in a
sense, dequantize the variational part of the model and shed some
serious doubts on the non-classicality of the information processing
being done by a barren plateau-free loss function.

Caveats and future directions
In this section, we present several caveats to our arguments, as well as
interesting new research directions.

Caveats
First and foremost, we would like to highlight the fact that our general
arguments are based on intuition gathered from a case-by-case study
of widely used circuit architectures and techniques (although we do
refer the reader to70,78–83,151 for explicit simulation algorithms). It was
not possible to analyze everywork claiming absenceofbarrenplateaus
—we studied only those in Table 1—but we highly encourage the
community to check if our results are as widely applicable as we
believe them to be. Moreover, while we have argued that absence of
barrenplateaus is linked to thepresenceof relevant polynomially small
subspaces, we do not close the door to the existence of other non-
exponential concentrationmechanisms. For instance, Claim 1 states for
all cases studied that, if C � BP then C � CpolySub. We do not claim that
BP � CpolySub. Thus we are not claiming that any non-concentrated loss
can always be classically simulated.

In fact, one can construct examples of non-concentrated loss
functions that are not classically simulable (see the Supplemental
Information for one such example based on cryptographic hardness).
Crucially, these examples do not resemble current mainstream varia-
tional quantum algorithms but instead draw inspiration from con-
ventional fault-tolerant quantum algorithms for which we expect a
superpolynomial quantum advantage to be achievable. In doing so,
they break our initial assumption that comparing objects living in
exponentially large spaces generically leads to concentrated expecta-
tion values, as the circuits used therein are not generic but rather
purposely constructed. In fact, textbook quantum algorithms do not
suffer from the curse of dimensionality as the exponentially large
quantum states aremanipulated in awell-thought and orderlymanner,
rather than a variational one. Nonetheless, as evidenced by our rather
contrived examples in the Supplemental Information, it is not obvious
how to use these techniques in variational quantum computing as
textbook quantum algorithms are only built for very specific tasks.

Another caveat is that the amount of quantum resources required
by problems that fall into QESIM varies on a case-by-case basis. Many
cases, as shown in Table 2, require only Pauli measurements and thus
the load on the quantum device is very light. Indeed, a universal
quantum computer may not be required and rather a more bespoke
analogue simulator or quantum experiment may suffice. At the other
extreme one could consider a deep quantum circuit with only a single
trainable parameter ϕ94. Such a circuit could be constructed so that it
does not have a barren plateau and yet also fall into QESIM, as one can
trivially construct a classical surrogate for the landscape by running
the circuit in ‘adata collection phase’ at differentϕ values. The absence
of barren plateau results for small patches of quantum landscapes
close to minima152,153 which can also be surrogated by running the
parametrized quantum circuit and making appropriate
measurements80. These cases thus strictly align with our claims that
problems that can provably avoid barren plateaus fall into QESIM but
stretch the original spirit of QESIM by requiring substantially more
quantum resources from the quantum device.

It isworthnoting that our general arguments against conventional
variational quantum algorithms require provable absence of barren
plateaus, as the proof itself is used in our derivation of the classical
simulability techniques. As such, we cannot comment on situations
where one can heuristically find large gradients (e.g., via
numerics41,154,155) but where the relevant subspace is not known. Such
situations could arise for very special parts of the landscape, such as
warm-starts or other smart initialization strategies. Although we
believe that a careful analysis ofmany such cases will highlight that the
problem is essentially contained in a polynomially-sized subspace. For
instance, we can refer to the specific case of ADAPT-VQE41, which has
no formal proof of absence of barren plateaus but has been heur-
istically shown to have large gradients for close to identity initializa-
tions. Here, it has been recently shown that Majorana Propagation84

could efficiently simulate the action of the ADAPT-VQE circuit. Of
course, these are preliminary results and there is as of yet no efficient
protocol for characterizing the adjoint action of U(θ) throughout
training and guaranteeing that it will remain in the simulable region.
Indeed, as suggested by our counterexamples, it might be that the
clever initializations explore an exponentially large space in some
structured—but unknown—manner.

Relatedly, let us highlight that, for problems that live in effective
but not proper subspaces, classical simulation is possible for θ � P

Table 2 | Simulation algorithm for the problems in BP

Problem instance C based on Tomographic procedure for ρ Simulation algorithm based on Simulable

Shallow hardware efficient ansatz Pauli classical shadows95 Light-cone sim. reduced U(θ) ∀ θ

Generic shallow locally circuits Pauli classical shadows Pauli Propagation79 θ � P
Quantum convolutional neural networka Pauli classical shadows Pauli Propagation θ � P
U(1)-equivariant Computational basis measurement Givens Rotations180 ∀ θ

Sn-equivariant Permutation invariant shadows181 g-sim150 ∀ θ

Matchgate circuit Expectation value of Pauli operators g-sim ∀ θ

Small angle initialization Pauli measurements Tensor Networks82, Pauli Prop.80 θ � P
Small Lie algebra g Expectation value of algebra elements g-sim ∀ θ

Non-unital noisy-circuits Not needed Light-cone sim.70, Pauli Prop.151 θ � P
Dynamic circuits Pauli classical shadows Pauli Propagation79 θ � P
Quantum generative modelingb Not needed Tensor Networks ∀ θ

In this table we present the problem instances considered in our analysis and an example algorithm that we can use to simulate them. Alternatives to tensor networks can also be used, e.g., refs.
148,149,182–184. We also provide the tomographic procedure that could be used for a generic initial state as well as indicating whether the simulation is available on average, or for all points in the
landscape.
aIn the Supplemental Information we also show that certain parameter restricted quantum convolutional neural networks can be simulated for all θ. For a general simulation of vanilla quantum
convolutional neural networks see78.
bHere we refer to quantum circuit Born machines with the maximum mean discrepancy loss32 and quantum generative adversarial networks with certain families of discriminators29 (both using
shallow hardware efficient circuits).
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only with high probability. While this can enable for the simulation of
randomly chosen points in certain regions of the landscape80,156, this
need not be necessarily useful for training, as one may be in a non-
interesting part of the landscape, or the trainingmight take us towards
regions that not classically simulable. More concretely, if the subspace
is effective (as in Fig. 3(b)), our methods will provide simulation
techniques that will only be faithful in the vicinity of the initialization.
However, if the relevant sector Bλ shifts during training the simulation
might cease to be reliable. The extent to which this is possible is yet to
be explored, but recent results have shown that this phenomenondoes
not seem to occur in quantum convolutional neural networks78 when
benchmarked in standard tests, as there one initializes –and remains
during training– in the same classically simulable region of the
landscape.

Finally, we would like to again highlight that our analysis was
oriented towards loss functions based on quantities such as that in Eq.
(1). Hence, our claims are not directly applicable to problems such as
quantumBoltzmannmachines157 where one employs different types of
loss functions. In fact, quantum Boltzmann machines are another
example of a variational model built upon a quantum primitive (ther-
mal state preparation) which one expects is hard to simulate classi-
cally. Hence this is an interesting avenue for balancing quantum
advantage and trainability considerations.

New opportunities
Perhaps the main goal of this perspective article is to provide new and
exciting research directions that take into account the connection
between barren plateaus and simulability. As such, we here discuss
several new opportunities that we think could be fruitful to pursue.

First and foremost, we would like to note that just because some
loss function can be classically simulated in polynomial time, this does
not mean that it is still practical to do so. In particular, some of the
simulation algorithms we have found (see the Supplemental Informa-
tion) could still be prohibitively expensive to implement. Thus, by
embracing the fact that some barren plateau-free loss functions are
classically simulable, one could compare the computational com-
plexity of the simulation versus that of estimating the loss function in a
quantum computer, and thus potentially find provable polynomial
speed-ups or at least more favorable constant factors with the same
polynomial scaling. We refer the reader to refs. 81,158,159 for some
examples on this research direction.

Second, we highlight the fact that being able to classically simu-
late and train a model without the need for expensive computational
resources could be extremely useful. In particular, it is well known that
there exist problems where one can classically train a variational state
byminimizing some expectation value, but sampling from such a state
on a classical computer is prohibitively expensive (such as in certain
optimization problems or generative modeling tasks)160–165 or may not
be supported by the particular simulation algorithm. Similarly, one can
envision tasks where the goal is to variationally prepare some state for
a quantum sensing task166–168. Here, the ultimate goal is to obtain a
metrological advantage rather than a computational one,meaning that
classical simulations could be beneficial to save precious quantum
resources. This paves the way for finding tasks where one ultimately
cares about being able to prepare or sample from a state, as here one
can train the parameters on a classical computer, transfer them to a
quantum device (e.g., via refs. 169,170), and perform additional
operations and measurements therein.

Third, and as discussed in the Supplemental Information, there
appears to be no ‘one simulation algorithm’ to rule themall, aswe have
found that different loss functions require different simulation algo-
rithms. Hence, given somebarren plateau-freemodel, we envision that
asking the question ‘How can we simulate this loss?’ will lead us to new
data-driven and quantum-inspired simulation algorithms. In the same
line of thought, we think that our quest to better understand what

makes an initial state well-aligned with the relevant subspaces, and
thus a barren plateau-free loss, can allow us to uncover what are the
true resources thatmake a loss functionmore difficult to simulate, but
alsomoreconcentrated. For instance, the recentworkof171 studiedwhy
certain quantum experiments172 could be efficiently simulated via
tensor networks?. Therein, the authors showed that the dynamics
generated by the quantum circuit ultimately live in a small (identifi-
able) subspace. In parallel, as most classical algorithms will have their
limits where they particularly excel or performpoorly, it may also turn
out that quantum methods where one runs the circuit on the device
could still provide the most flexible ‘catch all’ simulation method.

As an example, we refer the reader to ref. 54, where a connection
between computational resources in fermionic linear optic circuits,
absence of barren plateaus, and simulability is unraveled. Therein, it
was shown that when the quantum resources (measured by fermionic
entanglement) are increased, the loss function becomes more con-
centrated. Simultaneously, even if the state has a large component in
the polynomial subspace one still needs to estimate it, and whether
such computation can be classically performed will likely determine if
the loss is in CSIM or QESIM (see Claim 2). We thus leave for future
work a detailed study of the initial states and measurement operators
for which the problems are actually in CSIM. Note that this analysis
could promote simulations that are available on average, to faithful
simulations for all θ. For instance, a quantum convolutional neural
network with product initial states can be efficiently simulated via
tensor networks105, and hence is actually in CSIM 8θ. We believe that
such pursuits will lead to deep insights into architecture-dependent
resource theories and the limits of classical simulation algorithms.

Going further, we have noted that problems which are in QESIM
but not in CSIM could be precisely those that are more amenable for
implementation in the near term. This is due to the fact that the data
acquisition might require shallower circuits than the implementation
of U(θ), and thus be less impacted by hardware noise. Moreover,
optimizing directly on the classical devicewill generally bemuchmore
efficient given the relative speed of classical devices and the possibility
of using tools such as automatic differentiation through gradient back-
propagation. Indeed, while the loss is defined as a unitary evolution of
the state’s projection onto the polynomial subspace, once the data is
stored classically, one can potentially analyze it with more general
procedures such as sending it through an appropriate classical neural
network. This then begs the question of whether the best way to
analyze the tomographic data is via a unitary map, or some more
general function.

More fundamentally, the very fact that a study of barren plateaus
has led us to tomographic techniques75,95,96 is in itself extremely
interesting. Here, one can wonder about the limits of measure-first
algorithms where initial data acquisition phases are allowed.While it is
known that generically using the same shadows protocol for every
problem has its limitations101, our results indicate that for every barren
plateau-free problem there is an associated tomographic procedure,
and that these protocols can vary widely from one task to the other.
The extent to which these data acquisition methods are connected,
and what their limitations are, is therefore an open question.

Regarding the utility of variational quantum computing and
machine learning for classical data4–8, our results should help us better
understand if the quantum computer is being used as a meaningful
formof enhanced feature-space. Namely, if the problem’s loss function
is barren plateau-free, and we can identify how to simulate it, one
should ask whether the loss is in CSIM or in QESIM. Answering these
questions could rule out situations where the use of a quantum com-
puter is not necessary. One could further explore the parallels here
with recent research into the possibility of classical surrogates for
quantum models using classical data107,173–176.

As discussed in the previous section, we know that if the problem
has effective subspaces, then one could potentially simulate and train
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the lossgiven some initial set of parameters, but that the lossmight not
be faithful for the full optimization procedure (see Fig. 5(a)). To miti-
gate this issue, we envision a novel form of hybrid quantum compu-
tation as shown in Fig. 5(b). Here, there is still a feedback loop between
the classical and quantum device (similar to that of standard varia-
tional methods), but instead of updating parameters in a quantum
circuit, one updates the data acquired from the initial state. As such, as
the optimization progresses, one uses the quantum computer to take
new measurements on the initial state, and then uses this information
for a more faithful, updated classical simulation. While we have not
tested the performance of this protocol, we believe it might be useful
and encourage the community to try it out.

To finish, we note that many schemes are not covered by our
results. These include certain clever initialization strategies and many
quantum learning models (such as some schemes in generative mod-
eling). Moreover, we have shown that by drawing inspiration from
conventional quantum algorithms one can construct unorthodox var-
iational settings where manipulation of exponentially large objects is
enabled, barren plateaus can be avoided, and a quantum advantage is
still possible. In this regard, we note that under widely held crypto-
graphic assumptions it is believed thatBQP ⊈BPP/poly. Ref. 77uses this
fact in aPAC-learning setting toargue thatmany-bodyphysicsproblems
that are BQP-complete could be used to construct learning problems
that are not classically learnable. There are many differences between
their setting and ours and sowhether or not similar arguments could be
applied here requires careful work. Nonetheless, this cautiously hints
towards the exciting possibility that there could still be useful situations
where the implementation of parametrized circuits on quantum hard-
ware can be used to achieve an exponential advantage.

Conclusions
The arrival of variational quantumalgorithms effectively democratized
the world of quantum computing. Whereas coming up with new con-
ventional quantum algorithms requires a careful consideration of how
best tomanipulate and extract quantum information, proposing a new
variational quantum algorithm is relatively straightforward. One can
simply identify a potential loss function and a circuit ansatz to use. The
hard work of minimizing that cost is offloaded to a classical optimizer,
reducing the burden both on the quantum computer and on the
quantum researcher, or so it was hoped.

While the hopes for this approach were largely fueled by the
overwhelming success of neural networks in classical machine learn-
ing, it did not take long for the community to realize that variational
quantum computing can be significantly more challenging than its
classical counterpart. In fact, as any practitioner can testify, actually
performing the optimization for moderate-sized problems is frustrat-
ing. This opened the door to studying causes of untrainability, leading
to the discovery of several sources of barren plateaus and how to avoid

them. While this quest was in many ways fruitful, with numerous
approaches identified, here we have argued that all of these approa-
ches are at heart rather simple. More concretely, we have argued that
the strategies for avoiding barren plateaus considered by the com-
munity so far lead to algorithms that effectively live in polynomially
sized subspaces. From here, one can do away with parameterized
quantum circuits and instead simulate the algorithms classically
(potentially after an initial data acquisition stage on quantum
hardware).

Our argument here at times borders on trivial, and may be—in
some form, or another—already known to many. However, the con-
nection between the absence of barren plateaus and simulability still
has not permeated the field’s Zeitgeist, and it is not uncommon to find
claims where the absence of barren plateaus is equated with practical
usefulness. In this manner, our conclusions push against current
practice in the community and the net result is that variational quan-
tum algorithms need a rethink.

So, where does this leave us? One path forward is to embrace our
case-by-case argument as something positive. While some classical
simulations have been performed70,78–84, much work remains to be
done in this field of “quantum machine learning dequantization”.
Moreover, the fact that a quantum computer is generally not required
to implement the parameterized quantum circuit, but might be nee-
ded for an initial data acquisition stage, makes such algorithms much
easier to implement. To take advantage of this opportunity will require
research into how to best perform the data acquisition stage and how
to best perform the classical simulation needed to optimize the loss.
Moreover, careful analytic work will be required to understand the
scaling of the classical simulation algorithms. It may well turn out that
simulating the parametrized quantum circuit on quantum hardware
enjoys polynomial advantages over our best classical algorithms.

Alternatively, one could rally against our arguments here and
strive harder to identify potential avenues for achieving a provable
exponential quantumadvantagewith parameterizedquantumcircuits.
Of course, there are numerous classically hard quantumcircuits and so
it’s natural to ask: Can’t this be used to show that there are variational
quantum algorithms that are barren plateau-free but not classically
simulable even with data from quantum experiments? Indeed, we
showed that this is possible for a few contrived examples. The key
question is whether the non-simulability of quantum circuits can be
used more generally to construct useful, trainable, and non-classically
simulable variational quantum algorithms. To achieve this we should
seek to draw inspiration from conventional fault-tolerant quantum
algorithms, and carefully consider howbest tomanipulate information
in the exponentially large spaces in which quantum operators live.
Variational quantum computingmay still be a viable line of research in
this regard but it will require a principled approach and a healthy dose
of imagination.

Fig. 5 | Absence of barren plateaus, simulability, and faithful training. a We
consider a problem in BP such that, with high probability for some θ � P, the
circuit’s adjoint action leads to a polynomial effective subspace as in Fig. 3b.
Training on the classically estimated loss can be faithful for the first few optimi-
zation steps. However, as the optimization continues, a vital contribution to the
loss could arise from operators not in Bλ. If this occurs, training on the classically
estimated loss can be unfaithful and one can converge towards a parameter region

that does not correspond to the minima of the true `full' loss function. b To miti-
gate the aforementioned issues, one could use an alternative form of hybrid var-
iational quantum computing where multiple, iterative, data acquisition steps are
used. This information is then used by a classical computer to update a classical
simulation of the loss and make it more faithful as the optimization progresses. As
schematically shown, this scheme could make training the loss on a classical
computer more faithful.
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Finally, our focus here has been on analytically studying the
scaling of variational quantum algorithms because we simply do not
currently have the hardware to study how these algorithms perform
for problem sizes we are actually interested in. However, there might
be cases where, although we cannot prove that an algorithm does not
have a barren plateau, training is possible. Indeed, this is the case for
classical machine learning, whose heuristic success goes well beyond
what can be guaranteed analytically. As such, there could be archi-
tectures which we do not know how to simulate, and where we cannot
prove they are barren plateau-free, and yet seem to work in practice.

We hope this perspective encourages the community to pause,
reflect and take a more principled approach to variational quantum
computing.
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