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Classical criticality via quantum annealing

Pratik Sathe 1,2,7 , Andrew D. King 3, Susan M. Mniszewski 4,
Carleton Coffrin5, Cristiano Nisoli 1 & Francesco Caravelli1,6

Quantum annealing provides a powerful platform for simulating magnetic
materials and realizing statistical physics models, presenting a compelling
alternative to classical Monte Carlo methods. We demonstrate that quantum
annealers can accurately reproduce phase diagrams and simulate critical
phenomenawithout suffering from the critical slowing down that often affects
classical algorithms. To illustrate this, we study the piled-up dominoes model,
which interpolates between the ferromagnetic 2D Ising model and Villain’s
fully frustrated “oddmodel”. Wemap out its phase diagram and employ finite-
size scaling and Binder cumulants on a quantum annealer to study critical
exponents for thermal phase transitions. Our method achieves systematic
temperature control by tuning the energy scale of the Hamiltonian, eliminat-
ing the need to adjust the physical temperature of the quantumhardware. This
work demonstrates how, through fine-tuning and calibration, a quantum
annealer can be employed to apply sophisticated finite-size scaling techniques
from statistical mechanics. Our results establish quantum annealers as robust
statistical physics simulators, offering a novel pathway for studying phase
transitions and critical behavior.

Quantum simulation—the realization of models of collective, inter-
acting qubits within a quantum machine—has been a central motiva-
tion in the development of quantum computing and quantum
information science1–3. Numerous digital as well as analog quantum
simulation approaches have been implemented successfully over the
last few decades4. Among them, quantum annealing-an analogmethod
grounded in the adiabatic theorem-was originally introduced to solve
classical combinatorial optimization problems5–8. However, when
repurposed for analog simulation, superconducting qubit-based
quantum annealing (QA) has shown promise in simulating a range of
quantum condensed matter systems9–17—in some cases, potentially
outperforming the best-known classical algorithms18,19 (see also
Refs. 20, 21 for critical perspectives).

While quantum simulation applications of QA have received sig-
nificant attention (particularly in the so-called coherent regime in
which coupling to the environment is negligible13,15,17), we propose and
demonstrate that QA can be used to simulate thermodynamic phase

transitions in classical statistical physics models when operated in the
incoherent regime. The “incoherent regime” usually corresponds to
long annealing times, of the order of tens to hundreds of micro-
seconds, thus leveraging a perceived drawback as an advantage. In this
regime, quantum annealers have been shown to sample from the
equilibrium (i.e., Gibbs or Boltzmann) distributions corresponding to
the programmed classical Ising models, due to a combination of non-
adiabaticity and environmental interactions22–25.

A central goal in the study of statistical physics models is the
identification of critical points and their associated critical expo-
nents. In the absence of exact solutions—which is often the case—
Markov-Chain Monte Carlo (MCMC) methods are a standard
numerical approach26–28. These algorithms aim to generate and ana-
lyze samples from equilibrium distributions across different tem-
peratures and parameter regimes. Given its ability to perform a
similar sampling task, QA offers a natural alternative for simulating
classical systems29.
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QA has previously been employed to study various aspects of
classical statistical physics models, particularly those involving geo-
metric frustration. Examples include reproducing the ground-state
(T = 0) phase diagram of the (classical) Shastry-Sutherland model30;
measuring order parameters as functions of tuning parameters at an
unknown but fixed temperature31,32; investigating artificial spin-ice
dynamics33–35; and extracting critical exponents in classical 3D spin-
glassmodels under parameter variation atfixed temperature9. In some
of these studies, Gibbs sampling is not explicitly invoked, and the focus
is either on zero-temperature behavior or on sampling with model
parameters varied at a fixed, device-dictated temperature.

Quantum annealing implementations often deviate from ideal
Boltzmann sampling36, exhibiting issues such as biased sampling
within degenerate ground states37–39, the influence of noise40, and
quantum effects41. Although high-quality Gibbs sampling has been
demonstrated under specific conditions42 and can be improved
through specialized techniques43,44, the identification of the precise
conditions when that occurs— and achieving fine, systematic control
over the sampling temperature— remains computationally expensive
and generally infeasible for the large system sizes typically studied in
statistical physics. Hence, despite its promise, QA has yet to be used to
reconstruct full thermodynamic phase diagrams with thermal phase
transitions without privileged access to the device’s physical
temperature.

In contrast, we show that the sampling temperature can be
systematically controlled by tuning the Hamiltonian’s energy
scale. Despite known challenges in achieving high-quality Boltz-
mann sampling with QA, we demonstrate that QA can still capture
thermodynamic phase transitions in classical statistical models
and serve as a viable alternative to traditional Monte Carlo
methods. To this end, we present a methodology for recon-
structing phase diagrams and critical behavior in classical sys-
tems and apply this methodology to the Piled-Up Dominoes
(PUD) model45, which is a classically solvable spin system with
tunable frustration. In addition to its rich phenomenology, this
model played a key role in the theoretical development of the
order-by-disorder phenomenon by inspiring Villain et al.’s dom-
ino model46. Moreover, its Ising form, regular lattice structure,
and exact analytical solution make it an ideal testbed for bench-
marking quantum annealers. Geometrically frustrated systems are
generally more challenging to simulate numerically26, and the
tunable degree of frustration in the PUD model controls this
sampling difficulty. The competing and mutually incompatible
interactions that define geometric frustration can give rise to
exotic phases such as spin ice and spin liquid phases47. The PUD

model, therefore, serves as both a meaningful and demanding
benchmark for assessing the effectiveness of our approach.

Results
The piled up Dominoes model
The PUD model is a family of Hamiltonians interpolating between
Villain’s fully-frustrated “odd model” (which does not have a phase
transition)48, and the ferromagnetic 2D Isingmodel (which does have a
phase transition)49, the interpolation being controlled by a parameter
s:

HðsÞ = ð1� sÞH2D�Ising + sHVillain ð1aÞ

= �
X

x, y

σx, yσx, y+ 1 �
X

x, y

σ2x, yσ2x, y+ 1 � ð1� 2sÞ
X

x, y

σ2x + 1, yσ2x + 1, y+ 1,

ð1bÞ
where σx,y = ± 1 denotes a (classical) Ising spin located at position (x, y)
on a square grid.

When visualized over a 2D grid (see Fig. 1a), all the horizontal links
and the links on alternate vertical columns are ferromagnetic with a
coupling strength of 1, with all the remaining vertical columns having
coupling values equal to 1−2s. We note that the sign convention for the
Hamiltonian in terms of the exchange energy J in Eq. 1, while standard
in condensed matter physics, is the opposite of the one used in D-
Wave’s QA convention. The model, therefore, has tunable frustration.
It has been solved exactly using transfer matrix methods45, thus pro-
viding a good testbed to probe the potential of QA in the study of
criticality. Specifically, expressions for the partition function with zero
longitudinal field and the boundaries separating the three phases have
been analytically derived. (The critical exponents have been analyti-
cally computed only at s = 0.) More recently it was also solved via a
dimer mapping in Refs. 50 (wherein it was referred to as the Onsager-
Villain model). Its rich phase diagram includes ferromagnetic, para-
magnetic, and antiferromagnetic phases, separated by critical lines in
the s-T (where T is temperature) plane (Fig. 1b).

To control the sampling temperature, we consider a simplemodel
of D-Wave’s QA devices in which the user inputs a Hamiltonian Hinput,
and the device samples from the corresponding Boltzmann distribu-
tion at a fixed, but unknown, device-dependent temperature Tsampler.
SinceTsampler typically depends on the anneal time and schedule, wefix
these to be 100μs and standard forward anneals throughout our study.
That is, the probability of generating a spin sample {σx,y} is given by

pðfσx, ygÞ=
1
Z e�βsamplerHinputðfσx, ygÞ, ð2Þ

Fig. 1 | The PUD model and its solution using theory and quantum annealing.
a The PUDmodel is an Isingmodel with a tunable degree of frustration. Defined on
a square lattice, it has two types of nearest-neighbor couplings Jij, shown here in
blue and red, with theHamiltoniandefinedasH =−∑i<j Jijsisj.bThephasediagram in
the s-T plane obtained from the exact solution. Data corresponding to quantum

annealing samples are shown in (c) and (d). Specifically, the ferromagnetic order
parameter (sub-figure c) and the antiferromagnetic (or staggered) order parameter
(sub-figure d) corresponding to samples generated using D-Wave’s Advanta-
ge2_prototype2.6 device for a toroidal system of size 12 × 12 are in qualitative
agreement with the exact solution.
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where Z is the normalizing factor (also known as the partition func-
tion), and βsampler = 1/Tsampler. To generate samples for anH [such as the
PUD model from Eq. (1b) at some value of s of interest], we set
Hinput = JH for some value of “energy scale” J. It follows from Eq. (2) that
the generated samples correspond to theHamiltonianH, but at inverse
temperature βeffective = Jβsampler, or equivalently,

Teffective / J�1: ð3Þ

Thus, increasing the inverse energy scale of the input Hamiltonian
proportionately increases the sampling temperature of the device. For
convenience, we will henceforth drop the subscript ‘effective’ while
referring to the effective temperature and its inverse.

We note that the dependence of the effective temperature on the
energy scale and annealing timehas been studied previously in Ref. 42.
The inverse energy scale was used as a proxy for the effective tem-
perature in Ref. 35. However, prior studies either focused on small
system sizes or assumed the validity of Eq. (3) without thorough ver-
ification. In this work, using the exact solution of PUD and the finite-
size scaling method, we demonstrate the validity of Eq. (3) across a
range of system sizes (see Fig. 2; details provided below).

The exact solution of the PUD model45,50 yields an s-T phase dia-
gram (see Fig. 1b) that exhibits three distinct phases— ferromagnetic,
antiferromagnetic and paramagnetic— separated by critical lines that
emanate from the point (s = 1, T = 0).

Phase Diagram
To reproduce this phase diagram using quantum annealers, we
implement sampling experiments over a grid of values of s (by pro-
grammatically controlling the relative coupler values) and over a grid
ofT values [by tuning the energy scale of theHamiltonian, as described
in Eq. (3)].

Using D-Wave’s Advantage2_prototype2.6 quantum annealer,
we successfully observe all three phases. (See the Methods section for
details of the procedure.) Specifically, we generate samples of the
model definedon a 12 × 12 torus over a grid of (s, J−1) values andplot the
corresponding ferromagnetic order parameter (Fig. 1c), defined as

m=
1
N

���
XN

i = 1

σi

���, ð4Þ

and the antiferromagnetic order parameter or staggered magnetiza-
tion (Fig. 1d), defined as

mAFM =
1
N

���
XN

i = 1

ð�1Þxi + yiσi

���: ð5Þ

Here, N denotes the number of spins in the system (144 in this case),
and (xi, yi) denotes the location of the ith spin. Although thermo-
dynamic phase transitions are typically sharp only in the infinite-size
limit, finite-size systems exhibit a smooth transition in the order
parameter when crossing a critical point. We find that the boundary
separating the ferromagnetic phase (order parameter close to 1) from
the paramagnetic phase (order parameter close to 0) qualitatively
matches the critical line obtained from the exact solution; similarly,
good agreement is found for the antiferromagnetic-to-paramagnetic
critical line.

Before proceeding, let us highlight a subtle point. We find that a
small region corresponding to low temperature (i.e., low J−1) and s > 1 in
Fig. 1d exhibits low staggered magnetization values. This behavior is
expected to arise even in classical Monte Carlo simulations due to the
phenomenonof entropy-driven ordering51 that is exhibited by the PUD
model. In particular, the order parameter in this regime is expected to
saturate only in the infinite size limit, with smaller values observed for
finite system sizes, consistent with our QA results. We will explore this
exotic behavior in future work52.

While computing the order parameters for a finite-sized system
does provide a qualitative understanding of the location of critical
lines, a more robust method involves the computation of Binder
cumulants, which we describe below.

Finite-size scaling and critical exponents
The exact solution indicates that for each value of s, the system
undergoes a second-order phase transition at a corresponding critical
temperature Tc(s). (Exact solution expressions for the critical tem-
perature are provided in the Methods section.) To experimentally
identify the critical points as a function of the tuning parameter s, we
employ two complementary methods: the crossing of Binder cumu-
lants and finite-size scaling (FSS) analysis of susceptibility53. We restrict
our analysis to the regime s < 1 (and thus to the ferromagnetic-
paramagnetic transition) and extract critical energy scales (i.e., those
corresponding to critical temperatures) specifically at
s = 0, 0.2, 0.4, 0.6, and 0.8. (A similar analysis can be implemented for
s > 1, by replacing the ferromagnetic order parameter m by the anti-
ferromagnetic order parametermAFM, in the analysis below.) For each
value of s, to probe different effective temperatures, we consider a
uniform grid of 30 J−1 values, centered around the anticipated critical
value of J−1. To minimize boundary effects, we implement sampling
only for systems with periodic boundary conditions along both spatial
directions. Specifically, we considered toroidal lattices with N = L × L
spins and L ∈ {6, 8, 10, 12}, as well as skew-toroidal lattices with
N = (L × L)/2 spins and L ∈ {8, 12, 16} (more details are provided in the
Methods section). For each system size and each J−1 value, we sampled
10, 000 spin configurations and computed the fourth-order Binder

Fig. 2 | Critical points extracted from Binder cumulant crossings overlaid on
magnetization.The critical inverse energy scale J�1

c is located for 5 values of susing
the intersection of Binder cumulant curves for various system sizes (indicated by
different colors unrelated to the color-bar). Using the exact solution Tc(s) and J�1

c ðsÞ
extracted from QA samples, we plot J�1

c as a function of the effective sampling
temperature T. We find that J�1

c is linearly proportional to T, consistent with the
initial assumption Eq. (3) (see inset). In the main figure, we show the ferromagnetic
order parameter (i.e., 〈∣m∣〉) for a toroidal system of size 12 × 12, as a function of s
and J−1, along with the J�1

c extracted from five different values of s. J�1
c ðsÞ is inferred

from the linear fit and the analytical expression for the critical line, and clearly
separates the ferromagnetic phase from the paramagnetic phase.
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cumulant53

U = 1� hm4i
3hm2i2

, ð6Þ

wherem denotes themagnetization per spin of a configuration. While
implementing Monte Carlo simulations, the critical temperature can
be determined by identifying the intersection of Binder cumulant
curves for various system sizes26,53. Analogously, for each value of s
considered in our study, we observe a clear crossing of the Binder
cumulant curves, enabling us to identify the energy scale Jc corre-
sponding to the critical temperature Tc. For example, Fig. 3a shows the
Binder cumulant curves for s = 0. A slight scatter in intersection points
is observed, consistent with finite-size deviations expected to arise
from the limited system sizes imposed by hardware constraints. (While
the Binder cumulant curves should intersect at a single point in the
thermodynamic limit, finite-size corrections can cause noticeable
deviations26,53,54.We obtain a similar scatter in intersection points using
MCMC on systems of similar sizes; see Supplementary Material).

For each value of s, we compare the inverse critical energy scale
J�1
c ðsÞ extracted from the crossing of Binder cumulant curves in the
quantum annealing data, with the critical temperature Tc(s) obtained
from the exact solution. Consistent with our initial hypothesis, Eq. (3),
the two quantities exhibit a linear relationship (see inset of Fig. 2),
implying self-consistency. Using the corresponding linear fit and the
analytical expression for the critical line s(T) (see Supplementary
Material), we obtain a prediction for the critical inverse energy scale
J�1
c ðsÞ as a function of s for s∈ [0, 1]. When this curve is overlaid on the
averagemagnetization plot for the 12 × 12 system size, it delineates the
boundary between the ferromagnetic and paramagnetic pha-
ses (Fig. 2).

The critical energy scale can also be identified using an FSS ana-
lysis of the magnetization susceptibility (per spin) χ and the heat
capacity (per spin) CV as a function of the system size and energy scale.
To that end, we extract χ/β and CV/β

2 from the quantum annealing
samples, using

χ
β
=Nðhm2i � hmi2Þ, ð7aÞ

and
CV

β2 =
ðhE2i � hEi2Þ

N
, ð7bÞ

where m and E denote the magnetization per spin and energy
[with respect to Eq. (1a), without any energy scaling] of spin

configurations. We note that since β is unknown, χ and CV cannot
directly be extracted by multiplying χ

β and CV

β2 respectively by appro-
priate powers of β. (While χwas heuristically obtained in Ref. 9 using a
time-varying ramp for the longitudinal field, our approach is based on
Boltzmann sampling. Hence, using (7a) is more appropriate.) We plot
both these quantities as a function of J−1 for various system sizes and
for various s. The obtained trends (see Fig. 3b, c) are consistent with
those usually observed in Monte Carlo simulations and finite-size
scaling theory55,56: As we increase the system size, the heights of
the peaks increase, and their corresponding temperatures move
towards lower temperatures (whichcorrespond to lower values of J−1 in
our case).

Next, we implement an FSS analysis of the susceptibility as a
function of J−1 and system size. We recall that close to a continuous
phase transition, the correlation length ξ and the magnetization sus-
ceptibility χ diverge as the reduced temperature t = (T − Tc)/Tc
approaches 0. The critical exponents ν and γ are defined through the
relationships

ξ / t�γ and χ / t�ν : ð8Þ

At s = 0, the exact values of the exponents are known to be γ = 1.75 and
ν = 1. Using the Metropolis Markov-chain Monte Carlo (MCMC)
method,wefind that the exponents donot change as a functionof s for
s ∈ [0, 1) (see Methods section for more details about the MCMC
simulations).

We now discuss the procedure for extracting the exponents and
critical inverse energy scale using quantum annealing. To that end, we
first recall that the values γ(s), ν(s), and Tc(s) can be obtained from the
locations and heights of peaks of the χ(L, T, s) curves as a function of T
for various L, with χ extracted from any sampling method (such as QA
or MCMC). For notational convenience, we will drop the dependence
on s. Let χL and TL denote the height and temperature corresponding
to the peak of the curve χ(L, T) as a function of T. The finite-size scaling
ansatz implies that26,27

TL =Tcð1 +aL�1=νÞ, ð9aÞ

and log χL = b+ γ=ν log L: ð9bÞ

Here, a and b are some constants that are not of interest. While Eqs. 9
can be used to extract ν, γ and TC when using MCMC, it is not directly
suitable for our quantum annealing-based sampling method, since we
do not have direct access to T, or to χ. Since T ∝ J−1, we expect that the

Fig. 3 | Thermodynamicquantities asa functionof inverseenergy scale for s=0.
Shown here are a the fourth-order Binder cumulants (subtracted from 2/3),
b magnetization susceptibility times temperature, χ/β and (c) the heat capacity
times temperature squared CV/β

2 for various system sizes as a function of the

inverse energy scale J−1. The star symbols in (b) denote the peak values of a poly-
nomialfit for each of the different system sizes. The error bars denote one standard
deviation values obtained from a bootstrap analysis.
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susceptibility χwill be proportional to the product χβ × J. Hence,weplot
χ
β × J as a function of J−1 for various system sizes, to mimic the
dependence of χ as a function of temperature. Let us denote the peak
heights and locations by χL and J�1

L respectively. Then, fromEqs. (3) and
(9a), it follows that

J�1
L = J�1

c ð1 + x0L
�1=νÞ: ð10Þ

A curve fitting procedure is typically used to simultaneously extract ν
and the critical temperature (instead, J�1

c in our case). While the curve
fit procedure yielded ν between 1.25 to 1.5 for the five s values, the
extracted J�1

c values were found to be significantly different (up to a
factor of two larger) from those expected from Fig. 1c, suggesting that
these results are unreliable. Instead, we assume ν = 1 for all s (validated
by MCMC; see Methods section for more details), and plot J�1

L as a
function of L−1. From Eq. (10) (with ν = 1), the intercept then corre-
sponds to J�1

c . The linear fit for s =0 is shown in Fig. 4a. The vertical axis
intercept yields our estimate for J�1

c at s = 0. While these values differ
from those obtained using crossings of Binder cumulants, both data
sets follow similar trends as a function of s. (Finite-size effects account
for the small mismatch between the two J�1

c estimates.)
Turning to Eq. (9b), we note that the slope in the linear rela-

tionship between log χL and log L corresponds to γ/ν. The extracted

values of γ/β and their associated errors (equal to the standard
deviation of the slope in the linear fits) are plotted as a function of s
in Fig. 4d. The values are consistently seen to lie around 2.2, which
is off by approximately 25% from the correct value of 1.75
(inferred fromMCMC). This discrepancymay stem from deviations
from the hypothesized relation, Eq. (3), which was applied at two
stages in the analysis, in addition to the relatively small system
sizes used in our analysis. Understanding the relative contributions
of these factors would require implementing alternative
temperature estimation techniques, and access to a larger range of
system sizes.

To avoid these issues, we propose and implement an alternate
procedure, based on directly using the peak locations and heights of
χ/β (without multiplying by J). This avoids the second potential source
of error, i.e., the application of the temperature-inverse energy scale
relationship. Specifically, we propose that the values χL, TL, and hence
J�1
L in Eqs. (9) and Eq. (10) may be replaced by the peaks of χ/β instead,
to obtain γ/ν and critical values of inverse energy scales. We base this
on the difference between the peak locations (peak heights) of the two
quantities being infinitesimally small (related by a constant) in the limit
of infinite system sizes. (See Supplementary Information for an argu-
ment.)While the systemsizes inour analysis are fairly small,wefind the
extracted values (obtained from this alternate procedure) of γ/ν to be

Fig. 4 | Finite-size scaling (FSS) analysis on quantum annealer data. For
obtaining the critical inverse energy scale J�1

c and the ratio of exponents γ/ν. Plots
a and b correspond to s = 0. a The locations of peaks of χ/β and χ/β × J as a function
of inverse system size L−1. The intercept corresponding to the best linear fit yields
J�1
c . b) The slope of the best linear fit of the logarithm of the peaks of χ/β (and of

χ/β× J) vs the logarithmof systemsizeL yields γ/ν. cThe critical inverse energy scale
and d the extracted values of γ/ν as a function of the interpolation parameter s. The
'correct value' (inferred from MCMC), γ/ν = 1.75 is plotted as a dashed horizontal
line. The error bars denote one standard deviation values obtained from a boot-
strap analysis.
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around 2 for various values of s, thus being closer to the correct answer
of 1.75 (see Fig. 4d).

In contrast to the order parameters, Eqs. (4) and (5) dis-
cussed above, the susceptibility, heat capacity, and Binder
cumulants require the computation of up to fourth-order
moments of magnetization and energy, and are thus sensitive to
experimental errors. We find that a calibration-refinement tech-
nique is crucial to obtain reliable results57.

Without calibration refinement, the device noise in the relevant
parameter regimes manifests as disorder in both the longitudinal field
and coupling strengths, with each anneal effectively sampling from a
different disorder realization40. The presence of such disorder can
alter the critical exponents relative to those of the clean (i.e., disorder-
free) model, particularly when the heat capacity exponent α for the
clean system is greater than zero58. In the 2D Isingmodel (and the PUD
model we consider), with α = 0, weak uncorrelated disorder is believed
not to change the critical exponents, though it may introduce a loga-
rithmic correction to scaling.

In the Supplementary Material, we provide a detailed description
of the calibration refinement procedureweuse aswell as a before/after
comparison for various physical quantities.

QA circumvents critical slowing down
Our work addresses a persistent challenge in computational statistical
mechanics. One of the key challenges faced by many Markov-Chain
Monte Carlo (MCMC) methods, such as the single-spin flip algorithm,
is the phenomenon of critical slowing down near continuous phase
transitions27,59. In this regime, the system’s convergence to equilibrium
becomes significantly slower, and many updates are required to gen-
erate statistically independent samples. This issue isparticularly severe
for certain frustrated systems such as spin-glasses or spin ices. While
model-specific Monte Carlo algorithms incorporating cooperative
updates can partially alleviate the problem26, no universal strategy has
been found to eliminate it across arbitrary models.

Our QA-based approach naturally evades this issue. Each sample
in QA is generated by initializing the qubits in the all-up state with
respect to the Pauli X basis, evolving them with a time-evolving
Hamiltonian, and finally measuring in the Pauli Z basis. Since the
initialization operation is identical for each sample (and independent
of the measurement output of any prior sample), we expect our
samples to be statistically independent by design. Any residual

correlations, if present, would primarily arise from device-level non-
idealities rather than the sampling procedure itself.

While critical slowing becomes increasingly significant for large
system sizes, our results show that quantum annealing largely cir-
cumvents this issue. To directly compare slowing down for our single-
spin-flip Metropolis implementation and our quantum annealing
approach, we choose the largest system size we used for QA, which is
N = 12 × 12 spins. For a fair comparison, we implement MCMC simu-
lations for the same system size. Tomeasure the degree of correlations
between samples that are t steps apart, we compute the autocorrela-
tion function χ(t) using27

χðtÞ = 1
tmax � t

Xtmax�t

t 0 =0

mðt0Þmðt0 + tÞ

� 1
tmax � t

Xtmax�t

t0 =0

mðt0Þ× 1
tmax � t

Xtmax�t

t0 =0

mðt0 + tÞ:
ð11Þ

where tmax is the total number of samples or steps generated by the
algorithm. (For the quantum annealing simulations, we generated
tmax = 10, 000 samples.) For the MCMC simulations, following stan-
dard convention, one unit of time is taken to correspond tooneMCMC
update per spin in the system.

In Fig. 5, we plot the normalized autocorrelation function for QA,
along with MCMC simulations for s = 0 close to the critical point. The
MCMC data exhibits the expected exponential decay in autocorrela-
tion, indicative of correlations persisting over many time steps, espe-
cially close to criticality. In contrast, the QA result shows a small,
approximately constant autocorrelation value, suggesting little to no
temporal correlation between samples. In typical MCMC simulations,
the normalized autocorrelation function decays exponentially with a
characteristic timescale TA, which diverges with increasing system size
near the critical point27. The absenceof suchbehavior in theQA results-
particularly the lack of any discernible correlation timescale even near
the critical point-supports the conclusion that QA effectively bypasses
critical slowing down.

To further investigate correlations near the phase transitions, we
examine the average value of the normalized autocorrelation function
and again observe no significant increase in its magnitude close to the
transition points. (See Supplementary Material for more details).

We note that the critical slowing down discussed here pertains
specifically to the generation of classical samples, whether via classical
MCMC or using QA, used to study a classical model (such as the PUD
model). In the context of QA, a distinct form of slowing down also
arises: the time-dependent Hamiltonian of the QA device typically
traverses a quantum phase transition, near which the quantum
dynamics of the qubits can slow down or freeze59. Related phenomena
such as the Kibble-Zurek scaling of defects have been probed in
quantum annealers13,15,17. However, our focus here is not on this quan-
tum slowing down, but rather on the behavior of QA viewed as a
sampling algorithm for classical statistical physics models.

Discussion
We have shown that quantum annealing can quantitatively capture
finite-temperature critical phenomena in classical systems with tun-
able frustration. We demonstrated that quantum annealers can be
used to identify critical points and extract universal exponents-key
signatures of criticality that are often difficult to access using classical
Monte Carlo methods.

This work establishes a new methodological benchmark: by
applying finite-size scaling and Binder cumulant analysis directly on
hardware, we confirm that annealer output closely approximates
thermal distributions, yielding consistent critical behavior and scaling
collapse.

Fig. 5 | Absence of critical slowing down using quantum annealing. Normalized
autocorrelation function χ(t)/χ(0) as a function of time t for Markov-chain Monte
Carlo (MCMC) simulations and for quantum annealing samples. Plotted data cor-
responds to s = 0.0. The temperature and inverse energy scale were chosen to be
close to their respective critical values.
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The model’s tunable frustration provides a stringent test, and the
ability to reproduce universality class behavior in this setting addres-
ses long-standing doubts about QA’s suitability as a thermal sampler,
especially in frustrated settings. Crucially, we observe no signs of cri-
tical slowing down, suggesting a potential computational advantage
over classical approaches near second-order transitions.

Generating configurations from the thermal distribution of an
arbitrary Ising model is a challenging problem. Even for structured
Ising models that represent real materials or idealized theoretical
systems, such sampling becomes particularly difficult near critical
points. Beyond critical phenomena, obtaining high-quality samples
can also be challenging in other regimes, such as at low temperatures
or in systems with large degeneracies, including spin glasses. The lack
of critical slowing down and partial success in extracting critical
exponents in a model with geometric frustration thus positions
quantum annealers as emerging tools for sophisticated studies of the
thermodynamics of complex systems.

Nonetheless, we find that careful calibration refinement, while
potentially a computational bottleneck, is crucial for obtaining reliable
results. In addition, accurate estimation of critical exponents requires
studying large system sizes, which can be limited by the number of
qubits and their connectivity in the QPU. We anticipate that continued
improvements in quantum hardware, such as noise reduction and an
increase in the qubit number and connectivity, will make quantum
sampling methods a practical alternative for studying equilibrium
criticality and other thermodynamic properties in models that are
classically costly or inaccessible. We expect our conclusions to extend
beyond the PUD model. Investigating the performance of quantum
annealers for studying other types of phase transitions, such as dis-
continuous ones or Berezinskii-Kosterlitz-Thouless phase transitions,
would be an interesting area for future research.

Following the release of the first version of our preprint, another
study appeared showcasing precise extractionof critical exponents for
the 2D Ising model60.

Methods
Quantum annealing protocol
For all our quantum annealing (QA) experiments reported in the main
text, we usedD-Wave’s Advantage2_prototype2.6 device, accessed
via the Leap cloud-computing service provided by D-Wave Quantum
Inc.61.We used an annealing timeofTA = 100μs for each experiment. To
compute the ferromagnetic and antiferromagnetic order parameters
reported in Fig. 1, we obtained 10, 000 samples, with a programmed
time gap known as “readout thermalization”, of 10, 000μs to allow the
hardware to cool down after each sampling experiment and to
improve result quality. We used 1000 bootstrap resamples with
1000 samples each in order to compute the mean and standard
deviation of our estimates of the two order parameters, and found the
errors to be negligible for all considered values of s and J−1.

We extracted the inverse critical energy scales J�1
c and the ratio γ/ν

for a grid of interpolation parameter values s ∈ {0, 0.2, 0.4, 0.6, 0.8}.
For each s value, J�1

c was obtained by identifying the intersection of
Binder cumulants aswell as by usingfinite-size scaling (FSS). For each s,
we implemented sampling experiments for many system sizes and for
a range of energy scale values. We implement these experiments for
two types of systems: (i) normal toroidal systems with a number of
spins N = L × L, and (ii) skew toroidal systems with N = (L × L)/2, with L
being an integer. Further information regarding the embeddings and
spin-reversal/gauge transformations implemented for the experi-
ments is provided in the Supplementary Material.

Calibration refinement
To reduce the effects of non-idealities in quantum annealing, such as
crosstalk, device variation, and environmental noise, we implement a
calibration refinement protocol, which is also known as “shimming”57.

This procedure is often crucial to obtain reliable results, and has been
used in many previous works that have leveraged quantum annealing
to study condensed matter physics models10,13,18. We implemented
shimming to extract the crossings of the Binder cumulant and to
extract the value of γ/ν.

We implemented calibration refinement of the couplers and flux
bias offsets (FBOs) with an adaptive step size. In addition, we imple-
mented a smoothing procedure for FBOs and coupler shims across
various energy scales. Further details are provided in the Supplemen-
tary material.

Monte Carlo Simulations
To obtain the ground truth for the critical exponents of the PUD
model, we implemented single spin flip Markov Chain Monte Carlo
(MCMC) algorithms for a rangeof systemsizes at s=0,0.2, 0.4, 0.6 and
0.8. Details regarding the parameter values used and the data collapse
method used for critical exponent extraction are provided in the sup-
plementary material.

Data availability
Thedata generated in this study have beendeposited at https://github.
com/PratikSathe/PUD_classical_criticality.

Code availability
The calibration refinement code used in thiswork is amodified version
of the code accompanying Ref. 60. The modifications and parameters
are described in the supplementary material.
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