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In quantum information processing, implementing arbitrary preparations and
measurements on qubits necessitates precise information to identify a specific
reference frame (RF). In space quantum communication and sensing, where a
shared RF is absent, the interplay between locality and symmetry imposes
fundamental restrictions on physical systems. A restriction on realizable uni-
tary operations results in a no-go theorem prohibiting the extraction of locally
encoded information in RF-independent distributed metrology. Here, we
propose a reversed-encoding method applied to two copies of local-unitary-
invariant network states. This approach circumvents the no-go theorem while
simultaneously mitigating decoherence-like noise caused by RF misalignment,
thereby enabling the complete recovery of the quantum Fisher information
(QFI). Furthermore, we confirm local Bell-state measurements as an optimal
strategy to saturate the QFI. Our findings pave the way for the field application

of distributed quantum sensing, which is inherently subject to unknown RF
misalignment and was previously precluded by the no-go theorem.

In classical information theory, Shannon’s coding theorems are
indifferent to means of encoding, rendering the value of the classical
bit fungible, which suffices for various information processing tasks,
such as data compression, key distribution, or integer factoring'.
The quantum analogs of these tasks might appear to require only the
fungible information of qubits. However, this is not the case in
quantum information processing, as accessing fungible information
demands the selection of specific degrees of freedom for imple-
menting arbitrary preparations and measurements. In other words,
the identification of the reference frame (RF) serves as the infungible
information. For simplicity, most quantum information protocols
assume that the involved parties share a common RF. Nevertheless,
this assumption often fails in distributed quantum tasks, ranging
from space interferometry—where a network of sensors measures a
single global parameter from a distant source®?, to creating a ‘world
clock’ by synchronizing sensors that each measure an independent
local parameter®. In such scenarios, distributed quantum networks

promise precision scaling with the number of sites (N), as 1/N (the
Heisenberg limit, HL), surpassing the 1/+/N standard quantum limit
(SQL) of independent sensors® . The absence of a shared RF, how-
ever, is a primary obstacle to achieve this quantum-enhanced
precision.

The role of RF in quantum information processing is closely tied
to two essential properties of the physical world: locality and sym-
metry. Their interplay imposes fundamental restrictions on physical
systems. A fundamental restriction revealed by Iman Marvian is that'%
generic symmetric unitaries cannot be implemented, even approxi-
mately, using local symmetric unitaries. For RF-independent metrol-
ogy, this restriction manifests as a no-go theorem: if a parameter-
encoding process is locally constructible (i.e., realizable by a sequence
of local symmetric operations), the encoded information will be
completely erased by RF misalignment. This no-go theorem renders
the field application of distributed metrology protocols an intractable
task, such as satellite-based network sensing.
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Another challenge for RF-independent metrology is that the RF
misalignment can be modeled as a superselection rule or an effective
decoherence noise!, which is particularly detrimental to quantum
sensing” " and devastate the quantum advantages* . In principle,
aligning the RFs could obviate this noise; however, this may not be
feasible for time-sensitive quantum tasks and often requires additional
resources and communication overhead'. Quantum error correction
code®?® or decoherence-free subspaces can also mitigate this deco-
herence noise', but the experimental complexity impedes the flex-
ibility and universality of these protocols.

A recent study proposed that utilizing multiple copies of a
quantum state can effectively mitigate the decoherence-like effect
arising from RF misalignment®’, thereby enabling the estimation of a
global parameter in an RF-independent configuration when it is linked
to the properties of entangled states. However, this approach remains
fundamentally constrained by the limitations of the no-go theorem.
Simply protecting the state is not enough; one must still be able to
encode a parameter onto it. This leaves a critical gap: a method is
needed that not only protects the state from RF-induced noise but also
provides a valid mechanism for local information encoding that cir-
cumvents the no-go theorem.

In this work, we develop a framework to address the crucial
challenges for distributed metrology when lacking a shared RF,
thereby the no-go theorem can be effectively circumvented and the
encoded parameters can be accessed with local operations. Specifi-
cally, we introduce a protocol termed 2-LUI-RE, which employs
reversed encoding on two copies of a local unitary invariant (LUI)
network state. Fisher information analysis reveals that 2-LUI-RE could
fully recover the quantum Fisher information (QFI) and preserve
Heisenberg-limited scaling, provided the sites share a Greenberger-

(a)

Horne-Zeilinger (GHZ) state. Furthermore, we show that local Bell-
state measurements (LBM) constitute the optimal measurement
strategy for saturating the QFI, whereas standard randomized mea-
surements suffer an exponential loss of information.

Results
The role of RF in distributed quantum network
The orientation of any classical object is defined relative to a local RF.
When viewed from a different, global RF, this local frame appears to be
rotated. Any such misalignment between a local and a global frame can
be described by an element of the rotation group, SO(3), representing
a physical rotation in three-dimensional space (Fig. 1a). Similarly, in
distributed systems, the mismatch between the local RF at the i-th site
and a chosen global RF is described by a rotation g; € SO(3).
Accurate knowledge of the RF alignment is also a prerequisite for
quantum information processing tasks. Quantum states are invariably
defined with respect to the same local RF as the classical apparatus
used to prepare and measure them. For instance, in photonic systems,
the RF is typically defined relative to the optical table: horizontal
polarization (|H)) refers to polarization parallel to the table surface,
and vertical polarization (|V)) refers to polarization perpendicular to it,
assuming the propagation direction lies along the plane of the table®.
A qubit state defined by polarizations at the i-th site viewed by itself
can be written as |¢) =a;|H;) + B;1V;), where |H;) and |V;) denote the
local horizontal and vertical polarizations. From a global reference
point, this state appears as a different state which has been rotated via
a unitary transformation ?,-(g,») € SU(2), such that |H) = ?,-(g,-)lH,-) and
|Vy= lA/i(g,-)| V' This mapping, 17,- :S0(3) — SU(A) is related to the
specific experimental arrangement and provides the intrinsic con-
nection between a physical rotation of the classical apparatus and the
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Fig. 1| The Role of RFs and the Impact of Their Misalignment in Quantum
Information Processing. a Demonstration of RF Misalignment for Classical and
Quantum Objects. The left side shows objects defined in a local RF at Site-i, while
the right side shows the same objects as viewed from a common RF. For a classical
object (upper), e.g., a cat, a misalignment between frames is described by a 3D
rotation g; € SO(3). An orientation vector ¥ ; in the local frame is perceived asg; T ;
in the common frame. For a quantum object (down), such as a photon in a
horizontally-polarized state |H;), the same physical rotation corresponds to a
transformation Vi(gi) € SU(2) on its quantum state. This results in a different state,
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such as an elliptical polarization, in the common frame. b Demonstration of the
Effects of Drifting RFs on the State Shared in Two Sites. From the view of the
common reference point, the coordination of site A and B is changing with

ga(0), gs(t) € SO(3). The corresponding shared state pag is experiencing the unitary
rotation given V,(g,) ® V(gp). The average effect over the measuring time is the
G-twirling. ¢ Demonstration of k-copy Quantum States Shared in N sites. The con-
nected dots represent an N-qudit state shared in N sites. And the shared k copies
mean that kN-qudit states are included. At each site, there are k qudits (k balls), one
for each copy.
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corresponding unitary transformation on the quantum state’s Hilbert
space’.

Decoherence-like Noise by RF misalignment

In dynamic scenarios—e.g., satellite-based quantum networks—RFs
may fluctuate with time, modeled as gi(¢) (shown in Fig. 1b). For a
system consist of two sites — A and B, from a fixed reference point, the
effective state over a time interval is given by the averaged state
Pas.g= | d84d85V4(84) ® V5(€p)PasVa81)' © V() =G(psp). The
averaging process, denoted G, is known as a G-twirling channel'. For a
general N-site state p, the misalignment is described by a vector of

E=@1,gz,---,gN), the

~ ~ + ~ R =N
Gp)= [ dgV(g)pV(g) , where V(g)=V,(g) ®-- ® Vy(gy). In the
extreme case where the local rotations are uniformly distributed over

the Haar measure, this G-twirling operation becomes a full depolar-
ization channel, mapping any input state to the maximally mixed state,
Gg(p) =7/dN, and thereby erasing all initial information.

Fortunately, the effect of RF misalignment can be transformed by
sharing multiple copies of a state across sites. When k copies of the
state are distributed across N sites, the whole k-copy state can be
expressed as p® with each p an N-qudit state (shown in Fig. 1c). When k
copies are shared, we assume that all k qudits at a given site share a
common local RF. Consequently, an RF misalignment at site i subjects
all k copies to an identical, collective unitary rotation, Vi(g,-)®k . The
total effective state, averaged over all misalignments is given by the k-

copy G-twirling channel, ¥ (p®k)= fdg V(g) p®"V _g>)T® Cru-
cially, for k=2, this channel is no longer a simple depolarization.
Instead, G¥' acts as a projection onto the subspace of operators

invariant under collective local rotations.

rotations and twirled state is

No-go theorem on distributed quantum sensing

Distributed quantum sensing is inherently associated with two essen-
tial properties of the physical world: locality and symmetry, and is
therefore subject to the fundamental limitation proposed in ref. 12.
Such a limitation defines the implementability of generic symmetric
untiaries, stating as: in the continuous system like SU(2), if a unitary
Ugéuc, then it cannot be implemented using [-local symmetric uni-
taries; on the other hand, if U € 49, then it can be implemented with a
uniformly finite number of such unitaries'>”. Here, U represents the
set of all unitary operations obeying a global symmetry that can be
generated using interactions acting on at most [ sites, which can be
expressed as ¢ = {U e I-local unitary|[U, V(g)]=0,Vg € G}, forming
a connected and compact Lie group and a closed manifold. Marvian
also states that the “reach” of these operations, measured by the
dimension of their manifold (as ‘dim’ below), strictly increases with the
Hocality, dim@¢) > dim@©) if [>1'.

The absence of a shared RF imposes such a symmetry: a physically
non-trivial implementable encoding should respect unknown 3D space
rotations described by SO(3). Applying Marvian’s restriction to RF-
independent scenarios results in a no-go theorem, which states that
any information encoded through a 1-local process is completely
erased under RF-averaging. Consequently, the accessible information
has to be encoded in the set of operations that can only be imple-
mented via non-local approaches, which features [>2.

This stringent constraint applies directly when operations are
identical across multiple copies, as the overall process remains sym-
metric. However, the multi-copy framework itself introduces a new
physical resource: the ability to apply distinct or correlated operations
to each copy. This breaks the SWAP symmetry in copy space, providing
a potential pathway to encode information using only local site
operations (/ = 1) while circumventing the no-go theorem’s core sym-
metry assumption. More discussions are provided in Supplemen-
tary Note I.

Mitigating RF decoherence with multi-copy twirling
Based on the above discussion, we conclude that all effects of RFs
are generated by local SU(d) unitaries. And the effect of RF-
misalignment acts as a decoherence-like noise described by G-twir-
ling. Thus, for a state to be invariant in the RF-independent case,
it must be LUIL. The group of transformations corresponding to
RF  misalignment for k-copies shared among N sites is
therefore v, = {l7® IV € SUW)®V}. A state p is a k- copy LUI state if
it is a fixed point of this group of operations: Vkak p for
all Vk S Vk

A general method to construct an LUI state from an arbitrary
initial state is to average it over all possible local orientations. This
process, known as k-twirling for k copies, projects the state into the RF-
invariant subspace, rendering the averaged state immune to sub-
sequent RF noise. Specifically, the local k-twirling channel at site-i is

ek ~tek
defined as: ®V()= [, dU, U; (-)U,T® ,
Haar measure of SU(d)**™.

where the integral is over the

By applying this channel to eachsite, (D,m, QY 0%, we project
the initial k-copy state into the LUI subspace, p=® (p®*). By con-
struction, the resulting mixed state is invariant under decoherence-

noise by any RF misalignment, i.e., G-twirling,

p= g(k)(ﬁ)’ g, (48]

For the single-copy case (k = 1), this projection is trivial, yielding the
maximally mixed state p :7/dN . However, for k>2, the LUI subspace is
non-trivial and can support quantum information.

For quantum metrology, we consider the LUI states are con-
structed from independent encoded states p;g where j =1, - , k
indexes the copy. With the encoding process for each copy as
Pj6=9; 0/’09;,9' the encoded LUI states are

Po= (ngéa[(l’l, 0® Py o) )]

The explicit form of the k-twirling channel can be derived using
Schur-Weyl duality, which decomposes the k-fold Hilbert space #®¢
into invariant subspaces under the joint action of the unitary and
symmetric groups®. For general O € Cdkxd the twirling map takes
the form ®®(0)= 6, wes, Co,n [ TOW )W, where Sy is the permuta-
tion group, W, and W, denote the permutation operators corre-
sponding to o and m respectively, and c,, are Weingarten
coefficients®>*.

The two-copy case (k = 2) is the minimal non-trivial paradigm to
preserve the Fisher information in the absence of a shared RF. For k=2,
the resulting state lies in the symmetric and antisymmetric subspaces
spanned by the identity and SWAP operators. The SWAP operator S
acts as §|zp1)|(p2):|tp2)\tp1>. To be specific, arbitrary matrix O with
Tr(0) =1 after the 2-twirling channel satisfies:

¢)<2’(0) = (5 +TrS0)S —1/d). 3)

Let the 2-copy initial encoded state be p, g and p, g, denoting two
identical N-particle states parameterized by 6, each defined on a d-
dimensional local Hilbert space. Define Py := p1g ® p,g. The corre-
sponding LUI state is obtained by applying a local 2-twirling channel,
which can be implemented locally. The channel factorizes as
o2 =Y, 0%, where each ®? acts locally on the i-th site. The

local ~
resulting LUI state becomes

ﬁ0:<d2

1 W < - ~
=) 6P ®, A B
a

Nature Communications | (2026)17:1025


www.nature.com/naturecommunications

Article

https://doi.org/10.1038/s41467-025-67771-9

where @ is an N-bit binary string, and §_a> = ® l§,- with S, the local

ia;=
SWAP acting on the i-th site. The operators ﬁ,- : =7,- —§,~/d and Ei :

=§,- —7,- /d define two local subspaces. Further details are provided in
Supplementary Note II.

Eq. (4) shows that the LUI state retains nontrivial dependence on 6
via Tr(§—>P9), in contrast to the trivial case of a single-copy state.
Moreover, the structure of the retained information depends on the
encoding strategy.

Circumventing the No-go theorem with 2-LUI-RE protocol

In this subsection, we propose a strategy to circumvent the no-go
theorem in RF-independent distributed quantum sensing by breaking
the SWAP symmetry between the two copies.

For a two-copy LUI state, there are two instinct encoding strate-
gies: (1) Identical Encoding (IE): Following ref. 29, both copies are
prepared identically: Pg = pg ® pe. This construction is manifestly
SWAP-symmetric in copy space, i.e. Tr(§P9) =1.(2) Reversed Encoding
(RE): Our proposed strategy prepares the copies with opposite
encodings: Py = pg ® p_g. This process explicitly breaks the SWAP
symmetry in copy space, i.e., Tr(§P9) is related to 6, which, as we will
show, is the key to its enhanced metrological power.

To study the metrological advantages of the two strategies, we
take rigorous Fisher information analysis. Before proceeding, we
briefly review quantum metrology®. In quantum parameter estimation,
where 6 is encoded in the state p,, the quantum Cramér-Rao bound
(QCRB) sets a lower bound on the estimation uncertainty®:

AG> ! > 1 z$. )
VF ~ VWWF VT

Here, F is the classical Fisher information (CFI), dependent on the

measurement M, encoding Hamiltonian H, and input state Po- The QFI,
F, is the CFl optimized over all measurements, while 7 ,,, = max, F is
optimized over probe states and depends solely on the encoding.

The QFI can be computed from the encoded state pg via the
symmetric  logarithmic  derivative _  (SLD) Ze satisfying
09pg =L (PgLy +Lopy), yielding F = Tr(pyLy)*. For general mixed states
Po=>wAm|Wm) (¥, the QFl is given by

BgMn)’ Ay — 1)
F= +2
Em: A, ; A+,

where the summations exclude terms with A,,,= 0 or A,, + A,,= 0. Since
all LUI states are linear combinations of permutation operators (per Eq.
(4)), their eigenstates are 6-independent, and only the first term con-
tributes in Eq. (6).

In the identical encoding strategy, called 2-LUI-IE protocol, as
shown in Fig. 2a, the QFI is determined by the eigenvalues of py. We
denote symmetric or antisymmetric subspaces by a binary vector b,
and define P,z = Triq,-0(Pg)- The QFI reads

{OpWm! W) %, (6)

>
L ZRE PP aTre )
Fo Lo = Z_NZ; e T)) ’ ) (7)
b T VT )
6, a

is related to the 2-Renyi entropy of the subsystem B (sites with @; = 1).
Thus, as derived in Supplementary Note IlI, this QFI is sensitive to the
entanglement properties of pg. Notably, for p9=09p002, when the
encoding operation involves only local interactions - expressed as

(a) Identical  Local
Encoding Unitary Measurement
( N —
:
copya 1 s
— |
Lo Po !
—
—
copyB 1 ©Op
/! !
po Po Pe
(b) Reversed Local
Encoding Unitary Measurement
( I R
> .
e
CopyA | Yo
— |
—
copyB =0,
: =T
' 1

Lo P-0 Py

Fig. 2 | Comparison of Encoding Strategies for 2-copy LUI States. a 2-LUI-IE
Protocol: Both copies undergo the same encoding operation, Oy, and in this case,
only nonlocal interactions can give rise to a non-vanishing QFI. b 2-LUI-RE Protocol:
The two copies are reversely encoded with @y and O_. This structure explicitly
breaks the SWAP symmetry between the copies. Crucially, while Oy is depicted as a
global unitary for generality, this strategy is effective even when the encoding is
generated by purely local interactions at a single site.

Oy = exp(—if}_;h;) where h; denotes a local Hamiltonian acting on site
i - the 2-Rényi entropy remains independent of 6, and consequently,

Fatui—ie =0, if Og is local. 8)

Imai also reaches similar conclusions in*’, which are consistent with
the predictions of the no-go theorem.

In the reversed encoding strategy, called 2-LUI-RE protocol, the
two copies are encoded oppositely, as shown in Fig. 2(b):

P9=(09p062) ® (O,9p0019)= Po®p_y. For an encoding process
0,=¢""9 its reverse is ©_,=¢".

The reversed operation O_y can be realized through several phy-
sically relevant methods. In optical systems, such reversal can be
achieved by inverting the input-output directions of the encoding
black box¥, for instance, by reversing the spatial orientation of the
optical crystal. This approach is valid for Hermitian interaction satis-
fying O_B:Og”. For more general configurations with Hamiltonians
expressed in terms of Pauli operators, including most atomic spin
systems, a reversal can often be implemented via conjugation with
other local unitaries. For instance, if H=15",.,Z; on some sites set K,
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then applying a Pauli-X operation X = @Y. X; before and after the
encoding achieves the reversal: O_g = XOgX.

With the help of the reversed encoding and local-twirling, the QFI
of the LUI mixed state p, is

>
) 23D aer"(pey—a»l’i‘g’?) o
Fa Lul-RE = ZT/; E)l_)) ,
b 2D TR, 5P )

where p,e rt P = Tri:a,:O(OprOOT_Q)-

Moreover, for general cases of @, at small 6, the mixed state
generated by the 2-LUI-RE protocol approaches the QFI of the

untwirled pure state Py, given by }'O(PG)=8[Trm9FI2)— Tr(pgﬁ)z],
leading to the asymptotic equivalence:

limF =Fp.
o 2-Lu-RE= 0 (10)

This contrasts starkly with the vanishing QFI in the 2-LUI-IE case, and
showcases the optimality of the reversed encoding for small 8. Details
of the asymptotic behavior for the 2-LUI-RE protocol are provided in
Supplementary Note IV.

Crucially, unlike 2-LUI-IE protocol, F,_;_ge remains nonzero
even when both Og and O_g are generated by a local Hamiltonian of the
form H = 3", -h; with some local Hamiltonian h; on site i, and site set K.
This is because the overlap terms Tr(pg 3 P, E)) are non-trivially

dependent on 6. Here, we are going to give three examples with Pauli
Hamiltonian.

Example 1: encodings on one site: O, = e-219/2 with Z; is the local
Pauli-Z operator at site-1. The QFI is:

4cos?(0)Tr(p* — Z,pZ,p)
Fatu-re(@) = — ,
2 —sin“(O)Tr(p? — Z,pZ:p)

an

where p is an initial encoded pure state. Apparently, for a state p with
non-trivial initial Fisher information 7, =2Tr(p? — Z,pZ,p) # 0, the QFI
after twirling is non-trivial. This case proves that our 2-LUI-RE protocol
works for local encodings. And for small 8, F,_, ,_ge(p) is near with
Fo; for larger 6, the QFI after twirling may decrease. The derivations
are provided in Supplementary Note V.

Example 2: the initial state is the product state. Consider the
initial product state [¢,,,4) = ®ﬁ1%(|H,~) +|V;)) defined in the local
basis |H;) and |V;). When we consider the encoding Hamiltonian
H=1%".7,, the QFI of the resulting LUI state becomes

4N cos?0

S 12
1+cos20 " 2

F o tui-rRe @Wproa) =

In the small-6 limit, we find limg_, o F>_ui_re Wprod) = F o(@proa) = 2N,
which corresponds to the SQL. The derivations are provided in Sup-
plementary Note V.

Example 3: the initial state is the GHZ state. Now consider the
GHZ state in Fhe local basis: [Werz) = %('\HII-AI2 e Hy H VIV VD).
Still considering the encoding Hamiltonian H=1%",7;, the QFI of the
corresponding LUI state is

sin?(N6)

Fyrur =Nl - ——
2-Lu-re(W6rz) [ Cos2(NO)+ 271

. 13)

Taking the limit 6 > O, we obtain

él;”(’) Fo o reWenz) = FoWeuz) =2N%, (14)

which corresponds to the HL. Importantly, the GHZ state is the opti-
mal probe under local encoding, so the maximal QFI achievable with
two independent copies is Fay = Fo(Pguz) = 2N?. Hence, even under
local operations and reference-frame averaging, our protocol retains
Heisenberg scaling. Further details are provided in Supplemen-
tary Note V.

These examples clearly indicate that the 2-LUI-RE protocol fully
preserves the QFI for small values of 6, while for large values of 6, the
protocol’s sensitivity can be restored to the optimal level through prior
knowledge of the system or by implementing an adaptive measure-
ment scheme.

The IE protocol is doubly-constrained by both RF-invariance and
SWAP-symmetry, which significantly restrict its manifold of achievable
states to the extent that local operations become insufficient. By
relaxing the SWAP-symmetry constraint, the RE protocol targets a
larger manifold, where the correlated structure of the Oy ® 04
operation provides the necessary resource to encode information
robustly in RF-independent scenarios.

In summary, the 2-LUI-RE protocol offers two significant advan-
tages: (i) it enables metrological usefulness of LUI states under fully
local operations, and (ii) it provides robustness against reference-
frame misalignment while preserving complete QFI.

Heisenberg-limited distributed phase estimation

In this subsection, we demonstrate the validity of the 2-LUI-RE protocol
in a fundamental task of distributed phase estimation: estimating a
single collective parameter that depends on independent local para-
meters 0;, each accessed by one of N spatially separated local
sensors®™°, A notable paradigm is a ‘world clock’ across a network of
clocks across the world*, which can be modeled as a task to estimate
the simple average 6= 13°,6,.

Quantum resources, e.g., the GHZ state, offer a dramatic
advantage for this task compared to measuring them individually.
Remarkably, a network of N entangled quantum sensors can
achieve the HL°7*°*°, where the precision scales as 1/N°. Suppose
the entire network is in a multi-site GHZ state:
Wonz) = J5(IHiHy - - Hy) + V1V, - - V) with [Hy(V))) for local hor-
izontal (vertical) polarization. Suppose the parameter of interest
at each site is imprinted by a locally-trust interaction with
Hamiltonian h;=1Z;=1(H)(H;| — |V;){V,]). The total encoding
operation is the product of all local unitaries:
03 = exp(—ézjzjej). When this operation is applied to the GHZ

state, the resulting state is:

1 NG
Oﬁl‘pGHZ) = 7(|H1 ~-Hy) +elN6|V1 V). (15)

7
The average parameter 6 is now encoded as a global phase on the
highly sensitive entangled state, which allows it to suit our protocol.
2-LUI-RE protocol uses two copies of the GHZ network state and
applies a specific reversed encoding on the second copy before sub-
jecting both to an identical twirling process, as shown in Fig. 3. Given
the Eq. (10), this protocol preserves the quantum advantage. The QFI
for the final, RF-independent state is:

éiné FawuireW@enz» 0)= FoWonz, 0)=2N?, (16)

which is the original Heisenberg-limited QFI for the ideal GHZ state.
This means that even when the sensors have no shared RF, our
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protocol allows them to collectively estimate the global average
parameter 6 with a precision that scales as 1/N, the full HL.

Optimal measurement strategy

While the QFI quantifies the ultimate precision bound for a quantum
state, this bound is achievable only with optimal measurements.
According to Eq. (5), the actual estimation precision after measure-
ment is determined by the CFI, defined via the outcome probabilities
o as F =Zk(aepk)2/pk. For our reversed-encoding strategy, the
metrological information is contained in the expectation values of

I_]

1 A1
TE U, =

2 0, P
ol 70

U 3 E

=

®2
Po

Pé
Fig. 3 | 2-LUI-RE Protocol with Independent Encodings. Two copies of the GHZ
state (po) are shared by separated sites in a network, and then each site applies

reversed-encoding on two on-hand photons with opposing encoding ©; and G),T,
forming two reversely encoded network states pT; and p 7’) Afterward, each site

performs local randomized rotations U= ®?.,U; to the two photons to generate

the LUI state ﬁ‘_; . The averaged parameter 6= N Z?’ZIGI can be estimated through a

specific measurement strategy geared toward 7’3'

R B IR A S S

Reversed Local RF- Direct Computational
Encoding  Twirling misalignment Basis Measurement

(DM)

Fig. 4 | Local Measurement Strategies for the 2-LUI-RE Protocol. a Direct
Computational Basis Measurement (DM). Each qudit is measured directly in the
computational basis. This strategy suffers an exponential loss of information.

b Local SWAP Test (LST). An ancillary qubit is introduced at each site to perform a
controlled-SWAP operation between the two copies. ¢ Local Bell-state

local and global SWAP operators, Tr(§_>P9). The central challenge is
therefore to design a measurement strategy that efficiently extracts
these values.

One seemingly straightforward approach is direct computational
basis measurement (DM) at each site, as depicted in Fig. 4a. This
procedure is operationally equivalent to performing local randomized
measurements (LRM) on the initial state Py, to estimate the cross-copy
correlations Tr(S— Pg)**.

Although simible to implement, this method is highly inefficient.
Taking the GHZ state with 2-LUI-RE protocol as an example, the
resulting CFl is:

As shown in Fig. 5, DM extracts only a small fraction of the maximum
QFI F ... For large N, the maximum achievable CFI scales as

cos2(NB)sin*(N6)
d"+(=1)"cos2(N@)’

4N?
(@+1)" &=n=0

DM_

a7

1 N?

DM
F ? max dTv 4

max " (18)
demonstrating an exponential loss of information and a failure to
preserve the HL. A global randomized measurement performs simi-

larly poorly (demonstrated in Supplementary Note VII).
A far more effective strategy is the local SWAP test (LST)**, which

enables explicit extraction of (3?). As shown in Fig. 4(b), this is

implemented by introducing an ancillary qubit at each site and per-
forming control-SWAP operations. The power of this method stems
from the invariance of the SWAP operator under the twirling channel:
Tr(§_a>ﬁ9) = Tr(§3> O (Py) = Tr(d><2>(§5> Pg) = Tr(§_a> Py).

quently, measuring the ancillary qubits provides direct access to the

Conse-

encoded information. For measurement basis on ﬁ €10,17", the cor-
_) »
responding measurement probabilities pa =5 Z (-1 )
yielding a CFI that saturates the QFI:
FST =7, Luges limg_ oF5T = F,. 19)
(b) (c)
s =m mm mm Em Em = — = = mm = = = ~

[ SWAP Z-measurement \ [ cNOT
! D ~_ :
1

I ~ RN 1
U 1

1 H .
! D b \\ :
: I L 1
: b l
: : 1
I 1 : : |

I 1 Zi AN
1
| 1 \ |
1 \ Hadamard Gate )

- - S e e e s

Local Local Bell-state
SWAP Test Measurement
(LST) (LBM)

Measurement (LBM). For qubit systems (d = 2), the local SWAP test is operationally
equivalent to a Bell-state measurement. This is implemented efficiently using a
CNOT gate and a Hadamard gate at each site, followed by Z-basis measurements.
LST and LBM constitute optimal measurement strategies.
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Fig. 5| Fisher Information for Different Measurement Strategies in the 2-LUI-RE
Protocol. The QFl of the protocol (blue dashed-dotted line) represents the ultimate
precision bound. The CFI from the optimal LBM (orange solid line) perfectly
saturates the Cramér-Rao bound, while the CFI from a naive DM (purple solid line)
performs dramatically worse, falling far below the SQL.

Especially, for qubit systems (d = 2), this protocol can be simpli-
fied further. Each local SWAP test is operationally equivalent to a local
Bell-state measurement, which can be implemented without ancillary
systems using CNOT and Hadamard gates (Fig. 4(c)), which projects
the two on-hand photons onto the Bell singlet state, %(|H,~ Vi —
|V;H;)) and its orthogonal complement. With this optimal strategy, the
gathered CFI matches that of the reversed-encoding LUI state:

FeM (20)

=Fa-woirer limg_oF "™ = Fo.

The stark difference in the efficacy of these measurement strate-
gies is quantified in Fig. 5. The simulation considers an initial N =2 GHZ
state and an encoding Hamiltonian H = 13" Z,. The dashed-dotted blue
line shows the QFI of our 2-LUI-RE state (F,_;;_gg)- Crucially, the solid
orange line (F*®) shows the CFI extracted using our proposed LBM
strategy. It perfectly overlaps with the QFI, proving that LBM is an
optimal measurement that saturates the QCRB for all values of 6. When
6 is small, the HL scaling is achieved and for large 6, we could still
extract most of the Fisher information with LBM. In stark contrast, the
solid purple line (F°™) represents the CFI from a direct computational
basis measurement. This simple approach is highly inefficient, peaking
at only 12.5% of the maximum possible information. This performance
gap between the optimal LBM and the naive DM becomes larger with
the number of particles N, underscoring the critical importance of
employing the correct measurement strategy to preserve the quantum
advantage in distributed sensing. Further details are provided in Sup-
plementary Note VII.

Discussion

Our 2-LUI-RE approach circumvents the no-go theorem on distributed
quantum sensing. The reversed encoding breaks the SWAP symmetry
between copies and retains the full QFI with local Hamiltonians. Fur-
thermore, we have identified an optimal measurement strategy—local
SWAP test or local Bell-state measurements—that can extract this
information completely, achieving the HL without requiring shared RF
or non-local interactions between sites.

From a practical standpoint, the protocol is experimentally fea-
sible. Preparing the required 2-copy LUI states is straightforward. For
qubit systems, local Clifford operations suffice, and for general k-copy
states, the twirling can be efficiently approximated using unitary k-
designs, greatly reducing experimental complexity.

In conclusion, we have presented a comprehensive and experi-
mentally viable solution to the deadlocks of distributed quantum
sensing in the absence of a shared RF. By simultaneously overcoming
the pervasive decoherence effects of RF misalignment and the fun-
damental limitations on local encoding, our work paves the way for
practical implementations of high-precision, networked quantum
technologies.

Data availability
Authors can confirm that all relevant data are included in the paper
and/or its supplementary information files.
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