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High-concurrency tri-modememristor-based
ordinary differential equation solver

Lianfeng Yu1, Teng Zhang 1, Yang Han1, Bowen Wang1, Ziang Xie1,2,
Haochen Zhang1, Jiaxin Liu1, Longhao Yan 1, Pek Jun Tiw 1, Daijing Shi1,
Lei Cai 1, Yaoyu Tao 1,3,4 & Yuchao Yang 1,2,3,5

Ordinary differential equations (ODEs) arewidely used in science, engineering,
and mathematics, but their numerical solution on traditional Von Neumann
hardware is time- andenergy-consuming, especially for high-orderODEs.Here,
we present a high-concurrency memristor-based ODE solver supporting arbi-
trary order and three configurablemodes: coarse, fine, and coarse-to-fine look-
ahead, to meet diverse accuracy requirements. History-based memristor
programming (HMP) accelerates device conductance programming by up to
3.29 × without compromising accuracy. The reconfigurable hardware imple-
ments coarse solver via analog compute-in-memory, fine solver via digital
compute-in-memory, and coarse-to-fine solver using Parareal methods for
high-concurrency numerical integration. We demonstrate its performance on
exponential functions, Lorenz attractors, and three-body problems, achieving
601 × ~ 6.92 × 103 × speedup and 1.71 × 103 × ~ 3.93 × 103 × energy improvement
over CPU/GPU, respectively, when solving the sameODE tasks. Thememristor-
based tri-mode solver pushes ODE solver hardware performance to a new
paradigm with orders of magnitude concurrency improvements.

Ordinary differential equations (ODE) are fundamental mathematical
theories in a wide range of science and engineering fields, including
physics1–4, biology5–7, economics8–10, or control systems11–13. The ability
to solve ODEs efficiently is critical for real-time simulations, optimi-
zation, and decision-making processes. With increasing complexity of
modern ODE applications, such as artificial intelligence, climate
modeling, and autonomous systems, traditional ODE solvers based on
general purpose processors (GPUs/CPUs) or FPGAs/ASICs often face
limitations in terms of speed, energy efficiency, and scalability. This is
because these hardware solvers are inherently limited by the Von
Neumann architecture, which suffers from data transfer bottlenecks
between processing units and memory. Additionally, iterative numer-
ical methods for solving ODEs, such as Runge-Kutta (RK) or Euler
methods, can be very computationally expensive, especially for stiff

equations or high-dimensional systems. These limitations become
particularly pronounced in real-time applications, where delays in
computation can lead to suboptimal or even catastrophic outcomes.

Hardware ODE solvers have been extensively researched in the
past several decades. CPU/GPU-based ODE solvers often employ
instruction-level parallelism or architecture-level optimization14–16, but
are still limited bymemory bandwidth when it comes to stiff equations
and high-dimensional problems. Many researchers also use FPGAs17–21

for hardware acceleration of the ODE solving process, but these prior
arts also suffer from Von Neumann bottlenecks. Furthermore, most of
them are fixed data flow architectures designed for specific equations,
lacking necessary reconfigurability. The latest hardware for the ODE
solver22,23 on FPGAs/ASICs supporting the fourth-order Runge-Kutta
method records a power consumption of 367mW. In order to resolve
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the bottlenecks of traditional VonNeumann architectures, computing-
in-memory (CIM) architectures are progressing rapidly, where emer-
ging memristors can enable computations within crossbar arrays to
accelerate matrix-vector multiplication or sorting operations24–32.
Recent work on CIM architectures has focused on hardware designs
for partial differential equations (PDE) using Flash33,34 or memristor35,36

devices. However, these PDE hardware solvers aremainly designed for
specific PDEs, and changes in PDEs require reprogramming of the
devices, which is a big overhead for memristors. Also, the classical
Jacobi methods used for PDE hardware solvers are difficult to apply
directly for ODE solving, as they can only be used with a fixed step size
in memristor-based hardware, which introduces lower accuracy and a
larger array. Thus, there is a lack of a CIM-based ODE hardware
implementation solution.

In thiswork, wedevelop an end-to-endmemristorCIM-basedODE
solver hardware supporting arbitrary ODE solver orders. The design
features two distinct modes with accuracy and speed trade-offs. We
build our ODE solver hardware with device-level investigations up to
system-level optimizations. We fabricate 1-transistor-1-resistor (1T1R)
memristor arrays using a 180nm technology and map RK ODE solver
coefficients of any order onto them. In order to accurately program
these coefficients, we propose a history-based memristor program-
ming (HMP) scheme to speed up conductance programming by up to
3.29 × while maintaining excellent accuracy. A reconfigurable hard-
ware architecture that enables the coarse solver to use analog com-
pute-in-memory, the fine solver to use digital compute-in-memory,
and the coarse-to-find look-ahead to use parallel methods is designed
for high-concurrency numerical integration. We demonstrate the 2nd
and 6th order RK ODE solvers with memristors that can be configured
as coarse solver for exponential functions, the fine solver for Lorenz-
attractor problems, and the high-concurrency coarse-to-find solver for
classical 3-body problems. Experimental results on these problems
show that our ODE solver hardware can deliver up to
601 × ~ 6.92 × 103 × speedup and 1.71 × 103 × ~ 3.93 × 103 × energy
improvements compared to general-purpose CPU/GPU, respectively,
when solving the sameODE tasks. Thememristor-based coarse-to-fine
look-ahead schemepushesODE solver hardware performance to a new
paradigm with orders of magnitude concurrency improvements.

Results
Memristor-based tri-mode ODE solver
ODEs are ubiquitous in numerous applications, as shown in
Fig. 1a. They are usually difficult to solve with analytical expres-
sions but can be solved numerically. However, numerical meth-
ods are often iterative and very time-consuming while demanding
large amounts of computational resources. The Runge-Kutta (RK)
methods are a classical family of explicit and implicit iterative
numerical methods37 (see “Methods” for details) that are widely
used in numerous applications and are also standard ODE solvers
in commonly used software tools such as Matlab or Python. They
require a large number of iterative matrix and vector computa-
tions and also involve storage and transmission of intermediate
results, which are both time- and energy- consuming when run-
ning on traditional Von Neumann architecture. We build our
memristor-based ODE solver hardware based on Runge-Kutta
method, which can be reconfigured as coarse, fine, or course-to-
fine look-ahead mode with arbitrary ODE order to address dif-
ferent application requirements: (1) For applications with low
accuracy requirements but high demands on speed, we configure
the hardware as a coarse solver, utilizing an analog memristor
conductance and an in-memory stepsize computation method,
which can perform complex computations in one step with only
a small overhead; (2) For very high-accuracy applications, we
configure the hardware as a fine solver with binary memristor
conductance that can minimize accuracy loss due to memristor

non-idealities; (3) For applications with mid-to-high accuracy and
speed requirements, we configure the hardware as a coarse-to-
fine look-ahead mode that utilizes Parareal methods with hybrid
fine and coarse solvers as shown in Fig. 1b.

We fabricate 32× 36 1T1R (1-transistor-1-resistor)memristor arrays
using 180nm technology (Fig. 2a) to build the ODE solver system. We
use TiN/TaOx/HfO2/TiN memristors, and the transmission electron
microscope (TEM) image is shown in Fig. 2b. By applying pulses with
different conditions, the devices can be fully distinguished into two
different conductance states corresponding to digital 0’s and 1’s. We
program all devices in the six arrays using a single pulse (2V 200ns for
SET operation, 3.5V 500ns for RESET operation and 0.2V for read)
without verify, and each device is successively programmed to the
high and low conductance states, and the results are shown in Fig. 2c.
Our devices can also be programmed to analog conductance states.
Typically, the analog conductance programming of memristors needs
to be achieved by iterative write-verify operations, which is time-
consuming. Conventional programming schemes write the device
conductance to the target value by iterative trial and error. However,
the traditional process does not consider the conductance mismatch
distance from each trial iteration, which wastes a lot of time before
approaching the target conductance. Some other programming
schemes have been proposed, such as COPS38, but they are mainly
designed to address the relaxation of thememristor device and are not
optimized for programming speed.

Here, we propose history-based memristor programming
(HMP), a write-verify method that can learn from the conductance
mismatch distance of past programming trials, leading to a much
faster convergence speed. The HMP classifies all possible situa-
tions encountered during the conventional write-verify process
into different states (s1, s2, s3), and stores the actions taken a after
encountering a certain state in a state space (Fig. 2d). We use a set
of reward and penalty rules to refine and update the actions
stored in the state space based on the conductance of the device
after taking that action. The state space gradually converges by
repeatedly taking and updating actions. The state space includes
the states and their corresponding actions, and each state con-
tains three state variables, i.e., the current conductance of the
device, the absolute value of the difference between the current
and the target conductance, and the current intensity of the
applied pulse. Note that the number of state variables can be set
flexibly, and the above descriptions are the setup in our work for
testing and demonstration. The actions represent the intensity of
the pulses that will be applied when the next trial returns to this
state. The HMP flow chart is shown in Fig. 2e. For each device, we
set a target state (Gt) as well as a tolerable write error (err). The
device is first read, and if the target is not reached, we search the
current state of the device (s) in the state space. If this is not the
first iteration, we need to calculate the updated action based on
the read-out information through a dedicatedly designed reward
and penalty mechanisms (detailed in Supplementary Note 2) and
use them to update the actions corresponding to the state of the
previous iteration. We then determine the action that needs to be
taken based on the current state and applied to the memristor
device. The above process is repeated until the write is successful
or the iteration limit is reached.

With the proposed HMP scheme, we can learn from the write-
verify process of each device and take the actions that best match the
characteristics of the device in the current state, which greatly speeds
up the writing process. To illustrate the performance of HMP, we
iteratively program thedevice to 32 different conductance states using
HMP and the conventional write-verify method, respectively, and
record the average programming latency. We tested a total of 100
devices, and the average programming results are shown in Fig. 2f.
From the results, we can see that with the increase of the cycle, the
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state space gradually converges, the writing speed is also gradually
accelerated, after 60 cycles, the speedup stabilizes and can reach
3.29 × of the conventional write-verify method. Our devices can be
programmed to any conductance state easily by HMP, and we choose
32 typical conductance states (3μS to 52.6μS, with a write error of
± 0.8μS) to plot the cumulative distribution function (CDF) as shown
in Fig. 2g. We conduct a total of 10000 programming experiments for
each conductance state on 100 devices, and 99.72% of the program-
ming is completed within the specified cycle (20 cycles in our experi-
ments). It shows that HMP can program devices at a faster speed while
maintaining a very high success rate, while demonstrates the analog
conductance programming potential of memristors.

The adaptive stepsize is one of the crucial factors for an ODE
solver because a fixed stepsize that is too large may lead to low
accuracy, while one that is too small may lead to too much
computational overhead. Optimal ODE solver performance can
only be achieved if the stepsize can be adaptively adjusted

according to the error in the numerical process. However, exist-
ing implementations for adaptive stepsize heavily rely on per-
ipheral circuits, which is not efficient. Previous work on solving
PDEs with memristors uses a fixed step size35, which cannot be
adjusted during run-time. We propose an in-memory strategy to
compute the stepsize and can accomplish the computations in
one step within the memristor array without repeated program-
ming for applications with low-accuracy requirements.

The explicit Runge-Kutta method is a set of serial algorithms,
which are widely used due to their simple calculations. In con-
trast, implicit methods have better stability and fewer para-
meters, but typically require solving a system of equations, which
is more complex, and currently lack suitable hardware solutions.
We choose to use fixed-point iteration to solve the implicit
method, which can transform the solution of the system of
equations into continuous iterative matrix vector multiplication
(MVM) to fully leverage the parallelism of CIM. The main formulas
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are as follows (see “Methods” for details):

kð0Þ =0

kðlÞ = f ðxi +hi*c, yi +hi*k
ðl�1ÞAÞ, l = 1, . . . , σ

xi+ 1 = xi +hi

yi+ 1 = yi +hi*b � kðσÞ

ð1Þ

where y is an unknown function of time x, which we would like to
numerically solve. The initial conditions and the function f(x, y) are
known quantities, where f (x, y) is the derivative of y with respect to x.
Located in step yi, we need to solve the coefficient vector k first and
then obtain the integration result yi+1 for the next step. The above step-
by-step process needs to be repeated until we reach the final point xn.
The Runge-Kutta matrix A, the weight b, and the node c are related to
the order of the Runge-Kutta methods and do not need to be changed
once the method is determined. This mapping scheme, based on the
method we used, avoids the need for reprogramming that arises when

traditional memristor-based PDE solvers encounter equation changes.
Thus, implicit methods have been transformed into hardware-friendly
iterative MVM (kA). Mapping the vector k to the input voltages on
bitlines (BL) and the memristor array storing the matrix elements A
and weight b, the cumulative currents on the source lines (SL) can be
written as kA and b ⋅ k according to Kirchhoff’s law, which is the
conventional way to perform MVM. To support stepsize calculations,
we store the mapped steps in the memristor array below the weight
array and read the current output from the BL of the step element
instead of the SL, as shown in Fig. 2h.

Let’s take the jth column of the array as an example, assuming that
the input vector has a length s. The conductancestored in the kth rowof
the first s rows of the array is Gkj, and in row s + j is Gh, according to
Kirchhoff’s law, the output current on the (s+j)th BL can be written as:
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Notice that the first part is exactly the results of the MVM, and the
second part can just be used as the step size. We store many such step
parts in the memristor array and develop a corresponding adaptive
stepsize algorithm. The error weights b* are stored in the memristor
array, and a step selector is designed to control which step to use
(details in Supplementary Note 5). In order to realize parallel step
calculations, for the same step part, we store the step conductance at
thediagonal of the array andusememristordeviceswithout forming at
other locations, so that the conductance at these locations can be
ignored during the in-memory calculations. Our designed hardware
architecture is shown in Fig. 2h. We can implement MVM and step
multiplications in one step by in-memory computing, and we are able
to implement adaptive stepsize control inside the chip.

Our computational arrays can be reconfigured into two modes;
one mode is normal MVM for the fine solver with binary conductance,
and the other is in-memory step computations for the coarse solver
with analog conductance. In order to study the performance of our
memristor array, we collect MVM data from the memristor array with

different inputs and weights, and the normalized data are shown in
Fig. 2i. The experimental data and the ideal results show a very high
degree of match, with a mean absolute error of 0.066. This confirms
the reliability of our memristor calculations, both with binary and
analog conductance. We also choose different stepsize conductance
(Gh) and test the results of in-memory step computing (Fig. 2j). We
selected a total of ten different Gh while keeping

Pn
i = 1Gij consistent

and measured the mean absolute error of 0.012, demonstrating the
feasibility of our proposed one-step stepsize calculation within
memory.

We build a memristor-based ODE solver hardware that can be
configured to implement coarse, fine, or coarse-to-fine look-ahead
solvers (Fig. 3a), and the flow chart is shown in Fig. 3b. The design can
solve both implicit and explicit Runge-Kutta methods by fixed-point
iterations (see “Methods” for details). As mentioned in the previous
section, we decompose the array into an RK part and a step part.
Readingdata from theBLs of the steppart configures thehardware as a
coarse solver mode. In this mode, we program the devices into analog
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conductance using HMP and enable one-step in-memory imple-
mentation for stepsize computation to get better efficiency. We store
the error weights b* in the RK part, which can be used as a basis to
adjust the stepsize. Furthermore, analog operations introduce noise
during memristor programming and reading, and the calculation
results may not be very accurate. Therefore, this coarse solvermode is
only suitable for application scenarios with high energy efficiency
demands but low accuracy requirements.

On the other hand, if the step part is skipped and we read directly
from the SLs, the hardware can be configured as a fine solver mode.
The input vectork and theRunge-Kutta parameters are bothquantized
to 32 bits for high-accuracy purposes. Binary conductance devices are
easier to program with fewer bit errors, and the length of k is small in
most widely usedmethods, so we can process directly within the array
using current accumulation without introducingmany errors. The fine
solver stepsize is implemented using an external multiplier, and we
adjust the stepsize using a mathematical estimation of the local trun-
cation error of a single Runge-Kutta step39. This is done by having two
function estimations, one of order p and the other of order p − 1. These
two estimations share the same A and c, only with different b. There-
fore, we simply change the errorweights b* to theweights of order p − 1
in our system (detailed in Supplementary Note 5). Due to digitalized
input bits, the fine solver requires multi-cycle inputs, and the periph-
eral circuits and step control are more complex; therefore, it is only

suitable for application scenarios with high accuracy requirements,
but can tolerate some speed degradations compared to the coarse
solver.

The iterative computing flow of the ODE solver hardware is
controlled by the FPGA. Firstly, for step i, k(l) is assigned to the
input voltage on the BLs of the RK part via digital-to-analog
converters (DACs). For the coarse solver mode, we use a step
selector to control the step part to select a step (hi). The results
are read by analog-to-digital converters (ADCs) and then sent to a
processor to calculate the function f(x, y). The fine solver mode
does not enable the step part, and the readout current of the SLs
is fed to the processor after passing through the ADCs, peripheral
shift adders, and multipliers. The above process completes one
iteration in the RK methods. The implicit RK methods require p0

iterations, and the number of iterations for the explicit RK
methods is the length of k. Once the maximum number of itera-
tions has been reached, we iterate again to obtain yi+1 and y*i+ 1,
which are sent into the step check module to derive the next step.
The step check module determines whether to accept or reject
the current step and generates the next step size to be used
(detailed in Supplementary Note 5). The process repeats until we
reach the end (xn). Our system consists of 1T1R chips, PCB, FPGA,
and PC. The operations performed by each component are
labeled in different colors in Fig. 3a.
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Fig. 4 | Fine solver for solving Lorenz-attractor problem. a Lorenz system con-
taining three first-order ODEs, we use MFS (memristor-based fine solver) to solve
for each of the three dependent variables (x, y, z).bArraysmapping ofMFS, with all
weights quantized to 32-bit. c The solution results of software coarse/fine solvers
and MFS at different integration endpoints. d Comparison of MSE among three

different solvers. e Comparison of normalized operations among three different
solvers. f The MSE and normalized operations for the different step size cases of
MFS when solving at t = 15. g Comparison of latency and energy consumption of
CPU/GPU and MFS achieving the same accuracy.
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Experimental results using coarse and fine solvers for dynamical
systems
We implement the memristor-based tri-mode ODE solver hardware
with six 32 × 36 memristor chips on the PCB with the help of control
FPGAs, as shown in Fig. 1b. We then configure the hardware as coarse,
fine, or coarse-to-fine look-ahead mode and carry out experiments on
representative ODE solving problems, including exponential func-
tions, the Lorenz-attractor problem, and the classical three-body
problems. For the coarse mode, we use two arrays with analog con-
ductance devices to represent positive and negative weights, respec-
tively. For the fine mode, each dimension requires an array for
calculation, and there are three dimensions in our experiment (Lorenz
attractor). We quantify all the Runge-Kutta coefficients into 32-bit and
map them to three arrays with a binary device. And for the coarse-to-
fine look-ahead mode, two arrays are set to coarse mode, and four
arrays are set to fine mode. Detailed information on hardware imple-
mentation and computing pipelines is provided in Supplementary
Note 11.

We first experiment our coarse solver to solve exponential func-
tions, which is one of the most important basic functions denoted by
f(x) = ax. a is generally Euler’s number e. Here, we show how our
memristor-based coarse solver (MCS) can easily solve arbitrary expo-
nential functions. For an ordinary differential equation dy

dx = f ðx, yÞ: If
wemake f(x, y) = ky, then the solutioncanbeexpressed as y= ekx. At this
point, the function f(x, y) involves only the simplest multiplication
operations on y, which can be easily performed. Note that there are
intrinsic errors associated with memristors of analog conductance, so
the MCS results are slightly off compared to the software results for
methods of the same order. In the experiment, our MCS uses the
implicit RKmethod of order 6 (i.e., Gauss-Legendremethods) and sets
6 alternative step sizes (more detailed experiments of different orders
are provided in Supplementary Note 6). We use HMP to program our
devices to the desired analog conductance states, and the results are
shown in Fig. 3c. We use a differentialmapping scheme to improve the
computational accuracy, as shown in Supplementary Note 4. The
length k of the Gauss-Legendre method is only 3, so we can use more
memristor arrays for adaptive stepsize to improve accuracy. In con-
trast, explicit RK methods of the same or lower order have a larger k.
For example, in the most widely used explicit RK method of order 5
(i.e., ode45 used in Matlab), the length of k is 7, which implies a larger
overheads in memristors. The maximum stepsize we chose is 3 times
the minimum stepsize.

In the experiments, we set the initial condition as
dy
dx = y, yð�2Þ= e�2, and the target to be solved is y(2). With both fixed
stepsize and adaptive stepsize, we solve the problem ten times using
MCS of each stepsize choice, and the results are shown in Fig. 3d.
Regardless of which fixed stepsize is used, the results of MCS are
almost identical to the ideal exponential function, and, in addition, the
distribution interval of the solution becomes significantly smaller as
the stepsize becomes smaller. For adaptive stepsize experiments, we
set the minimum stepsize to be 0.05 and the maximum stepsize to be
0.3. It can be found that when the slope of the function is relatively
small, i.e., x is small, the step size controller selects the bigger step size.
On the other hand, when x increases, the slope also grows, and the
stepsize choices will gradually decrease to control the truncation error
within an error tolerance.

Wemeasure themean squared error (MSE) of the solutions aswell
as the normalized number of operations (defined as the number of
steps taken to solve the problem, which is proportional to the number
of MVM operations in the memristor array) computed for three dif-
ferent stepsizes, as shown in Fig. 3e. Using a large stepsize (h = 0.5)
results in the least number of operations, but the MSE is also the lar-
gest. A smaller stepsize (h = 0.1) reduces the MSE, but the number of
operations also grows. The adaptive stepsize that we developed
achieves an MSE that is better than that with stepsize h = 0.1, while

requiring fewer operations. We compare the speed and power con-
sumption required in this task using CPUs/GPUs and MCS, achieving
the sameprecision as shown in Fig. 3f. From the experimental results, it
can be seen that MCS can achieve 1233 × speedup and 87889 × reduc-
tion in energy consumption, while the solution achieves the same
accuracy. The high parallelism of the memristor-based analog com-
puting allows us to implement higher-order ODE solving methods at a
much smaller cost. We also analyze the performance of MCS in more
detail in Supplementary Note 6.

The MCS based on analog CIM achieves very high hardware effi-
ciency butmay also introduce unavoidable accuracy loss in some high-
precision applications. To illustrate the problem, we first applyMCS to
solve the Lorenz-attractor problem. It is famous for its chaotic solu-
tions for certain parameter values and initial conditions, while the
Lorenz attractor is one of such a set of chaotic solutions (Fig. 4a). The
“butterfly effect”, by which small changes in initial conditions or
parameter values result in completely different trajectories, sig-
nificantly impacts the Lorenz attractors in real-world applications. This
implies that this kind of ODE is very sensitive to numerical computa-
tional accuracy, and any small accuracy loss can lead to a huge dif-
ference in the final results. Detailed information on the Lorenz
attractor system and its solving steps is provided in Supplemen-
tary Note 3.

We use the implicit Gauss-Legendre method of order 6 to
experiment with the Lorenz-attractor problem on our memristor-
based fine solver (MFS), and the mapping results of the arrays are
shown in Fig. 4b. We set the initial condition to
t0 = 0, x0 = 5, y0 = 10, z0 = 10, and solve the results in different t, as
shown inFig. 4c. The results of theMFS solutionare comparedwith the
software simulations, and the three results coincide when t = 5. How-
ever, when t increases to 10, the coarse solver causes an intolerable
error and evolves to a completely different trajectory. The MFS shows
good performance until t = 20, when it begins to differ significantly
from the software results. Note that the error is proved to be caused by
the quantization error. This is because we quantify the Runge-Kutta
coefficients as 32-bit, and ifwequantify them into64-bit numbers,MFS
can always sustain the same level of accuracy as the software results
(Supplementary Note 7). We measure MSE and the number of steps
forward for differentmethods, as shown in Fig. 4d, e. It is worth noting
that the coarse solver has more steps instead, and this is because the
step size of the coarse solver needs to be taken very small in order to
achieve the error required for step control. However, because of the
low ODE solver order of the coarse solver in this experiment, even
small stepsize cannot guarantee high accuracy. In high-accuracy
application scenarios, we prefer to use higher-order ODE solver
methods. We measure MSE and MFS operation counts for different
stepsizes when t = 15 (Fig. 4f). It can be seen that the Lorenz attractor is
very sensitive to the stepsize, and larger stepsizes lead to dispersion of
the results. The adaptive stepsize method can achieve the desired
accuracywith the smallest number of operations.We also compare the
speed and energy consumption required to perform this task using
CPUs/GPUs and MFS (with order 6) that achieve the same accuracy as
shown in Fig. 4g. MFS achieves 172 × acceleration and 10881 × energy
reduction compared to the CPU.

Design and experiments of the coarse-to-fine look-ahead solver
In some practical applications, there is often a high demand for
accuracy, which cannot be met by a coarse solver, while using a fine
solver takes too long a computation time. Therefore, we propose a
memristor-based coarse-to-fine look-aheadparallel solver (MPS) based
on the Parareal method40,41, which can achieve higher speed while
guaranteeing high accuracy. MPS is able to fully utilize the computing
resources on the chips to achieve better performance. The main idea
can be summarized as follows: we first predict a rough solution using a
high-speed coarse solver and then correct the results using a high-
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accuracy fine solver that runs in parallel on a number of temporal sub-
intervals. This approach allows us to solve in parallel over temporal
sub-intervals, which can speed up the numerical process, and the
correction using a fine solver ensures the accuracy of the final results.

The flow chart for implementing Parareal on MPS is shown in
Fig. 5a. Before starting the solving process, we divide the entire inte-
gration interval (t0 ~ tn) into J parts, and the initial value of each interval
is denoted by Uj (j = 0, …, J − 1), while we need to solve the numerical

integration results reaching the last intervalUJ. The symbol G(Uj)/F(Uj)
denotes the solving using a coarse or fine solver in the (j+1)th interval
with the initial value Uj. Firstly, we make an initial prediction based on
the initial condition U0. Starting from the first interval, we use the
coarse solver (MCS) to find the end-of-interval value serially and use
them as the initial values for the next interval until we reach the last
interval. Secondly, we enter an iterative phase, which is divided into
two steps, one for the corrector and one for the predictor. The
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Fig. 5 | Parallel solver based on Parareal for solving three-body problem. a Flow
chart of parallel solving using Parareal. The entire integration interval is divided
into J parts, and the initial value of each interval is denoted byUj (j = 0,…, J − 1). The
symbol G(Uj)/F(Uj) denotes the solving using a coarse or fine solver in the (j + 1)th

interval with the initial value Uj. b Timing plots for solving with a single MFS and
parallel solving, as well as single-step time comparisons for MCS and MFS. c The
memristor-based reconfigurable ODE solving system we build with I2C (inter-

integrated circuit) communication protocol. d Comparison of MSE and computing
time for solving the three-body problem using MCS, MFS, and MPS (J = 5). e Com-
parison of the results of the coordinates and velocities of the three stars solving by
MPS (J = 5, iter. = 2) with the ideal case. f MSE and computing time for different
iteration cycles when solving the three-body problem using MPS (J = 5). g Com-
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accuracy.
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corrector uses J parallel fine solvers (MFSs) to obtain more accurate
end-of-interval values based on the predicted initial values of each
interval. The predictor uses a serial coarse solver to predict the new
end-of-interval values, starting from the first interval. We used MCS
with the new initial value of each interval to obtain the prediction
values. Note that in the kth iteration, the first k intervals have been
completely solved by the fine solver, and there is no need to continue
iterating. In the next iteration, it is only necessary to start predicting
from the (k+1)th interval. In other words, after k iterations, the first k
time slices (at minimum) are converged, as the exact initial condition
has been propagated by the fine solver at least k times. After each
iteration, the differences between the end-of-interval values before
and after the correction are used to determine whether to terminate
the iteration or not. If all the differences are less than a set threshold,
the iteration is terminated; otherwise, it continues to thenext iteration.

To clearly illustrate the acceleration effect of Parareal, we com-
pare the latencyusing a singleMFSwith Parareal, as shown in Fig. 5b. In
this figure, we divide the entire integration interval into J parts ( J = 4)
and assume that it takes the same amount of time to solve each part
using MFS (in practice, the solving time will be very slightly different
due todifferent initial conditions). For the singleMFS,weneed to solve
serially J times, assuming that a single solution takes TF latency.
Therefore, a total of TSerial ≈ JTF time is needed. The running time for
each iteration is divided into two parts: serial coarse solving and par-
allel fine solving. Assuming that the initial prediction is the iteration 0,
the time consumed by the serial coarse solver in the iteration k is (J − k)
TG. For the kth iteration, the time for the parallelfine solvers is the same,
both are TF, although the number of fine solvers that need to be par-
allelized at the same time becomes J − k + 1. The total time consump-
tion of our parallel method and the speedup ratio are as follows:

TParallel � kTF +
Xk

i=0

ðJ � iÞTG = kTF + ðk + 1ÞðJ �
k
2
ÞTG ð3Þ

Speedup=
TSerial

TParallel
� ½k

J
+ ðk + 1Þð1� k

2J
ÞTG

TF
�
�1

ð4Þ

From Equation (4), to maximize the acceleration of the parallel
method, both the convergence rate k and the ratio TG/TF should be as
small as possible. For the choice of k, there are detailed mathematical
derivations in the previous work42. We also carried out experiments to
study k on MPS, which is discussed in detail in Supplementary Note 8.
We count the average time to perform a one-step computation using
MCS and MFS, as shown in the bar graph on the right side of Fig. 5b,
from which it can be seen that MFS takes 23.2 × longer time to take a
step thanMCS of order 2 and 9.94 × longer time than MCS of order 6.
Note that when running Parareal on our practical hardware, the fine
solver needs to perform more computation steps in order to achieve
sufficient accuracy, and thus the proportion of time spent by the
coarse solver is even smaller in practice. We perform more detailed
latency comparisons of coarse, fine and coarse-to-fine look-ahead
solvers in Supplementary Note 8.

The three-body problem is a fundamental model in celestial
mechanics. It refers to the problem of the laws of motion of three
celestial bodies with arbitrary masses, initial positions, and initial
velocities that can be regarded as plasmas under the action of mutual
gravity. When three celestial bodies orbit each other, the resulting
dynamical system is chaotic under most initial conditions. Since most
three-body systems do not have solvable equations, the only way to
predict themotion of the three bodies is to estimate it using numerical
methods. In the general three-body problem, the equations of motion
of each celestial body under the gravitational pull of the other two
bodies can be expressed as three second-order ODEs or six first-order
ODEs. Therefore, the equations of motion of the general three-body

problem are eighteenth-order equations, or equivalently, a system of
differential equations consisting of 18 first-order ODEs. A more
detailed description and solution methodology are given in Supple-
mentary Note 3.

We demonstrate the solution of this problem on our memristor-
based coarse-to-fine look-ahead parallel solver system. We experiment
with cases with different J choices to demonstrate the functionality of
our system. We use one memristor chip for a serial coarse solver and
other memristor chips for parallel fine solvers. The parallel solving of
the fine solvers is limited by the number of chips in our system, so for
the casewhere J is very large, wedo it in batcheswith all the chips on the
PCB. The specific details of the experiment are shown in Supplementary
Note 3.We test the results using onlyMCSorMFS and compare the first
and second iteration results (Uð1Þ

5 =Uð2Þ
5 ) when J = 5 in our parallel solving

system (Fig. 5c) to show the effects of Parareal. As shown in Fig. 5d,MCS
is fast but has a worse MSE, while MFS can achieve a better MSE but
takes a long time. Our hybrid MPS becomes more accurate as the
number of iterations increases. The same accuracy as MFS can be
achieved in iteration 2while greatly reducing the computation time.We
plot the experimental results in iteration 2 in Fig. 5e, containing the
orbits and velocities of the three stars, where the ideal case is obtained
by the software fine solver with stepsize 1 × 10−7 (also used for the true
values in the MSE). The solutions for each interval ( J = 5) are labeled in
detail in Fig. 5e, and they allmatchwell with the ideal software solutions.
The MSE and the computing time for different iterations are shown in
Fig. 5f. We choose iteration 2 because the MSE converges at this point
while taking only half the time ofMFS.We also compare the latency and
energy consumption required to perform this task using CPUs/GPUs,
MFS andMPS, as shown in Fig. 5g. The Pararealmethod consumesmore
hardware resources for the fastest speed. Compared to MFS, MPS
achieves 1.91 × speedup but also increases energy consumption by
2.28 ×. We provide more detailed experiments for different J and dif-
ferent Runge-Kuttamethods in SupplementaryNote 8.We also record a
demonstration video to illustrate the solving process using our parallel
ODE solver (Supplementary Video 1).

Discussion
In this article, we report an end-to-end memristor-based ODE solver
systemusingTaOx/HfO2basedmemristor chips, periphery circuits, and
FPGAs.Wedevelop reconfigurable hardware supporting arbitrary-order
Runge-Kuttamethods and adaptive step sizes. The proposed solver can
be configured into three modes, coarse solver mode for low-accuracy
and high-speed applications, fine solver mode for high-accuracy and
low-speed scenarios, and coarse-to-fine look-aheadparallel solvermode
with a mixture of coarse and fine solvers, which can achieve fine solver
accuracy while greatly accelerating the solving speed of the solver. We
propose a history-basedmemristor programmingmethod with a write-
verify scheme based on state-space searching to speed up device pro-
gramming by up to 3.29 ×, while maintaining excellent conductance
programming accuracy. We also develop an in-memory stepsize com-
puting method and its associated adaptive stepsize control logic. We
experimentally demonstrate the exponential function, the Lorenz
attractor, and the three-body problem using each of the three solver
modes. Compared with general-purpose CPUs/GPUs, our ODE solver
can deliver up to 601 × ~ 6.92 × 103 × speedup and
1.71 × 103 × ~ 3.93 × 103 × energy improvements when solving the same
ODE tasks. To the best of the authors’ knowledge, we develop the first
end-to-end CIM-based ODE solver with a coarse-to-fine look-ahead
mechanism, pushing ODE solver hardware performance to a new
paradigm with orders of magnitude concurrency improvements.

Methods
1T1R memristor chip fabrication
A 1T1R (one-transistor-one-resistor) memristor crossbar array was
designed and fabricated using a 180nm process. The transistors,
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fabricated in the Front End of Line (FEOL), function as the select units
of the 1T1R cells. Five metal layers were implemented for inter-
connections. Following the formation of the final tungsten (W) via and
the Chemical Mechanical Polishing (CMP) process, the wafers were
transferred to amemristor production line for further fabrication. The
exposed W vias on the CMOS substrates were initially cleaned with
argon plasma to remove native oxide. Subsequently, memristor cells
featuring HfO2 as the switching layer were deposited on top of the W
vias. The TiN electrodes for both the top and bottom contacts were
deposited by sputtering, while the HfO2 dielectric layer was applied
using Atomic Layer Deposition (ALD). Finally, an additional via was
formed, and themetal layer was deposited to complete the fabrication
process.

Hardware ODE solver comparison
TheCPU andGPUdatamentioned in thiswork are obtainedby running
Python codes on an Intel Xeon Gold 6342 and a NVIDIA A100 80GB
PCIe GPU, respectively. For ASIC comparison, we build a Runge-Kutta
method accelerator usingVerilog/RTL andobtain the speed andpower
consumption data of such an ASIC through synthesis using Synopsys
Design Compiler (DC) tools. We design peripheral read/write circuits
of memristors on the PCB to implement the ODE solving system
(details in Supplementary Note 11). However, since the independent
components of the PCB are not specifically designed for our system,
the delay and power consumption limited by these components can-
not truly reflect the performance of our design. If we create a dedi-
cated chip to implement the ODE solver system, it can achieve better
performance. Therefore, we estimate the theoretical performance of
our system using state-of-the-art ADC data43 with the same specifica-
tions and combine themwith test data fromourmemristor arrays. The
calculation latency is obtained by dividing the operating cycles
obtained through our experiments by the maximum frequency of the
ADC. Note that at the operating frequency of the ADC, the memristor
array and peripheral digital circuits have sufficient time to complete
the calculations, and the ADCs are the timing bottleneck. Power con-
sumption is obtained by adding the power of the memristor array,
ADC, and peripheral digital circuits. A more detailed comparative
description is available in Supplementary Note 13.

Runge-Kutta methods
The proposed ODE solver is built based on Runge-Kutta methods,
which are a family of explicit and implicit iterative methods in
numerical analysis37. The Runge-Kutta methods are the most widely
used method in engineering and science and are methods for solving
ODEs in mainstream software tools such as MATLAB and Python.
Suppose that an initial-value ODE problem is specified as follows:

dy
dx

= f ðx, yÞ, yðx0Þ= y0 ð5Þ

where y is an unknown function of time x, which we would like to
solve numerically. The function f(x, y) and the initial conditions
x0, y0 are given. The Runge-Kutta methods are used to
approximate the values of the function y at any time, that is,
y(xn). In the Runge-Kutta family, there are a number of methods
of different orders corresponding to different accuracies in the
solution. In general, they all contain a Runge-Kutta matrix A, a
weight b and a node c. They are solving the equation by taking
one step forward at a time, and the formulas for each step
forward are as follows:

k= f ðxi +hi*c, yi +hi*kAÞ
xi+ 1 = xi +hi

yi+ 1 = yi +hi*b � k
ð6Þ

The Runge-Kutta methods are divided into explicit and implicit
methods; the implicit method usually possesses better stability and
smaller k of the same order and can be used to solve rigid equations
(Supplementary Note 9). The difference between the explicit and
implicit methods is that the matrix A of the explicit method is a lower
triangularmatrix, so it is a set of serial algorithms. FromEquation (6), it
can be seen that each step forward requires the calculation of all the k,
and the calculation of each k depends on the result of all previous k,
which is not suitable for CIM with high parallelism. As for the implicit
method, the matrix A is no longer a lower triangular matrix, which
makes the problem become solving a system of equations. So implicit
solving is difficult to obtain the analytic solutions directly and requires
more hardware resources, time, and energy.

We use fixed-point iteration to transform implicit solving into
hardware friendly forms as shown in Equation (1). This method trans-
forms the problem of solving a system of equations into a continuous
iterative MVM, suitable for memristor-based CIM. The process also
works for explicit RKmethods. It can be proved mathematically that if
the order of the basic method is p0, then the order of the iteration is
min(p0, σ)39. Note that the high parallelism of the memristors makes
the time complexity identical when solving the explicit and implicit
methods. Implicit methods tend to correspond to higher order and
greater stability for the same length k, which makes memristors well
suited to implement high-performance ODE solvers. In addition, CIM’s
high parallelism can also support higher-order Runge-Kutta methods,
such as the 10th order methods that has been reported44,45. All of the
above methods are for first-order ODEs with only one unknown para-
meter.Multivariate high-orderODEs canbe handled in a similarway, as
detailed in Supplementary Note 3.

Data availability
The data generated in this study are provided in the Source Data file.
The data used in this study are available in the Zenodo
database46. Source data are provided in this paper.

Code availability
The code that needs to run on our memristor-based ODE solver
hardware platform is available in the Zenodo database47.
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